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controllability Gramian. With this window shorter than the delay and located after the final impulse,
the delayed nonlinear contributions are determined by the preceding history. We identify hypotheses
under which these residuals vanish and exclude an earlier inappropriate vanishing-control-energy
requirement. To provide corresponding numerical evidence, MATLAB R2025b calculations use
a spatially distributed Gramian controller for every finite-difference beam mode, coupled with an
implicit-midpoint structural scheme, nonlinear delayed forcing, exponentially fading memory, and a
finite-duration impulse. The computed displacement, velocity, and full product-energy terminal errors
decrease under regularization (from 2.2050 to 3.3683 x 10~ in the full product norm), while control
cost rises. Direct full-grid propagation agrees with the Gramian residual prediction at the reported
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1. Introduction

Equations for beams play a significant role in the development of mathematical models for elastic
bodies including suspension bridges, airplane wings, and skyscrapers under dynamical loads. The
classical Euler—Bernoulli formulation treats present displacement and velocity, whereas the additional
hereditary and delayed mechanisms considered below introduce dependence on past states. For
background on nonlinear beam dynamics and related mechanical formulations, see [1-3]. This
approach does not account for two classes of behavior of the physical system: firstly, impulses
distributed in time; and secondly, delayed behavior due to memory of the system. The aim of this
paper is to study the problem of approximate controllability of the equation describing a beam with
the above features.

The non-instantaneous impulse effect appears in various practical applications. For instance, the
redistribution of the tension in the cables of a suspension bridge due to the load jump is not
instantaneous but occurs within a relaxation period that is a function of the stiffness of the cables and
the anchorage compliance. In another case, in the active vibration control of flexible structures, where
there is saturation of the control actuator or rate limitations, the control force appears gradually rather
than instantly. In order to mathematically model the above cases, one needs the notion of
non-instantaneous impulses, which was introduced formally in [4]. Non-instantaneous impulses differ
from the impulsive differential equations discussed in [5] since the impulsive function acts in the
interval (£, %]. Further existence and optimal-control questions under non-instantaneous impulses
have been examined in [6].

Delay and memory aspects have a long tradition in structural mechanics. The viscoelasticity of
beam materials, for example, gives rise to stress relaxation in such a way that, under constant strain,
the stress decreases according to a hereditary integral. This property is explicitly modeled by the
Boltzmann superposition principle through the inclusion of a convolution with respect to the kernel g,
and leads immediately to the form of the integro-differential operator seen in our model. Delay arises
when the system is subject to external forcing through a feedback loop with a certain delay involved in
the process, as in remote structural health monitoring.

The controllability problem for beam equations has been investigated using various approaches.
Classical controllability theory for distributed-parameter and elastic systems provides essential
background: Zuazua treated the semilinear wave equation [7], whereas Lagnese and Lions developed
plate models and their analysis and control [8]. These works concern related, but not identical,
evolution equations. In the case of semilinear beams, the approximate controllability was proven by
Carrasco, Leiva, and Sanchez [9], where an abstract semigroup setting was used, and the authors
found sufficient conditions for the nonlinearity such that the approximation through linearization
provides the required density. Controllability problems for systems of equations with instantaneous
impulses in Hilbert spaces have been considered in [10], whereas related forced-oscillation results for
impulsive Euler—Bernoulli beam equations with damping have been reported by Priyadharshini et
al. [11]. In the case of impulsive and delay systems, the approximate controllability problem has been
solved in [12] through the resolvent approach. The numerical treatment of the controllability for
parabolic equations with impulses has been studied in [13]. Other pertinent developments include
mild-solution analysis for fractional non-instantaneous impulses [14], Hilfer fractional controllability
with non-instantaneous impulses [15], and approximate controllability for Sobolev-type fractional
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delay systems [16]. Related, but operator-specific, exact or conformable controllability results appear
in [17,18].

A particularly relevant recent development is the 2026 study of Guo, Zhang, and Li [19], which
establishes controllability criteria for a tempered fractional-order evolution problem with nonlocal
delay and impulsive conditions. Their attenuation kernel and fractional solution operators differ from
the integer-order damped beam semigroup used here; the paper is therefore a closely related
contribution to the memory—impulse—delay literature, not a proof for the present beam. Earlier,
Kumar [20] considered fractional nonlocal impulsive semilinear systems with time-varying delay;
Arora, Mohan, and Dabas [21] studied approximate controllability for fractional functional evolution
equations with state-dependent delay and non-instantaneous impulses; and Kumar et al. [22] treated
neutral fractional integro-differential inclusions with infinite delay and non-instantaneous impulses.
These works employ fractional resolvent or fixed-point techniques and establish useful precedents for
the coexistence of nonlocal memory, delay, and impulse effects. The distinguishing feature of the
present paper is the terminal-window freezing argument for a damped Euler—Bernoulli beam, together
with a finite-grid Gramian steering experiment; no direct equivalence between these different
fractional and classical generators is asserted.

To the best of our knowledge, the specific combination of this damped-beam setting, reset-memory
convention, terminal delay freezing, and interval-impulse steering is not covered by the cited articles;
this is a qualified statement about the precise model and proof mechanism, not a claim that
memory—delay—impulse controllability is absent from the literature. These effects require a piecewise,
history-dependent solution description: Interval impulses prescribe an alternate evolution rule on their
active intervals, and hereditary and delayed terms introduce dependence on past states. They do not
destroy the Cy-semigroup property of the underlying linear beam generator, which remains the
principal propagation operator between impulses. Taking into account all these phenomena, we need
to use another form of the problem statement in the product Hilbert space U = X! x X,

Motivated by these considerations, we study the following semilinear beam system on a bounded
domain Q C RV:

L

N
N7 = 2yAN + A2K = u + £(£,8(€ — a), N'(€ — a), u) + f g(l— MA@ —a, @) dd, in | |, G,
i i=0

¥

subject to boundary and initial conditions and non-instantaneous impulses:

N, @) = AN, @) = 0, on 0Q),
N(ﬁ'a w) = ‘)01(29’ W), in [_aa O]’
N,(ﬂ’ 'ZD') = QDZ(ﬂ'a w)s in [_aa O]’

N
N (@) =vil.@). Rlw) =N, @)+ [} vils.@)ds, in | @]
i=1

Here N(¢,w) denotes the transverse beam deflection, ¥y > 1 is the damping coefficient,
u € [20,L;X) with X = [*(Q) is the distributed control, and
0=9 =40 <t < <--- <€y <y <{Lyy = L. The function g is the convolution memory kernel,
f encodes the nonlinear perturbations, and y; describes the non-instantaneous impulsive response
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active on ({, ¥;]. The pair (¢, ¢,) prescribes the initial history on [—a, 0]. Throughout, the control
takes values in X = L*(Q) and acts on the system only through the operator B : X — U introduced in
Section 2, which embeds it into the velocity component of the product state. The state itself evolves in
U=X'xX.

The three nonclassical mechanisms appearing in the model play different mathematical roles and it
is useful to distinguish them from the beginning. The delay a means that the value entering the
nonlinear term at the current time ¢ is the previously generated state N(£ — a) and its velocity. The
hereditary term is different: It accumulates the whole previous evolution through a Volterra
convolution, so even after the delay value is fixed, the memory term still carries an integral
contribution. Finally, a non-instantaneous impulse does not act at one isolated time. Instead, during
the whole interval (¢;,1;], the evolution is prescribed by the impulse law ;. Consequently, the state
space must simultaneously keep track of the beam energy, the recent delayed history, and the
piecewise dynamics created by the impulse intervals.

Approximate rather than exact controllability is the natural notion in the present
infinite-dimensional setting.  Since the beam semigroup is compact for positive times, the
corresponding controllability operator is compact as well and therefore cannot be onto an
infinite-dimensional Hilbert space. Nevertheless, its range may be dense. This density is sufficient for
approximate controllability: Every target can be reached with an arbitrarily small terminal error. The
controllability Gramian and its Tikhonov regularization provide a convenient way to quantify this
dense-range property and to construct a family of approximate steering controls.

The basic notion used in the paper from the analysis perspective is the use of a small terminal
control time window. For some 8 > 0 such that § < a, we use the final steering control on the time
interval [L — B, L] only. Indeed, if £ € [L — 3, L], then £ — a < L — 3; therefore, the history entering
the nonlinearity has already been formed prior to the terminal control action. This simple observation
is crucial: It allows separating the terminal linear steering process from the history dependence and
estimating the nonlinear term on a very small interval. See Lemma 4.2 in Section 4.

The contributions of this work can therefore be summarized more precisely as follows. First, the
Euler—Bernoulli beam with damping, finite delay, hereditary memory, and non-instantaneous impulses
is written as a first-order evolution equation on the product Hilbert space U = X! x X. Second, the
controllability map and Gramian of the associated linear problem are recalled, and their regularized
steering formula is explained in detail. Third, the short-window history-freezing argument is isolated
as a separate lemma, which clarifies why the delay does not destroy the final steering mechanism.
Fourth, sufficient hypotheses are stated explicitly for the nonlinear and memory remainders, with
unrestricted direct dependence on the control excluded unless it is absorbed into a suitable affine
control operator. Finally, a full-spatial-grid implementation of Tikhonov-regularized Gramian steering
is provided for a specified control-affine, delayed, and impulsive beam benchmark. It computes all
terminal-state components, compares the predicted and propagated residuals, and tests mesh
refinement and parameter sensitivity. These finite-grid results supplement, but cannot replace, the
Hilbert-space proof.

Unlike the instantaneous impulses in [10] or the beam-specific setting in [9], the terminal-window
device here isolates a known delayed trajectory while retaining a reset-memory residual and an
explicit interval impulse law. This is a structural sufficient-condition argument, not a blanket result for
all control-dependent nonlinearities. In structural engineering, g may represent viscoelastic
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relaxation; the finite delay may model sensor—actuator latency in flexible arms, bridges, or aerospace
structures; and an interval impulse may represent a finite-time actuator intervention rather than a
mathematical jump. These examples are motivations, not parameter calibrations to an engineering
device. Extensions to Timoshenko beams and plates require generation/dense-range results for their
own first-order operators and appropriate regularity of impulse maps; weakly damped wave or
fractional models need new propagator and terminal estimates.

The remainder of the paper is organized as follows. Section 2 develops the functional-analytic and
piecewise mild-solution framework. Section 3 reviews the linear Gramian and regularized steering
mechanism. Section 4 proves the semilinear approximate-controllability result and explains the
terminal-window compatibility condition.  Section 5 gives the numerical methodology and
computational evidence, while Section 6 discusses the scope of the assumptions. The final section
summarizes the conclusions.

2. Functional analytic formulation of the beam problem

This is to ensure that we clearly outline how the beam equation of second order is reduced to a first
order evolution equation as well as how the delay, memory, and impulse terms feature in the abstract
form. The reason for doing this is that the controllability results of Sections 3 and 4 are stated within
the product Hilbert space.

2.1. The positive beam operator and fractional power spaces

Assume that Q  R" is bounded with C? boundary; use a smooth boundary to interpret fourth-order
traces. Let
X = L*(Q)

and let Ay = —A be the positive Dirichlet Laplacian with domain
D(Ag) = H*(Q) N Hy(Q).

The subscript in A is used deliberately: A is the spatial elliptic operator, while the block operator
governing the first-order beam dynamics will be denoted by A. This distinction avoids the ambiguity
that arises if the same symbol is used for both operators.

Since € is bounded, A, has compact resolvent. Hence there exist positive eigenvalues

O<puy <pp<---, Hj — 0o,

with finite multiplicities y;, orthonormal eigenfunctions {¢;, }, and spectral projections E; such that

how = ) wEm, @€ Dih). 2.1)
j=1
The analytic semigroup generated by —A, is therefore

[Se]

SolOym =Y e Em, o0l < e (2.2)

J=1
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For p > 0, define the fractional power space

X? = D(A]) = {w €eX: Z:,uipllijll2 < oo} , (2.3)

=1

endowed with the graph norm

@l = [|AGw@]lx.

For p > 0, X* is continuously and densely embedded in X. In particular,
X2 x, TR =X

The equality above is a density statement; it does not identify the two normed spaces.
The natural beam energy space is

U=X'xX, 106, I = ¥l + (V- (2.4)
The first component represents displacement and the second component velocity.

2.2. First-order product-space formulation

Introduce the state

R(&)
= 2.
w(?) (N’({’)) eU (2.5)
and define the block operator
(0 I 2oyl
A_(A(z) 2)/A0)’ D(A) = X*x X", (2.6)

For smooth 0Q, the spectral domain D(A%) ={v € D(Ay) : Agv € D(Ay)} realizes the hinged (Navier)
boundary conditions v = Av = 0 in the trace sense. This identification depends on elliptic regularity
and must not be inferred from boundedness of € alone. The first-order equation

W)+ Aw(l) = ( , )
forcing
is exactly the product-space form of the damped second-order beam equation.
The operator —A generates a strongly continuous compact semigroup {S (£)},»0 on U; see [9]. We
shall use the estimate
IS (Ol < Ne ™, >0, (2.7)

for constants N > 1 and u > 0. The symbol y in (2.7) denotes the decay rate of the product-space
semigroup; it must not be confused with the spectral values y; in (2.1). The parameter r;, introduced
later, is reserved exclusively for Tikhonov regularization.
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2.3. Delay histories, memory, and non-instantaneous impulses

For a trajectory w : [—a, L] — U, define the history segment at time £ by
we(0) = w(t +0), -a<60<0. (2.8)
Thus the delayed value used in the beam equation is simply
we(—a) = (€ — a).

This notation is important in the controllability proof because, on a terminal interval shorter than the
delay, w(¢£ — a) belongs to the already computed portion of the trajectory.
Let
O=0g=Cy <1 < <--- <y <Oy <lysy =L

The open intervals (¢, ;1] are evolution intervals, whereas ({;, ¥);] are impulse intervals. During an
impulse interval, the velocity is not obtained by solving the differential equation; it is prescribed by
the impulse law ;. This is the defining difference between an instantaneous impulse and a non-
instantaneous one.

The operators entering the abstract system are

Bu = 0), (2.9)
u
Ft,n,u) = 0 ) (2.10)
PEE\ e o). P a),w) |
0
H(¢,9,n) = . 2.11
(&0 g(f—ﬂ)h(nl(—a))) 1D

On an impulse interval, the velocity is prescribed explicitly, rather than determined through an implicit
fixed-point equation involving itself. Write x; = w'({;) and prescribe v; € C([¢;,9;];X"), depending
only on the already attained state, past history, and an admissible impulse input via a causal rule. Set

X; + fvi(s) ds
i(f, Xis Vl') = ( 14 ), xS (&',19,']. (212)
vi(€)

The prescribed v; is strongly measurable and bounded in X'; if it depends on an L? impulse input, the
dependence must be through a bounded causal operator of its restriction to [{;, £], never through a point
value u(1#;). The explicit construction avoids the tautology x = x and an unsolvable velocity equation
v = v + e. It also ensures that the displacement remains in X'. Compatibility or specified one-sided
jumps at the endpoints is part of the impulse data. The distributed control operator B € L(X, U) injects
input into the velocity equation on evolution intervals.

With this notation, the complete abstract system is
¢

W' () + Aw(l) = Bu(l) + F(l, we, u(f)) + f H(C, 9, wg) d?, €€ (D, Liv1],

w(l) = ©(0), —a<(<0,
w(l) = Ji(C; xi,vi), € € (¢, 9],

(2.13)
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where 0y = 0 and, under the reset-memory convention used here, o; = ¥; fori > 1.

The hereditary contribution has Volterra form. The present model adopts a reset-memory
convention: On each evolution interval (¢, ;1] following an impulse, the convolution starts at i};, and
on the first evolution interval it starts at 0. Retaining memory through impulses would require a
different piecewise mild formulation, hereditary bounds, and numerical recursion. The
persistent-memory alternative is not analyzed in this manuscript.

To make the well-posedness and terminal estimates transparent, we record the basic regularity
assumptions used in the remainder of the paper.

Assumption 2.1. The following conditions are imposed.
(1) B € L(X,0), and —A satisfies (2.7).

(2) The evolution forcing is Carathéodory, globally Lipschitz in its two delayed state arguments, and
has at most linear growth in those arguments and the L* control. The Lipschitz estimates use the
piecewise-continuous history space with one-sided switch evaluations.

(3) g € L'(0,L) and h : X' — X is globally Lipschitz with at most linear growth. The reset-memory
convolution is consequently well defined for bounded histories.

(4) For each impulse, the prescribed profile v; and its causal construction in (2.12) are given explicitly
and bounded/Lipschitz in the pre-impulse data, with v; € C([;,9,]; X"). The impulse law does not
require choosing representatives of L* controls at isolated time points.

(5) The initial history ® = (¢1,¢,2) belongs to C([—a,0];U). The full post-impulse history is
interpreted in PC, with prescribed one-sided traces.

For a fixed admissible evolution control, global Lipschitz estimates give unique mild evolution on
every evolution interval by the standard Volterra argument; the explicit impulse formula then uniquely
determines the next impulse interval. Induction over the finitely many intervals and linear growth
prevent finite-time explosion. No implicit solvability claim is made for an arbitrary W;(¢, w,, u(f)).
Related abstract frameworks are discussed in [4,5,23]. The controllability theorem will add a more
specific terminal-window bound in Section 4.

Definition 2.2 (Piecewise mild solution). Let PC([—a, L]; U) denote the space of functions that are
continuous on every evolution and impulse subinterval and possess the appropriate one-sided limits at
switching points. A function w € PC([—a, L]; U) is a mild solution if

w(t) = O(L), -a< (<0,

and, on the first evolution interval,
¢
w(€) = S(E)D0) + f S — HBu(?) dd (2.14)
0
¢
+ f S —HEW, wg, u(®)) dd
0
¢ 9
+fS(€—19)f H, m, w,,) dm dd9, 0<t<d,.
0 0
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On an impulse interval,

(,L)(f) = j(f; Xis vi)a gi < 5 S 0[, (2.15)
and on the following evolution interval,

¢
w(l) =S - 3)T:i(Fs; xi,vi) + f S (€ = HBu(P) dv (2.16)

B

¢
+ f St = DHEWD, wg, u()) do
9

i

¢ 9
+f S(f—ﬂ)f H(, m, w,,) dm d?9, D << by
;i i
Remark 2.3. Formulas (2.14)—(2.16) distinguish four different terms. The semigroup moves the state
created at the start of the time interval of evolution; the first convolution term represents the distributed
control; the second convolution is a semilinear delay perturbation; and the double convolution term is
the hereditary memory term. The explicit impulse relation (2.15) becomes the law of evolution for time
(€;, 0] It follows that the piecewise formulation is not just a technical issue; it corresponds to the real
switching structure of the model.

Proposition 2.4 (A local terminal bound). Assume Assumption 2.1. Let I = [c,d] C (¥y,L] be an
evolution interval and suppose the trajectory remains in a bounded subset of U on [c — a,d]. Then
there exist finite constants Mp(I) and My(I), depending on that bounded set and on the data, such that

d d
f S(d = NHFWD, wyg, u(P)) di|| < Nf IIF(d, wg, u(P))|| dd, (2.17)

< NMy()(d - o). (2.18)

d J
f Sd-19) f H(, m, w,,) dm d¥
c N

If F is uniformly bounded on the relevant terminal history set, the first term is also O(d — c).

Proof. The semigroup estimate (2.7) gives [|S(d — #)|| < N for 9 € [c, d], which proves (2.17). For the
memory term, continuity of 4, boundedness of the trajectory, and g € L' imply a finite bound for the
inner Volterra integral. Integrating this bound over an interval of length d — ¢ proves (2.18). O

3. Controllability of the linear beam equation

The semilinear proof is based on a linear steering problem posed only on the last portion of the time
interval. We therefore review the corresponding control operator and, in particular, explain why the
regularized Gramian formula produces approximate terminal steering.

Given wy € U, £, € [0, L], and u € L*({y, L; X), consider

W' (€) = —Aw(f) + Bu(?), w(ty) = wy. (3.1

Its mild solution is

¢
w(l) =S (€ —ty)wy + f S (€ - 3)Bu() dd. (3.2)

lo
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Definition 3.1 (Approximate controllability of the linear system). System (3.1) is approximately
controllable on [y, L] if, for every initial state wy € U, every target w € U, and every € > 0, there
exists u € L*({y, L; X) such that

llw(L) — wlly < &.

Unlike exact controllability, Definition 3.1 only requires the reachable set to be dense. This is
particularly appropriate here because compactness of S(£) for £ > 0 implies compactness of the
finite-time control map under the present bounded-control setting, and a compact operator cannot be
surjective onto an infinite-dimensional Hilbert space unless its range is finite dimensional.

Definition 3.2 (Terminal control map and Gramian). For ¢ € (0, L], define
Grs: LA(L-6,L;X) — U, (3.3)

L
Grsu = f S(L—3Bu(3)dd.
L6
Its adjoint is
(Gs2)(P) =B*S* (L - D)z, L-6<9<L, (3.4)

and the controllability Gramian is

L
Ors = G15Gy, Q52 = f S(L—-9)BB"S*(L —9)zdd. (3.5)
L6

Proposition 3.3 (Basic Gramian properties). For every 6 > 0, Qs is bounded, self-adjoint and
nonnegative. Moreover,

L
(Qusz, v = f IB*S*(L - 9zl d9. (3.6)
L6
Consequently, Q;5z = 0 if and only if B*S *(L — #)z = 0 for almost every 9 € [L - 6, L].

Proof. Boundedness follows from (2.7), boundedness of B, and the finite length of the interval. Since
Ors = G15Gy, it is self-adjoint and nonnegative. Identity (3.6) is obtained from

(G15G52,2) = G152, GLs2)12-

The final statement is immediate because the integrand in (3.6) is nonnegative. O
Lemma 3.4 (Dense-range characterization; see [24-26]). The following assertions are equivalent:

(i) system (3.1) is approximately controllable on [L — 6, L];

(ii) Range(Gs) = U
(iii) B*S*(L — 3z = 0 for almost every 9 € [L — 6, L] implies z = O;

(iv) {(Qrsz,z) > 0 for every nonzero z € U;

(v)

lrilrlr(} r(rl+ Q1) 'z2=0 foreveryzeU. (3.7)
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Remark 3.5. The parameter r; > 0 in (3.7) is a Tikhonov regularization parameter. It prevents
inversion of a possibly non-invertible compact Gramian. Approximate controllability is expressed by
the fact that the regularization defect ri(r11 + Q15)~" converges strongly to zero.

The beam control pair considered in [9] satisfies the dense-range condition. We use that fact in the
following form. For the distributed beam input, the short-window assertion can also be seen modewise.
For each Dirichlet eigenmode p;, the damped displacement—velocity pair has matrix A; = (_?@ —zle)
and column B; = (0, ). The Kalman matrix [B i AjB;] = ((f _2,1%.) has determinant —1. Thus no
nonzero adjoint eigenmode is invisible on any positive interval. With full-domain distributed control,
completeness of the eigenmodes yields the dense-range property for each 8 > 0. This modal argument

does not extend automatically to localized actuators.

Lemma 3.6 (Regularized terminal steering). Assume the linear beam system is approximately
controllable on [L — 6, L]. Let yy € U be the state at time L — 6, and let w € U be a target. For r; > 0,
define

ul (9) = B*S*(L = 9)(ri] + Q1s)”" (@ — S (6)yo). (3.8)

Then the corresponding terminal linear state satisfies

WL =@ = =ri(nl + Qus)~ (@ = S (6)y0), (3.9)

and hence
1i1£||y}51 (L) - olly = 0. (3.10)
ri

Proof. Substitute (3.8) into the mild formula on [L — 6, L]:

Y2 (L) = S (0)yo + GrsGis(ri] + Q1s)” (@ — S (6)yo)
= S(O)yo + Qrs(riI + Qrs)~ (@ — S (6)yo).

Use the resolvent identity
Ous(ril + Q1) =1—ri(rI + Q)™

to obtain (3.9). The limit (3.10) is exactly item (v) of Lemma 3.4. O

Remark 3.7 (Control-energy interpretation). The norm of ufl does not have to stay uniformly
bounded as ry | 0. It is not a deficiency; in case of a dense non-closed image of the control map, an
approximation of a non-reachable target might require more effort from control due to its density. The
importance of the above comment arises because in case the semilinear term explicitly involves the
control, the presence of ||u‘f1 || multiplied by some constant becomes inevitable.

4. Approximate controllability of the semilinear beam system

We now return to the full beam problem with delay, memory, and non-instantaneous impulses. The
proof separates the already generated trajectory from the last control interval. This section makes that
separation explicit and states the technical condition needed when the nonlinearity depends directly on

the terminal steering control.
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Definition 4.1 (Approximate controllability of the nonlinear system). System (2.13) is approximately
controllable on [0, L] if, for every initial history ® € C([—a,0];U), every target w € U, and every
g > 0, there exists u € L*(0, L; X) such that the corresponding mild solution satisfies

llw(L) — wlly < &

When L < ¢, no impulse is active before the terminal time, and Definition 4.1 reduces to the usual
semilinear beam controllability setting considered in [9]. The interest here is that the same steering
idea survives after a finite number of non-instantaneous impulse intervals.

4.1. Why the final control window is shorter than the delay

Lemma 4.2 (History freezing on the terminal window). Let 0 < S < a and let two controls u;, u;
coincide on [0, L — B]. Assume that the corresponding mild solutions 'V and w'® are unique. Then,
forevery { € [L -, L],

WV - a) = WP - a). 4.1)

More generally, every delayed value whose time argument lies at most { — a is determined before the
terminal control window begins.

Proof. If € € [L — 3, L], then
{—a<L-a<L-p

because 8 < a. Thus the value at time ¢ — a belongs to the interval on which the controls are identical.
Uniqueness of the mild solution up to time L — S gives (4.1). m|

Remark 4.3. Lemma 4.2 is the reason for the restriction 8 < a. If the terminal control window were
longer than the delay, then the delayed state w({ — a) could itself depend on the modified terminal
control, and the simple small-window estimate used below would no longer isolate the nonlinear
contribution. A different fixed-point or feedback argument would then be required.

4.2. Terminal-window estimates

We first describe the local bounds used in the proof. Because the delayed history is frozen on the
last window, its image is contained in a fixed bounded set determined by the trajectory at times not
exceeding L — .

Assumption 4.4 (Terminal nonlinear and memory bounds). For every bounded set K of delayed values
attained before the terminal window, there are constants Mp(K) > 0, My(K) > 0, and k > 0 such that
on the last evolution interval

EC, n, wlly < Mp(K) + «llullx, n(-a) € K, (4.2)

and

< My(K). (4.3)
U

¢
f H(¢, m,n,,) dm

) ‘N

If k = O, the nonlinear term is uniformly bounded with respect to the control on the terminal window.
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Condition (4.3) follows, for example, from g € L' and local boundedness of 4 along the frozen
history. The direct control dependence in (4.2) needs additional care because, as noted in Remark 3.7,
the norm of a regularized approximate control may increase as ry | 0.

A necessary correction to the original compatibility proposal. For bounded B and 0 < 8 < L, the
control map satisfies

G pully < NIBI Bl 21,155 (4.4)
Thus imposing +B,llu.ll;2 — O makes the controlled terminal increment tend to zero; it is
incompatible with steering a fixed reference state to an arbitrary different target. We therefore
withdraw that condition and do not claim a general theorem for a control-dependent perturbation with
arbitrary « > 0. The result below assumes that the remaining delayed nonlinearity is uniformly
bounded in the terminal control (x = 0), possibly after absorbing a bounded affine contribution Du
into Beg = B + D.

Definition 4.5 (Diagonal regularization choice). Fix a single reference control before the last window
and the associated trajectory w™. Choose 8, | 0 with 0 < B8, < min{a, L — ¢y)}. For each n, choose
ia > O sufficiently small so that the fixed-window Gramian control, initialized at w™ (L —8,), satisfies

[F1aCria + Qup) ' [@ — S BW™ (L - B]||,, < 1/n. (4.5)

Such a choice exists for each fixed 3, > 0 when the linear pair is approximately controllable on that
interval. No small-control-energy assertion is made.

[y

Proposition 4.6 (Vanishing terminal nonlinear remainder). Assume Assumptions 2.1 and 4.4, with
k = 0in (4.2), and let (B,,11,) be a diagonal choice as in Definition 4.5. Let w" be the solution
obtained by replacing the original control on [L — ,, L] with wfln while keeping the original control
before L — B,. Then the nonlinear and memory contribution accumulated on the terminal interval
satisfies

IRulls — O, (4.6)

where

L
R, = f S(L - HEWD, Wy, il () dd (4.7)
L~

L 3
+ f S(L-9) f H®®, m, w),) dm d?.
L_,Bn 19N

Proof. By Lemma 4.2, all delayed states entering F and H on [L — 8, L] have delayed values in a fixed
bounded set K generated by the one reference trajectory before terminal steering. Using (2.7) and
4.2),

L
f S(L - NFW, y, wlr () dd| < NMp(K)B,. (4.8)
LBy
This is O(B,), because the delayed values are taken from the same uniformly bounded reference
trajectory. The corresponding estimate with k > 0 cannot be made small by a vanishing-energy
hypothesis without destroying the linear terminal steering effect. Similarly, (4.3) gives

L 9
f S(L- ﬂ)f H®@, m, w))) dmdd|| < NMy(K)B, — 0. 4.9)

LB, Y
Combining (4.8) and (4.9) proves (4.6). O
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4.3. Main controllability theorem

Theorem 4.7 (Approximate controllability of the semilinear impulsive beam). Assume
Assumptions 2.1 and 4.4. Suppose k = 0 in (4.2) or that an affine control perturbation has been
absorbed into a bounded effective control operator. Assume that the resulting effective linear pair is
approximately controllable on every sufficiently short terminal interval [L — B,L]. Then the full
semilinear system is approximately controllable on [0, L].

Proof. Let € > 0, fix an initial history @, and let w € U be arbitrary. We organize the argument in five
steps.

Step 1: generate the reference trajectory before the terminal window. Choose the diagonal
family (8,, r1,) of Definition 4.5 with 8, < min{a, L — Jy}. Fix a single reference control x* on [0, L]
and let w™ denote its unique trajectory. On every initial segment [0, L — 3], use the restriction of this
same control, so the delayed values lie on one fixed bounded trajectory. The condition L — 8, > ¥y
ensures that the terminal steering takes place after the last non-instantaneous impulse.

Step 2: replace the control only on the final interval. Define

reff’ OSKSL— -
'@m:{”() g

4.1
W (0), L-B,<C<L, (4.10)

where ufl is the regularized control of Lemma 3.6 with initial state w™/(L — f3,). Let w" denote the
mild solution corresponding to u,,.
Step 3: identify the linear steering part. By the semigroup property, the terminal value can be
decomposed as
W'(L) = ¥ (L) + R, (4.11)

where )fﬁ,l(L) is the terminal state of the linear system starting from w™ (L — 8,) and R, is exactly the
nonlinear remainder defined in (4.7). The previous impulse intervals are already contained in the state
w™ (L — B8,); no impulse term is generated inside the final window.

Step 4: make both errors small. The diagonal choice in (4.5) gives

I (L) - @by — 0.

Proposition 4.6 gives
IRulls — 0.

Hence, for all sufficiently large n, each quantity is smaller than &/2.
Step 5: conclude by the triangle inequality. Using (4.11),

lw*(L) = @iy < Iy, (L) = @lly + R,y < &.
Since the target and tolerance were arbitrary, Definition 4.1 is satisfied. O

Corollary 4.8 (Affine control perturbations). Suppose E(€,n,u) = Fo(f,n) + Du with a bounded
operator D : X — U and with Fy uniformly bounded on bounded delayed-state sets. If (A,B + D) is
approximately controllable on all sufficiently short terminal intervals, Theorem 4.7 applies after
replacing B by B + D. In particular, the illustrative term 0.05u in the velocity forcing is absorbed into
1.05B. This is a sufficient structural condition, not a result for arbitrary nonlinear dependence on the
control.
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Remark 4.9 (Limitations for nonlinear control dependence). For a general perturbation satisfying
only ||[F|| < My + «||ull, « > O, the present terminal-window proof does not establish controllability. The
original small-energy schedule would also force the linear steering contribution to vanish by (4.4).
A separate robust controllability or fixed-point argument is required to extend the theorem to such
perturbations.

Remark 4.10 (Role of compactness). Compactness of the beam semigroup is not used to claim exact
controllability. On the contrary, it explains why approximate controllability is the appropriate notion.
The key analytical property is the strong resolvent limit in Lemma 3.4, which expresses density of the
reachable set despite the compactness of the control operator.

5. Numerical methodology and computational illustration

5.1. Purpose, model, and reproducibility boundary

The following newly computed experiments implement a time-discrete regularized controllability
Gramian for every spatial sine mode of the full-domain-controlled finite-difference beam. This
supersedes the original hard-coded terminal-error and timing arrays and the subsequent
lagged-feedback experiments. Unlike the earlier two-mode diagnostic, the test retains all M — 1
spatial degrees of freedom, a nonlinear delayed forcing, a fading-memory variable, and a
finite-duration impulse before the terminal control window. The program then forward-propagates the
controlled full-grid equation and checks its terminal state independently of the Gramian residual
formula. These observations concern the specified finite-dimensional benchmark and do not
independently establish the infinite-dimensional theorem.

Let Q = (0, ) with hinged endpoints ¢ = Ag = 0. The benchmark parameters are summarized in
Table 1. During ordinary evolution the benchmark is

Gee + 2y(=AN)g; + (=A)*q = 1.05u + 0.1 sin(g(¢ — a, w)) + H((, @), (5.1)

where \
—d(t-s) Q(S —a, ID')

{
H(, w) = f e ds. 5.2)
a(0) 1+ q(s —da, ’w')z

Here o(f) = 0 before the impulse, and o (£) = ¥}, after the impulse: memory is restarted after the
interval impulse. The affine 0.05u perturbation has been absorbed into the control gain 1.05, as
permitted by the conditional analytical result. On (£, ], the differential equation is suspended, and
the explicit non-instantaneous impulse profile is g, = 0.2sing, with zero impulse input and a
continuous displacement update. The one-sided velocity may jump at switching boundaries. The
numerical history is held constant, g(¢, @) = 0.2 sin@ for —a < € < 0, with g,(0, @) = 0. The terminal
target is (¢,v) = (0.5sin(2w),0). The initial and target velocities are both zero. The constant
negative-time history, nonlinear impulse-velocity law, and memory restart are explicitly specified
assumptions of this numerical benchmark; they have not been calibrated to a physical structure.
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Table 1. Explicit benchmark parameters for the full-grid regularized Gramian.

Parameter Value Parameter Value
Domain Q 0, m) Final time L 1
Damping y 1.5 Delay a 0.2
Impulse starts ¢, 0.3 Impulse ends ¥, 0.5
Control window f3 0.1 Memory decay d 1
Impulse coefficient 0.2 Effective distributed gain  1.05
Baseline spatial intervals M 100 Baseline time steps Ny 2000

Computational implementation and reproducibility. = The calculations were performed in
MATLAB R2025b using double-precision arithmetic. Each regularized two-by-two modal system is
solved directly without an iterative stopping tolerance. The numerical algorithm, benchmark
parameters, time-integration formula, delay and memory conventions, and residual definitions are
stated in this section. A  self-contained MATLAB R2025b  source file,
SUPPLEMENTARY_MATH30865.m, is provided separately as a computational supplementary file;
running it regenerates the numerical data tables and five figures from the specified benchmark
equations. The submitted file contains executable source code rather than pre-entered numerical result
arrays. No processor-dependent timing benchmark or unrecorded hardware specification is claimed.

The terminal control interval [0.9, 1] lies after the impulse and has length § = 0.1 < a = 0.2.
Thus delayed values on the terminal interval are sampled strictly before time 0.9 and are fixed by the
already simulated uncontrolled trajectory. The delayed memory integrand is frozen in the same way,
although its integral keeps evolving. These restrictions make the terminal discrete system affine in the
distributed control.

5.2. Spatial energy norm and stable time discretization

For M equal spatial subintervals, set 4 = m/M and let A; be the standard positive Dirichlet second-
difference matrix. Write K, = Ai, C;, = 2yA}, and use implicit midpoint for the ordinary evolution, with
the delayed nonlinear forcing evaluated from the stored history. If (¢,, v,) denotes the grid displacement
and velocity and f,,,» the known midpoint forcing, the update is

(I +25C) + 22Kt = (I = B8C) = ALK, ), — ALK)Gy + Alfrir o, (5.3)
Gn+1 = 4qn + %(Vn + Var1)-

The coeflicient matrix is positive definite, and its Cholesky factors are reused. Exponential memory is
advanced by exact exponential weights under piecewise-constant delayed integrands. On the impulse
interval, g,+1 = q,+A¢0.2 sin(g,) with the corresponding prescribed velocity; the memory state is reset.
The impulse update is first-order even though the linear ordinary-stage method is implicit midpoint.

In particular, the old explicit-biharmonic stability restriction AfA . (A,) < 2 is violated on three of
the four previously published coupled grids (approximately 2.026, 4.053, and 8.106). Accordingly, the
old error and runtime tables are not used as numerical evidence in this revision. The new calculations
use the method (5.3), not the former explicit recurrence.

The natural discrete norms at terminal time are

Ey=(h ) lgi-aP)'" Eo=0) vi-wh)'"2 Ey=lag-IB+ED' (54
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The two velocity conditions are zero, but E, is still calculated and reported; displacement error alone
is not the product-space error.

5.3. Finite-grid regularized Gramian control

Let A be an eigenvalue of A;, and write the energy-scaled modal state z; = (A,gx, vx)” . The terminal
linear evolution on each spatial mode is

. I 0 A 0
2 = Az + By + fi, A = (_/lk —27k/1k)’ By = (1 05). (5.5)

Writing d = A¢ for the time increment within this paragraph, the implicit-midpoint step yields
Fi = —-dAJ2) U + dA)2), By = (I — dA/2) ' dB,.

For the n,, terminal input stages, define G, = [F Z‘“_lBk, ..., Bi] and the discrete Gramian Q; = GkG,{ /d.
If d is the difference between the desired terminal mode and the uncontrolled terminal mode with its
known history forcing, the controls are

Uiy = GL(Q + D) 'dy/d, 1> 0. (5.6)

The exact finite-grid predicted modal residual is —n(Qy + n1)~'d,. Every one of the M — 1 modes is
retained, so the computation is a full spatial-grid Gramian, rather than a two-mode reduction. The
resulting modal controls are transformed back to physical grid controls; the nonlinear delayed beam,
impulse history and fading memory are retained in the forward propagation.

5.4. Regularization results and control cost

MATLAB R2025b (double precision) generated the full-mode tables and figures on 9 October
2026. The main experiment uses (M,N,) = (100,2000), n, = 200 terminal control stages, and
n € {1072,1073,...,107%}. Table 2 is transcribed from the comma-separated values (CSV) file
produced by the supplied implementation, without pre-entered error values.

Table 2. Full-grid Gramian: terminal displacement, velocity and energy errors, and L?
control cost.

n £, E, Ey [lell 2
1072 0.596111 0.306055 2.205007 7.978500
107°  0.352742 0.184681 1.114048 38.843070

107 0.137948 0.031948 0.223332 65.553682
1075 0.025147 0.003574 0.031417 72.829631
107 0.002753 0.000364 0.003343 74.068415
1077 0.000278 0.00003648  0.000337 74.204470
1078 0.00002782 0.000003648 0.00003368 74.218214

The product-space error decreases from 2.205007 to 3.3683 x 10~ between n = 1072 and
n = 1078, as shown in Figure 1; Figure 2 shows the corresponding rise in the L? control norm from
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7.9785 to about 74.2182. The numerical control cost should not be assumed uniformly bounded for
arbitrary infinite-dimensional targets or finer spatial discretizations. =~ Within each run, the
Gramian-predicted errors agree with the terminal errors obtained by forward propagation; the largest
reported relative product-energy mismatch in the baseline full run is 3.64 x 1073, This checks the
algebraic consistency of the controller and the discrete beam integrator using the same numerical
model; it is not an independent convergence proof for the PDE.

Figure 3 compares the terminal displacement with the prescribed target and uncontrolled profile.

Full di: i ili beam: terminal ian steering
T T

10!

100 5

102

Terminal error

S
o

10°

—6— Displacement L2
—&— Velocity L2
Product-space energy
I

106 L L L L
102 10° 104 10° 10° 107 10%
Gramian regularization eta

Figure 1. Finite-grid terminal errors under decreasing Gramian regularization. The complete
product-space norm is plotted alongside displacement and velocity errors.

Full-beam control cost and regularization tradeoff
5

Control cost

—6— L2 control norm
—&— Maximum absolute control

10' - q

I I I I I
102 102 104 10° 10 107 108
Gramian regularization eta

Figure 2. Control cost and peak control magnitude versus Gramian regularization. Smaller
errors require larger controls in this benchmark.
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Final profile,
T

06 lfzsted eta

displacement

0 0‘.5 1‘ 1‘.5 2‘ 2‘.5 3‘ 3.t
Figure 3. Terminal displacement at the smallest reported regularizer, compared with the
prescribed target and the uncontrolled terminal profile.

5.5. Grid refinement and parameter sensitivity

To separate resolution effects from regularization effects, we hold 7 = 107 fixed and recompute
on four coupled spatial/time grids, as reported in Table 3. Their nonzero errors remain nearly constant
because the regularization is fixed; this is grid consistency, not an estimate of the order of truncation
error or a proof that the target residual tends to zero with mesh refinement.

Table 3. Coupled spatial/time refinement for the full-grid Gramian at n = 107°,

M N, E, E, Ey
25 500 0.002761668 0.000364200 0.003351799
50 1000 0.002754595 0.000364069 0.003345040
100 2000 0.002752839 0.000364037 0.003343362
200 4000 0.002752405 0.000364029 0.003342947

Figure 4 visualizes the terminal errors across these coupled grids.

Terminal tracking errors

regularizer.
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Figure 4. Terminal tracking errors under coupled spatial/time refinement with a fixed
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Parameter sensitivity is assessed by changing one value at a time, recomputing the Gramian and
reporting the new controlled residual rather than reusing the baseline controller. For all rows in Table 4
the spatial/time grid is (50, 1000) and = 1075,

Table 4. One-at-a-time parameter sensitivity in the full spatial Gramian calculation.

Scenario Ey ||| 2

Baseline 0.00334504 74.06323
Damping y = 1.8 0.00342186 75.96720
Delay a = 0.16 0.00334514 74.06363
Memory decay d = 0.5 0.00334508 74.06340
Impulse end ¥, = 0.55 0.00338544 74.22992
Impulse coefficient 0.3 0.00344423 74.47540
Effective control gain 1.0 0.00368510 77.75027

Figure 5 presents the corresponding changes in the three terminal errors.

4 %10 One-at-a-time parameter sensitivity, full Gramian
T T T T

Terminal errors

I Displacement
[ Velocity
[CEnergy -
S
& Q‘\Q’ QQ% 5’5" & R
® O ) © N S
2 ) & & O &
& & N S e N
Q},\\o . &Q\» Q\e@ ®o°
& S N i

Figure 5. Sensitivity of the terminal displacement, velocity, and energy errors in the full-grid
Gramian test.

5.6. Numerical scope and outstanding model verification

The sampled modes and finite-grid Gramian are controllable in this fully distributed-actuator
setup; the smallest eigenvalue of its regularized terminal Gramian before adding n/ was
approximately 4.535 x 107> on the baseline grid. The maximum relative sine-transform orthogonality
defect was below 107!4. These checks make the computation internally reproducible and demonstrate
terminal numerical tracking for the specified control-affine benchmark with frozen terminal history.
They do not establish that arbitrary nonlinear, control-dependent perturbations are admissible, that a
spatially localized actuator gives the same result, or that the infinite-dimensional theorem follows
from any fixed grid. The impulse-velocity law, initial history, and memory-reset rule are treated as
explicitly defined benchmark assumptions; no fit to a physical device or empirical data is asserted.
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The computations use full-domain distributed control and a final control interval following all impulse
intervals.

6. Discussion of the analytical assumptions and scope

The preceding analysis uses several assumptions that have distinct purposes. Since these
assumptions can easily be confused when the beam, delay, memory, and impulse mechanisms are
written in one equation, this section explains their role and the consequences of relaxing them.

6.1. Why approximate controllability is used instead of exact controllability

In the case of the linearized beam, the terminal control map G5 involves the compact semigroup
S (L — ) for positive time. For an infinite-dimensional Hilbert space, this would be a serious obstacle
to the exact surjectivity of the control operator. Approximate controllability bypasses the obstacle
through the requirement

Range(Gs) = U.

It follows that the regularized inverse (711 + Q)" is not an approximation of the everywhere defined
inverse of Qy;s, but is a tool that chooses controls having their end defects vanishing as r; | O strongly.
It is this which causes the control norm to be large when the target is outside the range but within its
closure.

6.2. Role of the delay inequality f < a

The inequality S5 < a is structural, not cosmetic. It ensures that the delayed state in the last window
is already known. If 8 = a, the endpoint £ = L accesses the state at L —a = L — 8, which is exactly
the switching time; the argument can still be treated with one-sided continuity, but the strict inequality
avoids endpoint ambiguity. If S > a, then for times near L, the delayed argument £ — a lies inside
the terminal control window and is altered by the new steering control. The frozen-history estimate of
Lemma 4.2 then fails.

This does not imply that controllability cannot be achieved in case 8 > a; it only implies that the
current proof technique is insufficient. To do that, one will have to estimate the difference between the
two terminal trajectories via a contraction/compactness/Gronwall argument which takes into account
the feedback of the terminal control via the delay.

6.3. Memory does not behave like a single discrete delay

The memory contribution integrates the complete past over an interval. Consequently, even when
the delayed point £ — a is frozen, the memory term does not vanish. The proof instead uses the fact that
the outer integration interval has length 5. If the inner memory integral is uniformly bounded, the total
terminal memory residual is O(B). This is precisely the content of (4.9).

The assumption g € L'(0, L) is natural for fading-memory kernels. Exponential kernels, sums
of exponentials, and many viscoelastic relaxation kernels satisfy it. Kernels with a non-integrable
singularity would require a different functional setting, for example fractional resolvent families or
weighted history spaces.
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6.4. Non-instantaneous impulses and the location of the terminal window

Choosing S < L — iy ensures that the control interval comes strictly after the last impulse interval.
Hence, the state at L — 8 would include the effect of all impulses, but there will be no impulse during
the application of the Gramian control. If an impulse coincides with the control interval, then the
evolution would follow Wy in part of the interval, so the linear control map G,z no longer gives the
complete terminal evolution map. The proof of controllability under these conditions would require an
impulse-dependent terminal map.

6.5. Direct dependence of the nonlinearity on the control

The bounded-control map estimate (4.4) shows that a requirement of the form +B|ull,> — 0
cannot coexist with arbitrary terminal steering from a fixed reference state. We explicitly retract the
unrestricted k > 0 claim and prove the result for control-independent/uniformly bounded delayed
perturbations. An affine term Du can be included in B,y = B + D if dense range of the resulting
effective pair is verified; nonlinear control dependence is left open.

6.6. Relationship to tempered fractional impulsive controllability

The tempered fractional model of Guo, Zhang, and Li [19] accounts for attenuation directly in a
fractional kernel, whereas the present beam includes a fading hereditary convolution alongside an
integer-order, second-order structural evolution. The associated solution operators, Gramian, and
regularity estimates cannot be interchanged without additional analysis. Similarly, the
non-instantaneous fractional systems in [21,22] support the relevance of impulsive delayed dynamics
but do not verify our beam-specific control assumptions. These distinctions limit the reach of the
current theorem and clarify the relation to recent research.

6.7. Interpretation of the numerical evidence

The newly executed spatial-grid Gramian experiment is now directly tied to the controller of the
analytical argument in the special control-affine, terminal-history-frozen benchmark. It yields
decreasing terminal displacement, velocity and product-energy errors as n — 0 on each fixed finite
grid, at an increasing control cost. It replaces both the original hard-coded plot arrays and the earlier
full-beam feedback experiment whose residual plateaued. The fully distributed finite-dimensional
Gramian, however, is a more favorable setting than an arbitrary infinite-dimensional actuator, so these
figures are reproducible computational illustrations rather than proofs of the abstract theorem.

7. Conclusions

The present study investigates conditional approximate controllability of a damped
Euler—Bernoulli beam with memory, delayed nonlinearities, and non-instantaneous impulses. The
short terminal window is chosen after all impulse intervals and shorter than the delay, so that its
delayed contributions can be bounded independently of the last-window control. The analytical
conclusion requires dense linear reachability and appropriate control-independent or effectively affine
nonlinear bounds; the previously proposed vanishing-control-energy compatibility claim is not
retained.
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New MATLAB R2025b tests implement a Tikhonov-regularized Gramian for every spatial mode
of a fully distributed beam discretization. On the baseline grid, the displacement, velocity and
product-energy terminal errors decrease together as the regularizer is reduced, and the predicted
residual agrees with direct full-grid propagation. The experiments quantify the associated control cost
and show stable results under coupled mesh refinement and moderate parameter perturbations. This
resolves the previous discrepancy between the analytical Gramian controller and the numerical
feedback law for this specified finite-dimensional benchmark. It does not turn numerical convergence
into a proof of the infinite-dimensional theorem. The impulse-velocity profile, constant negative-time
history, and memory-reset rule are prescribed benchmark conventions, not experimentally verified
physical laws; extensions to other impulse conventions, persistent memory, and restricted actuator
regions remain open.
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