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1. Introduction

Wiener, in 1947, initiated the study of connectivity indices of a connected graph by defining a
distance-based index (called the Wiener index), which is the best source to predict the boiling point
of alkanes with almost 89% accuracy [31]. After that, Dobrynin and Kochetova [8] and Gutman [15],
independently studied a weighted version of the Wiener index. An unceasing employment on the study
of various connectivity indices of a graph have been made by a number of researchers to date. For
instance, Estrada et al. defined the atom bond connectivity index to predict the heat of the formation
of alkanes [9]; Ali et al. provided the sum version of atom bond connectivity index [1]; Zhou and
Trinajstic introduced the sum connectivity index [33]; Yu and Feng defined the connective eccentricity
index [32]; Sharma et al. supplied the eccentric connectivity index for structure property and the
structure activity studies of molecular objects [30]; Gupta et al. studied the eccentric distance sum
index to predict biological and physical properties of molecular graphs [12]; Sardana and Madan
introduced an adjacent eccentric distance sum index to predict anti-HIV activity of TIBO derivatives
[29]; Ramane and Yalnaik proposed two status connectivity indices having the best correlation to
predict the boiling point of benzenoid hydrocarbons [27]; and Gutman and Lepovi¢ introduced and
studied the m-connectivity index [14].

Graph indices based on notions of degree and distance are extensively applied, as graph invariants,
in theoretical chemistry to develop correlations between molecular structure properties [10,21]. They
provide a variety of correlations with physical, chemical, and thermodynamic properties of chemical
compounds [17, 19]. In [30], the authors proposed the eccentric connectivity index, which has
found successful applications toward the construction of numerous mathematical models for predicting
biological activities of different types. The eccentric connectivity index yields good correlations toward
both physical and biological properties [20]. The ease combined with the good correlating potential
of this index can be readily utilized in quantitative structure studies of property activity relationship
[10, 11]. These types of studies give useful leads for the synthesis of possible therapeutic drugs. For
the mathematical aspect of eccentric connectivity index, the reader is referred to [16,23]. The authors
in [13], developed a topological descriptor known as the connective eccentric index while exploring the
antihypertensive activity of N-benzylimidazole derivatives [22]. The values found with this descriptor
were superior to corresponding values found using Balaban’s mean square distance index [3, 4].
Within this framework, Alkgesmah) et al. [2] introduced the distance eccentric connectivity index
(DECI), which incorporates eccentricity into degree-distance interactions, providing valuable insights
into extremal structural properties. Building on the existing framework of degree and distance-based
connectivity descriptors, Noreen and Salman introduced the d-connectivity index (DCI) as a novel
degree-distance descriptor based on d-neighbors [25], where its basic properties were established and
its values were computed for hexa-organic molecular structures. It was subsequently studied for chain
polygonal cactus networks, with applications to structural connectivity, network accessibility, and
resilience [26]. These indices complement each other: whereas DECI emphasizes global efficiency and
extremal communication delays, DCI highlights localized degree-distance interactions and resilience
under partial failures. The remarkable rotational symmetry and vertex-transitive nature of circulant
networks substantially simplify the computation of global graph invariants. Because every vertex
belongs to the same automorphism orbit, local structural properties extend uniformly throughout
the network, allowing exact analytical expressions to be derived without exhaustive vertex-by-vertex
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computations. This inherent symmetry not only reduces computational complexity but also provides
deeper insight into the relationship between graph structure, eccentricity, and connectivity, making
circulant networks an ideal class of graphs for investigating distance-based topological descriptors.

Main contributions

The principal contributions of this paper are summarized as follows:

e Exact closed-form expressions for the distance eccentric connectivity index (DECI) of 3-, 4-,
and 5-regular circulant networks are established.

e Exact formulas for the d-connectivity index (DCI) are derived for these families of circulant
networks.

e General expressions for the d-connectivity index are obtained for generalized circulant networks
with arbitrary even and odd regularity.

e The influence of graph order, regularity, and congruence classes on the proposed indices is
analyzed.

e The obtained results enrich the theory of distance-based graph invariants and provide useful
analytical tools for applications in graph theory, chemical graph theory, and complex network
analysis.

e All closed-form expressions are validated against direct computation on explicit circulant graphs.

2. Preliminaries and basic results

Let G = (V(G), E(G)) be a simple and connected graph. Two vertices of G are called neighbors
if an edge exists between them. The number of vertices adjacent to a vertex u is called its degree
and is denoted by d(u). A path is defined as a walk in which no vertex is repeated, and the shortest
path between two vertices is termed a geodesic. The distance between two vertices u and v, denoted
by d(u,v), is the length (in edges) of a geodesic joining them. The eccentricity of a vertex u, written
as ecc(u), is defined as the maximum distance from u to any other vertex in G. The minimum and
maximum eccentricities among all vertices of G are known as the radius rad(G) and the diameter
diam(G) of the graph, respectively [7]. Vertices lying at distance d(u) from u are referred to as the
d-neighbors of u, and vertices at distance ecc(u) from u are called the eccentric neighbors of u. The
distance eccentricity neighborhood of a vertex u is denoted by Np.(u) = {v € V(G) | d(u,v) = ecc(u)},
and its cardinality, |Np.(u)| = degP*(u), is called the distance eccentricity degree of u in G [2]. The
distance eccentric connectivity index of G in [2] is defined by

G = Z deg” (v)ecc(v). 2.1)

veV(G)

Overall, connectivity indices have been constructed by exploiting the interplay of distance, degree,
and eccentricity in graphs. Several indices emphasize degree, that is, the number of 1-neighbors
(vertices at distance one); others focus on 2-neighbors (vertices at distance two), and still others
incorporate eccentric neighbors (vertices at eccentric distance). In this paper, we extend this framework
by concentrating on d-neighbors, vertices at distance d from a given vertex. Throughout the paper,
d = d(u) denotes the degree of the vertex u, and not a free distance parameter. For an integer £ > 0, the
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k-distance neighborhood of a vertex u is Ny(u) = {v € V(G) : d(u,v) = k} [24,28]; thus, N,(u) = N(u)
is the open neighborhood of u. The d-neighborhood of u is the particular k-distance neighborhood
obtained for k = d(u), Ngu,)(u) = {v € V(G) : d(u,v) = d(u)}, and its cardinality ng(u) = |Ngq,)(w)l
is called the d-number of u (see Figures 2—4). Note that N, («) consists of the vertices at distance
exactly d(u) from u, not of those within distance d(u), and that the distance used depends on the degree
of u itself. In an r-regular, graph every vertex has d(u) = r, so Nyu(u) = N,(u), and n,(u) = |N,(u)|.
Following [25], the d-connectivity index of G is the sum, over all vertices, of the degree of a vertex
multiplied by its d-number:
Cu(G) = Z ny(v) d(v). (2.2)
VveV(G)
Figure 1 summarizes all of these concepts with pictorial view. From [25], we have the following
straightforward proposition.

Basic Graph Concepts / Neighborhoods and Eccentricity Two Connectivity Indices
Lo x == — i k-distance neighborhood 1) Distance Eccentric Connectivity Index (DECI)
| Pl of a vertex u ey
u | = Connected - ~
| - S = 5
% | - Dndirscioa e V N =t || SR BN emeg) 2 T degPe(s)ecesy
1 e C— Vol 5 S Ny (u) { % /_-—0\‘\ veV(G)
¥y, i Sy / { 5 ? "
% ." é 4 W {Vl(u) 0/ ‘\ /,‘/ ‘Weights eccentric neighbors by
Degree: d(u) = number of 1-neighbors of u Q! ? ? i sl B SN the eccentricity of the vertex.
1 % ! :
Path: a walk with no repeated vertices s \h Q ﬂ' /“ é Ny ()
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Distance:  d(u,v) = length of a geodesic between u and v SN T Nece(uy () e
= —8 - A 2 Cal@)= Y mav)d(v)
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Proposition 1 (Basic Properties)
© Naw) = Na(w). © 1fd(u) > ecc(u), then there does not If u is a leaf (i.e., d(u) = 1), then @ £N(u) = {x,y} and xis aleaf,
ﬁ”“\p exist a d-neighbor of u and so n4(u) = 0. Nd(u) = N(u) = {v} and ng(u) = 1. then ng(u) = d(y) - 1.
£ N\
X L= Na(w) ecc(u) u y
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Figure 1. Preliminaries and basic results.

Proposition 1. [25] Let u be a vertex of G.

(]) Then, Nd(u) = Nd(u)(u).

(2) There does not exist a d-neighbor of u if d(u) > ecc(u), and so ny(u) = 0.

(3) For a leaf u (a vertex of degree one), Nd(u) = N(u) = {x}, and n,(u) = 1.

(4) If N(u) = {x,y}, and x is a leaf, then ny(u) = d(y) — 1.

(5) If N(u) = N(v) for a vertex v # u in G, then d(u, x) = d(v, x) for all x € V(G) — {u,v}, and so
na(u) = ng(v).

(6) If G is an r-regular connected graph, then d(v) = r for every v € V(G). Consequently, the d-
neighborhood of v coincides with its r-neighborhood, denoted by N,.(v), and the corresponding

d-number is n,(v). Accordingly, C,(G) =r 3, n.(v).
veV(G)
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(7) If all the vertices in an r-regular connected graph G of order p have same d-numbers, then
Cu(G) =r X p X n.(v), where v is any vertex of G.

3. Circulant networks

Circulant networks, owing to their symmetry, fault-tolerance, and efficient routing properties,
provide a natural setting for testing and comparing these indices [5, 6]. Such networks are
widely applied in parallel computing, memory systems, telecommunication networks, and molecular
modeling. In this section, we undertake a comparative study of DECI and DCI in circulant
networks. Our objective is twofold: to highlight their complementary sensitivities in measuring global
performance and local robustness, and to demonstrate their potential applications in both computational
and chemical domains. This network can be described more formally as being circulant. A circulant
network with n-vertices is a Cayley graph of Z, (the additive group of integers under modulo n) with
vertex set {viy; 1 1 € Z,} and edge set {ViV(i+symoany : 1 < i< n,s €S}, where § C {1,2,...,[n/2]}is
known as a generating set. If S satisfies the additive inverse property, we have an undirected circulant
network; otherwise, it is directed. An undirected circulant network is denoted by C,(a;, as, ..., a,),
where 1 < a; < [n/2] are called generators. Accordingly, the edge set of C,(a;,as,...,a,) is
Viviea, 1 1 <i<n, 1 < j <m}[18].

Due to their high symmetry and regular structure, circulant networks are particularly well-suited
for analyzing distance-degree based indices such as DECI and DCI. For a 2-regular family of circulant
network C,(1), the DECI calculated by Alkgesmah et al. in [2] is as follows: For all p > 3,

2 .
L when p is even,

De C — 2
£ 2plL], whenpisodd.

The DCI of C,(1) is then 4p for p > 5. In what follows, we compute exact values of the DECI and
DCI for different families of circulant networks.

3.1. A family of 3-regular circulant networks

In this section, we derive closed-form expressions for the DECI and the DCI of the 3-regular family
of circulant networks C,(1,n/2), for even n > 6. For n = 4, the generator n/2 = 2 gives Cy(1,2) = K4,
a complete graph whose indices are already known [2,25]; this degenerate case is therefore excluded,
and the family C,(1,n/2) is considered for even n > 6. Remember that ecc(v) = [(n — 1)/4] + 1 for
each vertex v of C,(1,n/2).

Theorem 2. Forevenn > 6, let G = C,(1,n/2). Then,

n?, n=0 (mod4),

£7(G) = n(n+2)

5

Proof. Because G is rotationally symmetric, it suffices to analyze a fixed vertex v (Figure 2). When

n = 0 (mod 4), ecc(v) = n/4, and there are four eccentric neighbors Vi, .cc(v;) Vicece(vi)> Vitecevi)+1, and
Vi—ece(v—1» S0 degP?(v) = 4, yielding

n=2 (mod4).

EG)=n-4-n/4 =n’.
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When n = 2 (mod 4), ecc(v) = (n + 2)/4, and there are two eccentric neighbors Vi eccn,) and Vi_ecee,)
so degP¢(v) = 2. Hence,
EG)=n-2-(n+2)/4 =nn+2)/2.

vy

Figure 2. The circulant network Cj,(1,12) with the distance d(v,,v) written inside each
vertex. The fixed vertex v, is black, the eccentric vertices (at distance ecc = 3) are red,
and the d-neighbors (at distance d = 3) have a thick blue border. Here, degD ‘(v) = 4, so
EP4(G) = 12 -4 -3 = 144 (Theorem 2), and ny(v) = 4, so C4(G) = 12-4-3 = 144
(Theorem 3).

Theorem 3. Forevenn > 6, let G = C,(1,n/2). Then,
0, n <8,
CuG)=160, n=10,

12n, n>12.

Proof. Because G is rotationally symmetric and 3-regular, d(v;) = 3, and it suffices to determine the
d-number of a fixed arbitrary vertex v;. Note that ecc(v;) < 3 when n < 8, and so n3(v;) = 0, by
Proposition 1(2). Moreover, when n > 10,

Ny(v;) = {vicz, viss), when n = 10,
l {Viz3, Vie3, Vien2425 Vienj2—2}, whenn > 12.

Hence, for each 1 < i < n, we have

0, whenn <8,
713(\/‘,') = 2, when n = 10,
4, whenn > 12.

By Proposition 1(7), the required index then follows. O
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Remark 4. By Proposition 1(2), ny(v) = 0 until ecc(v) reaches d = r, which first happens at n = 10,
14, and 32 for r = 3,4,5. At these orders, the vertices at distance d coming from opposite sides of the
network still coincide or overlap (for example, vi.7 = vi_7 in C14(1,2)); they separate as n increases,
giving the intermediate values of n, and then the constant value 4, 4, 8 and the linear growth of Cy.

3.2. A family of 4-regular circulant networks

In this section, we derive closed-form expressions for the DECI and DCI of the 4-regular family of
circulant networks C,(1, 2) for n > 5. For each vertex v of this family,

(V) = [4], whenn=0,2,3 (mod 4),
o= |2], whenn =1 (mod 4).
Theorem 5. Forn > 5, let G = C,(1,2). Then,
2
3%, n=0 (mod 4),

. nn—1), n=1 (mod4),
G = nn + 2)

R n=2 (mod4),
1
”(”; ) n=3 (mod 4).

Proof. Because G is rotationally symmetric, it suffices to analyze a fixed vertex v (Figure 3). When
n = 0 (mod 4), ecc(v) = n/4, and there are three eccentric neighbors vi,,/2, Viinj2+1, and Vip,o-1.
Therefore, deg?*(v) = 3, implies that £2¢(G) = 3n?/4.

V10 Vg

Figure 3. The circulant network C7(1, 2) with the distance d(v,, v) written inside each vertex.
The fixed vertex v; is black, the eccentric vertices (at distance ecc = 4) are red, and the d-
neighbors (at distance d = 4) have a thick blue border. Here, degD"(v) = 4, 50 &P(G) =
17 -4 -4 =272 (Theorem 5), and ny(v) = 4, so Cy(G) = 17 -4 - 4 = 272 (Theorem 6).
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When n = 1 (mod4), ecc(v) = (n — 1)/4, and there are four eccentric neighbors
Vi+L%Ja Vi—n/2)s Vi+ln/2]+15 and Vit|n/2)-1- Then, degDe(v) = 4, 1mphes that fDe(G) = I’l(l’l - 1)

When n = 2 (mod 4), ecc(v) = (n + 2)/4, and there is only one eccentric neighbor v/, so
degP¢(v) = 1. Hence, £P¢(G) = n(n + 2)/4.

When n =3 (mod 4), ecc(v) = (n + 1)/4, and there are two eccentric neighbors v;_|,/2; and viy(,/2).
Therefore, deg”*(v) = 2, providing £2¢(G) = n(n + 1)/2. o

Theorem 6. Forn > 5, let G = C,(1,2). Then,

0, forn<13,
56, forn =14,
Cy(G) =2 120, forn =15,
192, forn =16,

16n, forn > 17.

Proof. Because G is rotationally symmetric and 4-regular, d(v;) = 4, and it suffices to determine the
d-number of a fixed arbitrary vertex v;. Note that ecc(v;) < 4 when n < 13, and so n4(v;) = 0, by
Proposition 1(2). Moreover, when n > 14,

{vier), when n = 14,

) vicg, vk when n = 15,

Nalvs) = {Vie7, Vie7, viss), when n = 16,
{

Vii7,Vis7, Viegs Visg), Whenn > 17.

Hence, for each 1 < i < n, we have

0, whenn <13,
1, whenn = 14,
I’l4(V,‘) = 2, when n = 15,
3, whenn = 16,
4, whenn > 17.
By Proposition 1(7), the required index then follows. O

3.3. A family of 5-regular circulant networks

In this section, we derive closed-form expressions for the DECI and DCI of the 5-regular family
of circulant networks C,(1,2,n/2), for even n > 8. Remember that, for each vertex v of this family,
eccv) = |n/8] + 1.

Theorem 7. Forevenn > 8, let G = C,(1,2,n/2). Then,

”(”: 9 120 (mod8),
e - i - O u=2 (mod3)
§ N 3n(n+4)

T, n=4 (rnod 8),

nn+2). n=6 (modS8).
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Proof. By vertex-transitivity, it is enough to check one vertex v. For each case, ecc(v) = |[n/8]+ 1. The
number of eccentric neighbors varies with n (mod 8), as given in Table 1.

By using eccentricity and values of deg”(v) from Table 1 into the formula (2.1) of £P¢(G) completes
the computation. O

Table 1. The distance eccentricity degree of v in C, (1, 2,n/2).

n (mod 8) Eccentric neighbors degPe(v)
n = 0 (mod 8) Vit(2+1)s Vi—(4+1) 2
n =2 (mod 8) Vit 2 1415 Vi 215 Vit 2425 Vi-| 2|2

n =4 (mod 8) Vit 2, Vie 2, Vit (3+1) Vi—(8+1)s Vit (2+2)5 Vi—(£+2)

o N A~

n=06(mod 8) Vi iz, Vic| 2], Vit 241 Vic 2 ]=15 Vit 21425 Vic|2]-25 Vit 2435 Vi-[2]-3

Theorem 8. Forevenn > 8, let G = C,(1,2,n/2). Then,

0, forn < 30,
320, forn =32,
Cy(G) =1 680, forn=34,
1080, forn = 36,
40n, forn > 38.

Proof. Because G 1is rotationally symmetric and 5-regular (see Figure 4), d(v;) = 5, and it suffices to
determine the d-number of a fixed arbitrary vertex v;. Note that ecc(v;) < 5 when n < 30, and so
ns(v;) = 0, by Proposition 1(2). Moreover, when n > 32,

{Vico, Viso}, when n = 32,

Ns(v;) = {Vi—9, Vix9, Vi—10, Vix10}, when n = 34,
s(vi) =

{Vico, Viso, Vic10, Vit10s Vic11s Vir11}s when n = 36,

{Vi—9, Vit9, Vic105 Vis10s Vi-11> Vi+11, Vi-12, Vi+12}, Whenn > 38.

Hence, for each 1 < i < n, we have

0, whenn < 30,
2, whenn =32,
ns(v;) =< 4, whenn = 34,
6, when n = 36,
8, whenn > 38.
By Proposition 1(7), the required index then follows. O

AIMS Mathematics Volume 11, Issue 11, 36100-36118.



36109

Figure 4. The circulant network Cy¢(1, 2, 16y with the distance d(v;, v) written inside each

vertex. The fixed vertex v, is black, and the eccentric vertices (at distance ecc = 3) are red.

Here, degDe(v) = 2, 50 £P4(G) = 16 -2 -3 = 96 (Theorem 7). Because d(v) = 5 > ecc(v),

there is no d-neighbor, n,(v) = 0, and C,4(G) = 0 (Theorem 8).

3.4. A generalization of the d-connectivity index

We now provide general formulas for C,(G) when G = C,(1,2,3,...,r/2) is an r-regular circulant

network for both even and odd values of r.

Theorem 9. For evenr > 2 and anyn > r, let G = C,(1,2,3,...,r/2) be an r-regular generalized

circulant network. Then,

0, n<r(r-1)+1,
CiG)=qnr(t+1), n=r(r—1)+2+twith0O<t<r-2,

nr?, n>rr+1.

Proof. Let v; be any vertex of G. Then, N(v;) = {viyj, Vi_j, 1<j<r/2}, and

[2], whenevern=0,2,3,...,r - 1 (mod r),
|2], whenever n = 1 (mod r).

ecc(v) = {

Now, we have the following three cases to discuss:

Case 1 By Proposition 1(2),

nw)=0 & ecc(v;) <dW;) =r,
— [%1<r, whenevern=0,2,3,...,r—1(modr),
] <r, whenevern =1 (mod r).
<r-—1, whenevern=0,2,3,...,r—1 (mod r),
—
<r, whenever n = 1 (mod r).

SIS
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n<r(r—1), whenevern=0,2,3,...,r—1(modr),
n<r’>—1, whenevern =1 (mod r).
— n<r(r-1+1.

Now, by using Proposition 1(7), we get the required index.

Case2 letn=r(r—1)+2+tforO<t<r-2sothatt =n—r(r—1)—2. Then, it can be seen that
n.(v;) = t + 1, and Proposition 1(7) proposes the required index.

Case 3 Forn > r* + 1, we have to find all the vertices in G lying at distance r from v;. Now, any vertex
belongs to N,(v;) can be found by tracing the following geodesics each of length r that starts from
v; and ends at a vertex lying at distance r from v; :

Plj = Vi Viej = Vitjrs = Virjr2(g) = - oo T Vikjre-15>

ng =V, = Vi.j— Vi—j—% - Vi—j—Z(é) — ... Vi—j—(r—l)%-

Accordingly, N,(v;) = Wisjsr-1s Viejoo-nz3 1 < j < r/2} of cardinality r. Thus, n,(v;) = r, and
Proposition 1(7) proposes the required index.

O

Theorem 10. For odd r > 3 and even n > r, let G = C,(1,2,3,...,(r — 1)/2,n/2) be an r-regular
generalized circulant network. Then,

0, n<2r*—5r+5,

CiG)=3nr(t+2), n=2r-5r+7+twithtevenand0<t<2r—6,

2nr(r—1), n>2r*-3r+3.
Proof. Let v; be any vertex of G. Then, N(v;) = {viyj, Viej, Vizn2s 1 < j < (r — 1)/2}, and ecc(v;) =
L[(n+r—5)/2(r —1))] + 1. Now, we have the following three cases to discuss:
Case 1 By Proposition 1(2),

nw)=0 &< ecclv)y<dv)=r,

n+r->5
L

m]+l<l’,

r—1,

n<2rr->5r+17,

[

n < 2r* —5r+ 5, because 7 is even.

Then, Proposition 1(7) yields the required index.

Case2 Letn=2r>—5r+7 +tforeven 0 <t < 2r — 6 so that t = n — (2r* — 5r + 7). Then, it can be
seen that n,(v;) = ¢t + 2, and according to Proposition 1(7), we get the required index.
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Case 3 For n > 2r° — 3r + 3, we have to find all the vertices in G lying at distance r from v,. Letting x
be a vertex lying at distance r from v;, x can be found by tracing following the geodesics which
start from v; and end at a vertex lying at distance r from v;.

Prj=Vi=Viej = Vit = Vi sty = oo Vit
Paj=vi=Viej = Viojrt = Viojaesh) — Viej=(r=2) 551
P3j = Vi = Vien2 = Vien/24j = Vienjaejerst = Visn/zeja2550) = - -+ = Vien/ 24 jr(-2) 50
Paj = Vi = Vien2 = Vienja-j = Vienja-j-r5t = Visnfa-j-2051) =+ -+ = Vien/2-j-r-2) 15t

The length of each geodesic in Py;, P»;, P3j, and Py4; is r, which can easily be verified with
help of the formula for finding the general term of an arithmetic sequence. Accordingly, x €
X = {V+]+<r 12 ’Vl_j (r21>2 2 Vien/2+jr(r=2) 5 Vien/2- j-(r-2) 54 > ;1 < j < (r-1/2}, and N,(v;) = X of
cardinality 2(r — 1). That is, n,(v;) = 2(r — 1) for each v; in G, and Proposition 1(7) proposes the
required index.

Although general expressions for C,;(G) are obtained in Theorems 9 and 10, we do not derive a
corresponding general formula for £2¢(G) for arbitrary r-regular circulant networks. This difference
is mainly due to the nature of the two indices. The computation of C,;(G) is governed by the d-
neighborhood determined by the vertex degree, which admits a systematic characterization for the
regular circulant families considered here. On the other hand, £°¢(G) involves the eccentricity ecc(v),
which is determined by the global distance structure of the graph and is sensitive to the order, parity,
and generating set of the circulant network. Consequently, obtaining a unified closed-form expression
for the DECI would require additional case analysis of eccentricities and distance layers. We therefore
restrict the present generalization to C4(G) and leave the derivation of a general DECI formula for
broader classes of circulant networks as an interesting problem for future research.

3.5. Computational verification

For each family, we generated the circulant network, computed all distances from a vertex by

breadth-first search (BFS), and evaluated £¢(G) = 3 degD ‘(vyecc(v) and Cy(G) = >, ng(v)d(v)
veV(G) veV(G)
directly from the definitions. Each of the Tables 2—6 shows the value from our closed-form theorem

equals the computed value.
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Table 2. Verification for the 3-regular family C,(1,n/2) (Theorems 2 and 3).

n

&Pe (formula) &P¢ (BFS) Cy, (formula) C,; (BFS) Match

6

8

10
12
14
16
18
20
22
24

24

64

60

144
112
256
180
400
264
576

24

64

60

144
112
256
180
400
264
576

0

0
60
144
168
192
216
240
264
288

0

0
60
144
168
192
216
240
264
288

NN YN N NN NN

Table 3. Verification for the 4-regular family C,(1,2) (Theorems 5 and 6).

AIMS Mathematics

n &P (formula) &£P¢ (BFS) C, (formula) C,;(BFS) Match
5 20 20 0 0 v
6 12 12 0 0 v
7 28 28 0 0 v
8 48 48 0 0 v
9 72 72 0 0 v
10 30 30 0 0 v
11 66 66 0 0 v
12 108 108 0 0 Vv
13 156 156 0 0 v
14 56 56 56 56 v
15 120 120 120 120 v
16 192 192 192 192 Vv
17 272 272 272 272 Vv
18 90 90 288 288 v
19 190 190 304 304 vV
20 300 300 320 320 v
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Table 4. Verification for the 5-regular family C,(1,2,n/2) (Theorems 7 and 8).

AIMS Mathematics

n

&Pe (formula) &P¢ (BFS) Cy, (formula) C,; (BFS) Match

8

10
12
14
16
18
20
22
24
26
28
30
32
34
36

32
80
144
224
96
216
360
528
192
416
672
960
320
680
1080

32

80

144
224
96

216
360
528
192
416
672
960
320
680

1080

(@)

el eNeloBoNeololeolaohhole]

320
680
1080

o

S OO OO OO oo oo

320
680
1080

SN N N N N N NN NENEN

Table 5. Verification of Theorem 9 (even r, G = C,(1,...,r/2)).

S

n

C, (formula) C,; (BFS) Match

4 5,6,7,89 0 0 v
4 10,11,12,13 0 0 v
4 14 56 56 v
4 16 192 192 v
4 17 272 272 v
4 20 320 320 v
6 30,31 0 0 v
6 32 192 192 v
6 33 396 396 v
6 34 612 612 v
6 35 840 840 v
6 36 1080 1080 v
6 37 1332 1332 v
8 56,57 0 0 v
8 358 464 464 v
8 59 944 944 v4
8 60 1440 1440 v
8 61 1952 1952 v
8 62 2480 2480 v
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Table 6. Verification of Theorem 10 (odd r, G = C,(1,...,(r—1)/2,n/2), n even).

r n C, (formula) C, (BFS) Match
3 6 0 0 v
3 8 0 0 v
3 10 60 60 v
3 12 144 144 v
3 14 168 168 v
5 20,22 0 0 v
5 2426 0 0 v
5 28,30 O 0 v
5 32 320 320 v
5 34 680 680 v
5 36 1080 1080 v
5 38 1520 1520 v
5 40 1600 1600 v
7 52,54 0 0 v
7 56,58 0 0 v
7 60,62 0 0 v
7 64,66 0 0 v
7 68 0 0 v
7 70 980 980 v
7 72 2016 2016 v
7 74 3108 3108 v
7 76 4256 4256 v
7 78 5460 5460 v
7 80 6720 6720 v
7 82 6888 6888 v

4. Applications of the DECI and DCI

In addition to their theoretical significance, connectivity indices have become indispensable tools in
chemical graph theory and quantitative structure-property/activity relationship (QSPR/QSAR) studies.
By encoding structural information into numerical descriptors, these indices facilitate the prediction of
various physicochemical, thermodynamic, and biological properties of chemical compounds without
the need for expensive laboratory experiments. The practical relevance of the d-connectivity index
(DCI) has been explored in our previous studies on molecular and network structures [25]. In that
work, the DCI was investigated for hexa-organic molecular structures, demonstrating its applicability
as a structural descriptor in chemical graph theory. This chemical graph application motivates the
consideration of the DCI for other structured network families. Later, it was studied for chain
polygonal cactus networks, where the index was considered in connection with structural and network
characteristics, as well as wireless communication [26]. In the present study, we derive closed-form
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expressions that provide an explicit means of examining the behavior of the DECI and DCI as the order
of a circulant network varies. Figure 5 summarizes these behaviors for the three principal circulant
families considered in this work. In particular, the normalized quantities £2¢(G)/n* and C,(G)/n
highlight the dependence of the indices on the network order, parity, and underlying circulant structure.

(a) DECI (b) DCI
A 40 Ak hhkhhkbhhbddbdddhddd
A 1
R N A A _i’
1.0 1 ono.o.o.0.°.°.°-°l$$$i\\ii° |
N
" A
% 0.8 A R T
> I B E B E EEEEEEEEEEEEEDN
q A
«J\,-O.G_... A A
A
" "R Ysssaqasatababa
0.4 1 A
n A
A
...IIIIIAIIAIIAIIAIIAIIA
20 40 60 80 20 40 60 80
order n order n
o C’n(l,g) = C,(1,2) A C’n(l,Z,g)

Figure 5. Behavior of the two indices on the three circulant networks, computed from
Theorems 2-8. (a) £P¢(G)/n?: values group into levels determined by the residue class of
n (mod 4 or mod 8). (b) C4(G)/n: index vanishes below a family-dependent threshold and
then stabilizes at 12, 16, and 40 for C,(1,n/2), C,(1,2), and C,(1,2,n/2), respectively.

Beyond chemical graph theory, distance and connectivity-based descriptors are also relevant to the
structural analysis of communication and interconnection networks. Circulant graphs are particularly
useful mathematical models in this context because of their regularity, vertex-transitivity, and highly
structured distance properties. The results obtained here provide exact analytical expressions for
theDECI and DCI on several important circulant families, thereby offering a direct means of
evaluating and comparing their distance-based structural characteristics. In this sense, the present
results extend the study of the DCI from molecular and cactus-like network structures to circulant
networks and provide a foundation for further investigations of distance-based descriptors in structured
communication networks.

5. Concluding remarks

In this work, we have undertaken a comparative study of two important degree-distance based
topological indices, namely the distance eccentric connectivity index (DECI) and the d-connectivity
index (DCI), within the framework of 3-, 4- and 5-regular circulant networks. By exploiting the
inherent rotational symmetry of circulant graphs, we derived closed-form expressions of these indices
and established their behavior for different network orders. For example, in C,(1,n/2), the DECI
assumes values n(n + 2)/2 or n?> depending on n (mod 4), whereas the DCI grows linearly with .
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Similar exact results are established for C,(1,2), and C,(1,2,n/2), and generalized results of the DCI
were provided for r-regular circulant networks. All formulas were additionally confirmed by direct
computation on explicit circulant graphs over wide ranges of n and r. These computations confirm that
the DECI captures extremal eccentric distances, whereas the DCI reflects degree-distance uniformity,
together providing a comprehensive description of circulant networks structure.

Collectively, these indices share a two-sided view: the DECI illuminates communication paths’
worst-case scenarios, the DCI guarantees knowledge of the average-case resilience and structural
stability. Together, their use goes beyond computer networks to chemical graph theory, where the DECI
detects molecules with extremal interactions, and the DCI quantifies bonding robustness and stability.
Hence, combining DECI and DCI analyses not only enhances structural knowledge about circulant
networks but also enhances their applicability in designing optimized fault-tolerant and energy-efficient
systems in computational and molecular fields.
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