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Abstract: In this work, we studied dynamic properties of classical solutions to the chemotaxis
system in a two-dimensional smoothly bounded domain. By applying the Agmon-Douglis-Nirenberg
L? estimates on linear elliptic equations and the two-dimensional Gagliardo-Nirenberg interpolation

inequality, we showed that )ﬁf > 1, which had nothing to do with 8 and ¢, was sufficient to ensure the

boundedness of the classical solutions. Meanwhile, by constructing Lyapunov function and the super-
solution of the elliptic equations and employing the elliptic maximum principle, it was proved that

0
the assumption )Qf > max{g, E} can guarantee the stabilization of the classical solutions. This study
displayed the differences of both research methods and conclusions between the parabolic-elliptical-
parabolic-elliptic system and fully parabolic system, and thus we extended the existing research ones.
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1. Introduction

To understand chemotactic interaction in the presence of several chemicals, Liu et al. ([1, 2]) studied
the following system,
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u, = Au+ V- (uVzg) =&V - (uVv), (x,1) € Q x (0, 0),
TV = Av = Bv + aw, (x,1) € Q x (0, 00),
w; = Aw + ¥V - (wVv) = €V - (wVz), (x,1) € QX% (0, 0),
122 = Az — 87 + yu, (x,1) € Q x (0, co), (1.1

ou Ov OJw 0z

ou _ov_ow 0z _ o
o a7 e (x, f>_€ 9Q x (0, 00),
(u, 71v, w, 722)(x, 0) = (up(x), T1vo(X), Wo(X), T220(X)), X € Q.

Here, all of the parameters y, &, ¥, €, a, 8,7, 6 are positive, 71,7, > 0, Q C R?is a smoothly bounded
domain, # and w denote the densities of the two species, and the corresponding chemicals produced
by them are z and v. The current system (1.1) can describe the following biological phenomena
involving interactions between different species or cell types. For example, there is a typical mutualistic
relationship between ants and aphids. Aphids secrete a syrup containing dew to attract ants, which use
them as a food source. At the same time, by secreting chemicals that attract aphids, ants protect them
and deter or disturb predators. Clownfish bring food scraps that attract anemones and provide them
with nutrients. Meanwhile, the tentacles of anemones release pheromones that attract clownfish, thus
reducing the likelihood of being predation [3]. Up to now, some important results are listed below in
the two-dimensional smoothly bounded domain:

(Ry) When 7, = 7, = 1, system (1.1) possesses a globally bounded classwal solutlon if initial species

B9

mass ||uoll1q) + llwollLiq) 1s appropriately small [1]. Moreover, 1f = > max{d ﬁ} then the solution

(u,v, w, ) of system (1.1) is globally bounded and converges exponentially to constant equilibria([3]).
(R;) When 7y = 7, = 0, the system (1.1) still admits a globally bounded classical solution if
a ==y =20 =1 and max{llugll. ) llwoll.1 ()} 1s below some threshold; ora = g =7y =6 =1
as well as y = ¥ = &€ = £&. Meanwhile, there exist finite-time blow-up solutions if the second moment
of the initial data is sufficiently small [2].

It is known that there are some differences in research methods between fully parabolic systems and
parabolic-elliptic-parabolic-elliptic systems. Let’s recall the system (1.1) with 7; = 7, = 1 to derive
the boundedness and stabilization of the classical solution in [3], we first construct the nonnegative
Lyapunov function

_ y u «a w X 2 2
E(t)=—fuln;+ffwlnf+—~f|VVI flel —fVZ'VVa
EJo T EJa @ 28 Jq 2% 0

and auxiliary function

B 6
—zf i( IVv]> + f|Vz|2 (,3+5)va Vv.
Q

Second, with the aid of the theory of positive definite matrices of quadratic forms, we obtained the key
result:
”(M In u,w In a))||L1(Q) + ”(VV, VZ)”LZ(Q) <ec.
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Once again, based on the above estimate, we obtained [|(#, w)l;2) < ¢ and, furthe_:r, 1(u, W)l o2y +

l(v, Dllwr= < c¢ for some positive constant c. Finally, the assumption )2_( > max{g,ﬁ}
simultaneously ensures the boundedness and stabilization. However, for the system (1.1) with
71 = 17, = 0, both the second and the fourth equations are transformed into elliptic equations, and
the nonnegative Lyapunov function E(f) and auxiliary function F(¢) in [3] can’t be applied again.
Therefore, we need to recheck system (1.1) with ry = 7, = 0.

Fortunately, motivated by [4, lemma 4.1], with the aid of the mass conservation of the species and

the Agmon-Douglis-Nirenberg L” estimates on linear elliptic equations, we will see that assumption

)Qf > 1, which is clearer and has nothing to do with 8 and 9, is sufficient to ensure the boundedness of

classical solutions. Moreover, by establish the following Lyapunov function

E) = qulng + gfwlng,
¢ Ja u & Ja w
and auxiliary function

2 2 =
F(t)=zf|w| +C—fflvw| +)§f|AVI2+)£f|AZI2
EJo u ¢ Ja ¢ Ja ¢ Ja

w
v s
—2fAz-Av+ﬂTf|Vv|2+—XIIVz|2+(,B+6)sz-Vv,
Q ¢ Ja ¢ Ja Q

B o

we indicate that criterion )25 > max{g, B} can still ensure the stability of the classical solution.

The novelty of this work lies in the following: on one hand, we adopted a different method from
that in [3, Theorem 1.1] to obtain the boundedness criterion, that is, X—)f > 1. On another hand, by
constructing the super-solution of the elliptic equations different from fully parabolic equations and

employing the elliptic maximum principle, we obtain the stability criterion of the solutions, namely,

= > max{g, E}. Our main results are stated as follows.
Theorem 1.1. Let Q € R? be a smoothly bounded domain, positive initial data (uy, wy) € C°(Q) x
C%Q), and the parameters satisfy 5
X (12)
&é
Then, system (1.1) with T\ = T, = 0 admits positive global classical solution (u,v,w,z) € [CO(Q X
[0, 00); R) N CZH(Q % (0, 0); R)]*. Moreover; the solution (u, v, w, 7) is bounded in the sense that

||zl o) + [VIlwro) + lwll=@) + [lZllwie@) < C, forallt > 0.
In addition, there exists o € (0, 1) such that for all t > 1,

+ lll C,

”””c‘ﬂ% Qx[1,1+1]) ™2 @Qx[t+1]) <

where C > 0 is some constant independent of time t.
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Theorem 1.1 tells us that strong repulsive effect (1.2) is beneficial to the global existence of

so_lutions. The following let us recall system (1.1) with 7y = 7, = 1, where the assumption

0
)Q_( > max{é —} > 1 in [3, Theorem 1.1(4)] warrants that it admits a globally bounded classical

&E B _
solution. However, for system (1.1) with 7, = 7, = 0, we will see that the assumption )Q_( > 1is

sufficient to ensure the global boundedness of the solution. Furthermore, as a piece of crucial evidence,
the proof of Proposition 3.1 indeed shows the differences in research methods between fully parabolic
systems and the parabolic-elliptic-parabolic-elliptic systems.

The following result provides the global asymptotic stability of the solution (u, v, w, z).

Theorem 1.2. Let Q C R? be a smoothly bounded domain, positive initial data (uy, wy) € CO(Q) x
C%Q), and the parameters satisfy

~ > max{-=, =}. (1.3)

Then, there exist positive constant ¢ and i} such that the bounded solution (u,v, w, z) of system (1.1)
with Ty = 7, = 0 satisfies

_ a _ _ Y _ _5
|l — dio|l =) + IV — B‘UO”L""(Q) + |lw = ol + llz — 5M0||L°°(Q) <ce™ fort>0,

where iy = ﬁ fQ U, g = ﬁ fQ w, and 7} depends only on Q, x, &, ¥, S, a,f,7,0.

Theorem 1.2 shows that strong repulsive effect (1.3) can still guarantee the global asymptotic
stability of the solution to system (1.1), with 7; = 7, = 0 as that in [3, Theorem 1.2] for system (1.1)
withty =1, = 1.

Before giving proof of the main results in Sections 3 and 4, we first show the local existence of a
classical solution to system (1.1) and provide some preliminary results.

2. Local existence of solutions and preliminaries

As far as the local existence of solutions is concerned, the proof in time is similar to that in [5],
which is achieved by applying Banach’s fixed point theorem.

Proposition 2.1. Let Q@ Cc R? be a smoothly bounded domain and all the other parameters
Yo 1. & &, B, ., 6,y be positive constants. Then, for any positive initial data (uy, wy) € C°(Q) x CU(Q),
there exist T, € (0, c0] and positive functions u, v, w, 7 in Q % (0, Tyax) determined by

(v, w,2) € [COQ X [0, Tar); R) N C*N(Q X (0, Tpuan); R,
which solve system (1.1) with ) = 75 = 0in Q X (0, T,10x), and if T ey < o0, then

lim sup(lullze() + [VIlwte@) + lwllze@) + llllwio@) = co.
I/Tmax

The following result gives some fundamental properties of solutions to system (1.1) with 7y = 7, =
0.
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Proposition 2.2. Assume that the positive initial data (uo, wy) € CO(Q) x C°(Q). Then,

a
lluC, Dl = Mol IVC, Dl = llwollLi@)-

||CU('J)||L1(Q) = ”(UOHL‘(Q)a ”Z("t)”Ll(Q) = 5||u0||L1(Q)-

Proof. Integrating each equation in system (1.1) with 7; = 7, = 0 over Q yields the desired results. O

The following lemma, which was achieved based on the widely known smoothing L” — L? estimates
of the Neumann heat semigroup or the standard W>?-elliptic theory, plays a crucial role in the process
of [|(v, D)llwreq) from [|(u, w)ll;2(q)- This is particularly evident in the proof of Theorem 1.1.

Lemma 2.3. [6, Lemma 2.2] Let Q C R? be a smoothly bounded domain, and

2 .
gell, 2—”), if pell,2l,
-p

q € [1,00], if pe(2,00).

Then, there exist C; = Ci(p,q,T1v0,Q) > 0 and C, = Ca(p,q,1220,2) > 0 such that the unique
local-in-time classical solution (u, v, w, z) of system (1.1) satisfies

IVllwra) < Ci(1 + sup llwllr@), Vi € (0, Tray),
s(0.0)

lIzllwra) < C(1+ sup |[ullzr), YVt € (0, Thax)-
5€(0.)

3. Boundedness criterion and Lyapunov function

3.1. Boundedness criterion

Motivated by [4, lemma 4.1], with the aid of the mass conservation of the species and the Agmon-
Douglis-Nirenberg L’ estimates on linear elliptic equations, we will first establish a boundedness
criterion of the solution (u, w) to system (1.1) with 7; = 7, = 0. In other words, if /Ef > 1, then
J,u* + [, w? < C holds for some positive constant C.

Proposition 3.1. Suppose that (uy, wo) € CO(Q) x CUQ) and (1.2) hold. Then, the solution (u, w) of
system (1.1) with T, = 1, = 0 satisfies

fu2+fw2<C, Yt € (0, Toax), (3.1)
Q Q

where the positive constant C is independent of t.

Proof. For the convenience of the argument, we define the following parameters:

ki :X%E%yz, k, :)2%6%&2, both ¢, — 0" and e — 0Tare small enough, &, = )(_7, € = g—){. (3.2)
Y

ag
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Multiplying the first equation of system (1.1) by u and integrating by parts over € produces

1d ) 5

—— \Y

2dtf(;u +L| u

X 2 & 2
== Az —= A

ZLM Z zLu v
:)—(fuz(éz—yu)—gfuz(ﬁv—aw)

2 Jo 2
8 (a2 [ [ [,
2 Jo

and following the same argument as that for u gives

1d 2 2 f(ﬁf 2 a/?f 3 Eéf Yf 2
—— Vol == - = - = = .
2dtfgw+‘fglwl zngzg > wz+2 wu

They, along with v > 0 and z > 0, yield

fu +f|Vu| <—f —%f %Lbﬂa). (3.3)

Following the same argument as that for « leads to

1d Y £
7 Qw j\IVa)I2 fa) v—)%ng;w3+%j;w2u. (3.4
Let k1 %x(3.3)+k»,%(3.4), and we conclude
d
—(ky f u +ky f w?) + 2k f \Vul* + 2k, f Vol
dt Q Q Q Q
S/\/(Sklfuzz—)(yklfu3+§ak1fu2w (3.5)
Q Q Q
+)2,8k2fw2v—)~(ak2fw3+$yk2fa)2u
Q Q Q

Applying Young’s inequality to integral terms fg u’z, fQ o, fg w*v, and fQ w?u on the righthand side
of (3.5), we derive

d
—(klfu2+k2fw2)+2k1fqu|2+2k2f|Vw| +k1fu +k2f 2

2x ok 20ék k
<( )((53161 N a/éf31€2 f)’ 2 _ kl)f 32 f +k1f (3.6)
1
2x 2
+(a§k1 | 2WBke §7k264 Nk)f LB 2fv +k2f
3€? 3 3

2

where all g (i =1,--- ,4) and k; (j = 1,2) are defined in (3.2). In the coming part, noting that v solves

{—Av +Bv=aw, (6,0 €QX(0, Ty, a7

% =0, (x,1) € 0Q X (0, Trnax),
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and applying the Agmon-Douglis-Nirenberg L” estimates ([7, 8]) on linear elliptic equations with the
(zero) Neumann boundary condition just as [4, (4.5)—(4.8)], there exists some positive constant c(e3)

such that
fv3 < 2633 f W + c(&). (3.8)
Q Q

By the same procedure as that for v, there exists some positive constant c(€;) such that

f 7 <2€ f i+ ce). (3.9)
Q Q

Meanwhile, in order to remove integral term fg u® and fQ w? on the righthand side of (3.6), we employ
the well-known Gagliardo-Nirenberg interpolation inequality to deduce some positive constant ¢
fufilling

el < €IVl g el o + €1l (3.10)

Due to the boundedness of [|ull.1q), and applying Young’s inequality to (3.10), there exists some
positive constant ¢, such that

< 2||Vull%, o, + Co. (3.11)

In precisely the same manner as that for u, there exists some positive constant c3 such that

2
”u”LZ(Q) L2(Q)

il q, < 20IVoll; (3.12)

L2(Q) 2 (Q) 3.

Substituting (3.8)-(3.9) and (3.11)-(3.12) into (3.6) results in

d
—(klfu2+k2fw2)+2k1f|Vu|2+2k2f|Vw|2+k1fu2+k2wa
dt I I 0 0 0

4y okie;  2aék € k
< (Ao, 2ne ?j k) [+ 2l
agk + 4xBka€; + 2eyks e _

3e 3 3

3 3 2 2
:Alfu +A2fa) + 2k1IVullZs ) + 2kl VeolZs g + o
Q Q

where c,4 1s some positive constant. In order to obtain four positive parameters (i = 1,--- ,4) and two
positive parameters k;(j = 1,2) on the righthand side of (3.13) and boundedness criteria, we rewrite
A;<0(@(=1,2)from (3.13) as

(3.13)

+( ajtky) f W + 2Vl g, +

— —6 +—— <X
at ki 4B 28 _ '

—_— + —_
3e2 ky 3 €
Let ¢, — 0" and €5 — 0* be small enough in (3.14), then we get

208 &y ko

3 32 ki~
a ki 267

5t asay
38k 3 oW

(3.15)
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Multiplying the first and second inequalities by ay and y7y, respectively, we get

2eéay  Eyark

€ < yyay,
3 @ 962 k Xyax 516
Ay kL VXY iy '
3622 kz 3 - ’
Once again we easily verify
123 1.3 XY ay  xx
k] :X2é52y2, kZ :Xzé-'zcyz’ez ==, @g=—=—, —= 2= 1
g &y &
- 2afay 2y 2 Eyagk _aéxyk 1
t = = - d — = — < = 3.16).
guaranteeing 3 & 3 € 3 XYY@y an 36‘% k 3622 =3 Yyay in ( )
Up to now, we obtain that there exists some positive constant ¢5 such that
d
—(k1fu2+k2fw2)+k1fu2+k2fw2 <cs.
dt Q Q Q Q
Thanks to the comparison principle of ordinary differential equations, (3.1) is clear. O

With the above Proposition 3.1 at hand, along with the existing Lemma 2.3 and extensibility
criterion Proposition 2.1, we can immediately give the proof of Theorem 1.1.

Proof of Theorem 1.1. Since |[u(-, Hll2q) + llw(:, D2y < M for some positive constant M, applying
Lemma 2.3 to the second and fourth equations of system 1.1 with 7; = 7, = 0, there exists positive
constant cg such that

IVVllzs@) + IVZll4@) < co.

We denote n = 2, r = 2n, and follow the same argument as that for [9, (25)—(30)] to deduce
llullz=@) + llwll=@) < ¢7 for all t € (0, Tiax). (3.17)

In particular, we get
el 1302 + w3y < cs-

Applying Lemma 2.3 to the second and fourth equations of system (1.1) once again yields
VG, Dllwre) + 112C, Dllwie@) < ¢o for all't € (0, Trmax)- (3.18)

Due to (3.17) and (3.18), with the help of the extensibility criterion Proposition 2.1, we can deduce
that 7',,x must be infinite. Apart from that, similar arguments as that for [9, Lemma 3.2] also show that
there exists o € (0, 1), such that for all > 1,

+ [l

”M”C‘T’%(QX[I,HI]) 73 @x[t,r+1]) < Cio-

Herein ¢;(i = 7,-- - , 10) are some positive constants. As mentioned above, we complete the proof. O
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3.2. Lyapunov function

As is well known, just like many chemotaxis systems, Lyapunov function plays a crucial role in
the study of the asymptotic stability of solutions. In this subsection, by constructing the following

Lyapunov function
E(t):zfu1n3+gfw1n$ (3.19)
& Ja u & Ja w
and auxiliary function

2 2 ~
F(t):szVul +gf|le +)§f|AVI2+)£f|AZIZ
EJo u EJao w ¢ Ja & Ja
—2fAz~Av+ﬁTXf|Vv|2+5—Xf|vz|2+(/3+5)fvz-vv,
Q ¢ Ja & Ja Q

we can achieve the study on asymptotic stability of solutions (i, v, w, z). More precisely, we list the
following outline:

(3.20)

Proposition 3.2. Let (i, v, w, z) be the solution of system (1.1) with v\ = 7, = 0. Then, one can get
d
EE(I) + F(r) =0, (3.21)

where E(t) > 0 and F(t) are defined as (3.19) and (3.20), respectively. Moreover, lf”f > max{g, 'g}
holds, then F(t) > 0 for all t > 0.

Proof. Multiplying In z,—Av, In ? and —Az at both ends of the first, second, third, and fourth
7}

o
equations of system (1.1) with 7; = 7, = 0, respectively, one can get

d Vul
d—fulng+f| ul =—)(fVu-Vz+§fVu-Vv, (3.22)
r Jo u o U 1) o
f IAV]> + f Vv = a f Vw - Vv, (3.23)
Q Q Q
d Vol N
—fw1n$+f| ol :—f(wa-Vv+§wa-Vz, (3.24)
dt [e) w [9) w Q Q
f |Az]* + 6 f Vzl* =y f Vu-Vz. (3.25)
Q Q Q

Meanwhile, some series of calculations lead to

—fAz-Av:ﬁva'Vz—awa-Vz
Q Q Q

(3.26)
6sz Vv — fVu-Vv.
Q
Let S%><(3.22)+§><(3.23)+%><(3.24)+ §X(3.25)+2><(3.26), and we obtain
d
EE(I) + F(r) =0, (3.27)
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In other words, (3.21) holds.
Next, based on an obvious fact slns > s — 1,V¥s > 0, taking s = 5 results in E(¢) > 0. To show that
F(t) > 0 for all r > 0, we rewrite F(¢) in (3.20) as

¥
v (" IVup IVew|? = “Hiav
F(t) = gf gf fAv Az] _51 )g( [AZ]
Bx B+6
Z 2 Vv
2 &

Performing an argument similar to that in [3, Lemma 3.2], one can obtain F(¢) > O provided that

% > max{’§ —}. As mentioned above, the proof is completed. O

o B
4. Proof of Theorem 1.2

In this section, under the assumption (1.3), we give a key proposition on asymptotical behavior of
solution to system (1.1) with 7y = 7, = 0.

Proposition 4.1. Suppose that (uy, wy) € CO(Q) x CO(Q) and (1.3) hold. Then, the solution (u, v, w, z)
of system (1.1) with T = 7, = 0 fulfills

”Mln l/l”Ll(Q) <gc, ”(Uln(i)”Ll(Q) <gc, f |VV|2 <gc, f |VZ|2 <c (41)
Q Q

f f Vul® f 'V“’lz c. (4.2)
0 Q

Here ¢ > 0 is a constant independent of t.

and

Proof. In fact, the boundedness of the first two L'-norms in (4.1) and that of integral (4.2) can be
proved as that in [3, Proposition 3]. Readers can easily verify them, and thus it will not be restated
here. In addition, the boundedness of the last two integral terms in (4.1) are the direct consequence of
Lemma 2.3. O

4.1. Convergence

In this subsection, we first obtain the convergence of |[u — i||.~) and |lw — @ollL~) as well as

a L - .
llz — %IZO”LOO(Q) and ||v — =d@l|.~) via using the argument of contradiction, constructing the super-
solution of two elliptic systems and employing the elliptic maximum principle.

Proposition 4.2. Suppose that (uy, wy) € CO(Q) x CO(Q) and (1.3) hold. Then, the solution (u,v, w, z)
of system (1.1) with T\ = 7, = 0 satisfies that

llu — diollzo@) = 0,  llw — @ollr~@) — O,

Y- a _
llz — SMOHL“’(Q) — 0,]lv - EU)O”L‘X’(Q) — 0 ast— oo,

AIMS Mathematics Volume 11, Issue 11, 35887-35901.
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- _ 1 - _ 1
where iy = @fguandwo = @fgw.
Proof. By the argument of contradiction just like in [9, Lemma 4.4] and [10, Lemma 3.10], or (31)-
(35) in [3, Propersition 5 |, we easily get
||l/l - El()”cO(Q) — 0 and ”M - uOHL‘”(Q) - 0, as 1 — oo, (43)
and
||(,U - (DO”CO(Q) — 0 and ”Cl) - (DO”LO"(Q) - 0, as t — oo. (44)

Throughout what follows, we will construct the super-solution of two new systems and employ the
elliptic maximum principle to indicate

Y- a _
llz — EMOHL‘X’(Q) —0,[lv - BonLw(Q) — 0 as 1t — oo.

To be specific, let ¢(x, 1) = v(x, 1) — gJ)o and ¥(x,1) = z(x, 1) — %ﬁo, then we rewrite the second and

fourth equations of system (1.1) as

_A¢ +ﬁ¢ = a,(w - J)O)a (.X, t) € QX (09 00)7
o 4.5)
5:0, (x,1) € Q% (0, ),

as well as

W _ 0, (x,1) € Q X (0, ). (46)
ov

Applying the elliptic maximum principle ([4, (5.15)], [11]), we can obtain from (4.5) and (4.6)

{—Aw + 0y = y(u —itp), (x,1) € Qx(0,00),

a _ (0 _
[v(-, 1) = =ollz=) = lloC, Dllz=) < = llw — wollr=@) — 0,

g 4.7)
llz(-, 1) = gb_loHLw(Q) = |l (-, Do) < 5”” — Uollp=@) = 0 as t — oo.

As shown in (4.3)-(4.4) and (4.7) above, we complete the proof. O

4.2. Decay rate

In this subsection, by establishing differential control inequalities of the Lyapunov function E(?),
we show that the convergence rates of ||lu — il|,1q) and [lw — @1, are exponential. Then, we also
get the estimate of [|[VV||.»q) and ||Vz]|irq) for any p € (1, 00) by the Agmon-Douglis-Nirenberg L”
estimates on linear elliptic equations with the (zero) Neumann boundary condition.

Proposition 4.3. Suppose that (uy, wy) € CO(Q) x CUQ) and (1.3) hold. Then, the solution (u, w) of
system (1.1) with | = 7, = 0 satisfies

llu — dioll1iy < Ce™,  llw — @ollpiqy < Ce™ forall t > 0,

where iy, = Ilﬁl fgu,a)o = |15| fgw, and both positive constants C and A depend only on
QaX’é‘a)?’g’a’ﬁ,’y’é'
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Proof. Similar to [3, Proposition 6], we can easily obtain the proof. The details are not listed here. O

Proposition 4.4. Suppose that (u,v, w, z) is a globally bounded classical solution of system (1.1) with
initial data (uy, wy) € CO(Q) x C%(Q) and (1.3) holding. Then, for any p € (1, o), the solution (v,z) of
system (1.1) with t; = 7, = 0 fulfills

_r _t
||VV||LP(Q) < Ce 2, ||VZ||Lp(Q) < Ce % forallt>0,

where positive constants C and u depend only on Q, x,&, ¥, E“, a,f,v,90, and the Poincaré constant,
respectively.

Proof. First, we make the following transformations
* - * a - * - * y -
U :M—MQ,V :V——(,Uo,W :w—(uo,Z :Z—gl/lo,
then system (1.1) with 71 = 7, = 0 can be converted into the following system

U; = AU + xV - (UVZ") = EV - (UVVY) + yugAZ* - EiigAV™, (x,1) € Q%X (0, 0),

~AV* + BV* = aW*, (x,1) € Q% (0, 00), 48)
Wi = AW* + gV - (W'VV*) = EV - (W'VZ*) + Yoo AV* — EgAZ*, (x,1) € Q X (0, ), '
—AZ* + 67 = yU*, (x,1) € Q% (0, c0).

Applying the Agmon-Douglis-Nirenberg L? estimates ([7, 8]) on linear elliptic equations with the
(zero) Neumann boundary condition leads to some positive constant c¢;; such that

IVVllzr@) = IVVlr@) < eV lwar) < cttllWillo@),

p=1 1

which, along with the interpolation inequality [|[W*||.»q) < ||W*||LE(Q)||W*|| ¢ @ gives

IVVllLr) = ”VV*”LI’(Q) < Clge_ﬁ,
The similar argument as that for v leads to
IVzllr) = IVZillr@) < Cl3e_ﬁ,
Here ¢}, and c;3 are some positive constants. As summarized above, we get the desired results. O

With above preparation at hand, following the idea in [12, Proof of Theorem 1.2], we obtain the
decay rate of |[u — ily||~) and ||w — @o|L=)-

4.3. Proof of Theorem 1.2

Proof of Theorem 1.2. First of all, representing U* in (4.8) according to the variation-of-constants
formula results in

! !
U'=eUj +x f TIAY (UVZY) - & f I (U
! 0 ! 0
+ yilo f TIANZT — £a f eTTIRAV
0 0
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Second, we get

! !
NU* =) < lle™Uglli= +)(f e VAV - (U*VZ*)|| o + ff le"™ AV - (U*V V)| o
0 0

! !
+ xilo f e AV - (VZ) | =) + fﬁof e VAV - (VV)]lio)
0 0

=: 1)(t) + L(t) + I:(¢) + 14(¢) + I5(t), forall 7> 0.
Once again, following the idea as that in [12, Proof of Theorem 1.2], there exists some positive constant
c14 such that
e — gl < crae™™ fort > 0.
Then, following the same argument as that for U*, there exists some positive constant c;s such that
||(,() - (I)()”Loo(g) < C15€_ﬁt for t>0.

Finally, the two inequalities in (4.7) imply, for some positive constant cie,

a_ Y. -
v = Ewollmm i = Shollze@ < ciee " fort>0.

As mentioned above, we complete the proof. O

5. Conclusions

In this work, we consider a two-species attraction-repulsion chemotaxis system with two chemicals.

Motivated by [4, Lemma 4.1], we first show that the assumption )Qf > 125 ~ 5.24 ensures

the boundedness of the classical solutions. It is worth noting that we should be very grateful to

a friendly and extremely patient anonymous reviewer who provided a very valuable suggestion,

¥ 16
that is, the modified boundedness threshold /% > ) V16 ~ 4.48 can be substantially improved

to )Qf > 1 by employing the conserved mass together with elliptic regularity to obtain uniform
bounds for the chemical variables. By applying the Agmon-Douglis-Nirenberg L” estimates on linear

elliptic equations and selecting new parameters, we further strengthen the boundedness threshold from
oo -
Xif > 3 V16 ~ 1.68 to )ﬁf > 1, and ultimately achieve the results expected by the anonymous reviewer.

Meanwhile, by constructing a Lyapunov function and the super-solution of the elliptic equations, the

assumption )ﬁf > max{ S’B} guarantees the stabilization of the classical solution. As previously
mentioned, in this work, the current research displays the differences of both research methods and

conclusions between parabolic-elliptical-parabolic-elliptic systems and fully parabolic systems.
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