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Abstract:  Poisson noise is an inherent signal-dependent distortion commonly encountered in
low-dose medical imaging and microscopic imaging, which poses significant challenges for image
restoration models, particularly in balancing effective noise removal and fine detail preservation. In
this paper, we propose a Poisson image denoising method that integrates high-order total variation
(HOTV) regularization with low-rank regularization. The proposed method combines the advantages
of HOTV regularization to avoid staircase artifacts and low-rank prior to retain a large amount of image
details. We then employ an alternating minimization method to solve the proposed Poisson image
denoising model with the combination of Chambolle’s dual projection algorithm and the non-negative
Garrote thresholding algorithm. Experiments on natural and medical images validate the efficacy of
our method, demonstrating its superiority over multiple state-of-the-art Poisson denoising approaches
in both quantitative metrics and visual perception.
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1. Introduction

Image denoising represents a pivotal task in the field of image processing, which has a broad
application prospect. When mentioning image denoising tasks, we generally think of removing
additive Gaussian noise in images. However, in image applications such as astronomical imaging [1],
microscopy [2], and biomedical imaging [3,4], image degradation is caused by the unavoidable Poisson
noise due to the quantum nature of light. Poisson noise fluctuates with pixel intensity, presenting
significant signal-dependent and non-additive characteristics. Traditional denoising approaches [5, 6]
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are originally designed for additive white Gaussian noise, which makes them incapable of handling
Poisson noise effectively. Consequently, denoising images contaminated by Poisson noise has emerged
as a critical research challenge in these fields.

Mathematically speaking, image generation can be described by a linear model. An image u € R’
is formed into a vector from the original image with size N X N (s = N X N). The Poisson degraded
image f € R* can be formulated as

f = Poisson(u), (1.1)

where Poisson(-) means the Poisson noise process. Since the inverse problem is usually ill-posed,
most denoising procedures use some form of regularization. So far, researchers have successively
proposed many methods to recover damaged images. For example, Rudin et al. [7] proposed a very
successful method that removes additive Gaussian white noise by using the total variation (TV) as
a regularization term. Owing to its excellent capability of noise suppression together with edge and
texture preservation, the TV model has been widely adopted in image restoration tasks [8—10].

Many academics then presented a number of TV regularization-based image restoration techniques
to solve Poisson noise. Le et al. [11] extended the TV model to recover Poisson images. Setzer
et al. [12] focused on solving Poisson image restoration task by minimizing an energy functional that
combines the Kullback—Leibler (KL) divergence as a data fidelity term with the TV regularization term.
Therefore, many improved methods have been proposed to overcome this limitation. One of these
methods is to use high-order TV [13] (HOTV) regularization to suppress the staircase effect to get a
good recovery. Yu et al. [14] introduced a non-convex penalty into a composition of TV and HOTYV,
and proposed a novel non-convex hybrid model for Poisson noise removal. Jiang et al. [15] developed
an alternating direction method for the HOTV based Poisson noise removal problem. Adam et al. [9]
further developed a regularizer combining high-order non-convex TV and overlapping group sparsity
constraints. A parallel line of research generalizes integer-order TV to fractional-order derivatives,
which provide a flexible trade-off between edge preservation and smoothness. Lou et al. [16]
proposed a fractional-order TV regularization for the Poisson noise deconvolution, and subsequent
studies have further extended fractional-order variational models to image denoising and related tasks,
showing advantages in texture preservation and noise suppression [17-19]. While fractional-order
TV has shown promising results in image denoising, it typically requires additional discretization
schemes and parameter tuning for the fractional order, which increases computational complexity. In
contrast, HOTV regularization achieves comparable staircase suppression with a simpler integer-order
formulation and well-established optimization tools. Therefore, in this paper we focus on the HOTV
regularization term.

In recent years, to better deal with the structure of images, non-local similar patch-based denoising
methods have been widely used in image processing. In the non-local means (NL-means) algorithm [5],
a given patch is replaced by a weighted mean of similar patches. The BM3D algorithm [6] groups
and stacks similar patches into a 3D array, then a denoising procedure is applied along the vertical
direction. Since similar patches in an image have similar structures, if we collect all similar patches
in an image and stack them as column vectors to construct a matrix, the resulting matrix exhibits
the low-rank property [20]. The low-rank minimization methods [21-24] have also achieved great
success in image denoising problems. However, since matrix rank minimization is non-convex and NP-
hard, the nuclear norm of a matrix is defined as its sum of the singular values, and the corresponding
nuclear norm minimization (NNM) is generally used as the tightest convex relaxation of low-rank
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minimization. To improve the flexibility of NNM, Gu et al. [23] proposed the weighted nuclear norm
minimization (WNNM) model. The WNNM model assigns larger penalties to minor singular values
while imposing smaller constraints on dominant ones and hence effectively preserves image sharp
edges and fine details. Zhao et al. [25] decomposed the images of similar patches into a low-rank
image and a sum of Gaussian-distributed residual images, and proposed a Poisson denoising model
based on non-local self-similarity (NSS). In [26], the authors proposed an NSS-based Poisson image
denoising model, which combines the low rank prior and group sparse coding. Recent advances in
deep learning-based approaches have led to widespread applications including in denoising [27, 28].
Nevertheless, deep learning-based denoising schemes generally demand substantial training datasets,
and most deep image denoising networks are trained under the Gaussian noise assumption. In addition,
massive clean reference images are required to serve as training labels during model optimization. For
biomedical images and SAR images, it is difficult to obtain the ideal noise-free image. Thus, these
issues undoubtedly limit their practical applications. However, existing Poisson denoising methods
face a fundamental dilemma. TV-based methods run fast but rely only on local information, yielding
extremely poor restoration under high noise levels. Low-rank-based methods can better preserve
details, but suffer from excessively long runtime due to repeated singular value decompositions
(SVDs). Motivated by this gap, this paper proposes a hybrid model and develops an efficient alternating
minimization algorithm that employs non-negative Garrote thresholding, Chambolle’s dual projection
algorithm, and other techniques, thereby keeping the runtime within a practical range while ensuring
restoration accuracy. The main contributions of this paper are summarized as follows:

e We propose a hybrid regular minimization model with HOTV and patch-based WNNM to solve
the Poisson noise removal problem. By combining the advantages of HOTV regularization and
the weighted nuclear norm, our model effectively mitigates the staircase artifacts associated with
conventional TV-based methods, while simultaneously achieving robust noise suppression and precise
edge preservation.

e We employ an alternating minimization strategy to address the Poisson denoising task.
Comprehensive experimental validations reveal that the proposed method achieves outstanding
performance compared with several state-of-the-art approaches, in both quantitative evaluation results
and visual restoration effects.

e Simulation comparisons were made between natural images and medical images. The results show
that the proposed algorithm improves the peak-signal-to-noise ratio (PSNR) and structural similarity
index (SSIM).

The rest of this paper is organized as follows. Section 2 provides a concise overview of the
WNNM denoising method in the low-rank minimization problem. Section 3 details our proposed
model and derives an efficient alternating minimization algorithm for its solution. Section 4 gives
some numerical experiments to demonstrate the performance of our method. Finally, section 5 provides
several concluding remarks.

2. Preliminaries

We present some relevant background knowledge in this section.

AIMS Mathematics Volume 11, Issue 10, 25795-25817.



25798

2.1. Total variation regularization

In this work, we focus on the Poisson image denoising. Minimizing the negative log-likelihood
function —log P(f|u) with respect to the variable u yields the following variational minimization
formulation:

argmin(u — flogu, 1) + u¢(u), 2.1

where 1 € R’ stands for an all-ones vector. The inner product term (u — f logu, 1) corresponds to the
KL divergence, a widely adopted fidelity measure for Poisson noise elimination. Here, ¢(u) represents
the regularization functional, while the positive constant u > 0 acts as the regularization parameter
to balance fidelity and regularization. When ¢(u) = ||Vu||;, the regularization is the well-known TV
regularization. When ¢(u) = ||V2ul|,, the regularization is the HOTV regularization. One can refer the
reader to [29] for more details.

2.2. Low-rank minimization with weighted nuclear norm

Similar image patches generally exhibit a consistent underlying structure. Therefore, the matrix
formed by the superposition of similar patches is a low-rank matrix. The process of group construction
for low-rank matrix formation is implemented by extracting image patches, matching similar patches
to exploit their consistent underlying structure, and stacking these similar patches into a unified
matrix. This stacked matrix inherently exhibits a low-rank property, which serves as the foundational
principle for the low-rank minimization framework with a weighted nuclear norm in image restoration
and denoising tasks. It is well recognized that clean natural images generally exhibit low-rank or
approximately low-rank structural characteristics in their data matrix form. Since rank minimization is
an NP-hard problem, the NNM of the matrix is used as a convex relaxation of the rank minimization.

Although the NNM is widely used in rank-constrained problems, it has some limitations. In the data
matrix, the larger singular values are more important; however, the nuclear norm treats all singular
values equally. To address this inherent drawback, Gu et al. [23] pioneered the use of WNNM as a
regularization constraint, establishing a novel optimization formulation for Gaussian noise suppression:

. 1
X" = argmin SIY - X7 + 11Xl s (2.2)
X

.
where || X|lw. = > wjoj(X), w = [wi,wp, -, w,]T, and w; denotes the non-negative weight assigned
=1
to the ith singular value o;(X). Although the general situation of WNNM is non-convex and presents

computational challenges in its solution, Gu et al. [23] demonstrated that the solution of WNNM can
achieve the global optimum of the original problem using standard convex optimization methods when
the weights are non-descending. Accordingly, the optimal solution can be derived in a closed-form
manner via the weighted singular-value soft-thresholding operation, which is formulated as: X* =
US, (2) V. Here, S ,,(X) denotes the weighted soft-thresholding operator corresponding to the weight
vector w, and its diagonal elements are defined as S ,,(2X); = Soft(Z;, w;) = max (0, %; — w;).

3. Proposed algorithm for Poisson image denoising

In this section, we first describe the proposed Poisson image denoising model based on low-rank
prior and HOTYV regularization, then present an alternating minimization algorithm for the proposed
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denoising model. In this study, we integrate low-rank constraint and HOTV regularization to construct
a hybrid regularization framework. On this basis, a novel Poisson denoising model is established and
expressed as:

G
min(u = flogu, 1) + &1 ) IRitl + Aallullirv, 3.1
i=1
where || - ||,,.. refers to the weighted nuclear norm. Rju = {u;y, u;s, ..., u;,} € R™" is the matrix formed
by stacking n non-local similar patches corresponding to the reference patch u;, which exploits the
self-similarity prior of image textures. Here, m is the patch size, G is the number of patch groups,
and || - ||gry represents the HOTV norm. Different from traditional first-order TV regularization, this
advanced regularization variant effectively suppresses undesirable staircase artifacts while retaining
intricate texture details and sharp edge information. To simplify the optimization solving process, we
introduce two auxiliary variables v and z for variable splitting. The original unconstrained optimization
problem in Eq (3.1) can be further transformed into a constrained optimization formulation:

G
minu — flogu, 1) + 41 ) IRl + Allzllury,

u,v,z
i=1
st. V=u,z=u. 3.2)

The augmented Lagrangian function of Eq (3.2) is defined as the following form:
& a
1
LG v.zibiba) =(u = flogu 1)+ A1 ) IRV + Zrllu = v = byl
i=1

a
+ Dllzllary + ?zllu — 2= byll3, (3.3)

where a,a, >0 are penalty parameters, and by, b, are Lagrangian multipliers. The minimization
of Eq (3.3) can be obtained by finding the saddle point of the augmented Lagrangian function
L(u,v,z;b1,by). We solve the problem via an alternating minimization strategy, which iteratively
optimizes the following three subproblems with respect to v,z and u, while updating the multipliers

by, b, as follows:
V! = argmin L, v, 25 by, B5),

2 = argmin LV, 7 b5, DY), (3.4)
Z
uk+1 — argmin L(u, Vk+l’Zk+1; bk,bg),

and the updated scheme of the lagrange multipliers is

blfﬂ — blf _ (uk+1 _ Vk+1),
{bk+1 — bk _ (uk+l _ ZI<+1) (35)
2 2 ,
where k represents the kth iteration of the algorithm. In the following part, we present a detailed
derivation of the procedure for Eq (3.4). For simplicity, we omit the iteration superscripts of all symbols
in the subsequent analysis. We proceed to solve the subproblems sequentially.
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3.1. The v-subproblem
With z and u fixed, the subproblem for v in (3.5) is

G
v = arg min %uu—v—blng + 40 RV (3.6)

i=1

We adopt an overlapping patch-extraction scheme with stride s < +/m, which is essential for fully
exploiting NSS and avoiding blocking artifacts. Under this overlap, the identity }; R’ R; = I no longer
holds. Following [23,24] we use the standard patch-decoupling approximation:

G G
aq ag
5 Zl e =v=billy ~ = Zl (Rt — Riby) — Rivl[2, 3.7)

which is exact in the non-overlapping case and introduces a controllable error otherwise. Under (3.7),
the objective separates over the patch groups, and each group is obtained by approximately solving:

min 2B ~ RVl + RVl By = Rt Ry, (3.8)
Rv 2 a

Let B, = U diag(d;,...,0,) V' be the SVD of B, where §; = 0 ;(B;) and r = min(m, n). Problem (3.8)

is a WNNM problem, whose exact solution is the soft-thresholding formula of [23]. Instead of this

exact solver, we adopt the non-negative Garrote thresholding as a lightweight approximate solver,

which retains the dominant singular values with less shrinkage bias at the cost of a controllable bounded

error. The approximate solution of (3.8) is

2
Ry = U diag(t),....1.0,...) V", ;= gar, (5;) = max(0, §; - 6—’) (3.9)

J
where S 5/_ denotes the non-negative Garrote shrinkage. The variance-corrected singular values and the
weights are defined by

_ ¢y yno?

b= \/max(O, 6? - ), W= — ,
0'j+8

j=L....rn (3.10)

where 7 is the number of similar patches in the group, ¢; = no? is a constant that controls the
shrinkage of singular values, and € > 0 avoids division by zero. The constant ¢; absorbs the
alternating direction method of multipliers (ADMM) factor A, /@, appearing in (3.8). After solving all

groups, the full image is reconstructed by weighted aggregation with per-pixel coverage normalization
-1
v=(X,RTR) Z:R¥.

3.2. z subproblem

To streamline the derivation and enhance notational compactness, we set B, = u — b,. Given u, the
minimization problem in Eq (3.4) for the z subproblem reduces to the following formula:

. @ 2
z = argmin — lu — z = ball; + aollzllury
z
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%
= argmin 1B, = 2l + A<l (3.11)
Z

where B, = u — by, ||Zllgry = ||V?zll; denotes the second-order TV regularization. Next, we use
Chambolle’s projection algorithm [30] to solve the above z subproblem. The solution of Eq (3.11) can
be obtained by solving the following dual projection problem:

min ||B, — Bdiv*pll2,
14
st |lpill < 1, Y1 < i, j < N, (3.12)

112
where § = i—z and p = 11221 222 with p* € RV for s,t = 1,2, and div(-) denotes the divergence

operator. The dual problem of Eq (3.12) can be efficiently solved by the following semi-implicit fixed
point iteration:

k k
et 2 P Ay (3.13)
" 1+ TlAﬁjl ’
where B
. 2
po = O, Ai] = (Vz(dlvzpk - E))i’j,‘r < a
and

div’pf; = De((p') ) + D (P ) + DL(p*)E ) + Dy (PP )
denotes the second-order divergence of the dual field p*; see [31] for more details. When the minimizer
p* of Eq (3.12) is determined, the solution of z can be given by the following form:

2= By~ fdivp”. (3.14)

As stated in the literature [31], when 7 < 61—4, div?pk is convergent, and as k — oo, p" obtained using

the dual method is the solution to the minimization problem (3.13).

3.3. u subproblem

With fixed v and z, the subproblem with respect to u reduces to a Poisson data-fidelity optimization
formulation expressed as follows:

u = argmin{u — flogu, 1) + %llu —v-b+ %llu — 2= bl (3.15)

The solution of Eq (3.15) can be obtained by setting the first-order derivation of u as zero, yielding the
following quadratic equation:

() + a)u® — (a/l(v + b))+ ar(z+ by) — l)u -f=0. (3.16)

Therefore, the closed form solution of Eq (3.15) can be given by the following form:

b+ P+ 4+ @) f
- 2(a; + @)

) (3.17)
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where b = a1 (v + by) + ax(z + by) — 1.

The flowchart of the proposed model for Poisson image denoising is presented in Figure 1. The
iterative process for solving the proposed model is summarized in Algorithm 1.

@

n )
V Subproblem | V = aIg ru‘i.rl 5y e =v— bl“i— + AR, . oy v = T n}zi.n > % |8, —Rv|l. + % |27
= ’ v 1

N
) l d"‘p'l
-
Degraded Image ZSubproblem I e ) cmb:l:r;miecﬁon
< =argmin > HB - :H2 +4, H:”Hﬂ
v
isupriion o f,_ bob - Ha <) f
2a; +a,)

Db, -subproblem |5 = B — (" —v")

BB (ot

Figure 1. Flowchart of the proposed model for Poisson image denoising.

Algorithm 1: The proposed algorithm for Poisson noisy removal.

1. Input: The noisy image f, by = 0,b, =0, Ay, A2, a1, @z > 0.

2. When the termination criterion is not satisfied:
(1). Update each patch group Rv**! using (3.9), and aggregate them together to get v*!;
(2). Update z**! using (3.14);
(3). Update u**! by solving (3.17);

(4). Update b*!, bA+!:
blf‘—l - bllc _ (uk+1 _ Vk+1),
bl§+1 — bg _ (uk+1 _ Zk+l),
3. End
4. Output y**'

3.4. Convergence analysis

We analyze Algorithm 1 as a two-block ADMM. Let w = (v,z), and let A be the linear operator
Au = (u,u), so that the constraints u = v, u = z are equivalent to Au = w. Then problem (3.3) can be
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rewritten as
min F(u)+ Hw) st Au=w, (3.18)

with F(u) = (u— flogu,1) and Hw) = A; Y ;||Rvll.« + 2l|zllzrv. Because H and the quadratic penalty
are separable in v and z, the w-subproblem splits into the v- and z-subproblems of Algorithm 1. Thus
Algorithm 1 is a two-block ADMM in which the u- and z-subproblems are solved exactly, while the
v-subproblem is solved by the Garrote shrinkage (3.10), which is not the exact minimizer of (3.9) but
a bounded perturbation of it.

Remark 3.1. The patch-decoupling identity (3.9) is exact for a non-overlapping patch partition, in
which Y, R/ R; = I, and is an approximation otherwise. The convergence analysis below is therefore
carried out on the decoupled surrogate objective defined by (3.8); equivalently, it applies exactly in
the non-overlapping case. Overlapping patch extraction with weighted aggregation is a standard
numerical technique [23, 24] that improves restoration quality by fully exploiting NSS and avoiding
blocking artifacts; its practical effectiveness is verified in the numerical experiments of Section 4. All
convergence statements below refer to the surrogate objective actually minimized by Algorithm 1, with
the Garrote inexactness absorbed into the constant C.

Lemma 3.1. Foranyy > 0 and w > 0, the non-negative Garrote shrinkage gar, (y) = max(0, y —w?/y)
and the soft-thresholding S ,,(y) = max(0, y — w) satisfy |gar,,(y) — S,,(y)| < w.

Proof. Checking the three cases y > 2w, w <y < 2w, and 0 < y < w yields the claim. i
Lemma 3.2. Let ¢* = v’éarrote — vk . be the error at the k-th iteration induced by replacing the exact

soft-thresholding solution of (3.8) with the Garrote shrinkage (3.9). Then é* is uniformly bounded:
There is a constant C > 0, independent of k, such that ||e*||r < C for all k.

Proof. By Lemma 3.1, for each group i and singular-value index j, the discrepancy is bounded by the
weight w .. From (3.10) and &; > 0, we have w; ; < ¢ Vno*/e. Summing over all groups and singular
values, and using that the aggregation operator (Z,-Rl.TR,-)_1 2. R has unit operator norm, we obtain
lle¥llr < c1Vno*Ny/e =: C, where Ny = 3,1, is the total number of singular values, a fixed finite
number independent of k. O

Lemma 3.3. The augmented Lagrangian L(u,v, z; by, by) in (3.3) is bounded below on u > 0.

Proof. The KL divergence F(u) = (u — flogu,1) is coercive and bounded below for u > 0, and all
remaining terms in (3.3) are non-negative. m|

Lemma 3.4. Let F(u) = (u — flogu, 1) with f > 0 componentwise, and let ay,a; > 0. Then: (i) u —
F(u)+ S lu—v—bill5+ S llu—z-bll5 is (a1 +a,)-strongly convex; (ii) v = SHu—v—"by 7+ YillRvllw.
is ay-strongly convex; (iii) z — %Ilu -z- b2||§ + A|IV32||; is as-strongly convex.

Proof. Since V*F(u) = diag(f;/u?) = 0 onu > 0, F is convex. Each regularizer is convex: 41 Y IRvIl, .
is convex, since the weights w; are non-descending (see Section 3.1), so each Rp||,,. is a unitarily
invariant norm of a linear image v, and A,||V?Z||; is a seminorm of a linear image of z, hence convex.
The quadratic penalties have Hessians (@ + a»)I, @11, and a,1, respectively, hence are strongly convex
with those moduli. The sum of a convex function and a p-strongly convex function is u-strongly
convex, which proves the claim. m]
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Theorem 3.5. Let {u/, vk,zk,bll‘,b’;} be generated by Algorithm I, where the v-subproblem is solved
by the Garrote shrinkage (3.9) and the z-subproblem by Chambolle’s iteration with step T < 1/64.
Assume [ > 0 componentwise and ay,a, > 0. Then:

1) The augmented Lagrangian satisfies
8 grang
L@ V2B BY) — LtV 2 by BY)
< =L =V = 2 = 2 - st - Wi + C (3.19)

where ! is the exact soft-thresholding minimizer of the v-subproblem and C is the uniform

bound of Lemma 3.2.
(2) Summing (3.19) over k =0,...,K — 1 yields

K-1 .
1 LO—infL -
~k+1 k12 k+1 k12 k+1 k2
= D LI = VA I = B+ g ] < T ——= 4 €,
k=0

so the successive step sizes are O(C) on average; they vanish in the Cesaro sense as C — 0.

(3) Every limit point (u*,Vv*, 7") of the sequence (whenever such a point exists) satisfies the first-order
optimality conditions of the surrogate problem up to a residual of order O(C); as C — 0 the
residual vanishes, and (u*,v*, 7") is a Karush-Kuhn-Tucker (KKT) point of (3.2).

k+1

Proof. (1) Let #*! be the exact (soft-thresholding) minimizer of the v-subproblem, so that v
kL 4 eF+ with |lef*!]|z < C. By Lemma 3.4(i), the u-subproblem is (a; + a;)-strongly convex and is
solved exactly, hence

k+1 k+1 k+1 k12 k+1 k+1 k(12
FT) + ST =V = B+ 2 - 24— AR

k k_ Kkl pkp2 k_ k+l _ k2 el _ kg2

<Fu') + Slu’ = v = billp + Fllu’ =257 = byll; = “52 [l = u'|l;.

By Lemma 3.4(iii), the z-subproblem is a,-strongly convex and solved exactly, hence
k _ Kkt _ kg2 k+1 k_ k _ pky2 k kel _ k2
Gl =2 = byl + 2l llury < Flu — 27 = bl + I lury — S = 27115,

k+

and, by Lemma 3.4(i1), the exact v-minimizer ¥ I satisfies

k ~k+1 k2 ~k+1 k k k12 k ~k+1 k12
Sl = 4 = B + A Y IR e < Gl =K = BRI+ A1 D IR — ST = .
i i

Since v*1 = #*1 4 M1 with ||ef*!||z < C, and the objective is Lipschitz on bounded sets, there is a
constant C, such that

k k+1 k12 k+1 k ~k+1 k12 ~k+1 ~
Sl = = BB+ A Y IR s < Gt = T = BRI+ 4 D IR + C.
i i

Chaining these four inequalities yields

L@ VY — L V250 < =S = NG - 2112 = 25 - el - Wt + G,
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which is (3.19) with C = C;. This proves Theorem 3.5(1).

(2) The descent inequality above, together with the uniform boundedness of the errors e
(Lemma 3.2), is exactly the bounded-error setting of the inexact-ADMM framework [32]. By [32],
the successive step sizes ||u*+! — ||, ||**! phtl

k+1

—Z¥|I,, and ||7**! — k|| - are O(C) on average, and they vanish
in the Cesaro sense as C — 0. This proves Theorem 3.5(2).

(3) By the bounded-error inexact-ADMM framework [32], every limit point (u*,v*,z") of the
sequence satisfies the first-order optimality conditions of the surrogate problem up to a residual of
order O(C); as C — 0 the residual vanishes and (u*,v*,z*) is a KKT point of (3.2). This proves
Theorem 3.5(3). i

4. Experimental results

In this section, we detail the effectiveness of the proposed model in terms of noise removal
through extensive quantitative and qualitative experiments. We chose six typical images “Cameraman”,
“Barbara”, “Boat”, “Einstein”, “Brain” and “Liver” as the test image, as shown in Figure 2. We
compare our method with several state-of-the-art Poisson denoising methods, including FOTV [16], p-
HONOGSTYV [9], LRS [25], LRPD [20], and LRGSC [26]. Among them, FOTV and p-HONOGSTV
are two recent promising TV-based Poisson denoising methods, and LRS, LRPD, and LRGSC are
recent representative low-rank prior-based methods for Poisson noise removal. All compared methods
are manually tuned to achieve their optimal performance or adopt their recommended parameter
settings.

Figure 2. Test images: (a) Cameraman (256 x 256), (b) Barbara (256 x 256), (c) Boat
(256 x 256), (d) Einstein (256 x 256), (e) Brain (442 x 442), (f) Liver (320 x 320). “Brain”
and “Liver” are resized to 256 x 256 for all experiments.

Since Poisson noise is signal-dependent, its intensity is inherently determined by the pixel values
of the underlying clean image. To generate Poisson noise at different levels, we scale each clean image
u to peak intensity P € {15,30, 100, 155} by &t = P - u/ max(u), and then generate noisy observations
pixel-wise as g; ~ Poisson(i;) using MATLAB’s poissrnd. This preserves the signal-dependent
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property Var(f;) = ii;, with lower P indicating higher noise. We generally choose the PSNR and SSIM
as indexes for quantitative analysis of image quality. PSNR is computed with the peak value P as the
reference: PSNR = 10log,, (MP—;E), where MSE is the mean squared error between the original image
and the processed image. Generally, a higher PSNR value and an SSIM closer to 1 indicate more
accurate image recovery. In order to fairly compare the advantages of different methods, the stopping

. . . kg k=
criterion for all methods is set as follows: W <1073

All numerical experiments conducted in this work are executed under the Windows 10 64-bit
operating system with Matlab R2016a. The hardware platform is an ASUS laptop equipped with
an Intel Core 15-7200 processor running at 2.50GHz and 12GB physical memory.

4.1. Parameters setting

To achieve the high-quality reconstruction performance, we investigate the influence of the
parameter settings. By adjusting the parameters in turn, the set of parameters when PSNR almost
reaches the highest value is the best. In the process of constructing groups, the optimal number of
similar patch (patch number), the searching window (search window) and the patch size (patch size)
have a great influence on the experimental results. In this subsection, we perform parameter adjustment
experiments to determine the optimal values of the above parameters. Tables 1-3 show the PSNR and
SSIM values obtained by the proposed method under different noise levels and with different parameter
settings. Based on the single-parameter sweep results in Tables 1-3, the optimal settings are patch
number = 30, search window = 20 x 20, and patch size = 7 X 7. These settings are then adopted as the
final configuration for the comparative experiments in Tables 6—7.

Table 1. PSNR and SSIM values of proposed method with different patch numbers.

peak Image 30 40 50 60
PSNR/SSIM  PSNR/SSIM  PSNR/SSIM  PSNR/SSIM
Cameraman 26.14/0.654  24.82/0.588 24.70/0.612  24.60/0.629
15 Barbara 24.78/0.713 24.56/0.677  24.48/0.686  24.37/0.667
Cameraman 26.99/0.732  27.02/0.759  27.01/0.743 27.00/0.734
30 Barbara 26.57/0.789  26.44/0.786  26.34/0.778 26.30/0.765
Boat 30.73/0.872  30.42/0.867 30.39/0.867 30.29/0.866
100 Einstein 30.01/0.792  29.99/0.787  29.93/0.785 29.96/0.786
Boat 31.95/0.902  32.00/0.903 31.92/0.901 31.83/0.900
155 Einstein 31.08/0.817 31.01/0.816  30.95/0.813 30.84/0.814
Average 28.53/0.783 28.28/0.772 28.22/0.773  28.15/0.770
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Table 2. PSNR and SSIM values of proposed method with different search windows.

peak Image 20%20 30x30 40x40 50x50
PSNR/SSIM  PSNR/SSIM  PSNR/SSIM  PSNR/SSIM
Cameraman 26.25/0.756 26.23/0.746 26.24/0.749 26.17/0.748
15 Barbara 26.24/0.771 26.23/0.773 26.16/0.772 26.06/0.767
Cameraman 27.70/0.784 27.68/0.764 27.59/0.764 27.58/0.768
30 Barbara 27.96/0.831 27.97/0.833 27.91/0.831 27.83/0.829
Boat 31.07/0.886 31.06/0.885 31.04/0.884 31.02/0.883
100 Einstein 30.10/0.783 30.12/0.784 30.11/0.784 30.09/0.783
Boat 32.19/0.906 32.22/0.907 32.21/0.907 32.20/0.906
155 Einstein 31.20/0.829 31.18/0.828 31.16/0.826 31.15/0.824
Average 29.09/0.818 29.08/0.815 29.05/0.814 29.01/0.813
Table 3. PSNR and SSIM values of our proposed method with different patch sizes.
peak Image 3x3 X7 11x11 15x15
PSNR/SSIM  PSNR/SSIM  PSNR/SSIM  PSNR/SSIM
Cameraman 23.56/0.451 25.56/0.670 26.11/0.714 25.97/0.711
15 Barbara 25.88/0.550 25.18/0.727 25.95/0.770 26.21/0.781
Cameraman 26.07/0.624 27.88/0.763 27.72/0.753 27.40/0.750
30 Barbara 25.69/0.721 27.80/0.826 27.95/0.835 27.44/0.823
Boat 29.27/0.824 30.96/0.886 30.67/0.883 30.01/0.858
100 Einstein 29.33/0.780 30.19/0.801 30.12/0.793 29.93/0.791
Boat 30.77/0.865 32.08/0.907 31.15/0.837 28.56/0.767
155 Einstein 30.41/0.802 31.23/0.827 30.86/0.822 29.54/0.780
Average 27.62/0.702 28.86/0.801 28.81/0.800 28.13/0.783

We also describe in detail the best values for the different parameters A;, 4,, @;, and a,. To
determine the optimal values of A, A;,a;, and a,, we vary each parameter in turn and record the
resulting PSNR, and the value at which the PSNR reaches its maximum is selected as the optimal one.
The optimal parameters obtained from the experiments are listed in Tables 4 and 5. Figure 3 shows the
PSNR curves versus 4;, 4,, @1, and a;, respectively, under the noise levels peak = 15 and peak = 100.
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Table 4. Peak-dependent parameters of the proposed method.

Parameter peak = 15 peak = 30 peak = 100 peak = 155
A 10 10 15 15

A 0.5 0.5 0.05 0.05

) 0.5 0.5 0.5 0.5

s 10 10 0.5 0.5

Table 5. Common parameters of the proposed method (identical for all peak values).

Parameter Symbol Value

Noise level o -

Patch size m 7x7

Number of similar patches n 30

Search window - 20 x 20

Patch stride S 2

Garrote constant C1 ci—:, c is a fixed positive constant
Variance baseline ¢y = no? -

Chambolle step T 0.005 (<1/64)
Inner Chambolle iterations - 5

Outer iterations Niter 50

Stopping tolerance

[l = |/ ||l < 1073

PSNR
PSNR

A

(a) 41, noise level 15 (¢) ay, noise level 15

PSNR

(e) A4, noise level 100 (f) A2, noise level 100

(g) a1, noise level 100 (h) a», noise level 100

Figure 3. PSNR values versus regularization parameters 4; and A,, and penalty parameters
a; and a,, under different noise levels for different images.

4.2. Experiments on natural images

In these experiments, we chose four typical images: “Cameraman”, “Barbara”, ‘“Boat”, and
“Einstein” with the size of 256 X 256 as the test images. The Poisson noise with peak intensities
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of peak = 15, 30, 100, and 155 is added to these test images to generate the noisy observations. The
PSNR and SSIM results under these noise levels for all competing denoising methods are shown in
Table 6. For a more comprehensive comparison, we also list the average denoising results. The best
results for each case are marked in bold, and the second-best results are underlined. From Table 6,
we can see that the proposed method achieves the best or comparable PSNR and SSIM in most cases,
while in a few cases competing methods such as LRS and p-HONOGSTYV yield slightly better results.
Overall, the proposed method ranks among the top-performing methods across the tested noise levels,
demonstrating competitive restoration performance. To visually demonstrate the denoising results of
the proposed method, we present the visual quality of the denoised images by the different competing
methods in Figures 4-7. To facilitate a detailed observation of texture preservation, a magnified view
of a representative region is provided for each case.

Table 6. PSNR and SSIM values for different algorithms on natural images.

Image Peak FOTV p-HONOGSTV LRS LRPD LRGSC Proposed
PSNR/SSIM  PSNR/SSIM PSNR/SSIM PSNR/SSIM PSNR/SSIM  PSNR/SSIM
15 2478 /0.639 24.65/0.663 25.78/0.724 25.64/0.682 26.22/0.741 26.30/0.782
Cameraman 30 26.66/0.750 26.72/0.740 27.35/0.756 27.30/0.710 28.00/0.799 27.90/0.786
100 29.36/0.755 29.98/0.844 30.22/0.852 30.54/0.833 30.89/0.866 30.99/0.877
155 30.40/0.833 31.15/0.865 31.36/0.871 31.89/0.883 32.06/0.891 32.21/0.900
15 22.70/0.596 22.68/0.612 25.17/0.734 24.79/0.707 25.44/0.735 26.15/0.749
Barbara 30 24.23/0.686 24.39/0.707 27.09/0.800 26.74/0.783 27.38/0.809 28.17/0.841
100 27.52/0.816 27.58/0.838 30.34/0.893 30.74/0.905 31.11/0912 31.58/0.913
155 28.75/0.851 28.99/0.876 31.61/0.913 32.09/0.930 31.80/0.914 32.78/0.934
15 24.23/0.654 24.09/0.657 25.40/0.739 24.99/0.698 24.98/0.728 26.01/0.759
Boat 30 25.79/0.716 25.98/0.736 27.18/0.789 26.63/0.740 27.65/0.807 27.76 / 0.806
100 28.85/0.826 29.25/0.841 30.30/0.874 30.39/0.871 30.84/0.887 31.20/0.889
155 30.02/0.857 30.34/0.866 31.40/0.894 31.73/0.904 32.05/0.906 32.25/0.907
15 25.50/0.618 25.09/0.602 25.80/0.631 25.68/0.630 26.14/0.649 26.46/0.669
Einstein 30 26.97/0.678 27.00/0.681 27.35/0.691 27.03/0.687 27.65/0.707 27.90/0.719
100 29.53/0.781 29.47/0.763 29.92/0.782 30.01/0.788 30.15/0.789 30.30/0.797
155 30.49/0.811 30.42/0.797 30.87/0.817 31.36/0.834 31.10/0.824 31.31/0.831
Average 27.23/0.742 27.36/0.756 28.57/0.798 28.60/0.787 28.96/0.811 29.28/0.822

Figures 4 and 5 demonstrate the proposed method recovering more image details and preserving
sharper edges from the noisy observation in high noise levels. The five compared methods can
effectively remove Poisson noise, but restoring the image’s quality is different. In contrast, FOTV
and p-HONOGSTYV can generate the pronounced ringing block effect and cannot effectively remove
noise. Compared with LRS and LRPD, LRGSC recovers more texture details and edge information,
while a small amount of noise still remains in the restored images. LRPD can effectively eliminate
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Poisson noise yet tends to induce undesirable visual artifacts, while LRS recovers richer image details
but leaves noticeable residual noise. Figures 6 and 7 present the restoration comparison results for
“Boat” and “Einstein” images in low noise levels. Our proposed robust method can obtain better
denoising results with a cleaner image and more details. The images restored by the LRGSC, LRPD,
and LRS methods are clearer than those restored by the FOTV and p-HONOGSTYV methods. However,
compared to the proposed method, it is prone to losing some detailed information. It is evident that the
proposed method outperforms the competing methods across all the testing noise levels, demonstrating
its superior performance in Poisson image restoration.

' R' N ’
=0 FER FRS S L
= - " Sl VY Sl WY
(al) Original image (b1) FOTV (cl) p-HONOGSTV (d1) LRS (el) LRPD (f1) LRGSC (g1) Proposed

Figure 4. The recovery results of different methods with peak = 15 on Cameraman.
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(al) Original image (b1) FOTV (cl) p-HONOGSTV (d1) LRS (el) LRPD (f1) LRGSC (g1) Proposed

Figure 5. The recovery results of different methods with peak = 30 on Barbara.
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(al) Original image (bl) FOTV (c1) p-HONOGSTV (d1) LRS (el) LRPD (f1) LRGSC (g1) Proposed

Figure 6. The recovery results of different methods with peak = 100 on Boat.

(al) Original image (bl) FOTV (cl) p-HONOGSTV (d1) LRS (el) LRPD (f1) LRGSC (g1) Proposed

Figure 7. The recovery results of different methods with peak = 155 on Einstein.

4.3. Experiments on medical images

To verify the practical usability of the proposed algorithm outperforming other comparative
methods, we select two medical images of “Brain” and “Liver” with sizes 442 x 442 and 320 x 320,
respectively, as test images. To unify the data during the experiment, we scaled down the size
of the medical images to 256 x 256 and then performed the experiments. Table 5 shows the
PSNR and SSIM values of the recovered results with different methods on the test images. In the
experimental tables, the optimal PSNR and SSIM results are marked in bold, and the suboptimal
ones are underlined. Furthermore, average PSNR and SSIM values are computed for all competing
approaches for comprehensive comparison. The quantitative results demonstrate that the proposed
method achieves competitive or superior performance over alternative algorithms across most Poisson
noise intensities, with a few exceptions where LRGSC or LRS performs slightly better. In order
to facilitate a comprehensive visual evaluation of the performance of the proposed algorithm, we
present the denoising results and the local magnification images of different methods at peak values
of 15 and 30 in Figures 8 and 9, respectively. From Figures 8 and 9, we can see that FOTV and
p-HONOGSTYV exhibit a very poor performance at the peak values of 15 and 30. FOTV has poor
denoising ability, and the recovered images are almost the same as the noise images. p-HONOGSTV
has a little better denoising effect compared with the FOTYV, but the recovered images appear blurred
and interfere with the visual effect, and even lose a lot of image structure information. LRS preserves
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more structural details than LRPD but fails to suppress noise effectively. While LRPD and LRGSC
can reduce Poisson noise, they introduce unnatural artifacts that degrade visual fidelity. In contrast, the
proposed method, which combines the low-rank prior and HOTYV, demonstrates superior performance
with preserving finer details and sharper edge structures. Our solution effectively balances the
suppression of staircase effects, edge preservation, and detail restoration, making the restored images
more consistent with human visual perception. Overall, the proposed algorithm possesses excellent
noise suppression capability. It not only produces visually favorable reconstruction results, but also
achieves competitive or superior PSNR and SSIM metrics compared with competing methods in most
cases.

(al) Original image (bl) FOTV (cl) p-HONOGSTV (d1) LRS (el) LRPD (f1) LRGSC (gl) Proposed

Figure 8. The recovery results of different methods with peak = 15 on Brain.

(al) Original image (b1) FOTV (c1) p-HONOGSTV (d1)LRS (el) LRPD (f1) LRGSC (g1) Proposed

Figure 9. The recovery results of different methods with peak = 30 on Liver.

To comprehensively evaluate the computational efficiency of each algorithm, we measured the CPU
runtime on medical images (“Brain” and “Liver”). The results are reported in Table 7. From the results
in Table 7, it can be seen that the TV based regularization methods (FOTV and p-HONOGSTYV) have
the shortest runtime. However, a short runtime does not imply satisfactory restoration quality. As
clearly shown in Figure 8, under high noise levels (peak = 15), the restoration results of FOTV and p-
HONOGSTYV are extremely poor. FOTV can hardly remove noise effectively, and the restored image is
almost indistinguishable from the noisy observation; although p-HONOGSTYV performs slightly better
than FOTV in noise suppression, the restored images suffer from severe blurring and considerable
loss of structural information, yielding unsatisfactory visual quality. In contrast, low-rank prior-based
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methods (LRS, LRPD, LRGSC, and the proposed method) require longer runtime. Among the three
low-rank prior-based methods, the proposed method demonstrates significant advantages in runtime.
In summary, while guaranteeing denoising performance (see Table 8), the proposed method controls
the runtime within a practical range of 6—8s. Compared with low-rank prior-based methods such as
LRS, LRPD, and LRGSC, it exhibits significant efficiency advantages and is more suitable for practical
application scenarios. More importantly, compared with “fast but ineffective” methods such as FOTV
and p-HONOGSTY, the proposed method maintains excellent restoration quality even under high noise
levels, truly achieving a favorable balance between computational efficiency and restoration accuracy.

Table 7. PSNR and SSIM values for different algorithms on medical images.

Image Peak FOTV p-HONOGSTV LRS LRPD LRGSC Proposed
PSNR/SSIM  PSNR/SSIM PSNR/SSIM  PSNR/SSIM  PSNR/SSIM  PSNR/SSIM
15 20.16/0.364 26.13/0.716 26.98/0.758 26.42/0.715 26.75/0.751 28.06 /0.803
Brain 30 26.58/0.671 27.89/0.776 28.73/0.817 28.48/0.787 29.37/0.832 29.81/0.850
100 30.71/0.847 31.03/0.876 32.17/0.898 32.09/0.897 32.60/0.907 32.90/0.916
155 31.85/0.870 32.15/0.899 33.45/0919 3349/0.922 33.78/0.925 34.12/0.933
15 23.62/0.487 27.68/0.685 27.77/0.706  27.16/0.654 28.51/0.725 28.67/0.716
Liver 30 26.74/0.638  29.26/0.768 29.60/0.790 29.28/0.751 30.07 /0.795  29.95/0.806
100 31.99/0.864 32.45/0.889 32.93/0.894 32.83/0.891 33.10/0.896  33.35/0.907
155 33.20/0.895 33.58/0.913 34.17/0917 34.38/0.922 3430/0913 34.58/0.928
Average 28.11/0.705 30.02/0.815 30.73/0.837 30.52/0.817 31.06/0.843 31.43/0.857
Table 8. CPU time for different algorithms on medical images.
Image Peak FOTV p-HONOGSTV LRS LRPD LRGSC Proposed
Time(s)  Time(s) Time(s) Time(s) Time(s) Time(s)
15 0.814 1.781 16.46 7091 63.35 7.874
Brain 30 0.542 1.721 16.81 69.90 63.31 7.770
100 0.809 1.717 15.03 67.91 62.67 7.274
155 0.716 1.731 16.22 68.47 62.15 7.839
15 0.855 1.719 16.19 70.77 65.15 7.544
Liver 30 0.655 1.706 16.61 70.99 63.15 6.839
100 0.828 1.708 15.98 69.67 61.15 6.771
155 0.808 1.712 16.08 69.95 60.51 6.197
AIMS Mathematics Volume 11, Issue 10, 25795-25817.
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4.4. Convergence verification

We also verify the good convergence of the proposed model through experiments. In Figure 10, we
plot the curves of the PSNR and SSIM values versus the iteration numbers for image restoration with
the noise levels peak = 15 and peak = 100, respectively. It can be visually observed from Figure 10 that
as the iteration numbers increase, the PSNR and SSIM curves of the image restored by the proposed
method gradually increase and become flat and stable.
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(c) peak = 15 (d) peak = 100

Figure 10. The convergence curves of PSNR and SSIM relative to the iterations under the
noise level peak = 15 and peak = 100.

5. Conclusions

In this paper, we propose a new model for recovering images disturbed by Poisson noise. The
model combines two regularization terms: One is group-based low-rank regularization, and the other
is pixel-based HOTV regularization. Our model performs well in suppressing the staircase effect and
preserving edge details. For the proposed model, a new alternating minimization method is proposed
based on Chambolle’s projection algorithm and the non-negative Garrote thresholding algorithm. The
experimental results show that the recovered images of the proposed method are more competitive for
visual effects and image quality evaluation indexes.
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