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Abstract: We study the influence of the instantaneous appearance of a time-like Killing vector (TKV)
in self-gravitating fluid spheres during their evolution. For doing so, we resort to the concept of
the asymmetry factor, which allows the existence of any specific type of symmetry (e.g., a TKV),
exclusively, for a given value of the time-like coordinate. We consider adiabatic and dissipative fluids.
The analysis of different relevant physical variables in this process shows the imprints of the emergence
of the TKV at some point of the evolution. Particular attention is paid to the relationship appearing
between the TKV and the complexity factor describing the degree of complexity of the fluid, bringing
out for the first time a link between complexity and symmetry.
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1. Introduction

In a recent paper [1] we introduced the concept of an asymmetry factor, which is a scalar function
that allows to switch on (off) a given symmetry for any specific value of the time-like coordinate.
In [1] we considered the case of a conformal Killing vector, and we looked for the imprints that the
instantaneous appearance of such a symmetry produces on the evolution of the fluid.

In this work we want to apply a similar scheme to the case where the involved symmetry corresponds
to a TKV, focusing on the possible link between the complexity as measured by the complexity
factor [2, 3], and the symmetry under consideration.

The idea of complexity in different branches of science has a long and a venerable history (see [4]
and references therein). Some years ago important advances on this issue were achieved by Lopez-Ruiz
and collaborators within the context of statistical physics [5—8]. This approach was later on employed
by some authors to define complexity for self-gravitating systems (see [9] and references therein).
However such a definition suffers from some flaws, which motivated the search for an alternative
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definition of complexity for self-gravitating systems. This search led to the definition proposed in [2,3].

Thus we shall consider spherically symmetric fluid distributions which at some point of their
evolution admit a TKV (the particular case of geodesic fluids has been studied in [10]). The
(dis)appearance of the TKV is controlled by a tensor defined through the asymmetry factor. As we
will see below, the sudden appearance of the TKYV, even during an infinitesimal small interval of time,
has a remarkable influence on all physical variables (in particular on the complexity factor).

We shall consider two different models. The first one is adiabatic (non-dissipative). Adiabatic
models, in general, are defined up to two functions of the radial coordinate. A specific choice of
these functions provides us with our first model. The evolution of such a system is analyzed in detail
assuming that for some value of the time-like coordinate, the space-time admits a TKV which vanishes
immediately afterward.

Next, we shall consider dissipative fluids. In this case it can be shown that the fluid cannot be shear-
free, and the system is defined up to three arbitrary functions of r. Our second model is obtained from
a specific choice of these three functions.

In both cases, all the physical variables are analyzed in detail. In the adiabatic case, particular
attention is paid to the effects of the sudden appearance of the TKV on the behavior of the complexity
factor and the anisotropic factor, whereas in the dissipative case we focus on the behavior of the
temperature, the redshift and the complexity factor.

The manuscript is organized as follows: The method and the variables required for describing the
evolution of a spherically symmetric fluid distribution are presented in the next section. In Section
IIT we introduce the concept of the asymmetry factor for a time-like isometry, and express the metric
variables in terms of such a factor. The non-dissipative and the dissipative cases are analyzed in IV,
and V respectively. A discussion on the obtained results is presented in VI.

2. Fundamental variables and relevant equations

Let us briefly present definitions and main equations required for describing the structure and
evolution of spherically symmetric dissipative fluids. For detail see [3] and the references therein.

We consider spherically symmetric distributions of evolving fluids, which are bounded by a
spherical surface X. The fluid is assumed to be locally anisotropic (principal stresses unequal) and
undergoing dissipation in the form of heat flow (diffusion approximation).

Choosing comoving coordinates, the general interior metric can be written as

ds* = —Adf* + B2 dr* + R*(d®* + sin® 0d¢?), (2.1)

where A, B, and R are functions of ¢t and r and are assumed positive. We number the coordinates
=1t x'=r x> =0 and x* = ¢, where r is a radial comoving coordinate. Observe that A and B are
dimensionless, whereas R has the same dimension as r.

The energy-momentum tensor T,z of the fluid distribution has the form

Taﬁ = (,Ll + PJ_)VaVﬁ + PJ_ga/ﬁ + (Pr - P_L)K(YK,B + qavﬁ + Va/Qﬁa (22)

where u is the energy density, P, the radial pressure, P, the tangential pressure, g the heat flux, V* the
four-velocity of the fluid, and K a unit four-vector along the radial direction. These quantities satisfy

vev, =-1, V%, =0, KK, =1, KV, =0. (2.3)
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It will be convenient to express the energy momentum tensor (2.2) in the equivalent (canonical)
form

Tup = VoV + Phog + Ty + q (VaKp + K, V). (2.4)
with
P.+2P,
P = —3 hog = 8ap + Vo' Vs,

1
Haﬂ:H(KaK,B_gha/ﬁ), H:Pr_PJ_.

In the above, P is the isotropic pressure, and A,z is the projector on the hypersurface orthogonal to
the four-velocity.
Since we are considering comoving observers, we have

Ve = A8, ¢ =qK®, K*=Bs, (2.5)

where g = 1/¢”q, is a function of ¢ and r, measuring the strength of the dissipated energy.

It is worth noticing that we do not explicitly add bulk or shear viscosity to the system because they
can be trivially absorbed into the radial and tangential pressures, P, and P, of the collapsing fluid (in
IT). Also we do not explicitly introduce dissipation in the free streaming approximation since it can be
absorbed in y, P,, and gq.

The Einstein equations are given by

Gop = 8T op, (2.6)

and theirs non zero components with (2.1) and (2.2) become

B R R R B/ R’
87T = 8ruA? = (2 ( 2 27
ot s =g )5 G PR (7] 255 -@] e
R BFR
Top = 8mgAB=-2— - —— — —— 2.
8T 8nq (R BR RA) (2.8)
BV[.R (A R R A’ R’ 2
87TT11:87rP,BZ:—(—) R A _BVR) ALK ——( ) (2.9)
A R A RJ/R A R/JR R
8 R\*[B R A(B R\ BR
87TT22: il T33 :87TPJ_R2: ( ) + =+ ==
sin” 6 Al BT R a\BTR) " BR
R 2 A R A’ B’ A’ B\R
+(—) AR S i i (2.10)
B/ | A R AB A BJR
The component (2.8) can be rewritten with (2.15) and (2.17) as
1 R
4ngB = 5(@—0’)’ —0g- (2.11)
The acceleration a, and the expansion ® of the fluid are given by
ag = Va;ﬁvﬁ, 0= Va;a, (2.12)
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and its shear o, by

1

Oop = V(a;ﬁ) + Cl(aVﬁ) - g@haﬁ. (213)
From (2.12) we have for the four—acceleration and its scalar a,

Al
o« =akK,, a=—, 2.14
a, =a a 1B (2.14)

and for the expansion
1(B _R

O=—|=-+2—-|, 2.15
A (B R) @15

where the prime stands for r differentiation and the dot stands for differentiation with respect to .
The shear tensor (2.13) has only one independent non zero component, and may be written as

hap
Oop =0 KQK —? s (216)
with L
1(B R
=—|=-=] 2.17
77 (B R) 17)
Next, the mass function m(t, r) reads
R R[(RY (RY
— —RB__|[Z=) == 1 2.1
m 5 [ 2(A) (B)+ (2.18)
Introducing the proper time derivative Dy given by
10
=——, 2.19
=A% (2.19)

we can define the velocity U of the fluid as the variation of the areal radius with respect to proper time,
i.e.,

U = D;R, (2.20)

where R defines the areal radius of a spherical surface inside the fluid distribution (as measured from
its area).
Then (2.18) can be rewritten as

R 2m\'2
EEE:(1+U2—?m) . 2.21)

Using (2.21) we can express (2.11) as

1 o
dng = E|=Dp(® — 0) — —|, 222
nq [ 3 R(O —0) R] (2.22)
where Dy denotes the proper radial derivative,
10
Dp=——. 2.23
"™ Ror ( )
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2.1. The complexity factor

The complexity factor is a scalar function intended to describe the degree of complexity of a fluid
distribution [2,3]. It is identified with one of the structure scalars [11], more specifically with the scalar
defining the trace-free part of the electric Riemann tensor.

Thus, the tensor Y,z defining the electric part of the Riemann tensor given by

Yop = RaypsV' V2, (2.24)

may be written as
1 1
Yop = EYTh(yﬁ + Yrr(KoKp — §h<xﬁ)- (2.25)

The scalar Y7 describing the trace-free part of Y4 is identified with the complexity factor and may
be written as (see [2, 3, 11] for details)

4 (7, Uuy_,
Yrp = =8all + = fo R (DR,u - 3qﬁ)R dr. (2.26)

Thus the scalar Y7r may be expressed in terms of the anisotropy of pressure, the density
inhomogeneity, and the dissipative variables.
In terms of the metric functions, the scalar Y7 reads

L _A[R_B_A(B_R\| 1[A_A(B R o)
AR B A\B RJ| B|A aA\B R)| '
2.2. The exterior spacetime and junction conditions

When considering bounded fluid distributions, we have to satisfy the junction (Darmois) conditions
if we wish to avoid the presence of thin shells.

Thus, outside X we assume that we have the Vaidya spacetime (i.e., we assume all outgoing radiation
is massless), described by

2M(®v)
el

ds* = - [1 - ]dﬁ — 2dpdv + p*(d&” + sin® 6d¢?), (2.28)
where M(v) denotes the total mass, v is the retarded time, and p is a null coordinate.

The matching of the full non—adiabatic sphere (including viscosity) to the Vaidya spacetime, on the
surface r = rs = constant, was discussed in [12].

From the continuity of the first differential form, it follows that (see [12] for details),

Adt = dr, (2.29)
R Z p(v), (2.30)
and 5
dv\ "z 2m  _dp
(dT) _(1 p +2dv), (2.31)
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where 7 denotes the proper time measured on X.
The continuity of the second differential form produces

m(t,r) = M(v), (2.32)
and
LB _BR _RA\: B|I,R (A R\Rf A|{,A" K R__(E) , (2.33)
R BR RA AR "2 " RIR|"BI\"A "RI/R R

where = means that both sides of the equation are evaluated on X (observe a misprint in Eq (40)
in [12] and a slight difference in notation).
Comparing (2.33) with (2.8) and (2.9), one obtains

g= P, (2.34)

Thus the matching of (2.1) and (2.28) on X implies (2.32) and (2.34).
Also, we have

r L
= 2.35
q P (2.35)
where Ly denotes the total luminosity of the sphere as measured on its surface and is given by
2m _dp\”
LiLw(l ——m+2ﬁ) : (2.36)
ol dv
and where |
dM s |dmdt (dv)
Lo=——F7—==|——|—] |, 2.37
dv l dt dt (dT) } (2.37)
is the total luminosity measured by an observer at rest at infinity, which is defined by
o\ 2
R R
Lo =4ngs |R* (= +—] | . 2.38
gz ( B A) , ( )
The boundary redshift zs is given by
d
LIy (2.39)
dr
with )
dv s (R R\
—==+=] . 2.40
dr ( B A) (240)
Therefore the time of formation of an apparent horizon is given by
R R\s p
—+—|=E+U=0. 241
5 +%) @41)

When Darmois conditions are not satisfied, the boundary surface is a thin shell, and we have to
assume the Israel conditions [13].
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2.3. The transport equation

In order to obtain an expression for the temperature, we need a transport equation. Assuming a
causal dissipative theory (e.g., the Israel-Stewart theory [14—16]), the transport equation for the heat
flux reads

1 TVP
%I’la’Bqulg;y + qa = —Kl’laﬂ (TB + Taﬂ) - EKT2 (T_) qa, (2.42)
B

where « denotes the thermal conductivity, and 7 and 7 denote temperature and relaxation time,
respectively.

In the spherically symmetric case under consideration, the transport equation has only one
independent component which may be obtained from (2.42) by contracting with the unit spacelike
vector K¢. We get

1 TV«
VG o+q=-k(KTy+Ta)- EKTZ (TTz) q. (2.43)
kT? ).,

Sometimes it is possible to simplify the equation above, in the so called truncated transport equation,
when the last term in (2.42) may be neglected [17], producing
VG o+q=-k«k(KTy+Ta). (2.44)

3. The asymmetry factor for isometries

Spacetimes admitting a TKYV, satisfy the equation
L8 =0, (3.1)

where £, denotes the Lie derivative with respect to the vector field y, which in our case is time-like,
and has the form
X =0 (3.2)

In this work we shall consider fluid distributions which in general do not admit a TKYV, except
at a given moment of their evolution. By this we mean the momentarily vanishing of L, g, in the
zero-shifting comoving slicing.

Thus let us consider

Ly8op = Hep, (3.3)

implying
/\/papgaﬁ + gapaﬁ/\/p + gﬂpaaXp = H,g, (34)
where H,z is (so far) an arbitrary symmetric tensor. Obviously the vector y defines a TKV iff H,z = 0.
Using (34) one obtains for (21) H(n = H()2 = H()3 = H13 = H12 = H23 =0.
Next, let us assume for the tensor H,z the form

e 1
H,; = CYHT¥ + aHrp (K(IKﬁ - ghaﬁ) , (35)
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where Hr and Hrp are two scalar dimensionless functions depending only on ¢, which define the tensor
H,p. These scalar functions are the asymmetry factors of our problem (below we shall see that in our
case one may put one of them to zero, reducing the number of asymmetry factors to one). It describes
the deviation of the space-time under consideration from the space-time admitting a TKV. It is worth
noticing that it is not the most general form of tensor H,z; it was chosen so for simplicity.

Then, from the above, the following equations are obtained:

) H
A=2T4 (3.6)
8
. BH Hrp, B
p=0 e 2 (3.7)
8 3
. CL’RHT G,’HTFR
R= - , 3.8
2 3 (3.8)
where « is a unit constant with dimensions lenlg -
Integrating (3.6) we obtain
A= f(n¥Y(Q), (3.9)
where f(r) is an arbitrary function on r and
Y = e [atrdi (3.10)

Then, reparameterizying ¢, and holding the vector y fixed, we may put ¥ = 1, implying Hy = 0, and
thereof the asymmetry factor for our system is given by H7r alone.
Using the above result in (3.6)—(3.8), we obtain

A= f(r), B=greilHrd  oR = pr)e s ) Hrrd (3.11)
where f, g and h are arbitrary dimensionless functions.

Using these results we shall build up our two models corresponding to the adiabatic and the
dissipative cases respectively.

4. Non dissipative case g = 0

If we assume that the fluid is non-dissipative, then using (3.11) in (2.8) (with ¢ = 0) produces

f(r) =y’ (), 4.1)
where 7y is a dimensionless constant.
Let us assume for Hyz(t) the form
Hrp = a(t —ty), ty = constant. 4.2)

Thus our system evolves without admitting a TKV, until ¢ = #;, when the system admits momentarily
a TKV, which disappears afterward.
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35745

So far the models are defined up to two arbitrary functions of » and some arbitrary constants. In

order to specify a model, let us introduce the dimensionless variables
r
X = r—, y= a(t —t9) = Hrp. 4.3)
z

It is worth emphasizing that the last equality in the above equation is valid only for the specific choice
for Hrp given by (4.2). Indeed, y is just a time-like coordinate, whereas Hr is a geometrical variable
endowed with a distinct geometrical meaning discussed before.

Next, we shall choose for the free parameters the value

v=arg = 1. 4.4)
Finally the form of the functions f(r) and A(r) is assumed to be
f(r)=g(r) = W*(r) = ar = x. 4.5)

Under the above conditions, the physical variables read

Bmu _ e (1 . 2 y?
T e 2t e (4.6)

8xP, TeVP M0 1 y?
A . A 4.7
a? 9x* X3 3x2° 4

8P, 1 2 1leP

a2 6x2 12x2 Ot

(4.8)

while the expressions for the complexity factor, the mass function, and the surface redshift become

YTF _ 4€_y2/3 6 +y2

B - ’ 4.9
a’ 3xt 12x? (4.9)
X3 N2 (26216 3?2
= 2 3643 0.0 Lfs (4.10)
which evaluated at the boundary surface x = 1 reads
e—y2/12 yZe—y2/6 e_yz 2
B —— 1) 4.11
=Ty ( % 9 (.11
and y
6¢”
aE e (4.12)

At this point the following remarks are in order:
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e As it follows from (4.6)—(4.9), physical variables are singular at r = 0. Accordingly the center of
the distribution should be excluded from consideration. However this fact should not bother us
since the expansion scalar vanishes and, as it is known in such a case, the center is surrounded
by a vacuole inside which we assume a vacuum [18]. Or, in other words, our fluid distribution is
restricted to the region within the interval of x [x > x,,;, > 0, 1], where x,,;, corresponds to the
boundary of the vacuole. In such a case, one should in principle impose matching conditions on
the inner boundary surface. However as we shall discuss in the last section, we shall not take into
account the influence of these matching conditions in the dynamics of our models.

e The Darmois conditions are not satisfied on the boundary surface r = rg. The radial pressure at
the surface vanishes only for y = .47, —.47.

In Figure 1, we have plotted the evolution of the complexity factor, the areal radius of the boundary
surface, and the radial pressure at the boundary surface, whereas in Figure 2 we have plotted the
anisotropic factor 8m(P, — P, ), the mass function evaluated at the boundary, and the surface redshift.
These results will be discussed further in the last section.

05

Figure 1. Y;;/a” as a function of y and x in the interval (y, —10, 10), (x,.5,.7); aRy in the
interval (y, —7,7); P,y in the interval (y, —2,2) for the non-dissipative case.
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Figure 2. 87(P, — P,)/a” as a function of y and x in the interval (y,-7,7), (x,.2,.9); ams
and zz in the interval (y, -3, 3) and (y, -5, 3), respectively, for the non-dissipative case.

5. Dissipative case g # 0

Let us now consider the dissipative case. Using the form (3.5) of the tensor H,3, and Hrr = a(t—1ty),
we obtain as before
2 2
A=fr), B=gre’® aR=hr)e” 2, (5.1)
where f, g and h are arbitrary dimensionless functions.
In this case any possible model is determined up to three functions of r.
In order to specify our model, we shall proceed as in the previous case.
Thus, let us introduce the dimensionless variables
r
x=—, y = a(t —ty) = Hrr. (5.2)
b

As in the previous case, the above equation is valid only for the specific choice for Hyr given above.
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Next, we shall chose for the free parameters the value
ars = 1. (5.3)

Finally, to fully determine the model we need to specify the functions f, 4, and g. Since we assume
q # 0, we have to exclude a relationship like (4.1) any other choice being (in principle) acceptable.
Thus let assume

f(r)=g(r)=h(r)=ar = x. (5.4)
Under these conditions, the physical variables read

eV oy e

2 _
8mu/a” = 7 g + 2 (5.5
2ye™’/6
87rq/cz2 = - y3x3 , (5.6)
(1 3eB
8P, /a* = 2 (§ - i]—z + exz - ey2/6], 5.7
1(1 ¥ 7B
2 _
8P, [/« ——;(E-FE‘F 2 . (58)
Finally from (2.36) and (2.38), we obtain
e_yz/3
Ly = 25—, (5.9)
and
-5/6 2,0%/3 /6
T ) o0

whereas the expressions for the complexity factor and the redshift read

Yrplad = ——— - — — —— (5.11)

and
(5.12)

Finally, using the truncated version of the transport equation (2.44) and (5.6), we may obtain an
expression for the temperature. It reads

~_§_ylnx+7*(i‘1)(y2‘3)

" =T (5.13)

x  12rx 36mx
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where 7* = atf and T = % This choice of variable (7) allows us to skip the adoption of a specific
value for Ty, which within the context of this study is not available. It should be clear that when dealing
with a specific astrophysical phenomenon, such information must be provided.

To highlight the effects derived from the appearance of the TKV on the evolution of the fluid, we
have plotted the complexity factor, L., and zy in Figure 3. In Figure 4 we have plotted the temperature

(T*) for * = 0 and 7" = 1, and the anisotropic factor. All these results together with the ones obtained
from the previous case will be discussed next.

Outfe]=

=
e

Outf« =

Cutfe]=

-10 5 5 10
s
Ens

-150

Figure 3. Y;;/a? as a function of y, and x in the interval (y, —10, 10), (x, .5, 1); L., and zg in
the interval (y, —2,2), and (y, —10, 10), respectively, for the dissipative case.
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Figure 4. T* as a function of y and x in the interval (y, —10, 10), (x,.3,.6) for 7* = 1 and
7 = 0; 871(P, — P,)/a? as a function of y and x in the interval (y, =5,5), (x,.2,.7); for the
dissipative case.

6. Discussion and Conclusions

Our goal in this work is twofold. On the one hand we want to bring out the role played by the
sudden appearance of a TKV, on some physical aspects of evolving relativistic self-gravitating fluids.
In particular we are interested in relating the complexity factor to the instantaneous emergence of
a TKV. On the other hand we want to stress the potential relevance that the approach based on the
asymmetry factor may have in the modeling of the evolution of self-gravitating systems.

As mentioned before, the asymmetry factor allows us to turn on (off) any type of symmetry at any
given point of the evolution. A general formalism derived from the above mentioned concept then
applied to study two different models. It is worth emphasizing that these models are not intended to
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describe any specific astrophysical scenario, but are presented with the purpose mentioned above.

The first model is assumed to be non-dissipative. It is obtained under the specific choice of the two
arbitrary functions defining all adiabatic models admitting instantaneously a TKV. The choice adopted
1s justified by its simplicity. We shall refer to this issue at the end of this section.

Under the conditions above, we obtain the model described by (4.6)—(4.12). As it is apparent from
Figure 1, it represents an expanding fluid sphere for y < 0 reaching a maximum at y = O (the moment
of appearance of the TKV), contracting from there on.

As indicated in the graphic for P,s of Figure 1, Darmois conditions are not satisfied on the boundary
surface of the fluid distribution. This is confirmed by the discontinuity of the mass function across
the boundary surface as shown in the graphic for amy in Figure 2. Accordingly we assume that the
boundary is a thin shell. All this having been said, it should be clear that the appearance of a thin
shell implies that, according to the Israel approach [13], the boundary is endowed with some specific
material properties (surface energy-density and tension) whose role in the analysis of our model has
not been taken into account (neither for the outer nor finner boundary). It goes without saying that
in a model intended to describe a specific astrophysical object, the dynamics of the shell might be a
relevant factor, and its role and the nature of its physical origin should be included in the discussion.

There are three remarkable characteristics of this model, illustrated by Figures 1 and 2, which
deserve to be emphasized.

e The complexity factor presents a local minimum at y = 0. While it is true that such stationary
value depends on the specific form of Hyp, it is also true that the existence of a stationary value
of the complexity factor at y = 0 appears also in the case of a conformal Killing vector (CKV)
analyzed in [1], thereby suggesting that a possible model independent link might exist between
complexity and symmetry.

e The anisotropic factor presents a local maximum at y = 0.

e There is a discontinuity of the surface redshift around y ~ 1.42. Furthermore the sign of zy
changes of sign along the evolution (from blueshift to redshift). If such unexpected behavior is
ever observed in astrophysics, then we could try to describe the evolution of the observed system
through the asymmetry factor approach.

The second model is dissipative, it was obtained for the choice of the arbitrary functions given in
(5.4). As in the previous case, the above mentioned choice obeys to a criterion of simplicity. The
full description of the model is provided by Eqs (5.5)—(5.13). As in the previous example, Darmois
conditions are not satisfied on the boundary surface (the condition (2.34) is not satisfied identically).

Particular attention deserves the behavior of 7" depicted in Figure 4. In the upper graphic, 7" is
plotted for v = 1. It was found that the same behavior (qualitatively) is observed for any value of
7 # 0, namely: 7™ decreases as y approaches 0, increasing afterward. However if we assume that the
relaxation time vanishes then, as depicted in the corresponding graphic, 7* monotonically decreases
after passing through y = 0 (notice that, unlike the “physical” temperature 7, the variable 7* may be
negative). In other words the increasing of 7* for y > 0 is a relaxational effect, expected to be observed
when the value of the relaxation time is equal to, or larger than, the characteristic time of the evolution.

Thus, in this specific model we are able to detect the appearance of thermal effect directly related
to relaxation time and to the vanishing of the asymmetry factor. It is worth noticing that while
the quantitative details of such an effect would depend on the transport equation employed, and the
boundary temperature, the fact of its appearance, doesn’t.
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At this point it is worth recalling that although 7 is very small for phonon-electron and phonon-
phonon interaction at room temperature (O(107!") and O(107!®) seconds, respectively [19]), neglecting
it is the source of difficulties, and in some cases a bad approximation. Thus, for example, in superfluid
helium [20], the relaxation time is of the order of 10~ seconds.

Also, if the heat conductivity is dominated by electrons (as is the case of a neutron star) [21-23],
the relaxation time may be in a range as large as [10™%, 10?] seconds, depending on the temperature
of the object. Thus for the temperature proposed by Harwit [24] in the degenerate core of aged stars
(T ~ 107K), the thermal relaxation time can be as high as 1 second (see [25] and references therein for
further discussion on this issue).

Next, as it follows from (5.1), this model (as the previous one) represents an initially expanding
sphere reaching a maximum value of Ry at y = 0 (when the TKV appears), becoming a contracting
sphere afterward. The graphic of the luminosity at the boundary surface in Figure 3 indicates that it
vanishes at y = 0, changing from positive to negative for y > 0. As in the previous case the absolute
value of the anisotropic factor, and the complexity factor have local minima at y = 0 as depicted in
Figures 2 and 3. Also zy presents a discontinuity (at y ~ 2.36), changing from redshift to blueshift
during the evolution.

From the above comments, it is apparent that the instantaneous appearance of a TKV produces
important effects on the subsequent evolution of the system.

These effects are of two kinds. On the one hand, from a purely theoretical point of view, the effects
on the complexity factor, which bring out a link between complexity and symmetry, the reach of this
fact deserves further research. On the other hand some of the above mentioned effects are directly
related to observable variables (e.g., luminosity and the gravitational redshift). This paves the way
to explain, by resorting to a general approach based on the asymmetry factor, some observational
astrophysical or cosmological data, which appears unintelligible in terms of the standard theoretical
setup.

We would like to conclude with the following final remarks:

e The asymmetry factor approach seems to be particularly suitable for describing self-gravitating
fluid distributions exhibiting an unexpected behavior at some point of its evolution (e.g., a strange
evolution of the redshift as the one exhibited in our models).

¢ In any specific example, whenever it is possible, we should distinguish between model dependent
effects and effects associated exclusively to the instantaneous appearance of a symmetry.

e It is of utmost relevance to find out if there is any physical phenomenon behind the appearance
(disappearance) of any specific symmetry. In other words, we should be able to identify a physical
reason for the vanishing of the asymmetry factor.

e The presented models were not conceived to describe any specific physical scenario but just to
bring out the effects produced by the sudden appearance of a TKV. Therefore neither the presence
of a thin shell, nor the violation of some energy conditions are, at this point, relevant for the
discussion. As mentioned before in a model intended to describe a specific astrophysical object,
the physical properties of a thin shell are relevant, and their role and the nature of their physical
origin cannot be overlooked. The same comment applies to any eventual violation of energy
conditions.

e As mentioned before, the choice for the asymmetry factor is justified by its simplicity. However
if we assume that Hyr is a well behaving function, we may expand it in power series of ¢ — ¢,

AIMS Mathematics Volume 11, Issue 10, 35737-35755.



35753

implying that, at least, for values of ¢ not far from f,, the above choice is likely to describe the
evolution quite well. Notwithstanding, it is obvious that Hyr is a degree of freedom of the system,
and different choices may be invoked to describe different scenarios of physical interest. In the
same line of arguments, it is worth noticing that other forms of tensor H,z may be proposed,
which could involve more than one asymmetry factor.

e Our models were obtained under the assumptions (4.5) and (5.4) for the functions f(r), A(r), and
g(r), which as mentioned before were adopted for simplicity. In goes without saying that for the
treatment of any specific astrophysical problem, the choice of these functions must be dictated by
the very nature of the problem under consideration.

e While it is true that specific imprints of the instantaneous appearance of a TKV are clearly model
dependent, the very fact that such an appearance drastically changes the subsequent evolution of
the system, is not. Besides, for some variables (e.g., the complexity factor, and the anisotropic
factor) it seems to exist a persistent imprint for different models and types of symmetries.
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