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Abstract: In this study, we focused on the exploration of the Painlevé-type auto-Backlund
transformation (aBT) and several novel analytical solutions to the fourth-order potential Ito equation
describing water wave dynamics. By implementing the truncated Painlevé expansion, the Painlevé-
type aBT was rigorously constructed, from which the kink soliton, singular solutions, and rational
solutions were systematically derived. Through the Painlevé analysis, the bilinear form of the target
equation was explicitly obtained, and the new homoclinic test technique was further adopted to derive
the breather-type kink soliton and singular periodic wave solutions. Additionally, the interaction
solutions constructed with the cos-cosh ansatz were analyzed in detail. Ultimately, a series of distinct
traveling wave solutions were successfully developed by employing four robust analytical approaches,
namely the variational method, energy balance method, direct mapping method, and the Kudryashov
method. The obtained solutions covered kink-type, anti-kink-type, periodic, singular periodic, and
rational forms, which were explicitly expressed via exponential, trigonometric, hyperbolic, arc tangent,
and rational functions. The spatiotemporal profiles of some obtained solutions were visualized by
selecting appropriate physical parameters to intuitively illustrate their inherent physical properties. Our
findings of this work are expected to provide valuable references for theoretical research and contribute
to a deeper and more systematic understanding of the fundamental properties and intrinsic mechanisms
of the studied equation.


file:///C:/Users/Administrator/AppData/Local/Youdao/Dict/Application/6.3.69.4001/resultui/frame/javascript:void(0);

35719

Keywords: Painlevé-type auto-Bicklund transformation; new homoclinic test technique; analytical
solutions; truncated Painlevé expansion
Mathematics Subject Classification: 35A15, 35C07, 35C08

1. Introduction

In natural and social systems, a large number of nonlinear processes are commonly present, and the
evolutionary behaviors of such processes cannot be described by simple linear relationships, but is highly
related to the core research problems of multiple disciplines [1-3]. In the theoretical system of nonlinear
science, partial differential equations play an irreplaceable fundamental role: They can transform cross
disciplinary nonlinear phenomena such as reaction diffusion processes in chemistry, non steady state
energy transfer in thermal science, field evolution in physics, population dynamics in biology, and price
fluctuations in economics into rigorous mathematical expressions, and then establish quantifiable
dynamic evolution models [4,5]. Therefore, exploring effective and reliable methods for solving
nonlinear partial differential equations has always been a prominent core topic in the field of nonlinear
research, and related research results are a necessary foundation for achieving a deep understanding of
the underlying mechanisms of nonlinear phenomena [6-8]. So far, mathematicians and physicists have
proposed many effective and reliable methods, such as the sub-equation approach [9,10], extended
F-expansion approach [11,12], tanh-function approach [13,14], (G'/G)-expansion approach [15], ¢°-
model expansion method [16], Darboux transformation approach [17,18], Sardar sub-equation
method [19,20], exp-function technique [21], exp (— ¢(§ )) -expansion scheme [22], trial equation

method [23,24], Riccati equation technique [25,26], and extended direct algebraic method [27,28]
among many others. In this article, we aim to explore the fourth-order potential Ito equation as [29]

Yir + Yuxxr + Aa@WxP)x + Bhex = 0, (1.1)

which has an important part in modeling the water waves, and @ and S represent the non zero real
values. In [29], the integrability and multiple soliton solutions are explored. In [30], the Bilinear aBT
and Lax Pairs are discussed, and ten different analytical solutions are probed via the three wave method.
Herein, we develop the Painlevé-type aBT and obtain some new analytical solutions to Eq (1.1).

The rest of this work is arranged as follows: In Section 2, the Painlevé-type aBT and the bilinear
form are constructed, and the kink soliton, singular as well as the rational solutions, are obtained. In
Section 3, the singular periodic wave and breather-type kink soliton solutions are attained via the
new homoclinic test technique. In Section 4, the cos-cosh type interaction solutions are studied. In
Section 5, the diverse traveling wave solutions are researched. Finally, this work is summarized in
Section 6.

2. The Painlevé-type aBT, exact solutions, and bilinear form

In this part, we aim to derive the Painlevé-type aBT and bilinear form, and obtain the exact
solutions to Eq (1.1).

2.1. The Painlevé-type aBT
We consider the solution of Eq (1.1) with the truncated Laurent series form as
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P, t) = fx, )7 5o u;(x, ) f (x, ). (2.1)
The leading order of Eq (2.1) is assumed as
Y~uof 5. (2.2)
Substituting it into Eq (1.1) and balancing the leading terms yields
s=1,u==f,. (2.3)
Then there is
w=F"(Lruf) 2.4)
Substituting Eq (2.4) into Eq (1.1) and making the coefficients of f!(x,y,t) as zero yields
30 ZRF2 4 (B + aws)fF = 3fecfex + 3fufuxe + fil@fitlix + frxx)] = 0, (2.5)
2 =2 [fefor + 2afUiefee + @fPine + 3Bfifex + 300U fofir — 2t frnn
+4f3 frxxt T [t Rfxe + QUi fix + QUrfx + frxxx)] = 0, (2.6)

_ 6
1: ; [fxtt + aulxtfxx + aulxxfxt + aulexxt + ,foxx + aultfxxx + fxxxxt] = 0» (2-7)

_0: Uqtt + U xxext + a(ulxult)x + ﬁulxx = 0. (2~8)

Equation (2.8) reveals that u;(x,y,t) is the seed solution of Eq (1.1), so Eqs (2.4)~(2.8) form a
Painlevé-type aBT for Eq (1.1).

2.2. The exact solutions

If we take the trivial solution u;(x,y,t) = 0, then Eqs (2.5)—(2.8) are reduced into the following
reduced Painlevé-type aBT:

%fx [fZ + BfZ = 3fxefex + 3fifuxt + fefarx] = 0, (2.9)
_g[fxftt + +3.fofxx - 2fxtfxxx + 4fxfxxxt + ft(fot + fxxxx)] =0, (2_]0)
g(fxtt + B frxx + fxxxxt) = 0. (2.11)

2.2.1.  The rational solution

Assuming the solution as
f =mx + wt. (2.12)
Taking it into Eqs (2.9)~(2.11), we have

w = +m,/—p. (2.13)

Then the rational solution is found as
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12
lpi(x, t) - a(xiJ—_Bt)’ (214)
which is under f < 0.
2.2.2.  The exponential function solution
Assuming the solution is
f = 1 4+ seMx*+wt (2.15)
Taking it into Eqs (2.9)—(2.11), we have
w = %(—m3 +,/m® — 4m?2B). (2.16)
Via Eq (2.4), we obtain the exponential function solution as
mx+%<—m3i /m6—4m23)t
Yelx, ) = T (2.17)
a[1+semx+§<—m + /m®—-4m ﬁ)tl
which is under m® — 4m?p > 0. Then there are:
Set-1: For s > 0, the kink soliton solution is found as
+2(=m3+/mb—am2B )+
W, (x,0) =37ml1+tanh <mx Ao " F) s)l (2.18)
Set-2: For s < 0, the singular solution is found as
+3(=m3+/mb—am?2B)t+In(-s)
Yi(x,t) = 377”[1 + coth <mx Ao mz mB)etinCs )l (2.19)
With m=1, a =1, and f = —1, we draw the outlines of the rational solution provided by

Eq (2.14) in Figure 1. Using a =1, f = —1, m =1, and s = 1, the behaviors of Eq (2.18) are
displayed in Figure 2. The wave is the kink soliton, which presents a step like gradient contour, that is

Y_ — 6 for (x > o) and Y_ — 0 for (x - —o0).

10

(@ (b)

Figure 1. The shapes of Eq (2.14) with m =1, a =1, and f = —1.
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Figure 2. The shapes of Eq (2.18) with a =1, f =—-1, m=1, and s = 1.
Figure 3 displays the shapes of Eq (2.19) for a =1, § = -1, m =1, and s = —1. [tThus,

the profile is singular since Eq (2.15) has zero values for s < 0. Here, we should point out that the
subplots (a), (b), and (c) in Figures 1-3 are the 3-D plot, density plot, and the curves, respectively.
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Figure 3. The shapes of Eq (2.19) with a =1, f =—-1, m=1, and s = —1.
2.3. The bilinear form

Setting u; = 0 in Eq (2.4) and taking it into Eq (1.1) yields

6 9 (_ftz +fftt—ﬁfx2+ﬁffxx+3fxtfxx—3fxfxxt—ftfxxx+ffxxxt) -0 (2.20)
a dx f2 > ’

which gives the bilinear form of Eq (1.1) as
_ftz + fftt - .foz + .Bffxx + 3fxtfxx - 3fxfxxt - ftfxxx + ffxxxt =0. (2-21)

Thus, we get the Hirota bilinear form as

(DiD: + D¢ + BD2)g - g = 0, (2.22)

where D*D* is
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3. The singular periodic wave and breather-type kink soliton solutions

Using the new homoclinic test technique, we have [31]
g = sges1xtset 4 g e=(1¥42D) . sin(syx + s4t), (3.1)

where s; (i=1,2,..,8) represents the constants. Substituting it into Eq (2.21) and merging the similar
items yields the following:

Case 1: s, = 255 +/4s$ —s2f3, ss =0, s¢ = 0. Thus, we have

f = sy sin[sgx + (253 £ /45§ — 538 ], (32)

which is under 4s$ — s2p > 0. Then the singular periodic solution is

Y(x,t) = 65257 cot [53x + (253? +\/4s§ — 53?,8) t]. (3.3)

1 3 1 3

Case 2: s; = B—l, S, = —B—:, S3 = B—l, Sy = B—: Thus, we have
34 34 32 34
1 3 1 3
ﬁx_ﬁ (ﬁx—ﬁ—;t> 1
f:ssea4 3% 4 sge \3* +s7sin(ﬁ1x+ﬁ4 ) 3.4)
34 34

Then there is the breather-type kink soliton solution as

4 4 4
1 1 1 3
34 3% 34 34 3%
Y(x,t) = — 3 . (3.5)
2 2 4 4
| 5%, 8%, —(ﬁ—lx—ﬁ—sf> N
1 i 1 pa
alsses®r 3% 4sge \3* 3% /g sin B—1x+ﬁ—3t
34 34

Using a=1, =1, sgs =2, s¢ =1, and s, = 2, we plot the performances of Eq (3.5) in
Figure 4, where the subplots (a), (b), and (c) represent the 3-D plot, density plot, and the contour,
respectively. It is found that the wave is the breather-type kink wave, which is formed by the
superposition of breather wave and kink soliton. Thus, the wave possesses a kink topology, while
localized periodic oscillations exist within the kink, which is a periodic “contraction-expansion”
amplitude oscillation.
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Figure 4. The shapes of breather-type kink soliton solution in Eq (3.5) with a =1, f =
1, ss =2, s¢ =1, and s, = 2.

4. The interaction solutions

As for the interaction solution, we can set
g = Ryicos(syx + s,t) + Rycosh(szx + s4t) + s, 4.1

where s; (i=1,2,..,5) and R; (i=1,2) represent the constants. Substituting this into Eq (2.21) and
merging the similar items yields the following:

Case 1:
1 3 1 3
4 4 4 4
Slzﬁls Szzﬁ_ga 53=ﬁ_la S4=_ﬁ_§a SS=0
34 34 34 34
So there is
1 3 1 3
g = Rqcos (ﬁ—fx + ﬁ—:t> + R,cosh <ﬁ—fx + —3—;t>. (4.2)
34 34 34 34

Then the interaction solution is obtained as

3
—ﬂﬂilsm(—)ﬁ—t) SRZ smh(—x—'g—:t>
34 4 34 34
Px,t) = :

3
3 4.3)
a|Rqcos 1x+ 3t +R,cosh fx——t
34 34 34
Case 2:
1 3 1 3
B4 B4 B* B*
S1 = 1> Sy R S3=_13 S4___§a SSZO
32 32 32 32
So there is
1 3 1 3
4 4 4
g = Rycos —ﬁ—lx B—3 + R,cosh ﬁl B—3t . 4.4)
32 34 32 34

AIMS Mathematics Volume 11, Issue 10, 35718-35736.
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Then the interaction solution is obtained as

1 103 1 103
—L‘Rlsm<ﬁ—x+ﬁt>+6ﬂ 9‘{251nh<ﬁ—x—ﬁ—:t>

34 34 34 34 3% 34
(x,t) = T3 T IN] (4.5)
a|Rqcos ﬁ—fx+ﬁ—:t +R,cosh ﬁfx—ﬁg
3% 34 3% 3%

which is the same with Eq (4.3).

For Ry =1, R, =2, =1, and S = 2, the performances of Eq (4.3) are plotted in Figure 5,
where the subplots (a), (b), and (c) stand for the 3-D plot, density plot, and contour, respectively. We
find the wave is also the breather-type kink soltion. This wave describes a topological domain wall
propagating between two background states, with local periodic oscillations within the domain wall.
The oscillation causes local energy to be confined in space and undergo periodic changes over time,
while the twisted structure ensures the topological connection between two different background states.
This phenomenon can be explained by the interaction between the cos function and the cosh function.

10
5
r 0
-5
s o0 5 10 ° 5 0 5 10
X

(a) (b) (©

Figure 5. The shapes of interaction solution in Eq (4.3) with R, =1, R, =2, a=1,and f = 2.

5. The distinct traveling wave solutions

Considering the transformation as

Y(x,t) =0(y), y =9 + wt, (5.1)

where ¥ and @ stand for the non-zero coefficients. According to Eq (5.1), we have

PBPwo® + (w? + p92)0" + ad?*w([(0)?] =0, (5.2)
2
where 0@ = s 0" = Z—; ,and @' = Z—i. Integrating the above equation once and ignoring the
integral constant yields
93w0" + (@? + 92)0 + a¥9?w(0)? = 0. (5.3)

5.1. The variational method

Adopting the following form:

AIMS Mathematics Volume 11, Issue 10, 35718-35736.
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Equation (5.3) becomes

" (w2+ﬁ192) g 2 _
'+ By Sy,

Using the Semi-inverse method [32,33], its variational principle is developed as

) = f Ery - 22y - Lystay

293w
Case 1: Assuming the solution of Eq (5.5) 1s
¥ = Asech(¥).

Substituting the above equation into Eq (5.6) yields

* (1 w? + B a

J() = fo {5 [—Asech(y)tanh(y)]? — % [Asech(y)]? — e
_ _ AP[6w®+6B92+w(Ana—29)9?]
o 12w93
Computing the stationary condition as
Q@ _ o
dA
gives
@ B 1 A%am
A(G+o5—3)+ 55 =0
Solving it yields
A=— 4(3w2+3B9%2-w93)
o 3nawd?
So there is
__ 4(3@*+3p9%-w9?)
Y= p— sech(y)
By Eq (5.4), we have
_ 8(3w?+3p9¥i-w9?) y
0 =-— r— arctan (tanh 5).
The traveling wave solution is
_ 8(3w?+3B9%—wV?3) (Ix+wt)
Yx,t) = — arctan [tanh — ]

Case 2: We can also assume the solution of Eq (5.5) as

¥ = Asech? (2}

Putting it into Eq (5.6) yields

(5.4)

(5.5)

(5.6)

(5.7)

[/lsech(y)]3} dy

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

AIMS Mathematics Volume 11, Issue 10, 35718-35736.
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*(1 (@? + pY?) a
— 2 212 213
J(A) = .’; {E [—2Asech(y)tanh(y)]* — EETE [Asech(y)?]* — 39 [Asech(y)?]? ; dy
_ A%[15w2+15892 +4w (Aa—39)9?]
- 45w93 (5.16)
Computing the stationary condition as
aj) _ 0
aa (5.17)
gives
2A[5w?+5p9% +4w(Aa—39)9%] 0
15@93 - (5.18)
Solving it yields
A= 493 -5w%-5892
- 4awD? (5.19)
Then there is
_ 4w93-5w2-5p092 2
v= 4awd? sech (]/) (5.20)
By Eq (5.4), we have
_ 4w93-5w2-5p97
0= py— tanh(y) (5.21)
The traveling wave solution is
_ 4w93-5w2-5p92
Y(x,t) = py— tanh(¥x + wt) (5.22)

Figure 6 shows the outlines of Eq (5.22) with a = -1, f =

1, 9=

1, and @w = —1. We find

that this soliton is the anti-kink soliton, which displays the step like gradient contour characteristics of
the anti-kink soliton, that is Y_ — —3.5 for (x - o) and Y_ — 3.5, for (x - —). These
boundary conditions are opposite to the kink soliton. The subplots (a), (b), and (c) represent the 3-D

plot, density plot, and curves, respectively.

20

101

x 0

-10

-0 720 g
-10 0 10 20

(@) (b)

Figure 6. The shapes of Eq (5.22) with a = -1, f =1,
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5.2. The energy balance method

According to the variational principle in Eq (5.6), we have

(> 1 N2 (’(D' +ﬁ19 ) 2 _ 3 (>
J@) = 72 - — Zwslay = [F{R - Njdy (5.23)
where X is potential energy, and ‘R stands for the kinetic energy as [34]
R=1 (L[J')Z, (5.24)
(@2+B9%) )2 3
N = =350 v to ‘I’ (5.25)

Thus, the Hamiltonian is obtained as

h=R+x=2w)+ CE g2y @y, (5.26)
Assume
Y = Acos(y), 2 >0, (5.27)

where A and (2 represent amplitude and phase, respectively. There are the initial conditions as

P(0) =4, ¥'(0)=0. (5.28)
Substituting them into Eq (5.26), we get the total energy as
(@?+892) 1> 3

hy = i At /1 (5.29)

Taking Eq (5.27) into Eq (5.26) and using the conservation of energy, there is

1 (w? + p9?) a
= = —|— i 2 P 2 _ 3
h=R+KX 2[ AQsin(2y)]* + - [Acos(2y)] +319 [Acos(2y)]
+B9
= T p2 4 & g2 = (5.30)
Let [35]
Qy = g (5.31)
We have
10 V2, 0\, @892 (v NP a (V2 .\ _ (@2+B9?) +B19 D2 42 g3
H(-Laa) + SEALa) £ (2a) - EEDp L 52
Solving it yields
\/(4 V2)aA w2+B192), (533)
— 2 2
which is under (4=V2)as + (@ :B 27) > 0. Then there is
39 9w
_ (4=V2)aa | (@?+B9?)
Y = Acos (\/ 29 + . y). (5.34)

Based on Eq (5.4), we have

AIMS Mathematics Volume 11, Issue 10, 35718-35736.
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0 = A sin ( J (=V2)as | @+ 192))/). (5.35)

T [a=V2)as (w2+p9?) 39 93w
39 | 93w

So there is the periodic solution as

_ A . (4—V2)as | (@2+B92)
Y(x,t) = \/(4_\/5)“*(132%192) sin I\/ R Ht v (9x + wt)l. (5.36)
93w

39

The outlines of Eq (5.36) are unveiled in Figure 7for A =3, a=1, f =1, 9=1, and @ =
—2, which shows a good periodic wave. The subplots (a), (b), and (c) represent the 3-D plot, density
plot, and curves, respectively.

(a) (b) (c)
Figure 7. The shapes of Eq (5.36) with A =3, a=1, =1, 9 =1, and w = —2.
5.3. The direct mapping method

Based on the unified equation, there is [36]

@' = e/so + 510 + S,0% + 5303, (5.37)

where @ = @(y) and € = +1. Equation (5.37) owns the different solutions as the following:
Case 1: For s; =55 = 0, s, > 0, there is the solution as

¢ = —2Zsech? (%y) (5.38)

S3

Case 2: For s; =57 = 0, s, < 0, there is the solution as
Q= —z—zsec2 (@y) (5.39)

Case 3: For s; =57 = 0, s, = 0, there is a rational solution as

4

Q= s (5.40)
By Eq (5.5), we have
Co g | @)y 223
Y = e\/ rrk etk £ (5.41)

AIMS Mathematics Volume 11, Issue 10, 35718-35736.
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where ¢ = +1. Mapping it with Eq (5.37), we have
_ (@*+B9?)

Case 1: For > 0, there is
93w
_ _3@+p9%) o1 [ (@%+B9?)
V= 2092w sech 2 93w Y
So we have
— _ [_@?+pd?) 1 |_@2+p9%)
6= Y- tanh (2 rE y>.

So the kink type solution is

_ _9(wz+[3192) 1 _(w2+[?192)
Y(x, t) = / i tanh lz ’ —i (19x+zzrt)l.

(w2+p9?)

Case 2: For ———

< 0, there is

2 2
Y= _ 3@ +p5%) )secz (% —(wz+[;,92)y>.

2a9%w 93w

_ ’9(w2+ﬁ192) 1 /(w2+,8192)
0= a29w tan <2 93w )/>.

So the singular periodic solution is

_ 9(w2+p92) 1 (w2+p92)
Y(x,t) = ’—azﬁw tan IZ f—ﬁ% (19x+wt)l.

By Eq (5.4), we have

(@?+692) _

Case 3: For ————= = 0, there is
93w

_ _ 69
==

By Eq (5.4), we have
_ 6
=

So the rational solution is
6
T a@x+wt)

5.4. The Kudryashov method
According to the Kudryashov method [37,38], we have
n=n’-n,
where n =n(y) and ' = Z—z. The solution of Eq (5.51) is

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

AIMS Mathematics Volume 11, Issue 10, 35718-35736.



35731

n=— (5.52)

T 1te?’

Supposing the solution of Eq (5.3) is

0() = Xizoum' (). (5.53)
Inserting it into Eq (5.3) and balancing " and (0')?, we have

k+3=2k+2, (5.54)
which gives
k=1. (5.55)
Thus, Eq (5.53) becomes
O) = up +un(y). (5.56)

Putting it into Eq (5.3), we obtain a system of algebraic equations as
ny): —u 9w —ww? —u9°p =0,
n%(y): 7u93w + ww? + awud? + w92 =0
n3(y): —2aui9?w — 12au,93w = 0,
n*(y): 6u93w + auid?w = 0.

Solving them yields
1 69
@ = (=97 £ 96 - 492B), u; = ——.
So there is
69
9()/) =Ug — m. (557)
Then the traveling wave solution is
69 (5.58)

l/)i_(x, t) = uo - 1 ’
a<1+e19x+5<—193i 196—4192B>t)

which is under 9¢ — 4928 > 0.

For a =1, f =1, uy=1,and 9 = 1, we draw the outlines of Eq (5.58) in Figure 8. Thus, the
solution in Eq (5.58) is also the kink soliton, which is ¥, —» 1 for (x - o) and ¥, - —5 for
(x » —©). Moreover, if we use a =2, f =—1, u, =1, and 9 = 1, the shapes of Eq (5.58) are
presented in Figure 9, which is also the kink soliton. Additionally, there is 1, = 1 for (x = ) and
Y, —» —2 for (x » —). We can see that coefficients @ and B can effect the wave amplitude and
velocity. It should be noted that the subplots (a), (b), and (¢) in Figures 8 and 9 represent the 3-D plot,
density plot, and curves, respectively.
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Figure 9. The shapes of Eq (5.58) with a =2, f = -1, yy =1,and 9 = 1.

6. Conclusions

In this paper, we investigate the fourth-order potential Ito equation, a fundamental model
describing the propagation of water waves. First, an auto-Bécklund transformation of Painlevé-type is
systematically constructed using the truncated Laurent series expansion. Based on this transformation,
a series of exact wave solutions are derived, including kink soliton, singular, and rational solutions.
Subsequently, the Painlevé analysis is performed to establish the bilinear form of the target equation,
based on which the breather-type kink soliton and singular periodic wave solutions are successfully
derived via the new homoclinic test approach. In addition, the interaction solutions of cos-cosh type
are also investigated. To further enrich the solution set of the studied equation, additional abundant
traveling wave solutions are explicitly explored through four robust and effective approaches,
including the variational method, energy balance method, direct mapping method, and Kudryashov
method. By selecting appropriate parameter sets, the dynamical profiles of these solutions are
visualized to intuitively reveal their inherent physical properties. As far as we know, compared with
the multiple soliton and ten analytical solutions developed in [29,30], the findings reported in this
paper represent new discoveries that have not been discussed in any literature, which can contribute to
a deeper understanding of the dynamic behaviors of the equation under study.

Although we find some exact solutions based on the bilinear form by introducing different trial
functions, due to the limitations of these trial functions, we are unable to obtain the popular research
object of complexiton solutions. Thus, this is also our focus future research.
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