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Abstract: Avian influenza persists as an infectious threat across wild and domestic bird populations.
This paper develops deterministic SEIR models to study avian influenza transmission in a bird
population. We first formulate a non-delayed model with a general saturated incidence function and
derive the basic reproduction number (R0). The analysis shows that the disease-free equilibrium is
locally and globally asymptotically stable when R0 ≤ 1. When R0 > 1, a unique endemic equilibrium
exists and is locally and globally asymptotically stable. The model is then extended by including three
distributed-time delays that describe the delayed transition into the exposed, infectious, and recovered
classes. This delayed formulation reflects variability in latency, infectious progression, and recovery
among infected birds. The delayed model is shown to be mathematically well posed through the
non-negativity and boundedness of its solutions. The delayed reproduction number (Rd) is derived,
and suitable Lyapunov functionals are constructed to establish the global threshold dynamics. In
particular, the disease-free equilibrium is globally asymptotically stable when Rd ≤ 1, whereas the
endemic equilibrium is globally asymptotically stable when Rd > 1. Numerical simulations support
the theoretical results and show how distributed delays affect the persistence of avian influenza in the
bird population. Sensitivity analysis identifies the parameters that have the strongest influence on Rd.
In addition, the control simulations indicate that sufficiently strong transmission-blocking measures
can reduce Rd and shift the system from endemic persistence to disease elimination.
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1. Introduction

Avian influenza persists as an infectious threat across wild and domestic bird populations [1–3].
Wild aquatic birds sustain the virus as a natural reservoir, while outbreaks in poultry cause severe
production losses [1, 4]. The disease also carries consequences for wildlife conservation and, through
spillover to mammals, for public health [3, 5, 6]. The causative influenza A viruses are naturally
maintained in wild aquatic birds and may be introduced into domestic poultry through migration,
environmental contamination, or direct and indirect contact with infected birds [1, 5, 7]. Their clinical
impact varies widely: Low-pathogenic strains may cause mild or limited clinical disease, whereas
highly pathogenic strains can spread rapidly, produce severe illness and high mortality, and generate
substantial economic losses [2, 4].

Control of avian influenza is difficult because transmission is not driven by a single pathway.
Wild birds can serve as natural reservoirs of avian influenza viruses [7]. Domestic birds may then
amplify the infection once the virus enters poultry populations. Contaminated environments can also
maintain exposure risks over time and across different locations [1, 4]. Control is further complicated
by the absence of a broadly applied vaccination strategy that protects the full range of susceptible
avian hosts. This limitation is especially relevant for wild birds and many non-commercial bird
populations [8–10]. Control therefore depends on non-pharmaceutical measures whose effectiveness
must be compared: surveillance and biosecurity to limit introduction, and movement restrictions,
quarantine, and removal of infected or exposed birds to contain established outbreaks [4, 8, 11]. These
features make mathematical modeling useful, not simply as a descriptive tool, but as a way to connect
biological assumptions with threshold quantities that determine whether infection dies out or persists.

Mathematical models have long been used to study how avian influenza spreads and how it
might be contained. Mechanistic models in particular link biological assumptions to quantities
that can be measured or estimated: transmission rates, outbreak size, and the thresholds that
separate persistence from extinction. Working within this framework, earlier studies have estimated
transmission parameters, weighed competing intervention strategies, and assessed how culling,
vaccination, surveillance, and movement restrictions shape outbreak dynamics [12]. For instance,
Pandit et al. [13] used a stochastic model to study highly pathogenic H5N1 transmission between wild
birds and domestic poultry in West Bengal, India, and showed that repeated introduction from wild
birds together with poultry-level transmission can sustain outbreak risk. Tuncer and Martcheva [14]
examined seasonal H5N1 dynamics and found that periodic bird-to-bird transmission can reproduce
observed seasonal patterns. Kang et al. [15] incorporated time delays and control measures into
an avian influenza model and investigated how slaughtering, education, and treatment affect disease
burden.

Despite these contributions, many avian influenza models still represent the transition from exposure
to infectiousness by a constant progression rate or by a single fixed delay. This assumption is
biologically restrictive, since infected birds do not all share the same latent period: Its length varies with
host species, viral strain, infecting dose, and environmental conditions, ranging from a few days in an
individual bird to as long as two weeks within a flock [16, 17]. A constant rate is particularly limiting,
as it forces an exponentially distributed latent period and thereby assigns the greatest probability to
an almost immediate transition, at odds with the very notion of an incubation period. A further
simplification is that birds may die during the latent or infectious stages before progressing, so that
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only a fraction of an exposed cohort ever becomes infectious. Replacing a single transition time by a
distribution of transition times, together with an explicit survival factor, therefore offers a more realistic
description of infection development in bird populations.

Motivated by this limitation, we formulate a distributed-delay SEIR model for avian influenza
transmission in a single bird population. Infection is described by a general saturated incidence
function, so that the force of infection levels off at high densities of infectious birds rather than growing
without bound. To represent variability in the timing of disease progression, the model incorporates
three distributed-delay kernels ζi(τ), i = 1, 2, 3, which weight the times required for birds to enter the
exposed, infectious, and recovered classes [18–21]. Because a bird may die or be removed before
completing any of these transitions, we attach to each kernel a survival factor and define the survival-
weighted kernels

Πi(τ) = ζi(τ) e−niτ, i = 1, 2, 3,

in which e−niτ is the probability that a bird survives a delay of length τ at the per-capita mortality rate
ni.

The novelty of this work is twofold. First, from a modeling perspective, we formulate an SEIR
model that combines a general saturated incidence function with three distributed-delay kernels and
survival factors. This structure captures realistic variability in the timing of disease progression
while explicitly accounting for mortality during the delayed stages. Second, from an analytical
perspective, we establish global threshold dynamics for both the non-delayed and delayed systems.
For the distributed-delay model, we construct suitable Lyapunov functionals to prove that the disease-
free equilibrium is globally asymptotically stable when the delayed reproduction number does not
exceed one, and that a unique endemic equilibrium is globally asymptotically stable when it exceeds
one. The survival-weighted delay terms make explicit how variability in the latent period enters the
basic reproduction number; numerical simulations then illustrate the dynamical consequences of this
dependence and identify the parameters that most strongly determine whether avian influenza dies out
or persists in the bird population.

The paper is organized as follows. Section 2 introduces the model formulation and states the main
assumptions. Section 3 analyzes the corresponding non-delayed model. Section 4 treats the distributed-
delay model and its global threshold behavior. Section 5 presents numerical simulations together with
a sensitivity analysis of Rd. Section 6 concludes with the main findings, limitations, and directions for
future work.

2. Model development

The bird population under consideration is divided into four epidemiological classes: susceptible
birds, exposed birds, infectious birds, and recovered birds, denoted by S (t), E(t), I(t), and R(t),
respectively. Susceptible birds are those that have not yet acquired avian influenza but may become
infected after effective contact with infectious birds. Once infection occurs, birds do not necessarily
become infectious immediately. Instead, they may pass through a latent stage during which the virus
is developing within the host, but the bird has not yet reached the level of infectiousness required to
contribute effectively to transmission. This justifies the inclusion of the exposed class, E(t), which
represents infected birds that are not yet infectious. The infectious class, I(t), consists of birds that are
capable of transmitting avian influenza to other susceptible birds. Although infectiousness may vary
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among infected birds due to differences in viral shedding, host species, virus strain, and environmental
conditions, the present model represents all infectious birds within a single compartment in order
to keep the transmission structure analytically tractable. After infection, several epidemiological
outcomes are possible. An infectious bird may die as a result of disease-induced mortality, recover from
infection and move to the recovered class, or be removed from effective contact with the population
through control measures such as isolation or culling. In this study, recovered birds are assumed to
acquire immunity and are not considered susceptible to reinfection during the time scale of the model.

Compartmental models provide a convenient framework for describing how the number of birds in
each epidemiological class changes over time. Throughout this study, the same symbol used to denote
a compartment also represents the number of birds in that compartment. The parameter Λ denotes
the recruitment rate of susceptible birds due to hatching, birth, or immigration into the population. ψ
represents the saturated incidence rate, which describes the effective transmission of avian influenza
from infectious birds to susceptible birds when contact becomes limited at high infection levels. ε

denotes the progression rate at which exposed birds leave the latent class and become infectious, while
γ represents the recovery rate of infectious birds. Moreover, µs, µe, µi, and µr denote the natural
mortality rates of susceptible, exposed, infectious, and recovered birds, respectively.

For notational convenience, we define (S , E, I,R) = (S , E, I,R)(t) and (S τ, Eτ, Iτ,Rτ) =

(S , E, I,R)(t − τ). To incorporate the effects of previous epidemiological states on avian influenza
transmission and disease progression, we consider an SEIR epidemic model for birds with multiple
distributed-time delays. The proposed delayed model is described by the following system of nonlinear
integro-differential equations:



Ṡ = Λ − ψ(I)S − µsS ,

Ė =

∫ ω1

0
ζ1(τ)e−n1τψ(Iτ)S τdτ − εE − µeE,

İ = ε

∫ ω2

0
ζ2(τ)e−n2τEτdτ − γI − µiI,

Ṙ = γ

∫ ω3

0
ζ3(τ)e−n3τIτdτ − µrR.

(2.1)

Throughout this study, the incidence function ψ is assumed to be bounded, non-negative, increasing,
and concave on R+. In addition, we assume that ψ ∈ C1(R+) and satisfies ψ(0) = 0. τ is treated as
a random variable governed by the probability density functions ζi(τ) over the intervals [0, ωi], for
i = 1, 2, 3. The quantity ωi > 0 represents the maximum possible duration of the corresponding delay.
We assume that each function ζi is non-negative and normalized, namely,

ζi(τ) ≥ 0, τ ∈ [0, ωi],

and ∫ ωi

0
ζi(τ) dτ = 1.

Furthermore, the mean delay associated with each function is assumed to be finite; that is,∫ ωi

0
τζi(τ) dτ < ∞, i = 1, 2, 3.
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To describe the biological meaning of the distributed-delay kernels, we make the following
assumptions. The quantity ζ1(τ)e−n1τ represents the probability density that a susceptible bird
effectively exposed to avian influenza at time t − τ survives the delay period τ and enters the exposed
class at time t. Thus, τ describes the time between effective infectious contact and the formation of the
exposed class, while 1/n1 denotes the average survival time during this period. Similarly, ζ2(τ)e−n2τ

denotes the probability density that an exposed bird survives the latent period of length τ and becomes
infectious at time t, where 1/n2 is the corresponding average survival time. Finally, ζ3(τ)e−n3τ represents
the probability density that an infectious bird survives for τ time units and then moves to the recovered
class at time t, with 1/n3 denoting the average survival time during the recovery period.

Let us define the constants

Fi =

∫ ωi

0
Πi(τ) dτ =

∫ ωi

0
ζi(τ)e−niτ dτ, i = 1, 2, 3.

Here, Fi is the survival-weighted probability of completing the corresponding delayed transition.

In particular, 0 < Fi ≤ 1, because ζi is a probability density and 0 < e−niτ ≤ 1.

For the delayed avian influenza model (2.1), the initial conditions of the bird population are specified
on the interval [−τ∗, 0] as follows:

 S (θ) = ϕ1(θ), E(θ) = ϕ2(θ), I(θ) = ϕ3(θ), R(θ) = ϕ4(θ),

ϕi(θ) ≥ 0, i = 1, 2, 3, 4, θ ∈ [−τ∗, 0].
(2.2)

Here, τ∗ = max{ω1, ω2, ω3} represents the largest delay appearing in the model. The functions ϕi,
i = 1, 2, 3, 4, describe the initial conditions of susceptible, exposed, infectious, and recovered birds,
respectively. We assume that

ϕi ∈ C
(
[−τ∗, 0],R≥0

)
, i = 1, 2, 3, 4,

where C
(
[−τ∗, 0],R≥0

)
is the Banach space of continuous non-negative functions defined on [−τ∗, 0].

This space is endowed with the supremum norm

∥ϕi∥ = sup
−τ∗≤θ≤0

|ϕi(θ)|, i = 1, 2, 3, 4.

The quantities τi, i = 1, 2, 3, denote the delay parameters associated with the epidemiological
transitions in the bird population. Moreover, ni, i = 1, 2, 3, represent the mortality or removal rates
during the corresponding delay periods, so that 1/ni denotes the average survival time of birds in the
ith delayed stage. The model variables and parameters are presented in Table 1.
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Table 1. State variables and parameters of the avian influenza model.

Notation Description Units
S (t) Number of susceptible birds at time t Individuals
E(t) Number of exposed birds at time t Individuals
I(t) Number of infectious birds at time t Individuals
R(t) Number of recovered birds at time t Individuals
Λ Recruitment rate of susceptible birds Individuals/time
ψ Saturated incidence function 1/time
ε Progression rate from exposed to infectious 1/time
γ Recovery rate of infectious birds 1/time
µs Mortality rate of susceptible birds 1/time
µe Mortality rate of exposed birds 1/time
µi Mortality or removal rate of infectious birds 1/time
µr Mortality rate of recovered birds 1/time
τi, i = 1, 2, 3 Delay parameters Time
ni, i = 1, 2, 3 Mortality rates during delay periods 1/time
ωi, i = 1, 2, 3 Maximum admissible duration of distributed delay Time

We first examine the reduced form of the proposed avian influenza model in the absence of
distributed delays. The schematic representation of the proposed model is illustrated in Figure 1.
This simplified system serves as a baseline model and provides the threshold quantities and stability
results needed for comparison with the delayed formulation introduced later.

S E I R
Λ ψ(I) S εE γI

µsS µeE µiI µrR

Figure 1. Flow diagram of the avian influenza transmission model in a bird population.

3. The non-delayed avian influenza model

In this section, we consider the avian influenza transmission model without distributed delays. In
this case, the movements of birds between the susceptible, exposed, infectious, and recovered classes
occur instantaneously according to the corresponding transition rates. The resulting generalized SEIR
model is described by the following system of ordinary differential equations:

Ṡ = Λ − ψ(I)S − µsS ,
Ė = ψ(I)S − (ε + µe)E,
İ = εE − (γ + µi)I,
Ṙ = γI − µrR.

(3.1)
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Here, S (t), E(t), I(t), and R(t) denote the numbers of susceptible, exposed, infectious, and recovered
birds at time t, respectively. The model is supplemented with the positive initial condition

(S (0), E(0), I(0),R(0)) = (S 0, E0, I0,R0) ∈ R4
+.

3.1. Mathematical analysis

We begin by establishing some useful properties of the saturated incidence function ψ, which will
be used in the subsequent analysis of the avian influenza model.

Lemma 1. Assume that the incidence function ψ is non-negative, increasing, and concave and satisfies
ψ(0) = 0. Then, for all I > 0, the following inequalities hold:

ψ′(I)I ≤ ψ(I) ≤ ψ′(0)I.

Moreover, for all I, I1 > 0, one has (
I
I1
−
ψ(I)
ψ(I1)

) (
ψ(I1)
ψ(I)

− 1
)
≤ 0.

Proof. Let g1(I) = ψ(I) − Iψ′(I). Since ψ is concave, we have ψ′′(I) ≤ 0. Hence,

g′1(I) = −Iψ′′(I) ≥ 0.

Thus, g1 is non-decreasing and g1(I) ≥ g1(0) = 0. Therefore, ψ(I) ≥ Iψ′(I).
Next, define

g2(I) = ψ(I) − Iψ′(0).

Since ψ is concave, ψ′(I) ≤ ψ′(0) for all I > 0. Consequently, g′2(I) = ψ′(I) − ψ′(0) ≤ 0. It follows that
g2(I) ≤ g2(0) = 0, which implies

ψ(I) ≤ Iψ′(0).

To prove the second assertion, let

g3(I) =
ψ(I)

I
, I > 0.

Then
g′3(I) =

Iψ′(I) − ψ(I)
I2 ≤ 0,

by the first part of the lemma. Hence, g3 is non-increasing. Since ψ is increasing, it follows that

(g3(I) − g3(I1)) (ψ(I) − ψ(I1)) ≤ 0.

That is, (
ψ(I)

I
−
ψ(I1)

I1

)
(ψ(I) − ψ(I1)) ≤ 0.

Equivalently,
ψ(I)ψ(I1)

I

(
I
I1
−
ψ(I)
ψ(I1)

) (
ψ(I1)
ψ(I)

− 1
)
≤ 0.
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Since ψ(I) > 0 and ψ(I1) > 0 for I, I1 > 0, we obtain(
I
I1
−
ψ(I)
ψ(I1)

) (
ψ(I1)
ψ(I)

− 1
)
≤ 0.

This completes the proof. □

Remark 1. The assumption that ψ is concave plays two distinct roles in the critical-case analysis.
First, it implies

ψ(I) ≤ ψ′(0)I,

which is essential for the Lyapunov estimates. Second, the nonlinear departure of ψ(I) from its tangent
at the origin, together with the negative feedback of infection on the susceptible population, determines
the stabilizing quadratic term on the center manifold.

For the avian influenza model to be biologically meaningful, the state variables S (t), E(t), I(t),
and R(t) must remain non-negative for all t ≥ 0. We now show that the bird population is ultimately
bounded in a positively invariant region. Let µ = min{µs, µe, µi, µr}.

Proposition 1. The set

Ω1 =

{
(S , E, I,R) ∈ R4

+ : S + E + I + R ≤
Λ

µ

}
is a positively invariant compact region for model (3.1).

Proof. We first verify the non-negativity of solutions. On the boundary of the non-negative orthant, the
right-hand sides of model (3.1) satisfy

Ṡ
∣∣∣
S=0
= Λ > 0, Ė

∣∣∣
E=0
= ψ(I)S ≥ 0, İ

∣∣∣
I=0
= εE ≥ 0, and Ṙ

∣∣∣
R=0
= γI ≥ 0.

Therefore, solutions that start in R4
+ remain non-negative for all t ≥ 0.

Let
N(t) = S (t) + E(t) + I(t) + R(t)

denote the total bird population. By adding the equations of model (3.1), we obtain

Ṅ(t) = Ṡ + Ė + İ + Ṙ

= Λ − µsS − µeE − µiI − µrR

≤ Λ − µ(S + E + I + R) = Λ − µN(t).

Thus,
Ṅ(t) + µN(t) ≤ Λ.

By the comparison theorem, it follows that

N(t) ≤ N(0)e−µt +
Λ

µ

(
1 − e−µt) .

In particular, if N(0) ≤ Λ/µ, then

N(t) ≤
Λ

µ
, t ≥ 0.

Hence, every solution that starts inΩ1 remains inΩ1 for all t ≥ 0. Therefore,Ω1 is a positively invariant
compact region for the avian influenza model (3.1). □
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To derive the basic reproduction number, we apply the next-generation matrix approach of
Diekmann et al. and van den Driessche and Watmough [22,23]. We consider the infected compartments
E and I and write the infected subsystem as(

Ė
İ

)
= F −V, (3.2)

where

F =

(
ψ(I)S

0

)
, V =

(
(µe + ϵ)E

−ϵE + (µi + γ)I

)
. (3.3)

At the disease-free equilibrium DFE = (Λ/µs, 0, 0, 0), the Jacobian matrices of F andV with respect
to (E, I) are

F =
(
0 ψ′(0)Λ/µs

0 0

)
, V =

(
µe + ϵ 0
−ϵ µi + γ

)
. (3.4)

The next-generation matrix is FV−1, and the basic reproduction number is the spectral radius of FV−1:

R0 = ρ(FV−1) =
Λϵψ′(0)

µs(µe + ϵ)(µi + γ)
. (3.5)

Epidemiologically, R0 represents the average number of secondary infections generated by a single
infectious bird introduced into a completely susceptible bird population. The numerator Λϵψ′(0)
captures the rate at which new infections are produced, while the denominator represents the losses
from the exposed and infectious classes.

Proposition 2. The avian influenza model (3.1) always admits a unique disease-free equilibrium

DFE =
(
Λ

µs
, 0, 0, 0

)
.

Moreover, if R0 > 1, then model (3.1) admits a unique endemic equilibrium

EE = (S ∗, E∗, I∗,R∗),

where S ∗ > 0, E∗ > 0, I∗ > 0, and R∗ > 0.

Proof. At equilibrium, the right-hand side of model (3.1) satisfies
0 = Λ − ψ(I)S − µsS ,
0 = ψ(I)S − (µe + ε)E,
0 = εE − (µi + γ)I,
0 = γI − µrR.

(3.6)

From (3.6), we obtain 

S =
Λ

µs + ψ(I)
,

E =
Λψ(I)

(µe + ε)(µs + ψ(I))
,

I =
εΛψ(I)

(µi + γ)(µe + ε)(µs + ψ(I))
,

R =
γ

µr
I.

(3.7)
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If I = 0, then ψ(0) = 0, and (3.6) gives S = Λ
µs
, E = 0, and R = 0. Thus, the disease-free

equilibrium is uniquely given by

DFE =
(
Λ

µs
, 0, 0, 0

)
.

We now consider the case I > 0. From (3.7), the infectious component must satisfy

I(µi + γ)(µe + ε)
(
µs + ψ(I)

)
= εΛψ(I).

Equivalently,
I G(I) = 0,

where
G(I) = (µi + γ)(µe + ε)

(
µs + ψ(I)

)
− εΛ

ψ(I)
I
, I > 0.

Differentiating G gives

G′(I) = (µi + γ)(µe + ε)ψ′(I) − εΛ
Iψ′(I) − ψ(I)

I2 .

By Lemma 1, we have
Iψ′(I) ≤ ψ(I),

and hence
Iψ′(I) − ψ(I)

I2 ≤ 0.

Therefore,
G′(I) ≥ 0,

which shows that G is non-decreasing on (0,∞). In particular, under the standing assumptions on ψ,
the equation G(I) = 0 can have at most one positive solution.

Using the definition of R0 in (3.5), we compute

lim
I→0+

G(I) = (µi + γ)(µe + ε)µs − εΛψ
′(0)

= µs(µi + γ)(µe + ε) (1 − R0) .

Thus, if R0 > 1, then
lim
I→0+

G(I) < 0.

On the other hand, since solutions are confined to the positively invariant region Ω1, we have 0 < I ≤
Λ/µ, where

µ = min{µs, µe, µi, µr}.

Moreover,

G
(
Λ

µ

)
= (µi + γ)(µe + ε)

(
µs + ψ

(
Λ

µ

))
− µεψ

(
Λ

µ

)
= µs(µi + γ)(µe + ε) + ψ

(
Λ

µ

) [
(µi + γ)(µe + ε) − µε

]
.
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Since µ ≤ µi, it follows that
(µi + γ)(µe + ε) − µε > 0.

Consequently,

G
(
Λ

µ

)
> 0.

Hence, when R0 > 1, the intermediate value theorem implies that there exists a positive solution
I∗ ∈ (0,Λ/µ) such that

G(I∗) = 0.

The monotonicity of G ensures that this positive solution is unique.
Therefore, model (3.1) has a unique endemic equilibrium

EE = (S ∗, E∗, I∗,R∗)

when R0 > 1, where S ∗ = Λ
µs+ψ(I∗) , E∗ = Λψ(I∗)

(µe+ε)(µs+ψ(I∗)) , and R∗ = γ

µr
I∗. This completes the proof. □

3.2. Local stability analysis

In this subsection, we investigate the local stability of the equilibria of the non-delayed avian
influenza model (3.1). The analysis is carried out in terms of the basic reproduction number R0.

Theorem 1. The disease-free equilibrium

DFE =
(
Λ

µs
, 0, 0, 0

)
is locally asymptotically stable if R0 < 1 and unstable if R0 > 1.

Proof. Let (S , E, I,R) be a solution of model (3.1). The Jacobian matrix of the system is

J(S , E, I,R) =


−(µs + ψ(I)) 0 −ψ′(I)S 0

ψ(I) −(µe + ε) ψ′(I)S 0
0 ε −(µi + γ) 0
0 0 γ −µr

 .
Evaluating this matrix at the disease-free equilibrium gives

J(DFE) =



−µs 0 −ψ′(0)
Λ

µs
0

0 −(µe + ε) ψ′(0)
Λ

µs
0

0 ε −(µi + γ) 0
0 0 γ −µr


.

Two eigenvalues are immediately obtained as

λ1 = −µs < 0, λ2 = −µr < 0.
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The remaining two eigenvalues are determined by the submatrix

M =

−(µe + ε) ψ′(0)
Λ

µs

ε −(µi + γ)

 .
The trace and determinant of M are given by

tr(M) = −(µe + ε + µi + γ) < 0,

and
det(M) = (µe + ε)(µi + γ) − εψ′(0)

Λ

µs

= (µe + ε)(µi + γ)(1 − R0).

If R0 < 1, then det(M) > 0 and tr(M) < 0; hence, the two eigenvalues of M have negative real
parts. Therefore, all eigenvalues of J(DFE) have negative real parts, and the disease-free equilibrium
is locally asymptotically stable.

If R0 > 1, then det(M) < 0, which implies that M has one positive eigenvalue. Consequently, the
disease-free equilibrium is unstable. □

Theorem 2. Assume that R0 > 1. Then the endemic equilibrium

EE = (S ∗, E∗, I∗,R∗)

of model (3.1) is locally asymptotically stable.

Proof. At the endemic equilibrium, the Jacobian matrix becomes

J(EE) =


−(µs + ψ(I∗)) 0 −ψ′(I∗)S ∗ 0

ψ(I∗) −(µe + ε) ψ′(I∗)S ∗ 0
0 ε −(µi + γ) 0
0 0 γ −µr

 .
For simplicity, define

A = µs + ψ(I∗), B = µe + ε, C = µi + γ, q = ψ′(I∗)S ∗.

Since λ = −µr is one eigenvalue, the remaining eigenvalues are the roots of the cubic polynomial

Q(λ) = (λ + A)
[
(λ + B)(λ +C) − εq

]
+ εψ(I∗)q.

Equivalently,
Q(λ) = λ3 + a2λ

2 + a1λ + a0,

where
a2 = A + B +C,

a1 = A(B +C) + BC − εq,
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and
a0 = A(BC − εq) + εψ(I∗)q.

From the equilibrium relations, we have εE∗ = (µi + γ)I∗ and E∗ = ψ(I∗)S ∗

µe+ε
. Therefore,

ε
ψ(I∗)S ∗

I∗
= (µe + ε)(µi + γ) = BC.

Moreover, by Lemma 1,

ψ′(I∗) ≤
ψ(I∗)

I∗
.

It follows that
εq = εψ′(I∗)S ∗ ≤ ε

ψ(I∗)S ∗

I∗
= BC.

Hence,
BC − εq ≥ 0.

Using this inequality, we obtain
a2 = A + B +C > 0,

a1 = A(B +C) + BC − εq > 0,

and
a0 = A(BC − εq) + εψ(I∗)q > 0.

It remains to verify the Routh–Hurwitz condition

a2a1 − a0 > 0.

Indeed,
a2a1 − a0 = (A + B +C)

[
A(B +C) + BC − εq

]
−

[
A(BC − εq) + εψ(I∗)q

]
= A(A + B +C)(B +C) + (B +C)(BC − εq) − εψ(I∗)q.

Since BC − εq ≥ 0 and A = µs + ψ(I∗) > ψ(I∗), we have

A(A + B +C)(B +C) > ψ(I∗)BC.

Furthermore, εq ≤ BC, and therefore

εψ(I∗)q ≤ ψ(I∗)BC.

Consequently,
a2a1 − a0 > 0.

Thus,
a2 > 0, a1 > 0, a0 > 0, a2a1 > a0.

By the Routh–Hurwitz criterion, all roots of Q(λ) have negative real parts. Since the remaining
eigenvalue is λ = −µr < 0, all eigenvalues of J(EE) have negative real parts. Therefore, the endemic
equilibrium is locally asymptotically stable whenever R0 > 1. □
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3.3. Global stability analysis

In this subsection, we study the global dynamics of the non-delayed avian influenza model (3.1).
The purpose is to determine whether solutions approach the disease-free equilibrium or the endemic
equilibrium, depending on the threshold value R0.

Lemma 2. The set

Ω2 =

{
(S , E, I,R) ∈ R4

+ : S + E + I + R ≤
Λ

µ
, S ≤

Λ

µs

}
is a positively invariant region for model (3.1).

Proof. From Proposition 1, the set

Ω1 =

{
(S , E, I,R) ∈ R4

+ : S + E + I + R ≤
Λ

µ

}
is positively invariant. It remains to verify the upper bound for the susceptible bird population. From
the first equation of model (3.1), we have

Ṡ = Λ − µsS − ψ(I)S ≤ Λ − µsS .

On the boundary S = Λ/µs, it follows that

Ṡ ≤ Λ − µs

(
Λ

µs

)
= 0.

Thus, the vector field points inward on the boundary S = Λ/µs. Hence, any solution that starts with
S (0) ≤ Λ/µs satisfies

S (t) ≤
Λ

µs
, t ≥ 0.

Therefore, Ω2 is positively invariant for the avian influenza model (3.1). □

Theorem 3. The disease-free equilibrium

E0 =

(
Λ

µs
, 0, 0, 0

)
of system (3.1) is globally asymptotically stable in Ω2 when R0 ≤ 1.

Proof. Let S̄ 0 =
Λ

µs
and define the candidate Lyapunov function L1(S , E, I,R) as follows:

L1 = S − S̄ 0 − S̄ 0 ln
(

S
S̄ 0

)
+ E +

(µe + ε)
ε

I.

Calculating
dL1

dt
along the solution of system (3.1) gives

dL1

dt
=

(
1 −

S̄ 0

S

)
Ṡ + Ė +

(µe + ε)
ε

İ.
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From system (3.1) we obtain

dL1

dt
=

(
1 −

S̄ 0

S

)
(Λ − ψ(I)S − µsS ) + ψ(I)S − (ε + µe)E +

(µe + ε)
ε

(εE − (γ + µi)I)

=

(
1 −

S̄ 0

S

)
(Λ − µsS ) − ψ(I)S + ψ(I)S̄ 0 + ψ(I)S − (ε + µe)E + (µe + ε)E −

(µe + ε)(µi + γ)
ε

I

=

(
1 −

S̄ 0

S

)
(Λ − µsS ) + ψ(I)S̄ 0 −

(µi + γ)(µe + ε)
ε

I

= −
µs

S

(
S − S̄ 0

)2
+ ψ(I)S̄ 0 −

(µi + γ)(µe + ε)
ε

I

≤ −
µs

S

(
S − S̄ 0

)2
+ ψ′(0)IS̄ 0 −

(µi + γ)(µe + ε)
ε

I

= −
µs

S

(
S − S̄ 0

)2
+

(µi + γ)(µe + ε)
ε

(
εψ′(0)S̄ 0

(µi + γ)(µe + ε)
− 1

)
I

= −
µs

S

(
S − S̄ 0

)2
+

(µi + γ)(µe + ε)
ε

(R0 − 1) I.

Therefore, for all S , E, I,R > 0 we have
dL1

dt
≤ 0 when R0 ≤ 1. Moreover,

dL1

dt
= 0 when S = S̄ 0 and

(R0 − 1)I = 0. According to [24], solutions of system (3.1) converge to the largest invariant subset of
M1 =

{
(S , E, I,R) ∈ Ω2 : L̇1 = 0

}
, which contains elements with S (t) = S̄ 0 and

(R0 − 1)I = 0. (3.8)

Let us consider two cases:

• If R0 < 1, then from Eq (3.8), we obtain I = 0. Since Ω0 is invariant, İ(t) = 0. From the third
equation of system (3.1), we have

0 = İ = εE ⇒ E(t) = 0, for any t. (3.9)

Furthermore, since I = 0, lim
t→∞

R(t) = 0. Hence,M1 = {E0}.

• If R0 = 1, we have S = S̄ 0, and then Ṡ (t) = 0. From the first equation of system (3.1), we have

Λ − ψ(I)S − µsS = 0 =⇒ ψ(I(t))S̄ 0 = 0, for any t. (3.10)

This implies that I(t) = 0 for all t ≥ 0. As in the first case, from the third equation of system (3.1),
we get E(t) = 0, for any t. Furthermore, since I = 0, lim

t→∞
R(t) = 0. Hence,M1 = {E0}.

LaSalle’s invariance principle [25] reveals that E0 =
(
S̄ 0, 0, 0, 0

)
is globally asymptotically stable

(GAS) only if R0 ≤ 1. □

Theorem 4. If R0 > 1, then the endemic equilibrium

E∗ = (S ∗, E∗, I∗,R∗)

of model (3.1) is globally asymptotically stable in the interior of Ω2.
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Proof. Assume that R0 > 1, so that the endemic equilibrium E∗ exists and is unique. Define the
Lyapunov function

L2(S , E, I) =
(
S − S ∗ ln

S
S ∗

)
+

(
E − E∗ ln

E
E∗

)
+
µe + ε

ε

(
I − I∗ ln

I
I∗

)
.

This function is well defined and non-negative up to an additive constant for all S , E, I > 0, and it
attains its minimum at

S = S ∗, E = E∗, I = I∗.

Differentiating L2 along the solutions of model (3.1) gives

L̇2 =

(
1 −

S ∗

S

)
Ṡ +

(
1 −

E∗

E

)
Ė +

µe + ε

ε

(
1 −

I∗

I

)
İ.

Using model (3.1), we obtain

L̇2 =

(
1 −

S ∗

S

)
(Λ − µsS − ψ(I)S )

+

(
1 −

E∗

E

)
(ψ(I)S − (µe + ε)E)

+
µe + ε

ε

(
1 −

I∗

I

)
(εE − (µi + γ)I) .

At the endemic equilibrium, the following identities hold:

Λ = µsS ∗ + ψ(I∗)S ∗,

ψ(I∗)S ∗ = (µe + ε)E∗,

and
εE∗ = (µi + γ)I∗.

Substituting these relations into the expression for L̇2 and simplifying yield

L̇2 = µs

(
1 −

S ∗

S

)
(S ∗ − S )

+ ψ(I∗)S ∗
[
4 −

S ∗

S
−

E
E∗

I∗

I
−

I
I∗
ψ(I∗)
ψ(I)

−
S
S ∗

E∗

E
ψ(I)
ψ(I∗)

]
+ ψ(I∗)S ∗

(
I
I∗
−
ψ(I)
ψ(I∗)

) (
ψ(I∗)
ψ(I)

− 1
)
.

The first term is non-positive, since

µs

(
1 −

S ∗

S

)
(S ∗ − S ) = −µs

(S − S ∗)2

S
≤ 0.

For the second term, we apply the arithmetic–geometric mean inequality:

x1 + x2 + x3 + x4 ≥ 4 4
√

x1x2x3x4, x j ≥ 0.
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Taking

x1 =
S ∗

S
, x2 =

E
E∗

I∗

I
, x3 =

I
I∗
ψ(I∗)
ψ(I)

, x4 =
S
S ∗

E∗

E
ψ(I)
ψ(I∗)

,

we note that
x1x2x3x4 = 1.

Hence,

4 −
S ∗

S
−

E
E∗

I∗

I
−

I
I∗
ψ(I∗)
ψ(I)

−
S
S ∗

E∗

E
ψ(I)
ψ(I∗)

≤ 0.

Finally, by Lemma 1, we have (
I
I∗
−
ψ(I)
ψ(I∗)

) (
ψ(I∗)
ψ(I)

− 1
)
≤ 0.

Therefore,
L̇2 ≤ 0

for all positive solutions in Ω2.
It remains to identify the largest invariant set contained in

M2 =
{
(S , E, I,R) ∈ Ω2 : L̇2 = 0

}
.

The equality L̇2 = 0 requires
S = S ∗

and
E
E∗
=

I
I∗
.

Let
E
E∗
=

I
I∗
= a.

Then
E = aE∗, I = aI∗.

Substitution into the equilibrium relations and the model equations shows that the only invariant
possibility is

a = 1.

Thus,
S = S ∗, E = E∗, I = I∗.

Moreover, since
Ṙ = γI − µrR,

and I = I∗ on the invariant set, the equation for R gives

R =
γ

µr
I∗ = R∗.

Hence, the largest invariant subset ofM2 is the singleton

{E∗}.

By LaSalle’s invariance principle [26], the endemic equilibrium E∗ is globally asymptotically stable in
the interior of Ω2 whenever R0 > 1. □
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4. The distributed-delay avian influenza model

We now return to the full avian influenza model (2.1), in which distributed delays are incorporated to
describe the time lags associated with the formation of exposed, infectious, and recovered bird classes.
Before studying the threshold dynamics of the delayed system, we establish the non-negativity and
ultimate boundedness of its solutions.

Lemma 3. For any non-negative initial conditions satisfying (2.2), the delayed avian influenza
model (2.1) admits a unique non-negative solution. Moreover, all solutions are ultimately bounded.
More precisely,

lim sup
t→∞

S (t) ≤ Γ1, lim sup
t→∞

E(t) ≤ Γ2, lim sup
t→∞

I(t) ≤ Γ3, lim sup
t→∞

R(t) ≤ Γ4,

where Γ1 =
Λ

µs
, Γ2 =

ΛF1

σ1
, Γ3 =

εF2Γ2

γ + µi
, Γ4 =

γF3Γ3

µr
, and σ1 = min{µs, ε + µe}. Consequently, for

every δ > 0, there exists Tδ > 0 such that

S (t) ≤ Γ1 + δ, E(t) ≤ Γ2 + δ, I(t) ≤ Γ3 + δ, R(t) ≤ Γ4 + δ

for all t ≥ Tδ.

Proof. The existence and uniqueness of solutions follow from the standard theory of functional
differential equations, since the right-hand side of (2.1) is continuous and locally Lipschitz with respect
to the state variables under the assumptions imposed on ψ and the delay kernels.

We first prove non-negativity. From the first equation of (2.1), we have

Ṡ
∣∣∣
S=0
= Λ > 0.

Thus, the susceptible bird population cannot become negative. For the remaining state variables, the
variation-of-constants formula gives

E(t) = e−(ε+µe)tϕ2(0) +
∫ t

0
e−(ε+µe)(t−θ)

∫ ω1

0
Π1(τ)ψ(I(θ − τ))S (θ − τ) dτ dθ ≥ 0,

I(t) = e−(γ+µi)tϕ3(0) + ε
∫ t

0
e−(γ+µi)(t−θ)

∫ ω2

0
Π2(τ)E(θ − τ) dτ dθ ≥ 0,

and

R(t) = e−µrtϕ4(0) + γ
∫ t

0
e−µr(t−θ)

∫ ω3

0
Π3(τ)I(θ − τ) dτ dθ ≥ 0.

Since the initial functions are non-negative on [−τ∗, 0], it follows by a standard continuation argument
that

S (t) ≥ 0, E(t) ≥ 0, I(t) ≥ 0, R(t) ≥ 0, t ≥ 0.

We next establish ultimate boundedness. From the susceptible equation,

Ṡ (t) = Λ − ψ(I(t))S (t) − µsS (t) ≤ Λ − µsS (t).
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Hence, by comparison,

lim sup
t→∞

S (t) ≤
Λ

µs
= Γ1.

To obtain an upper bound for the exposed class, define

Y1(t) =
∫ ω1

0
Π1(τ)S (t − τ) dτ + E(t).

Differentiating Y1(t) along solutions of (2.1), we obtain

Ẏ1(t) =
∫ ω1

0
Π1(τ)Ṡ (t − τ) dτ + Ė(t)

=

∫ ω1

0
Π1(τ)

[
Λ − ψ(I(t − τ))S (t − τ) − µsS (t − τ)

]
dτ

+

∫ ω1

0
Π1(τ)ψ(I(t − τ))S (t − τ) dτ − (ε + µe)E(t)

= ΛF1 − µs

∫ ω1

0
Π1(τ)S (t − τ) dτ − (ε + µe)E(t).

Therefore,
Ẏ1(t) ≤ ΛF1 − σ1Y1(t),

where
σ1 = min{µs, ε + µe}.

By the comparison theorem,

lim sup
t→∞

Y1(t) ≤
ΛF1

σ1
.

Since E(t) ≤ Y1(t), we have

lim sup
t→∞

E(t) ≤ Γ2, Γ2 =
ΛF1

σ1
.

For the infectious bird class, the third equation of (2.1) yields

İ(t) = ε
∫ ω2

0
Π2(τ)E(t − τ) dτ − (γ + µi)I(t)

≤ εF2Γ2 − (γ + µi)I(t).

Thus,

lim sup
t→∞

I(t) ≤ Γ3, Γ3 =
εF2Γ2

γ + µi
.

Finally, the recovered bird class satisfies

Ṙ(t) = γ
∫ ω3

0
Π3(τ)I(t − τ) dτ − µrR(t)

≤ γF3Γ3 − µrR(t).
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Hence,

lim sup
t→∞

R(t) ≤ Γ4, Γ4 =
γF3Γ3

µr
.

Consequently, all solutions of the delayed avian influenza model are non-negative and ultimately
bounded. □

Based on Lemma 3, one can show that the bounded region

Ωd =
{
(S , E, I,R) ∈ R4

+ : 0 ≤ S ≤ Γ1, 0 ≤ E ≤ Γ2, 0 ≤ I ≤ Γ3, 0 ≤ R ≤ Γ4

}
is positively invariant w.r.t. system (2.1).

We now derive the corresponding basic reproduction number and characterize the equilibrium points
of the distributed-delay model.

For the delayed model, the next-generation approach [22, 23] must account for the survival factors
introduced by the delays. The infected subsystem is(

Ė
İ

)
= Fd −Vd, (4.1)

where

Fd =


∫ ω1

0
ζ1(τ)e−n1τψ(Iτ)S τdτ

0

 , Vd =

 (µe + ϵ)E

−ε

∫ ω2

0
ζ2(τ)e−n2τEτdτ + (µi + γ)I

 . (4.2)

At the disease-free equilibrium, E0, the Jacobian matrices are

Fd =

(
0 F1ψ

′(0)Λ/µs

0 0

)
, Vd =

(
µe + ϵ 0
−ϵF2 µi + γ

)
. (4.3)

The delayed basic reproduction number is therefore

Rd = ρ(FdV−1
d ) =

ϵΛF1F2ψ
′(0)

µs(µe + ϵ)(µi + γ)
. (4.4)

The survival factors F1 and F2 represent the probabilities that birds survive the latency and transition
periods, respectively, and their inclusion reduces the effective transmission potential compared to the
non-delayed case.

Lemma 4. The distributed-delay avian influenza model (2.1) admits the disease-free equilibrium

E0 =

(
Λ

µs
, 0, 0, 0

)
.

If Rd > 1, then model (2.1) has a unique endemic equilibrium

E∗ = (S ∗, E∗, I∗,R∗),

where all components are positive.
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Proof. At equilibrium, the state variables are constant. Therefore, the distributed delay terms reduce
to the survival-weighted factors Fi, i = 1, 2, 3. Setting the right-hand side of (2.1) equal to zero gives

0 = Λ − ψ(I)S − µsS ,
0 = F1ψ(I)S − (µe + ε)E,
0 = εF2E − (µi + γ)I,
0 = γF3I − µrR.

(4.5)

From (4.5), we obtain 

S =
Λ

µs + ψ(I)
,

E =
ΛF1ψ(I)

(µe + ε)(µs + ψ(I))
,

I =
εΛF1F2ψ(I)

(µi + γ)(µe + ε)(µs + ψ(I))
,

R =
γF3

µr
I.

(4.6)

If I = 0, then ψ(0) = 0, and (4.5) gives

S =
Λ

µs
, E = 0, R = 0.

Hence, the disease-free equilibrium is

E0 =

(
Λ

µs
, 0, 0, 0

)
.

We now consider the existence of a positive endemic equilibrium. For I > 0, (4.6) implies

I(µi + γ)(µe + ε)
(
µs + ψ(I)

)
= εΛF1F2ψ(I).

Equivalently,
I G(I) = 0,

where
G(I) = (µi + γ)(µe + ε)

(
µs + ψ(I)

)
− εΛF1F2

ψ(I)
I
, I > 0.

Differentiating G gives

G′(I) = (µi + γ)(µe + ε)ψ′(I) − εΛF1F2
Iψ′(I) − ψ(I)

I2 .

By Lemma 1,
Iψ′(I) ≤ ψ(I),

and hence
G′(I) ≥ 0.

Thus, G is non-decreasing on (0,∞).
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Furthermore,
lim
I→0+

G(I) = µs(µi + γ)(µe + ε) − εΛF1F2ψ
′(0)

= µs(µi + γ)(µe + ε) (1 − Rd) .

Therefore, if Rd > 1, then
lim
I→0+

G(I) < 0.

On the other hand, since 0 < F1F2 ≤ 1 and

µ = min{µs, µe, µi, µr},

we have

G
(
Λ

µ

)
= (µi + γ)(µe + ε)

(
µs + ψ

(
Λ

µ

))
− µεF1F2ψ

(
Λ

µ

)
= µs(µi + γ)(µe + ε) + ψ

(
Λ

µ

) [
(µi + γ)(µe + ε) − µεF1F2

]
.

Since
(µi + γ)(µe + ε) − µεF1F2 > 0,

it follows that

G
(
Λ

µ

)
> 0.

Thus, when Rd > 1, the intermediate value theorem implies that there exists at least one positive
solution

I∗ ∈
(
0,
Λ

µ

)
such that

G(I∗) = 0.

Since G is non-decreasing, this positive solution is unique.

Consequently, the endemic equilibrium is uniquely determined by S ∗ =
Λ

µs + ψ(I∗)
, E∗ =

ΛF1ψ(I∗)
(µe + ε)(µs + ψ(I∗))

, I∗ > 0, and R∗ =
γF3

µr
I∗. Hence, the distributed-delay avian influenza model

admits a unique endemic equilibrium whenever Rd > 1. □

Global stability analysis

In this subsection, we examine the global dynamics of the distributed-delay avian influenza
model (2.1). The aim is to determine the long-term behavior of the bird population in relation to
the delayed basic reproduction number Rd.

Theorem 5. If Rd ≤ 1, then the disease-free equilibrium

Ed
0 =

(
Λ

µs
, 0, 0, 0

)
is globally asymptotically stable in the feasible region of model (2.1).
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Proof. Let S̄ 0 =
Λ

µs
and define the candidate Lyapunov function Ld

1(S , E, I,R) as follows:

Ld
1 = F1F2

(
S − S̄ 0 − S̄ 0 ln

(
S
S̄ 0

))
+ F2E +

(µe + ε)
ε

I

+ F2

∫ ω1

0
Π1(τ)

∫ t

t−τ
ψ(I(θ))S (θ) dθ dτ + (µe + ε)

∫ ω2

0
Π2(τ)

∫ t

t−τ
E(θ) dθ dτ.

Calculating
dLd

1

dt
along the solution of system (2.1) gives

dLd
1

dt
= F1F2

(
1 −

S̄ 0

S

)
(Λ − ψ(I)S − µsS ) + F2

(∫ ω1

0
Π1(τ)ψ(Iτ)S τdτ − (ε + µe)E

)
+

(µe + ε)
ε

(
ε

∫ ω2

0
Π2(τ)Eτdτ − (γ + µi)I

)
+ F2

∫ ω1

0
Π1(τ)(ψ(I)S − ψ(Iτ)S τ) dτ + (µe + ε)

∫ ω2

0
Π2(τ)(E − Eτ) dτ

= F1F2

(
1 −

S̄ 0

S

)
(Λ − ψ(I)S − µsS ) + F2 (F1ψ(I)S − (ε + µe)E)

+
(µe + ε)

ε
(εF2E − (γ + µi)I)

= −F1F2
µs

S

(
S − S̄ 0

)2
+ F1F2ψ(I)S̄ 0 −

(µe + ε)(γ + µi)
ε

I

≤ −F1F2
µs

S

(
S − S̄ 0

)2
+ F1F2ψ

′(0)IS̄ 0 −
(µi + γ)(µe + ε)

ε
I

= −F1F2
µs

S

(
S − S̄ 0

)2
+

(µi + γ)(µe + ε)
ε

(
F1F2εψ

′(0)S̄ 0

(µi + γ)(µe + ε)
− 1

)
I

= −F1F2
µs

S

(
S − S̄ 0

)2
+

(µi + γ)(µe + ε)
ε

(
Rd

0 − 1
)

I.

Therefore, for all S , E, I,R > 0 we have
dLd

1

dt
≤ 0 when Rd ≤ 1. Moreover,

dLd
1

dt
= 0 when S = S̄ 0 and

(Rd − 1)I = 0. According to [24], solutions of system (2.1) converge to the largest invariant subset of

Md
1 =

{
(S , E, I,R) ∈ Ωd :

dLd
1

dt
= 0

}
, which contains elements with S (t) = S̄ 0 and

(Rd − 1)I = 0. (4.7)

Let us consider two cases:

• If Rd < 1, then from Eq (4.7), we obtain I = 0. SinceMd
1 is invariant, we obtain İ(t) = 0. From

the third equation of system (2.1) , we have

0 = İ = ε
∫ ω2

0
Π2(τ)E(t − τ)dτ = 0, for any t, (4.8)
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so E(t) = 0 for all t ≥ 0. Furthermore, since I(t) −→ 0, we use

R(t) = e−µrtϕ4(0) + γ
∫ t

0
e−µr(t−θ)

∫ ω3

0
Π3(τ)I(θ − τ) dτ dθ.

Since ∫ ω3

0
Π3(τ)I(θ − τ) dτ −→ 0,

the stability of the scalar linear equation implies

R(t) −→ 0.

Hence,Md
1 =

{
Ed

0

}
.

• If Rd = 1, we have S = S̄ 0, and then Ṡ (t) = 0. From the first equation of system (2.1), we have

Λ − ψ(I)S − µsS = 0 =⇒ ψ(I(t))S̄ 0 = 0, for any t. (4.9)

This implies that I(t) = 0 for all t ≥ 0. As in the first case, from the third equation of system (2.1),
we get E(t) = 0, for any t. Similarly, since I = 0, lim

t→∞
R(t) = 0. Hence,Md

1 =
{
Ed

0

}
.

LaSalle’s invariance principle [25] reveals that Ed
0 =

(
S̄ 0, 0, 0, 0

)
is GAS only if Rd ≤ 1. □

We next study the global stability of the endemic equilibrium when avian influenza persists in the
bird population. Define the positive region

Ωd
2 =

{
(S , E, I,R) ∈ R4

+ : S > 0, E > 0, I > 0, R ≥ 0
}
.

Theorem 6. If Rd > 1, then the endemic equilibrium

E∗ = (S ∗, E∗, I∗,R∗)

is globally asymptotically stable.

Proof. Let
φ(x) = x − 1 − ln x, x > 0.

Then φ(x) ≥ 0, and equality holds if and only if x = 1. Consider the Lyapunov functional

Ld
2(t) = F1F2S ∗φ

(
S (t)
S ∗

)
+ F2E∗φ

(
E(t)
E∗

)
+

(µe + ε)
ε

I∗φ
(

I(t)
I∗

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

∫ t

t−τ
φ

(
ψ(I(θ))S (θ)
ψ(I∗)S ∗

)
dθ dτ

+ (µe + ε)E∗
∫ ω2

0
Π2(τ)

∫ t

t−τ
φ

(
E(θ)
E∗

)
dθ dτ.

This functional is non-negative for all positive solutions and vanishes, up to an additive constant, only
at the endemic equilibrium.
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Differentiating Ld
2 along solutions of (2.1) gives

L̇d
2(t) = F1F2

(
1 −

S ∗

S

)
(Λ − ψ(I)S − µsS )

+ F2

(
1 −

E∗

E

) (∫ ω1

0
Π1(τ)ψ(Iτ)S τ dτ − (ε + µe)E

)
+

(µe + ε)
ε

(
1 −

I∗

I

) (
ε

∫ ω2

0
Π2(τ)Eτ dτ − (γ + µi)I

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
ψ(I)S
ψ(I∗)S ∗

−
ψ(Iτ)S τ

ψ(I∗)S ∗
+ ln

(
ψ(Iτ)S τ

ψ(I)S

)]
dτ

+ (µe + ε)E∗
∫ ω2

0
Π2(τ)

[
E
E∗
−

Eτ

E∗
+ ln

(
Eτ

E

)]
dτ

= F1F2

(
1 −

S ∗

S

)
(Λ − µsS ) −

(γ + µi)(µe + ε)
ε

I
(
1 −

I∗

I

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
ψ(I)
ψ(I∗)

−
ψ(Iτ)S τE∗

ψ(I∗)S ∗E
+ ln

(
ψ(Iτ)S τ

ψ(I)S

)]
dτ

+ (µe + ε)E∗
∫ ω2

0
Π2(τ)

[
1 −

EτI∗

E∗I
+ ln

(
Eτ

E

)]
dτ,

where, for simplicity, we have used

S τ = S (t − τ), Eτ = E(t − τ), Iτ = I(t − τ).

At the endemic equilibrium, the following relations hold: Λ = µsS ∗ + ψ(I∗)S ∗, F1ψ(I∗)S ∗ = (µe +

ε)E∗, and εF2E∗ = (µi + γ)I∗. Then
(γ + µi)(µe + ε)

ε
I∗ = F1F2ψ(I∗)S ∗. Using these identities and

simplifying, we obtain

L̇d
2(t) = F1F2

(
1 −

S ∗

S

)
(µsS ∗ + ψ(I∗)S ∗ − µsS ) − F1F2ψ(I∗)S ∗

( I
I∗
− 1

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
ψ(I)
ψ(I∗)

−
ψ(Iτ)S τE∗

ψ(I∗)S ∗E
+ ln

(
ψ(Iτ)S τ

ψ(I)S

)]
dτ

+ F1ψ(I∗)S ∗
∫ ω2

0
Π2(τ)

[
1 −

EτI∗

E∗I
+ ln

(
Eτ

E

)]
dτ

= −µsF1F2
(S − S ∗)2

S
+ F1F2ψ(I∗)S ∗

(
1 −

S ∗

S

)
+ F1F2ψ(I∗)S ∗

(
1 −

I
I∗

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
1 −

ψ(Iτ)S τE∗

ψ(I∗)S ∗E
+ ln

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)]
dτ

+ F2ψ(I∗)S ∗
∫ ω1

0
Π1(τ)

[
ψ(I)
ψ(I∗)

− 1 + ln
(
ψ(Iτ)S τ

ψ(I)S

)
− ln

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)]
dτ

+ F1ψ(I∗)S ∗
∫ ω2

0
Π2(τ)

[
1 −

EτI∗

E∗I
+ ln

(
EτI∗

E∗I

)]
dτ

+ F1ψ(I∗)S ∗
∫ ω2

0
Π2(τ)

[
ln

(
Eτ

E

)
− ln

(
EτI∗

E∗I

)]
dτ
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= −µsF1F2
(S − S ∗)2

S
+ F1F2ψ(I∗)S ∗

(
1 −

S ∗

S

)
+ F1F2ψ(I∗)S ∗

(
1 −

I
I∗

)
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
1 −

ψ(Iτ)S τE∗

ψ(I∗)S ∗E
+ ln

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)]
dτ

+ F1F2ψ(I∗)S ∗
[
ψ(I)
ψ(I∗)

− 1 + ln
(
ψ(I∗)S ∗E
ψ(I)S E∗

)]
+ F1F2ψ(I∗)S ∗ ln

(
E∗I
EI∗

)
+ F1ψ(I∗)S ∗

∫ ω2

0
Π2(τ)

[
1 −

EτI∗

E∗I
+ ln

(
EτI∗

E∗I

)]
dτ

= −µsF1F2
(S − S ∗)2

S
+ F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)

[
1 −

ψ(Iτ)S τE∗

ψ(I∗)S ∗E
+ ln

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)]
dτ

+ F1ψ(I∗)S ∗
∫ ω2

0
Π2(τ)

[
1 −

EτI∗

E∗I
+ ln

(
EτI∗

E∗I

)]
dτ

+ F1F2ψ(I∗)S ∗
[
1 −

S ∗

S
−

I
I∗
+
ψ(I)
ψ(I∗)

+ ln
(
ψ(I∗)S ∗I
ψ(I)S I∗

)]
= −µsF1F2

(S − S ∗)2

S
+ F1F2ψ(I∗)S ∗

[
1 −

S ∗

S
−

I
I∗
+
ψ(I)
ψ(I∗)

+ ln
(
ψ(I∗)S ∗I
ψ(I)S I∗

)]
− F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)φ

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)
dτ − F1ψ(I∗)S ∗

∫ ω2

0
Π2(τ)φ

(
EτI∗

E∗I

)
dτ

= −µsF1F2
(S − S ∗)2

S
− F1F2ψ(I∗)S ∗φ

(
S ∗

S

)
− F2ψ(I∗)S ∗

∫ ω1

0
Π1(τ)φ

(
ψ(Iτ)S τE∗

ψ(I∗)S ∗E

)
dτ − F1ψ(I∗)S ∗

∫ ω2

0
Π2(τ)φ

(
EτI∗

E∗I

)
dτ

+ F1F2ψ(I∗)S ∗
[
−

I
I∗
+ ln

( I
I∗

)
+
ψ(I)
ψ(I∗)

− ln
(
ψ(I)
ψ(I∗)

)]
.

Since φ(x) ≥ 0 for all x > 0, the integral terms and the second term are non-positive. In addition,

−µsF1F2
(S − S ∗)2

S
≤ 0.

It remains to be shown that the last term is non-positive. Set x =
I
I∗

, y =
ψ(I)
ψ(I∗)

, and f (t) = t − ln t.

Then [
−

I
I∗
+ ln

( I
I∗

)
+
ψ(I)
ψ(I∗)

− ln
(
ψ(I)
ψ(I∗)

)]
= f (y) − f (x).

Since f ′(t) = 1−
1
t
, the function f is strictly decreasing on (0, 1) and strictly increasing on (1,∞), with

a global minimum f (1) = 1.
Because ψ is concave and increasing with ψ(0) ≥ 0, the function I 7→ ψ(I)/I is decreasing. Hence

I > I∗ =⇒ y < x, I < I∗ =⇒ y > x.

Moreover, since ψ is increasing,

I > I∗ =⇒ x > 1, y > 1, I < I∗ =⇒ x < 1, y < 1.
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Thus, x and y always lie on the same side of 1, and y is closer to 1 than x is.

• If I > I∗, then 1 < y < x. Since f is increasing on (1,∞),

f (y) < f (x) =⇒
[
−

I
I∗
+ ln

( I
I∗

)
+
ψ(I)
ψ(I∗)

− ln
(
ψ(I)
ψ(I∗)

)]
< 0.

• If I < I∗, then 0 < x < y < 1. Since f is decreasing on (0, 1),

f (y) < f (x) =⇒
[
−

I
I∗
+ ln

( I
I∗

)
+
ψ(I)
ψ(I∗)

− ln
(
ψ(I)
ψ(I∗)

)]
< 0.

• If I = I∗, then x = y = 1, so
[
−

I
I∗
+ ln

( I
I∗

)
+
ψ(I)
ψ(I∗)

− ln
(
ψ(I)
ψ(I∗)

)]
= 0.

Consequently,
L̇d

2(t) ≤ 0

for all positive solutions in Ωd
2.

It remains to determine the largest invariant set contained in

Md
2 =

{
(S , E, I,R) ∈ Ωd

2 : L̇d
2(t) = 0

}
.

The equality L̇d
2(t) = 0 holds only when

S (t) = S ∗, I(t) = I∗,

and
ψ(I(t − τ))S (t − τ)E∗

ψ(I∗)S ∗E(t)
= 1,

E(t − τ)I∗

E∗I(t)
= 1,

for almost every τ in the corresponding delay intervals. These relations imply, on the largest invariant
set, that

E(t) = E∗, I(t) = I∗.

The recovered component is not inferred directly from L̇d
2 = 0. Instead, using

Ṙ(t) = γ
∫ ω3

0
Π3(τ)I(t − τ) dτ − µrR(t)

and I(t)→ I∗, we obtain

R(t) = e−µrtϕ4(0) + γ
∫ t

0
e−µr(t−θ)

∫ ω3

0
Π3(τ)I(θ − τ) dτ dθ,

and therefore
lim
t→∞

R(t) =
γF3

µr
I∗ = R∗.

Thus, the largest invariant subset of Md
2 is the singleton {E∗}. By LaSalle’s invariance principle

for functional differential equations [26], every positive solution of (2.1) approaches E∗ as t → ∞.
Therefore, the endemic equilibrium is globally asymptotically stable whenever Rd > 1. □
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5. Numerical simulations

In this section, numerical simulations are carried out to illustrate the theoretical results obtained
for the avian influenza model. The simulations are used to compare the non-delayed system (3.1)
with the delayed system (2.1) and to examine how the threshold quantity influences the persistence
or elimination of infection in the bird population. For numerical implementation, the distributed-delay
terms are approximated by Dirac delta functions centered at fixed delay values [27–29]. More precisely,
we take

ζi(τ) = δ(τ − τi), i = 1, 2, 3,

where τi denotes the corresponding discrete delay. In this case,∫ ∞

0
ζi(τ) dτ = 1,

and the survival factors become

Fi =

∫ ∞

0
δ(τ − τi)e−niτ dτ = e−niτi , i = 1, 2, 3.

Consequently, the distributed-delay terms reduce to∫ ∞

0
δ(τ − τ1)e−n1τψ(I(t − τ))S (t − τ) dτ = e−n1τ1ψ(I(t − τ1))S (t − τ1),

∫ ∞

0
δ(τ − τ2)e−n2τE(t − τ) dτ = e−n2τ2 E(t − τ2),

and ∫ ∞

0
δ(τ − τ3)e−n3τI(t − τ) dτ = e−n3τ3 I(t − τ3).

Thus, the distributed-delay model (2.1) is converted into the following fixed-delay system:
Ṡ (t) = Λ − ψ(I(t))S (t) − µsS (t),
Ė(t) = e−n1τ1ψ(I(t − τ1))S (t − τ1) − (ε + µe)E(t),
İ(t) = εe−n2τ2 E(t − τ2) − (γ + µi)I(t),
Ṙ(t) = γe−n3τ3 I(t − τ3) − µrR(t).

(5.1)

For system (5.1), the delayed basic reproduction number is given by

Rd =
εΛe−n1τ1−n2τ2ψ′(0)
µs(µe + ε)(µi + γ)

.

This expression shows that the first two delay periods, together with the survival factors e−n1τ1 and
e−n2τ2 , directly affect the ability of avian influenza to invade the bird population.

The non-delayed system (3.1) is solved numerically using the ode45 solver in MATLAB, while the
fixed-delay system (5.1) is solved using the dde23 solver. Unless otherwise stated, we choose

ni = 1, τi = 0.1, i = 1, 2, 3.
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For the nonlinear incidence rate, we use the Monod-type saturated function

ψ(I) =
ηI
κ + I

,

where η > 0 represents the maximum transmission rate and κ > 0 controls the saturation level. This
function is non-negative, increasing, bounded, and concave for I ≥ 0, and it satisfies

ψ(0) = 0, ψ′(0) =
η

κ
.

The parameter values used in the numerical experiments are listed in Table 2. These values are selected
to illustrate the qualitative behavior predicted by the theoretical analysis, including disease extinction
when the reproduction number is below unity and disease persistence when it is above unity.

Table 2. Parameter values used in the numerical simulations of the avian influenza model.

Parameter Value Units Biological justification
κ 4 Individuals Saturation constant
µs 0.6 1/time Natural mortality of susceptible birds
µe 0.9 1/time Mortality of exposed birds
µi 0.4 1/time Mortality/removal of infectious birds
µr 0.3 1/time Mortality of recovered birds
ε 1.1 1/time Progression rate from exposed to infectious
γ 0.4 1/time Recovery rate of infectious birds

These values fall within biologically plausible ranges for avian influenza transmission in bird
populations. For instance, the mortality rates (µs, µe, µi, µr) are consistent with typical lifespans of
domestic poultry, and the progression rate ε and recovery rate γ align with estimates from avian
influenza epidemiology studies. The saturation parameter κ and the maximum transmission rate η are
chosen to demonstrate both disease extinction (when R0 ≤ 1) and disease persistence (when R0 > 1)
scenarios.

5.1. Numerical dynamics without distributed delays

We first illustrate the behavior of the non-delayed avian influenza model (3.1). The simulations
are performed for several initial bird populations in order to verify that the long-term behavior of the
system is determined by the basic reproduction number R0 and not by the particular choice of initial
data.

Figure 2 corresponds to the case R0 = 0.859 < 1, obtained by taking η = 1 and Λ = 3. In
this situation, each infectious bird generates less than one new infection on average, and the virus
cannot be sustained in the bird population. The numerical trajectories show that the exposed and
infectious classes decay to zero, while the recovered class also vanishes gradually due to mortality.
At the same time, the susceptible bird population approaches its disease-free level. Thus, all solution
curves converge to
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E0 =

(
Λ

µs
, 0, 0, 0

)
= (5, 0, 0, 0),

which supports the theoretical result that the disease-free equilibrium is globally asymptotically stable
when R0 ≤ 1.

Figure 3 describes the case R0 = 11.4583 > 1, with η = 2.5 and Λ = 16. Here, the transmission
potential is sufficiently high for avian influenza to persist in the bird population. The simulations
show a different pattern from the disease-free case: Although the solutions start from distinct initial
conditions and may initially increase or decrease, all trajectories eventually settle at the same positive
steady state. In particular, the susceptible, exposed, infectious, and recovered bird classes converge to
the endemic equilibrium

E∗ = (7.038, 5.889, 8.097, 10.796).

This numerical behavior confirms the analytical result that the endemic equilibrium is globally
asymptotically stable whenever R0 > 1.
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Figure 2. Numerical solutions of the non-delayed avian influenza model (3.1) for different
initial bird populations when R0 = 0.859 < 1.
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Figure 3. Numerical solutions of the non-delayed avian influenza model (3.1) for different
initial bird populations when R0 = 11.4583 > 1.

5.2. Numerical dynamics with distributed delays

We now illustrate the behavior of the delayed avian influenza model (5.1). In contrast to the non-
delayed case, the transitions from effective exposure to the exposed class, from the exposed class to the
infectious class, and from the infectious class to the recovered class are affected by the delay terms. The
simulations are carried out for different initial conditions in order to examine whether the long-term
dynamics remain consistent with the theoretical threshold results established for Rd.

Figure 4 corresponds to the case Rd = 0.704 < 1, with η = 1 and Λ = 3. In this case, the delayed
reproduction number is below unity, meaning that avian influenza cannot persist in the bird population.
The numerical trajectories show that the exposed and infectious bird classes decrease to zero, while the
recovered class also vanishes over time. The susceptible class approaches the disease-free level Λ

µs
= 5.

Although the presence of delays produces transient changes in the trajectories, all solutions ultimately
converge to the disease-free equilibrium

E0 = (5, 0, 0, 0).

This supports the theoretical result that E0 is globally asymptotically stable whenever Rd ≤ 1.
Figure 5 presents the case Rd = 9.381 > 1, with η = 2.5 andΛ = 16. Here, the delayed reproduction

number is greater than one, indicating that avian influenza can establish itself in the bird population.
The numerical solutions show a clear endemic pattern: starting from different initial conditions, the
susceptible, exposed, infectious, and recovered classes all approach the same positive steady state. The
delay terms produce visible transient effects, particularly in the exposed and infectious classes, where
the trajectories may initially rise or fall before settling. Nevertheless, the long-term behavior is stable
and all solutions converge to

E∗ = (7.454, 5.215, 6.489, 7.828).
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This confirms the analytical result that the endemic equilibrium is globally asymptotically stable
when Rd > 1.
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Figure 4. Numerical solutions of the delayed avian influenza model (5.1) for different initial
conditions when Rd = 0.704 < 1.
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Figure 5. Numerical solutions of the delayed avian influenza model (5.1) for different initial
conditions when Rd = 9.381 > 1.
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5.3. Sensitivity analysis

To identify the parameters that have the greatest influence on avian influenza transmission in the
delayed bird model, we perform a normalized sensitivity analysis of the delayed basic reproduction
number Rd. This type of analysis measures how a relative change in a model parameter affects the
relative change in Rd [30,31]. In the present setting, the results are useful for identifying the biological
and epidemiological processes that most strongly promote or reduce the spread of avian influenza in
the bird population. A positive sensitivity index indicates that increasing the corresponding parameter
increases Rd, whereas a negative index means that increasing the parameter decreases Rd.

Definition 1 (Normalized forward sensitivity index). Let ρ be a parameter appearing in Rd. The
normalized forward sensitivity index of Rd with respect to ρ is defined by

ΥRd
ρ =

∂Rd

∂ρ

ρ

Rd
.

The normalized sensitivity index ΥRd
ρ =

∂Rd

∂ρ

ρ

Rd
measures the local relative response of the

reproduction number to a relative perturbation of the parameter ρ. For a sufficiently small relative

perturbation ∆ρ/ρ, one has the first-order approximation
∆Rd

Rd
≈ Υ

Rd
ρ

∆ρ

ρ
. Thus, the sensitivity index

should be interpreted as a local elasticity rather than as an exact percentage response to a finite,
particularly 100%, parameter change. For nonlinear dependence, finite changes should instead be
evaluated directly from the expression for Rd or through a global sensitivity analysis.

For the delayed avian influenza model, the basic reproduction number is given by

Rd =
εΛe−n1τ1−n2τ2ψ′(0)
µs(µi + γ)(µe + ε)

.

Using Definition 1, the sensitivity indices of Rd are listed in Table 3.

Table 3 and Figure 6(a) show that the recruitment rate of susceptible birds, Λ, has the strongest
positive effect on Rd. In epidemiological terms, increasing the inflow of susceptible birds into the
population increases the number of birds available for infection and therefore raises the transmission
potential of avian influenza. The progression rate from the exposed class to the infectious class, ε,
also has a positive effect. This indicates that faster movement of exposed birds into the infectious
class increases the expected number of secondary infections. On the other hand, the mortality rate
of susceptible birds, µs, has the largest negative effect, with sensitivity index −1. Thus, a 100%
increase in µs produces a 100% decrease in Rd, assuming all other parameters remain fixed. The
infectious-bird mortality/removal rate µi and the recovery rate γ have moderate negative effects, each
with sensitivity index −0.50. This means that increasing either of these parameters by 100% reduces
Rd by approximately 50%. Similarly, increasing the exposed-bird mortality rate µe by 100% reduces
Rd by about 45%.
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Table 3. Normalized sensitivity indices of Rd for the delayed avian influenza model.

Parameter Sensitivity index Value Effect
Λ Υ

Rd
Λ
= 1 1 Positive

ε ΥRd
ε =

µe

µe + ε
0.45 Positive

n1 ΥRd
n1
= −n1τ1 −0.10 Negative

τ1 ΥRd
τ1
= −n1τ1 −0.10 Negative

n2 ΥRd
n2
= −n2τ2 −0.10 Negative

τ2 ΥRd
τ2
= −n2τ2 −0.10 Negative

µe ΥRd
µe
= −

µe

µe + ε
−0.45 Negative

µi ΥRd
µi
= −

µi

µi + γ
−0.50 Negative

γ ΥRd
γ = −

γ

µi + γ
−0.50 Negative

µs ΥRd
µs
= −1 −1 Negative

n
1 1

n
2 2 e i s

-1

-0.5

0

0.5

1

*

n
1 1

n
2 2 e i s

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

Figure 6. Local sensitivity indices and PRCC values of Rd with respect to the main
parameters of the delayed avian influenza model.

To complement the local sensitivity analysis, we perform a global sensitivity analysis using the
partial rank correlation coefficient (PRCC) method [32–35]. Unlike the local sensitivity indices, which
measure the effect of small perturbations around a nominal parameter value, PRCC assesses the overall
impact of each parameter across its entire plausible range while accounting for correlations among
parameters.
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For the PRCC analysis, we define uniform distributions for the key parameters over biologically
plausible ranges (see Table 4):

Table 4. Parameter ranges for PRCC global sensitivity analysis.

Parameter Λ ϵ µs µe µi γ τ1 τ2 n1 n2

Min 1 0.5 0.3 0.5 0.2 0.2 0.01 0.01 0.5 0.5
Max 20 2.0 0.9 1.5 0.8 0.8 0.5 0.5 2.0 2.0

We generate 1000 parameter sets using Latin hypercube sampling and compute Rd for each set. The
PRCC values are then calculated to rank the parameters by their influence on Rd.

Figure 6(b) presents the PRCC results alongside the local sensitivity indices. The PRCC analysis
confirms that the recruitment rate of susceptible birds Λ has the strongest positive influence on Rd,
while the susceptible mortality rate µs has the strongest negative influence. The progression rate ϵ and
the recovery rate γ also show significant effects. The delay parameters τ1, τ2, n1, and n2 have smaller
but non-negligible effects on Rd.

The agreement between the local and global sensitivity analyses strengthens our confidence in
identifying the key parameters that determine whether avian influenza persists or dies out in the bird
population. From a control perspective, interventions targeting Λ (e.g., reducing recruitment through
biosecurity) or µs (e.g., culling susceptible birds) would have the greatest impact on reducing the
reproduction number.

The delay-related parameters n1, τ1, n2, and τ2 have smaller negative sensitivity indices, each equal
to −0.10 for the parameter values used in the simulations. These results suggest that increasing the
duration of the delay or the mortality/removal rate during the delayed stages reduces the probability
that infected birds survive long enough to contribute to new infections. Although their individual
effects are weaker than those of Λ, µs, µi, and γ, the delay parameters still contribute to lowering the
transmission potential by reducing survival through the exposed and infectious formation periods.

Hence, the sensitivity results indicate that Rd is most strongly influenced by the susceptible
recruitment rate Λ and the susceptible mortality rate µs, followed by the infectious-bird
mortality/removal rate µi, the recovery rate γ, the exposed-to-infectious progression rate ε, and the
exposed-bird mortality rate µe. From a control perspective, the results emphasize the importance
of reducing the number of susceptible birds exposed to infection, shortening the infectious period
through rapid detection and removal of infectious birds, and limiting the survival of infection through
the delayed transmission stages. The parameters τ3, n3, and µr do not appear in Rd and therefore do not
affect the initial invasion threshold, although they may influence the size of the recovered class after
infection has occurred.

If the Monod incidence function ψ(I) =
ηI
κ + I

is used, then ψ′(0) =
η

κ
. In this case, Rd is positively

sensitive to the maximum transmission parameter η and negatively sensitive to the saturation parameter
κ, with ΥRd

η = 1 and ΥRd
κ = −1.

5.4. Influence of infection-blocking control

In this subsection, we examine how an infection-blocking intervention affects the delayed avian
influenza dynamics in birds. Since vaccination is not included in the present framework, the
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parameter p ∈ [0, 1] is introduced to represent the efficacy of a control measure that reduces effective
transmission. This parameter may be interpreted as the combined effect of protective intervention,
improved biosecurity, rapid separation of infected birds, or any measure that reduces the probability
that a susceptible bird becomes infected after effective contact with infectious birds. Thus, p = 0
corresponds to the absence of such control, while p = 1 represents complete blocking of transmission.
The controlled delayed model is given by

Ṡ (t) = Λ − (1 − p)ψ(I(t))S (t) − µsS (t),
Ė(t) = (1 − p)e−n1τ1ψ(I(t − τ1))S (t − τ1) − (ε + µe)E(t),
İ(t) = εe−n2τ2 E(t − τ2) − (γ + µi)I(t),
Ṙ(t) = γe−n3τ3 I(t − τ3) − µrR(t).

(5.2)

The corresponding controlled reproduction number is

Rc
d(p) = (1 − p)Rd.

Hence, the control measure reduces the transmission potential of avian influenza in direct proportion
to its efficacy. If the uncontrolled delayed system satisfies Rd > 1, then the critical efficacy required to
bring the reproduction number below the threshold value is determined from Rc

d(pcr) = 1. Therefore,

pcr = 1 −
1
Rd

. Consequently, Rc
d(p) ≤ 1 whenever pcr ≤ p ≤ 1.

In this case, the infection is expected to die out and the disease-free equilibrium becomes globally
asymptotically stable. Using the parameter values adopted in the numerical simulations, we obtain
pcr = 0.8477. Thus, two epidemiological regimes can be distinguished:

0.8477 ≤ p ≤ 1 =⇒ Rc
d(p) ≤ 1,

so that avian influenza is eliminated from the bird population, whereas

0 ≤ p < 0.8477 =⇒ Rc
d(p) > 1,

so that infection may persist and the endemic equilibrium remains stable.
The values of Rc

d(p) for selected control efficacies are given in Table 5. The table shows that
increasing p steadily lowers the controlled reproduction number. In particular, when p = 0.7, the value
Rc

d(p) = 1.9701 remains above unity, and control is insufficient to eliminate infection. As p increases
toward the critical value pcr = 0.8477, the reproduction number approaches one. For stronger control,
such as p = 0.95, the reproduction number falls well below unity, indicating that avian influenza cannot
be maintained in the bird population.

Table 5. Variation of the controlled reproduction number Rc
d(p) with respect to the control

efficacy p.

Control efficacy p Rc
d
(p)

0.70 1.9701
0.75 1.6417
0.80 1.3134

0.8477 1.0000
0.95 0.3283
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Figure 7 illustrates the effect of increasing the control efficacy p on the four bird classes. The
susceptible population increases as p becomes larger because fewer susceptible birds are converted
into exposed birds. In contrast, the exposed and infectious classes decrease as the infection-blocking
efficacy improves. This decrease is most pronounced when p = 0.95, where the controlled reproduction
number is below unity and the infection is driven toward extinction. The recovered class also declines
for larger values of p, which is expected because fewer birds become infected and therefore fewer birds
enter the recovered class. Overall, the figure confirms that a sufficiently strong reduction of effective
transmission can move the system from an endemic regime to a disease-free regime.
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Figure 7. Effect of infection-blocking control efficacy p on the four bird classes in the
delayed avian influenza model.

5.5. Effect of time delays on system dynamics

To investigate whether the time delays can induce complex dynamical behavior such as Hopf
bifurcations or chaos, we perform a numerical bifurcation analysis. We fix all parameters except the
delay parameters τ1 and τ2 (which appear in Rd) and examine the long-term behavior of the system.

Figure 8 shows a bifurcation diagram of the infectious class I∗ at equilibrium as a function of the
total delay τ = τ1 + τ2, with τ1 = τ2 = τ/2. For τ1 = τ2 = τ/2 and n1 = n2 = 1, the delayed
reproduction number satisfies

Rd(τ) = Rd(0)e−τ.

For the parameter set η = 2.5 and Λ = 16 used in the numerical experiment, Rd(0) = 11.4583. Hence
the threshold total delay is τcr = ln(11.4583) ≈ 2.4387. Thus, Rd > 1 for τ < 2.4387 and Rd ≤ 1 for
τ ≥ 2.4387.

AIMS Mathematics Volume 11, Issue 10, 35631–35654.



35692

0 1 2 3

0

5

10

crit
 = 2.439

0 1 2 3

0

5

10

15

0 0.5 1 1.5

0

5

10

0 1 2 3

0

10

20

30

Figure 8. Bifurcation diagram of the infectious class I∗ at equilibrium as a function of the
total delay τ = τ1 + τ2, with τ1 = τ2 = τ/2.

As τ increases, the endemic equilibrium level decreases monotonically. No oscillatory behavior
or Hopf bifurcations are observed for the parameter ranges considered. This monotonic behavior is
consistent with the theoretical result that the delayed system exhibits global threshold dynamics: When
Rd > 1, the endemic equilibrium is globally asymptotically stable, and when Rd ≤ 1, the disease-free
equilibrium is globally asymptotically stable. The delays affect the dynamics primarily through the
reproduction number rather than by inducing complex dynamical behavior.

However, we note that the model’s global stability results rely on the specific assumptions on the
incidence function ψ (non-negative, increasing, and concave) and the delay kernels. For different
functional forms or more complex delay structures, Hopf bifurcations or other dynamical phenomena
could potentially arise. This remains an interesting direction for future investigation.

To further illustrate the impact of time delays on the transmission potential, Figure 9 shows the
variation of the delayed basic reproduction number Rd as a function of the delay parameters τ1 and τ2.
From the expression

Rd =
ϵΛe−n1τ1−n2τ2ψ′(0)
µs(µe + ϵ)(µi + γ)

, (5.3)

we see that Rd decays exponentially with both τ1 and τ2. The decay rate is determined by the mortality
rates n1 and n2 during the delay periods.

Panel (a) of Figure 9 shows the dependence of Rd on τ1 for several values of n1, with τ2 fixed. Panel
(b) shows the dependence on τ2 for several values of n2, with τ1 fixed. Panel (c) shows a contour plot
of Rd as a function of both τ1 and τ2.
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Figure 9. Variation of the delayed basic reproduction number Rd with respect to time delays.
(a) Rd as a function of τ1 for different values of n1, with τ2 = 0.1 and n2 = 1. (b) Rd as a
function of τ2 for different values of n2, with τ1 = 0.1 and n1 = 1. (c) Contour plot of Rd as
a function of both τ1 and τ2 with n1 = n2 = 1.

These numerical results highlight that longer delays reduce the effective transmission potential
because fewer infected birds survive long enough to become infectious or to transmit the virus. This
effect is particularly important for avian influenza, where infected birds may die before progressing
through the latent period. The results also show that the delay τ3 (associated with recovery) does not
affect Rd, which is consistent with the analytical expression.

The strong dependence of Rd on the delays suggests that interventions that reduce the survival of
infected birds during the latent period (e.g., through culling or biosecurity measures) can significantly
reduce the transmission potential of avian influenza in bird populations.

6. Conclusions

This study developed an SEIR model for avian influenza transmission in a bird population with
saturated incidence and distributed delays. The model follows birds through the susceptible, exposed,
infectious, and recovered classes, while allowing the timing of infection progression and recovery
to vary among birds. This structure reflects the biology of avian influenza more realistically, since
infected birds may not become infectious or recover at the same rate.

First, we calculated the basic reproduction number, R0, for the non-delayed avian influenza model.
Furthermore, we derived the delayed basic reproduction number, Rd, for the distributed-delay model.
The stability analysis shows that when the corresponding reproduction number is less than or equal to
one, the disease-free equilibrium is globally asymptotically stable (see Theorems 3 and 5). In this case,
avian influenza dies out in the bird population, and both the exposed and infectious classes approach
zero. Conversely, when the reproduction number exceeds one, the disease persists, and the model
admits a unique endemic equilibrium where susceptible, exposed, infectious, and recovered birds
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coexist. It has been shown that this endemic equilibrium is locally and globally asymptotically stable
(see Theorems 4 and 6), which means that positive solutions approach the endemic state whenever the
threshold quantity is greater than unity. The numerical simulations support the theoretical findings and
illustrate how distributed delays influence avian influenza persistence (see Figures 2–5).

A key contribution of this work is the rigorous distinction between local and global stability
results for both the non-delayed and delayed systems. Local stability, established via eigenvalue
and Routh-Hurwitz analyses, describes the asymptotic behavior of solutions near the equilibria. This
is biologically interpreted as the system’s response to small perturbations from the disease-free or
endemic state. Global stability, established via Lyapunov functions for the non-delayed system and
Lyapunov functionals for the delayed system, is a stronger result: It guarantees that all solutions,
regardless of their initial conditions, converge to the corresponding equilibrium. Biologically, global
stability of the disease-free equilibrium indicates that avian influenza will be eliminated from the bird
population irrespective of how the infection is introduced, whereas global stability of the endemic
equilibrium implies that the infection will persist and stabilize at a unique positive level under any
initial exposure scenario. The transition from local to global stability analysis is particularly significant
because it provides robust predictions that do not depend on the precise initial conditions of the
outbreak.

The distributed-delay formulation further shows that delays affect disease invasion through survival-
weighted factors. Longer delay periods or higher mortality during delayed stages reduce the probability
that infected birds survive long enough to contribute to new infections, thereby decreasing Rd (see
Figures 3 and 5).

A sensitivity analysis of Rd was also conducted. The results indicate that the recruitment of
susceptible birds Λ is an essential element in Rd. Simultaneously, susceptible-bird mortality µs,
infectious-bird mortality µi, the recovery rate γ, and mortality during delayed stages are also critical
in reducing Rd. Biologically, this suggests that reducing contact among susceptible and infectious
birds, limiting the introduction of new susceptible birds into infected settings, and rapidly detecting
and removing infectious birds can substantially lower the risk of sustained transmission.

The infection-blocking control analysis further shows that reducing effective transmission can
change the qualitative outcome of the system. As the control efficacy (p) increases, the controlled
reproduction number (Rc

d(p)) decreases, and once p exceeds the critical value, the infection-free
equilibrium becomes stable. Biologically, this means that fewer susceptible birds are converted into
the exposed class, leading to a decline in both exposed and infectious birds. The numerical results
in Figure 7 support this behavior: Higher values of (p) increase the susceptible bird population while
reducing the exposed, infectious, and recovered classes. In particular, when (p = 0.95), Rc

d(p) falls
below one, and avian influenza is driven toward elimination. Thus, sufficiently strong transmission-
blocking measures can shift the model dynamics from endemic persistence to disease extinction.

The proposed model has some limitations that should be considered. It treats the bird population as
homogeneous and does not separate wild birds from domestic poultry, different age groups, or species.
The model also does not explicitly account for environmental viral persistence, seasonal migration,
spatial movement, or parameter estimation from observed data. Future work could extend the present
framework by considering multiple interacting bird populations, particularly wild birds and domestic
poultry. It would also be useful to include environmental contamination, seasonal forcing, and spatial
movement.
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