AIMS Mathematics, 11(10): 35335-35365.
AIMS Mathematics DOI: 10.3934/math.20261372

Received: 20 July 2026

Revised: 05 October 2026

Accepted: 19 October 2026

Published: 28 October 2026
https://www.aimspress.com/journal/Math

Research article
Complete convergence and complete integral convergence for weighted
sums of arrays of rowwise m-AANA random variables under sublinear
expectations

Zhiqiang Tang!, Mengke Lv2, and Wei Liu>*

1 School of Science, Dalian Maritime University, Dalian 116026, China
2 School of Mathematics, Liaoning Normal University, Dalian, 116029, China

* Correspondence: Email: wliu2210@Innu.edu.cn.

Abstract: In the framework of sublinear expectations, we investigated weighted sums of arrays of
rowwise m-asymptotically almost negatively associated (m-AANA) random variables. By applying
truncation techniques for random variables, moment inequalities for m-AANA sequences, and
properties of the Choquet integral, we established complete convergence and complete integral
convergence theorems for such weighted sums under suitable moment conditions and tail-control
conditions. The results applied to terminal sums of finite rows with nonnegative deterministic weights
satisfying the stated maximal-weight summability condition. For rows of length », this condition
excluded weights whose sum was one. Within this scope, the results complemented existing
convergence theorems for dependent arrays under sublinear expectations.
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1. IntroductionLimit theorems are an important topic in probability theory and mathematical
statistics. They play a fundamental role in the study of the law of large numbers, the central limit
theorem, the law of the iterated logarithm, and the asymptotic properties of statistical estimation. In
classical probability spaces, related results are usually established under a fixed probability measure
and the independence assumption for random variables. However, in practical problems, such as
financial risk analysis, actuarial insurance, engineering system modeling, and complex data analysis,
random phenomena are often accompanied by model uncertainty, distributional uncertainty, and
dependence among samples. In such cases, the traditional additive probability framework may not be
fully applicable. To deal with this type of uncertainty, Peng [1,2] proposed the theory of sublinear
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expectations, which laid the foundation for the study of limit theorems under a nonlinear probability
framework. Subsequently, Hu and Zhou [3] investigated multidimensional central limit theorems and
laws of large numbers under sublinear expectations. Zhang [4,5] established exponential inequalities
under sublinear expectations and applied them to the study of the law of the iterated logarithm. Chen
[6] discussed the strong law of large numbers under sublinear expectations, while Fang et al. [7]
studied limit theorems with rates of convergence under sublinear expectations. These studies have
promoted the development of limit theory in sublinear expectation spaces.

Complete convergence was introduced by Hsu and Robbins [8] in their study of the law of large
numbers. Its core requirement is the convergence of the corresponding series of tail probabilities;
therefore, it represents a stronger mode of convergence than convergence in probability. With the
development of complete convergence theory, complete moment convergence, complete integral
convergence, and other related convergence forms have been further studied. In sublinear expectation
spaces, since the probability measure is no longer unique, the tail behavior of random variables usually
cannot be described only by classical probabilities and linear expectations, but must instead be
characterized by capacities and Choquet integrals. Therefore, complete integral convergence has
become an important form for studying the convergence properties of weighted sums of random
variable sequences or arrays under the framework of sublinear expectations. Regarding complete
convergence and its related extensions, Chen and Wang [9] studied complete moment convergence for
sequences of identically distributed ¢ -mixing random variables; Wu [10] investigated complete
convergence for weighted sums of arrays of rowwise negatively dependent random variables; Wu,
Peng and Hu [11] studied the limiting behavior of arrays of rowwise extended negatively dependent
random variables; and Qiu and Chen [12] investigated the convergence of weighted sums of widely
orthant dependent random variables. In this setting, Liang and Wu [13] studied complete convergence
and complete integral convergence for extended negatively dependent random variables under
sublinear expectations. Li and Wu [14] investigated complete integral convergence for arrays of
rowwise extended independent random variables under sublinear expectations. Lu and Meng [15,16]
established complete convergence and complete integral convergence for arrays of rowwise widely
negative dependent (WND) random variables and their weighted sums, and Wang and Wu [17] further
investigated complete convergence and complete integral convergence for weighted sums of arrays of
rowwise WND random variables under sublinear expectations.

In many applications, the random variables involved are dependent rather than mutually
independent and may exhibit different forms of negative dependence. Asymptotically almost
negatively associated (AANA) random variables constitute an important extension of negatively
associated random variables and have been extensively studied in connection with strong convergence
and limit theorems. Wang et al. [18] investigated complete convergence and complete moment
convergence for weighted sums of arrays of rowwise AANA random variables and established a
Baum—Katz-type result. Moreover, Shen and Wang [19] derived exponential inequalities for arrays of
rowwise AANA random variables and, on this basis, obtained complete convergence and complete
moment convergence results under relatively weak conditions. The class of m-AANA random variables
further incorporates a lag parameter m, which makes it possible to describe more complicated local
dependence structures. In classical probability spaces, Nam et al. [20] studied maximal inequalities
and the strong law of large numbers for m-AANA random variables, while Ko [21] extended related
inequalities to random vectors in Hilbert spaces. Additionally, Xie et al. [22] further investigated the
convergence properties of randomly weighted sums of arrays of rowwise m-AANA random variables
and established complete convergence, complete moment convergence, and complete f~moment
convergence results.
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Convergence properties of rowwise AANA arrays have also been studied under sublinear
expectations. In particular, Wang et al. [23, Theorems 3.1, 3.2 and Corollary 3.1] established
L9-convergence and complete g-th moment convergence for maximal partial sums of rowwise AANA
arrays and obtained a deterministic-weight corollary. Nevertheless, these results do not cover the
setting considered in this paper. First, the AANA condition used in [23] corresponds to the case m=1,
whereas we treat rowwise m-AANA arrays for an arbitrary fixed positive integer m. Second, the main
quantities investigated in [23] are maximal partial sums over an infinite row, while we consider terminal
weighted sums of finite-row triangular arrays. Third, the convergence criteria, normalization conditions,
and moment assumptions employed here differ from those in [23]. The results of Xie et al. [22] are closer
to this work with respect to the m-AANA dependence structure, but they are established under a single
additive probability measure and mainly concern randomly weighted sums. By contrast, we work
under sublinear expectations, where upper and lower expectations, capacities, and Choquet integrals
must be treated explicitly, and the weights are assumed to be nonnegative and deterministic. The
largest-weight normalization and the summability condition (3.3) are also used in [17,Theorem 3.1].
That result concerns WND arrays and includes WND dominating factors in its moment and tail
conditions, whereas our results entail the finite-row m-AANA assumption and the scaled variables Y;
in the tail criterion. The terminal-sum results are not claimed to extend the maximal partial-sum results
in [22, Theorems 3.1, 3.2] or [23, Theorems 3.1, 3.2 and Corollary 3.1].

The setting and assumptions considered here differ from those in [23] in the following respects.
First, we establish complete convergence criteria for terminal weighted sums of finite-row arrays of
rowwise m-AANA random variables under sublinear expectations. For a general mean-uncertain array,
Theorem 3.1 gives separate upper-tail and lower-tail complete convergence conclusions. When the
upper and lower expectations of every random variable coincide, these two one-sided conclusions can
be combined to obtain the corresponding two-sided absolute-value result. Second, under additional
integral summability conditions, Theorem 3.2 establishes the corresponding upper-tail and lower-tail
complete integral convergence results in terms of Choquet integrals. The mean-certainty condition is
required only when the two one-sided results are combined into a single absolute-value conclusion; it
is not needed for either one-sided conclusion separately. Finally, the proofs combine truncation
arguments, finite-row m-AANA moment estimates, capacity inequalities, and Choquet-integral
techniques. These arguments address the non-additivity of capacities and the possible uncertainty of
the means. The admissible weights must satisfy the maximal-weight summability condition (3.3). For
rows of length n, nonnegative weights summing to one do not satisfy this condition; see Remark 3.2.

2. Preliminaries

Let (£2,F) be a measurable space, and let H be a linear space of real-valued F-measurable
functions on (2 containing all constant functions. We assume that if X;,---X, € H and ¢ €
CyLip(R™), then @ (Xq,---X;) € H, where C;1;,(R™) denotes the class of locally Lipschitz functions

satistying
lp(x) =W < Cp (1 + |x[% + [y|T)[x — y|, x,y € R,

for some constants C, > Oand q, € N depending only on ¢. Elements of H} are referred to as
random variables.

(A1) For every event A used in the statements and proofs below, assume I, € H', where I,
denotes the indicator function of A. This includes the level sets of the centered weighted sums, the
truncated sums, and Y,,;, as well as all level sets used in the Choquet integrals.
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Definition 2.1. [1] A functional [E:H — R is called a sublinear expectation if it satisfies the following
properties:

(1) Monotonicity: If X > Y, then E[X] > E[Y],VX,Y € H;

(2) Constant preserving property: E[c] = c,Vc € R;

(3) Subadditivity: E[X + Y] < E[X] + E[Y].VX,Y € ;

(4) Positive homogeneity: E[AX] = AE[X],VA = 0.

Then E is called a sublinear expectation, and the triple (2,7 ,E) is called a sublinear
expectation space. The conjugate expectation of [E is denoted by &, and is defined by E[X]:=
—E[-X], VX e H.

Thus, for all X € H, one has E[X] < E[X], therefore, £ is also called the lower expectation,
while [E is called the upper expectation.

Remark 2.1. According to the above definition, the following properties of E can be obtained:

(1) Translation invariance: E[X + c] = E[X] + ¢, Vc € R.

(2) Self-dominated property: E[X]—E[Y] < E[X —Y], VX,Y € . Consequently, |E[X]—
E[Y]| < E[|X —Y]].

(3) Convexity: E[aX + (1 — a)Y] < aE[X] + (1 — a)E[Y], a € [0,1].
Definition 2.2. [1] A set function V:F — [0,1] is called a capacity if it satisfies the following
conditions:

(1) V() =0, V() =1.

(2) Forany A,B € F with A € B, one has V(4) < V(B).

A capacity V is called subadditive if V(AU B) < V(A) + V(B)(VA,B € F).

Under (A1), define the upper and lower capacities for the events considered below by V(A):=
E[I,] and V(A):= &E[14]. Then V is subadditive and V(A) + V(A) = 1. Here A¢ = N\A.

For a random variable X, the Choquet integrals with respect to V and V are respectively
defined by

Cy(0:= [°V(X > x)dx + [0 _[V(X > x) — 1]dx,
and

Cr(X):= V(X > x)dx + [°[V(X > x) — 1]dx,
whenever these integrals are well defined.

Remark 2.2. Under the standing assumption that I, € H for every event A € F considered below,
for every bounded nonnegative random variable Z € H, we have E[Z] < Cy(Z). Indeed, suppose

that 0 < Z < M forsome M > 0. For each positive integer N, let 4 = % Then, pointwise, Z < 4 +
A Z?’:_ll Iiz>ja- By the monotonicity, subadditivity, positive homogeneity, and constant-preserving
property of E, E[Z] < A+ AYXY'V(Z > jA). Since t = V(Z > t) is nonincreasing, letting N —
o yields E[Z] < [)" V(Z > t)dt = Cy(2).

Definition 2.3 [16] (Complete convergence and complete integral convergence) Let {Z,,,n = 1} bea
sequence of random variables defined on the sublinear expectation space (2,7, E). If for any & >
0,201 V(|Z,| > €) < oo, then Z, is said to converge completely to zero under capacity V.

Let r > 0. If for any

€>0, Xz, Cy((1Z, — eDY) < oo,
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then Z,, issaid to converge completely integrally of order » to zero under the capacity V, where x, =
max{x, 0}.

The classical notion of m-AANA random variables was introduced and studied by Nam et al. [20],
and related maximal inequalities were extended to Hilbert-space-valued random vectors by Ko [21].
The following formulation under sublinear expectations is adopted from Sun [24]. For published work
on the related AANA case m = 1 under sublinear expectations, see Wang et al. [23].

Definition 2.4. (m-AANA) Let {Xj, j= 1} be a sequence of random variables defined on the

sublinear expectation space (2,H,[E), and let m = 1 be an integer. If there exists a nonnegative
sequence {n(j),j = 1} with limn(j) = Osuch that, forall j > 1 and k > 1,
j—oo

E[£(x)9(x,)] - ELF(x)]E [o(x2,)]
<n() {IE [(f(X,-) E IEf(Xj))Z]} / {E la(x{,) - IEg(Xj(fzn)]z} / :

where Xj(fin = (Xj+m,Xj+m+1, ---,Xj+m+k_1), m > 1 is the lag parametger, k > 1 is the number

(or dimension), of the subsequent consecutive variables, and f and are continuous functions for
which the above expectations exist and which are either nondecreasing or nonincreasing in each
variable. Then {Xj, j= 1} is called an m-AANA sequence of random variables, and {n(j),j = 1} is
called the sequence of mixing coefficients.

Since Definition 2.4 is formulated for an infinite sequence, we introduce the following finite-row
formulation for the arrays considered here, using the rowwise terminology of [22].

Definition 2.5. (rowwise m-AANA arrays with finite rows) Let {X,;:u, <i<v,n =1} c H be
an array of random variables, and set £, = v, —u, + 1 < oo, Xj(n) = Xnup+j-1, 1 <j < ¥, Fixan

integer m > 1 and let x, = max{x, 0}. The array is called rowwise m-AANA if, for every n > 1,
there exist nonnegative coefficients {n,(j):1 <j < (¥, —m),}, such that, for all integers j, k > 1
satisfying j +m+ k —1 < £, we have

[0 )a ()] - B (67| o (5]

1 1
<m0 {E ()~ B () [0 (xin) — e o (i)Y Y
where Xj(f;’;) = (Xj(f;,Xj(f;H,---,Xj(fgmk_l). Here f:R—> R and g:Rk — R are continuous

functions that are either nondecreasing (coordinatewise for g) or nonincreasing (coordinatewise for
g), and for which all the displayed expectations and second moments are well defined and finite. If
£, < m, there is no admissible pair (j, k), and the dependence condition is therefore vacuous. For
notational convenience only, set 1,,(j):= 0, j > (£, — m),. This convention extends the coefficient
sequence only, not the random row. In particular, no random variable X j(n) with j > #,, isintroduced,
and no dependence inequality is invoked for any unspecified infinite extension of the row.
Consequently, for every fixed n, %jZ,n,()* = yn ™+ (732 < o0, and ]lirglonn(j) =0. The

J=1

sequence {n,(j),j = 1} is called the mixing-coefficient sequence of the n-th row.

Remark 2.3. The finite-row dependence condition in Definition 2.5 is the finite-dimensional
restriction of the dependence inequality in Definition 2.4. In particular, every finite segment of an
infinite m-AANA sequence satisfying Definition 2.4 satisfies the finite-row dependence condition in
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Definition 2.5 with the corresponding restricted mixing coefficients. Conversely, Definition 2.5 does
not assert that a finite row admits an extension to an infinite m-AANA sequence. Notice that the
zero-extension convention for the mixing coefficients does not by itself yield a uniform square-
summability bound over the rows. Whenever such a uniform bound is required, it will be imposed
explicitly in the corresponding result.

Under a classical linear expectation, independent and negatively associated finite rows satisfy
Definition 2.5 with zero mixing coefficients, while m=1 gives the usual AANA case. Moreover, the
uniform square-summability assumption is satisfied whenever 1,(j) < ¢;, n =1, j = 1, for some

nonnegative sequence {cj} satisfying Z;‘;lcjz < oo. Typical examples include ¢; = C pl0<p<
lLand ¢; = Cj™%a > %, where C > 0 is a constant.

Fix a constant 0 <1< 1. Let G:0,0) — [0,1] be a bounded, Lipschitz continuous, and
nonincreasing function satisfying G(t) =1 for0 <t <A and G(t) =0 for t > 1. Then, for
anyt = 0, wehavel(t =>1) <1-G(t) <I(t > A).

In Lemmas 2.1 and 2.3 below, we consider an arbitrary but fixed row n. For notational simplicity,
the row index n is suppressed. Thus, we write £ =+¢,, X; = Xj("), w; = m(n), n(j) = n.(j),
whenever the corresponding notation is used. All the assertions in these two lemmas are understood
rowwise. No new sequence of mixing coefficients is introduced.

Lemma 2.1. (closure of the finite-row m-AANA condition under monotone transformations) Let
{X l<sj< f} satisfy the finite-row m-AANA condition of Definition 2.5 with mixing coefficients
m()1<j<(E-m),}. Let p:R>R, 1<j<{, be continuous functions that are either
nondecreasing or nonincreasing. Suppose that all the random variables and compositions appearing
below belong to H, and that the corresponding second moments are finite. Then {(p y (X j): 1<) < f}
also satisfies the finite-row m-AANA condition with the same mixing coefficients {n(j)}.

Proof. Fix integers j, k =1 satisfying j+m+k—1<¢. Let f:R>R and g:R¥ > R be
continuous functions that are either nondecreasing (coordinatewise for g ) or nonincreasing

(coordinatewise for g ). Define f)=f (go i (x)) and GOy, xp) =

g ((pj+m(x1), ---,(pj+m+k_1(xk)>. If all the functions ¢; are nondecreasing, then f and § have the

same monotonicity direction as f and g . If all the functions ¢; are nonincreasing, their
monotonicity directions are reversed simultaneously, and hence f and § still have the same
monotonicity direction.

Applying Definition 2.5to f and §, we obtain

E [f (‘Pj(Xj)) 9 ((Pj+m(Xj+m): " §Dj+m+k—1(Xj+m+k—1))]
—E [f (§0j(Xj))] E [g ((Pj+m(Xj+m)» Ty <Pj+m+k—1(Xj+m+k—1))]

<n() {IE [(f (05(x)) — Ef (qo,-(xj)))zl}l/z
% {]E [(9 (‘Pj+m(Xj+m)' " ‘Pj+m+k—1(XJ'+m+k—1))
1/2

—E [9 ((Pj+m(Xj+m)' T ‘Pj+m+k—1(Xj+m+k—1))D2]} ’

This is precisely the finite-row m-AANA dependence inequality for the transformed row. Therefore,
{q) i (X j): 1<) < {,’}satisﬁes the finite-row m-AANA condition with the same mixing coefficients.
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This completes the proof.

In particular, whenever the admissibility conditions stated above are satisfied, the conclusion
applies to positive rescaling, deterministic translation, simultaneous sign reversal, and the Lipschitz
truncation 7. (x) = (—t) V (x A t).

Lemma 2.2. Let X,Y be two random variables defined on a sublinear expectation space (2,7, E).
Then we have

(1) Holder inequality (see [25]). For p,q > 1 with # = 1, we have
q

1 1
E[IXY]] < (E[IXIPDP(E[Y]7])a.
(2) Markov-Chebyshev inequality. Let X > 0, p > 0, and suppose that XP € H and E[XP] <

P
0. Then, for every x > 0, V(X = x) < %.
14
Indeed, the pointwise inequality I(xsy) < ;(—p and the monotonicity and positive homogeneity of
E imply that

E[XP]
xP

V(X = x) = E[lixs] <

Lemma 2.3. (finite-row second-moment estimate) Let m =1 and £ > 1 be integers. Suppose that
the finite family {W] 1<j< f} C H satisfies the finite-row m-AANA dependence condition in
Definition 2.5, with mixing coefficients {n(j):1 <j < (f{—m),}. Assume that IE[W]] =0,

E[W?] <o, 1 <j < £ Put Dpi= Z;i_lm)+n(f)2~ Then

B[S W] < 2me*> 55, E[wy].

Proof. Partition the index set {1,-:-,#} into residue classes modulo m. For 1 <r <m, let I.:=
{r,r+m,r+2m,---} n {1,--, £}. Empty classes may be ignored. Fix a nonempty class I, and write
I ={i;<i;<-<ig}. Thus, {4y =i,+m, 1<t<q—1. For 1<t<gq, define S;:=

lowi,, al:=E[W?], Vi:=E[S?]. All the quantities, V; are finite. Indeed, the elementary
inequality

2
|Zgztxs| < (q —t+ 1) Zg=t|xs|2,

together with the monotonicity, subadditivity, and positive homogeneity of E gives V; < oo.

Fix 1<t<q—-1 . Set kyp=ig—i;—m+1 and define gi:=R*“->R by
gt(xl,-n,xkt):: z;f)_l X1+nm - Then g; is continuous and coordinatewise nondecreasing, and
Stv1 = Gt (Wit+m, Wi sme Wiq). Moreover, iy + m + k; —1 =i, < £. Consequently, the pair
consisting of W;, and the above consecutive future block is admissible in Definition 2.5. Applying

the finite-row m-AANA inequality with f(x) = x and g = g;, and using ]E[Wit] = 0, we obtain

E[W,,Ser] < 1) a{E[(Seas — E[Sa1 )21

We next estimate the centered second moment of S, ;. By subadditivity, 0 = E[0] < E[S;,1] +
E[_St+1], and hence _]E[St+1] < ]E[_St+1] < ]E“St+1|] Since also ]E[St+1] < E[|St+1|]5 it follows
that |E[S;y1]| < E[|S;4+1]1]. By the Holder inequality under sublinear expectations, E[|S;,]] <
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1
(E[S2.,])z = V2. Using the elementary inequality (x — ¢)? < 2x? + 2c¢?, we therefore have
t+1 t+1
E[(Ser1 — E[Se1])?] < 2E[SZ1] + 2|E[Se41]1? < 4Viss.

It follows that

1

]E[W St+1] < 2n(ip)a.V? 41"

Since §; = W;, + S;,4, the subadditivity and positive homogeneity of E yield

1

Ve = E|(W, + Ser)’| < a2 + Vi + 2E[W;,Sera] < @F + Veys + 4n(idaVi2,.

1 1
By 2uv <u®+v?, with u=a,, v=2n0)V?2,, we obtain 4n(ia V2, < af+4n(i)*Vis1.

Consequently, V; < 2a? + (1 +4n(i)*)Veq1, 1<t <q-—1.
Since V; = aczl, iterating this inequality backward gives

Vi < 23071 a2 TI21 + 4n(i9)?) + a2 TIZZ (1 + 413,

where an empty product is understood to be 1. Hence, V; <21, a? [T5Z1(1 + 4n(is)?). Using
1+ x <e* for x =0, we have

[IEZh(1 + 4n(i)?) < exp{4 TEzin(i)?) < e,
The last inequality is valid because iy < £ —m whenever s < g — 1. Therefore,
2
E [lszIr w| ] < 2e*”* ¥ je;, E[W?].

Finally, let T,:= Y e, W;, with T, =0 when I. is empty. Since Wy =27 T, the
Cauchy-Schwarz inequality gives, pointwise, |Y1t;T.|?> < mY L |T, |2 . By monotonicity,
subadditivity, and positive homogeneity,

E[|S0 W] < mEL BT, 2] < 2me*c 57, ¥, e, E[W7] < 2me*>e 5L, E[W7],

This completes the proof.

Corollary 2.1. Let {W,;:u,, <i < v,,n = 1} be an array of rowwise m-AANA random variables
satisfying Definition 2.5, where m > 1 is fixed. For each n>1, let ¢,:=v, —u, +1 and
n.(j):1 <j < (¥, —m);} be the mixing coefficients of the n-th row. Suppose that E[W,;] = 0,
E[W?2] < o0, u, <i <, n=1,and that

D:= sup TS 1, (1) < oo,

n=1

Then for every n > 1,

7 Wi ] < 2me*® ¥, E[WA].

Proof. Fix n = 1, and relabel the n-th row by Wj:= Wy, +j1, 1 <j < €5, and hence
= ‘gn_ .
D, Z§_=1 m)y nn(])z <D.

Applying Lemma 2.3 to this fixed row gives

AIMS Mathematics Volume 11, Issue 10, 35335-35365.
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_un

Sn Wni|2] = E[|5%, w)|] < 2me*2e 51, B[WP] < 2me® £, E[WA].

This completes the proof.
Lemma24.Let Y >0 and ¢ > 0. Then
Cy(YI(Y > ¢)) = cV(Y > ) + [ V(Y > t)dt.
In particular, fcoo V(Y > t)dt < Cy(YI(Y > ©)).

Proof. Since

{YyY>c}, 0<t<cg,

{YI(Y>c)>t}={{Y>t} r>c

the asserted identity follows directly from the definition of the Choquet integral. The second inequality
is immediate.

Lemma 2.5. Let X € H and E[|X]|?] < oo. Then
E[I1X — E[X]?] < 4E[|X|?].
Similarly, we further have
E[IX — E[X]I?] < 4E[IX]?].

Proof. Since X < |X|, by monotonicity, we have E[X] < E[|X]].

On the other hand, by subadditivity, 0 = E[X + (—X)] < E[X] + E[—X]. Therefore, —E[X] <
E[—X].

Since— X < |X|, we have E[—X] < E[|X]]. Hence, |E[X]| < E[|X]|]. For any a > 0, we have

X
|X| < — l l + . By monotonicity, positive homogeneity and translation invariance, we obtain

E[IX1] = E[1X[2] +£

1
If E[X2] =0, the conclusion is immediate. Otherwise, taking a = (E[|X|?])z, we obtain
1
E[1X|] < (E[|X|?])z. Therefore, (E[|X|])? < E[|X]?].
By the elementary inequality|x — c|? < 2|x|? + 2|c|?, taking ¢ = E[X], we have|X — E[X]|? <
21X1% + 2|E[X]]2.
Taking the upper expectation E on both sides gives

E[IX — E[X]1?] < 2E[IX]?] + 2|E[X]]?.

Since |E[X]|? < (E[|X|])? < E[|X|?], we obtain E[|X — E[X]|?] < 4E[|X]|?].
Similarly, using E[X] = —E[—X] and |E[X]| < E[|X]|], we obtain E[|X — E[X]|?] < 4E[|X]|?].

Remark 2.4. In the subsequent proofs, Lemma 2.5 is used only for truncated variables, such as X,;
and U,;(u). Since these variables are bounded, their second-order expectations are finite, and the
assumptions of Lemma 2.5 are satisfied. This paper does not require the original random variables X,;
to have finite second moments.

Lemma 2.6. Let 1 <r < 2, and let G be the truncation function fixed above. Let Y € H be a

nonnegative random variable and let h,k > 0. Define V:=VY [1 -G (E)] . If E[Y] <o and
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Cy(Y) < oo, then

[ouE v (| dus e (2) 7 BT+ 60T,

u

where C, > 0 depends only on 7.
Proof. Put p = % > 1 and W = (Y — h)*. By the elementary inequality
yP < 2P rP Ty + (v - Wiy 2 0,
and the fact that G G) = 0 whenever y > u, we have
yPG (X) < 2771ty + 2771 ((y — h)* Au)P.
Therefore,
E [YpG (2)] < C,hP'E[Y] + C,E[(W Aw)P]. .1
Since (W Au)P is bounded and nonnegative, Remark 2.2 yields
E[(W AwP] < Cy((W Aw)P) = p [, sPTIV(W > s)ds. (2.2)

Combining (2.1) and (2.2), multiplying the resulting inequality by u™?, and integrating over
k, ), we obtain

[OuPE [Y”G (2)] du < C, (%)p_1 E[Y] +C, [”u™ [)'sP" V(W > s)dsdu. 2.3)

Since the function s~ V(W >s) is nonincreasing and hence Borel measurable, the
integrand (u, s) = u PsP" V(W > s)Ijg<s<y; is nonnegative and measurable. Therefore, Tonelli’s

theorem enables us to change the order of integration. Thus,

(o] (0]

sPTly(w > s)f uPduds

max{k,s}

o9} u
j u_pj sPTW(W > s)dsdu = j
k 0 0

= ﬁ K27 [ sP= V(W > s)ds + [ V(W > s)ds]. (2.4)

p—1
Since k*PsP71 = (2)" " <1, 0 <5 <k, it follows that
© _ 1 [ee} 1
J, uP fou sPTIV(W > s)dsdu < Efo V(W > s)ds = ECW(W)' (2.5)
Substituting (2.5) into (2.3), we obtain
o _ Y h\P~
[OuPE [YPG (5)] du < C, (E) E[Y] + C,Cy(W).
Finally,
Y ~
W= (Y —h)* SY[l—G(;)] =7

Indeed, the inequality is immediate when Y < h, while, when Y > h, we have G (%) = 0, and
hence ¥ =Y >Y — h = W. By the monotonicity of the Choquet integral,
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Cy(W) < Cy(Y).

Therefore,

o uPE|ve6 ($)| du < ¢, (3) "] + €0 (D).

2—

Recalling that p = % and p—1= " the constant C, depends only on r. Hence, by setting

C,: = Cz, we obtain

[ W iE [YéG (H)]au<c, (%)(Z;T) E[Y] + C,Cy(7).

3. Main results

Theorem 3.1. Let {X,;,u, <i < v, n =1} be an array of rowwise m-AANA random variables
satisfying the finite-row formulation in Definition 2.5 on the sublinear expectation space (2, H,E),
where m > 1 is fixed. Assume that (Al) holds. For each n > 1, put £,,:=v, —u, + 1, and let
n,(j):1<j<(#,—m);} be the mixing coefficients of the n-th row. Assume that D:=

sup Z({)" ™ Nn()? < . Let {ap;:u, < i <wv,n =1} be an array of nonnegative deterministic
n=1
weights such that aj:= max a,; >0, n>1. Let {h,,n =1} be a sequence of increasing

Up SISV,

positive constants satisfying h, — oo(n — ). Assume that 1 < r < 2. Define

-r
kn:=(a;‘l)_r=( max a, ) , m=>1,

Up<isvy
r T Ani .
Yoir = knag | Xnil" = ( ) | Xnil™s up i<y, n2 1.
Furthermore, define
Thi= Z?:un Ani (Xni — [E[Xni])a 7.’1n: = Zli’;lun Ani (Xni — 8[Xni])-

If the following conditions hold:

sup Y, anElXni|"] < oo, (3.1
n
kn n Yni
Zn lh 211; Un iIE Ianilr <1 -G (E)) < o, (32)
2-r
(o] hn\ r
Yin=1 (E) < 0. (3.3)
Then, for any € > 0,
2n=1 V (T, > €) < oo, (3.4)
and
Yo V(T < —¢) < o0 (3.5)

In particular, if E[X,;] = E[Xy], uy <i < v,,n =1, then T, = T,. Hence, forany & > 0,
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Yn=1 V(Tn| > &) < 0. (3.6)

Remark 3.1. The condition E[X,;] = £[X,;] means that the mean-uncertainty interval
[8 [Xni], E [Xm-]] collapses to a single value. This condition does not require the sublinear expectation
to be linear; its role here is only to ensure that T,, = T, so that the upper-tail and lower-tail complete-
convergence conclusions in Theorem 3.1 can be combined into the corresponding two-sided

conclusion. In particular, when the sublinear expectation [E reduces to a classical linear expectation
E, and the capacities Vand V reduce to the same probability measure P, we have

T, = Tn = Zvn Api (Xni - E[Xni])a

i=upn
and hence, for every € > 0,
Yo  P(|Ty,| > €) < oo.

In the classical AANA case m=1, consider identically distributed, mean-zero variables whose
finite rows are restrictions of infinite AANA rows with a common square-summable mixing bound.
For u, =1, v, =n, a,; =n"Z,and g < r < 2, conditions (3.1)—(3.3) imply the hypotheses of [23,
Corollary 3.1] with weights b,; = 1 and normalization nZ.The conclusion obtained here agrees with
its terminal-sum consequence.

1 1

Remark 3.2. By the definition of k,, 0 < kflani = i”i <1 and max kflam- =1. Thus, k,

*
n UpSISUy

normalizes the largest weight in the n-th row. Moreover, condition (3.3) implies k—n - 0. Since h,, =
n

oo, it follows that k, — oo, or equivalently, a; = 0. No assumption that the row length #,, tends to
infinity is imposed; rows of uniformly bounded length are also permitted, provided that the other

conditions of Theorem 3.1 are satisfied.
(2-1)

In terms of the largest weight, condition (3.3) is equivalent to Y-, hnT(a;“l)z_r < oo, This
restriction must be considered together with the moment and tail conditions (3.1) and (3.2).
Condition (3.3) does not cover the usual normalized weights when u, = 1 and v, = n. Indeed,

if a,; =0 and Y-, a,; =1, then maxay; > % and k, <n". Consequently, for all sufficiently
<isn

large n,
(2-1)
hy T 1
(k_n> = n2-1’

so that (3.3) cannot hold because 0 <2 —7r < 1. Thus, the ordinary weights a; =% and the
i—5

normalized power weights a,; = are outside the scope of Theorem 3.1.

1
n -3
j=1]

Under the notation of Theorem 3.1, further define Y,;: = Yy; [1 -G (%)]

Theorem 3.2. Under the assumptions of Theorem 3.1, including (A1), suppose further that
]E[?ni] < CW(?ni)a Un <i< Up, N > 1. (37)

o 1 n S
Y17 L, Cu(Yai) < 0. (3.8)

Then, for every € > 0,

AIMS Mathematics Volume 11, Issue 10, 35335-35365.



35347

Y=t Cy((Ty, — &)%) < oo, (3.9)
and
[o'e) o~ T
Yin=1Cv ((_Tn - 3)+) < oo. (3.10)
If, in addition,E[X,;;] = E[Xi]lu, < i < v,,n =1, then T, = T,, and, for any & > 0,
Yin=1 Gy ((ITx| — &)F) < 0. (3.11)

Remark 3.3. Since Y,; need not be bounded, condition (3.7) is imposed as an independent
comparability assumption and does not follow directly from Remark 2.2. Moreover, for any &§ > 0,
since G(t) =1 for

-5 19

0<t<A 0< Yy <Vpl(Yy > Ahy) < (Ah)7TY [

By monotonicity and positive homogeneity of the Choquet integral,

1)
_CV(Ym) </1 (kn)T r+5cv(|Xm|r+5)

Therefore, condition (3.8) follows if

9

o (kn\r 5
Tir (32) B0y, ant® Cy(1Xnl ™) < oo,

In particular, this condition holds if

[
o (kn)r 8
supCy((|Xn;|™*?%) < 00 and Y3, (ﬁ)r Z;}Qun art’ < oo,
n,t

These sufficient conditions do not replace the independent assumption (3.7).

When the sublinear expectation E reduces to a classical linear expectation E, and the capacities
V reduce to the same probability measure P, the Choquet integral Cyreduces to the usual Lebesgue
expectation. Hence, Theorem 3.2 yields

Yn=1 E((ITh] — €)}) < o0, £>0.
Corollary 3.1. Let 1<r <2 and 6§ > 0. Assume the dependence and space hypotheses of
Theorem 3.1, with u, =1, v, =n, and sup[E(IXnil”‘S) <o. Let a,; =n"8 and h, =
ni

where

B>+ +2 2 cH<pBr—--—-—
2-r r+é6 r+6 2—-r

Then conditions (3.1)—(3.3) hold, and the conclusions of Theorem 3.1 follow. If condition (3.7) also
holds and supCv(IXniIH‘S) < oo, then condition (3.8) holds, and the conclusions of Theorem 3.2
ni

follow.

Proof. For these weights, k,, = nP", Y,,; = |X,,;|". The row expression in (3.1) and the summands in

H(2-1)
(3.2) and (3.3) are bounded, respectively, by constant multiples of n1~57, n'~ H(1eg ) and nr-BG-7,

The stated parameter range ensures boundedness of the first expression and summablhty of the latter
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two. Under the additional Choquet moment bound,

1 n - 1-Br—-H§
T, =1 Cy(Yni) =0 (n r >,

Br+H§S >2

which is summable because "

At H = fzr%:), the series in (3.3) is harmonic and diverges. At H = 2

43y the displayed estimate

for (3.2) is only of harmonic order and does not guarantee convergence.

Example 3.1. (i) A bounded case. Under the expectation-space and dependence assumptions of
Theorem 3.1, let u, =1, v, =n, and a,; =n 8¢y, 0< ¢,y <1, maxcp; = 1. Suppose that
sis=n

¢
| X, <M for a constant M>0. For 1 <r < 2, choose h, =nf, B> i, 0< H<Br —ﬁ.
Then conditions (3.1)—(3.3) hold. The choices c¢,; =1 and cy; =% give equal and nonuniform
weights, respectively.

Moreover, k, = nB",

\ Yani
0< Vi =Yy[1-6 (h—n)] < Yy = Ty Xl < M.
By Remark 2.2, E[¥,;] < Cy(¥;,;) < M", so condition (3.7) holds. Since h, — o and G(t) =
1 for 0 <t <A, wehave Y,; = 0 for all sufficiently large #, uniformly in 1 < i < n. Hence,
[e¢] 1 V4
2n=1a ?:1 CV(Yni) < o,

because only finitely many nonzero, finite terms remain. Thus, condition (3.8) also holds.

(ii) An unbounded case. Let E = Ep, H = ,»1 LP(P) on a probability space (£2,F,P), and
let X,;,1 <i<n, be independent standard normal random variables within each row. Every F-
measurable event indicator belongs to H. Rowwise independence gives the finite-row m-AANA

property with zero mixing coefficients, so D=0. Choose r = %, 6= %, an; =n~*, h, =n?% Then

3
k, = n®, Y,; = |X,;|2. For a standard normal random variable Z, put K; = A7 Ep[|Z|3] < . Since

7 |Xni|3
0 < Yni < YniI(Yni > /17’12) < W,
we obtain
n r r] — ,,—5 3
A EplIXl"] = n~SE, |1Z12],
kn Yni 1 ~ _
hy 2i=1 i ['Xm'V (1 -G (a)ﬂ = B Eplf] < Kyn ™2,
and

(2-1)

hn ro_ =
)7 -
Thus, conditions (3.1)—(3.3) hold.
In this model, V = P, and E[Y,;] = Cy(¥y;), which verifies (3.7). Moreover,

1 - _ - _
P i Cy(V) =n o X Epl[Vn] < Kyn™”.
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Consequently, condition (3.8) holds, and Theorem 3.2 applies.

Remark 3.4. The nonnegativity of the weights ensures that the mappings x — a,;xare nondecreasing
and enables us to use the positive homogeneity of the sublinear expectation. If all weights in a row are
nonpositive, one may set b,; = |a,;| and apply the corresponding argument to —X,,;. Under mean
uncertainty, however, this transformation interchanges the upper- and lower-expectation centers.
Consequently, the common-sign case requires a corresponding reformulation of the centered sums and
is not literally included in Theorems 3.1-3.2 as stated. Arbitrarily mixed signed weights within the
same row are not covered by the argument, because the corresponding transformations do not have a
common monotonicity direction, and the transformed array is not guaranteed to remain rowwise
m-AANA. The fixed lag parameter m is used to obtain the uniform second-moment estimate in Lemma

2.3. Uniformly bounded row-dependent lag parameters m,, can be treated by taking M = supm,, <
nz1

oo, whereas unbounded m,, would require additional uniform or summability conditions and is not
considered in this paper.

4. Proofs

Throughout this section, € > 0 denotes a generic constant independent of n and, where
applicable, of the integration variable u. Its value may vary from line to line and may depend on the
fixed parameters appearing in the theorem under consideration.

Proof of Theorem 3.1.

Step 1. Truncation and event decomposition.
By the assumption aj > 0, the quantity k, = (ay)~" is finite and strictly positive for every

. Ani .
n>1. Moreover, since 0<a, <a; , we have 0<k,a),; = (a’l‘) <1, u, <i<vy,.
n

Consequently, 0 <Y,; < |X,,;|".

(2-1)

. . o (h . . .
From condition (3.3), we know that the series Y.,—; (k—") " is convergent. Since all its terms
n

(2-1)

n

. . (h .
are nonnegative, its general term tends to zero, that is, (k—) " - 0(n - ). Since 1 <r <2, we
n
2— h
have Tr > 0. Therefore, k—" - 0(n - x).
n

. h . e
Since k—" — 0, there exists a positive integer N such that h, < k, forall n > N.
n

For ¢ > 0, define the truncation functions m.(x): = max{—c, min{x, c}}, p.(x): = x — mw.(x),
c>0.
Thus, both m, and p. are continuous nondecreasing functions. Let

1
Xni: = Tl,'h% (k:lam-Xm), (41)

1 1
Zpit=p 1 (k;;am’Xm’) = k;anani — Xni- 4.2)

1 1
Here, X,; is the original variable, X,; is the truncation of kI a,;Xn;, and Zn; = k& aniXni — Xni
is the corresponding remainder.
Notice that, if a,; = 0, then Y,; = X,,; = Z,,; = 0, and the corresponding terms in T,, and T,
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also vanish. For every u,, <i < v, define

Gni(x):i=m 1 (kiam-x)

1
hT

1

|Xni| = S h;’

Since a,; = 0, the mapping ¢,,; is continuous and nondecreasing; when a,; = 0, it is simply the
constant-zero mapping. Moreover,
1
T 1 <k1rlanani>
hn
2

and hence E[|X,;|?] < Al < 0.

Therefore, Lemma 2.1 implies that the truncated finite row {X,;:u, <i <wv,} satisfies the
finite-row m-A ANA dependence condition with the same mixing coefficients. The remainder variables
Z,; are used below only through the pointwise tail bound in (4.4) and the resulting first-moment

estimates; no m-AANA property of the remainder row is required.
By the definition of the truncation functions, for any u, <i < v,, we have

101
| X,i| < min {ani, h;}, 4.3)

- 1 1
|Zni| = kyrlanilxnill(yni > hn) = Yr:il(yni > hn)- (4-4)

Moreover, since
-1 1 1
— Un
T = knr Zi:un <k7r1anani —E lk;;anixnil>a

if T, > &, then

1 1 1
it (k;anixm —E lk;amxni ) > kle.

1
Since kI aniXni = Xni + Zyi, we obtain

1 1 1
Zl‘];lun (krrlanani —E [kyrzanixni]> = Zli;;lun <Xni + Zni - IIE:[Xni] + IE[Xni] —E [k-,rlanixnil>

1
= Z:'];lun Z_ni + Z?gun(xni - [E[an]) + Z?;lun <E[an] —E [k;;anixnil)

1

If all three terms on the right-hand side are not greater than ékie, then their sum is not greater
1

than kfle, which is a contradiction. Therefore, at least one of the three terms must be greater than
1

1 k™ e. Write
3 n
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1
n % % 1.7
Appi= {Z?:un(xni — E[Xy]) > gkné‘},
) 1 L L
Apz:= {zg’gun (]E[Xni] —E Ik;;anixnil) > gkfle}.
Then {T,, > €} € A,,; U A,, U A,5. Hence,

V(T, >¢) <V(4,1) + V(4,2) + V(4,3). 4.5)
Step 2. Estimates of the decomposed events.
(i) Estimate of V(4,,).
If Y,; < hyforall u, <i < wv,,then, by the definition
1 T
Yoi = <k;ani|Xni|> >

1 1
we obtain k] an;|Xp;| < h]. Therefore,

1 1
T % <krrlanani> = krrlanania
h

n

From (4.2), we obtain
- 1 i} 1 1
Lni = k;anani —Xni = k;anani - nh% <k;anani> =0.
Thus, Zf;‘un Zni = 0. Hence, the event A,; does not occur. Therefore, ﬂfgun{Yni < h,} c A%,
Taking complements gives A, C Uf;‘un{Ym- > h,}. Thus, by the subadditivity of V,
w(Anl) < Zli;:un W{Yni > hn}- (4-6)

For any x > 0, we have the pointwise inequality

1G> hy) < %(1 ~G (hin)>

Applying this inequality to the random variable Y,;, we obtain

1(Y,; > h,) < ﬁ<1 .y (Y—”)>

hn hn

Taking upper expectations on both sides and using the monotonicity and positive homogeneity of [,
we obtain,

V(Y,; > h,) <E l’;in (1 ~G (%))l

: — T T
Since Yy; = knan|Xy;|",we have

V(Y > h,) < :—”IE [|xm-|r (1 —G (Yi)ﬂ 4.7)

n
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Substituting (4.7) into (4.6), we get

V(Any) <3EZP, ali E [lxmlf <1 -G (ﬁ)ﬂ.

n t hTL
Then, by condition (3.2), we obtain

Yin=1 V(Ayy) < oo (4.8)

(ii) Estimate of V(4,,,).
Let S, = X%, (X — EXpy). Since

1 1
{5 > %k;e} c {|5| > gk;;g},

1
V(4,,) <V <|5n| > gk;e)

we have

Applying the Chebyshev inequality in Lemma 2.2 to the nonnegative random variable |S,| with
f(x) = x%, we obtain

—2 _ _ 2
V(dna) < Ok E[[512,, G — B0 | (49)
For each fixed n and i, the mapping x — x — EX,,; is continuous nondecreasing function. Hence,
by Lemma 2.1, for each fixed n, the centered finite row {X,; — EXp;, u, < i < v,} still satisfies the

finite-row m-AANA dependence condition. Moreover, by the translation invariance of E,E[X,; —
EX,,;] = 0. Therefore, applying Corollary 2.1 to the centered finite row, we obtain

g

By Lemma 2.5, we further have

_ _ 2 _ _
Z?gun(xni - ]EXni)| ] < Zme4D Zli;:un IE:“Xni - IEXnilz]- (4-10)

[E“Xni - ]EXnilz] < 4E[|Xni|2]-
-2

Therefore, V(4,;) < C knT Zf;lun E[|X,;|?]. Furthermore, from (4.3), we know that

ni’

2 2 (1)
|Xni|2 = min {Yr h:ll} < hnr Yni-

: . - - :
Since Y,; = kya;;|X,i|", we obtain

_ (2-1)
|Xm'|2 < knhnr a;ilxni|r~

Taking the upper expectation [E on both sides gives

(2-1)

E[|Xni|*] < knhy, ™ apiE[Xpl7]. (4.11)
Substituting (4.10) and (4.11) into (4.9), we obtain
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2-r

A\ 7 wvn
V(An) <C(2) 7 B, anEllXul]
By conditions (3.1) and (3.3), it follows that
=1 V(Apz) < 0. (4.12)

(iii) Estimate of V(4,3).
By the self-dominated property in Remark 2.1, we have
1

[E[Xni] —E Ikr;lanixni < IIE:“Z_nil]-

Therefore,
1

Z:’gun <E[an] —E kriananil> < Zf;lun IE[IZ_ml]

From (4.4), we know that

1 1
|Zni| = k;anilxnill(yni > hn) = Y,:il(yni > hn)-
On the event Y,; > h,, we have

1 —(r-1
T r
YL <h,” Yu.

Hence,

1 —(r-1) —(r-1)

|Zni| = Y,fil(yni > hn) = hn " YniI(Yni > hn) =< hn "

Yni
Yo (1 —G (h—n)>
Thus,
’ _ —(r-1) v Y.
Ziﬁun E[1Znl] < knhy, ™ Zi;lun Ap; B IIXnilr <1 -G (ﬁ))l
1

Dividing both sides by kfl, we obtain

1

- 1
T n 7 kn n Yni hn p
kn Z?:un [E“anl] = [Ezli;un a:li E [anilr <1 -G (h_n)>” (E) .

By condition (3.2), the corresponding series is convergent, and hence its general term tends to

zero. That is,
|- Yni
ﬁz’i’:un an; E I|Xm'|r (1 -G (ﬁ))l - 0.

1
Moreover, by condition (3.3), we have Z—" — 0, and hence (Z—")T — 0. Therefore,
-1

kg ity ElZnil = 0.
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Thus, there exists a positive integer N such that, for all n > N, we have

1
Un l T
Xilu, < ke

1
]EXni —E <k;anani>
Therefore, the event A,3 cannot occur. Hence,
Y1 V(Ayz) = X021 V(4y3) < 0. (4.13)
Summing both sides of (4.5) overn > 1, we obtain
Ynea V(T > &) < X021 V(Ane) + 2021 V(An2) + X0=1 V(Ans).

Step 3. Completion of the one-sided complete convergence proof.
By (4.8), (4.12), and (4.13), the right-hand side is finite. Therefore, Y.;; V(T;, > €) < 0. Thus,
(3.4) is proved.

Step 4. The lower-tail estimate.

Since the function x = —x is continuous and nonincreasing, Lemma 2.1 implies that the array
{(—Xniup < i <wv,,n=1}is also rowwise m-AANA with the same mixing coefficient sequences.
Moreover, E[—X,;] = —€[X,,;] and |—X,,;| = |X,;|. Hence, conditions (3.1)—(3.3) remain valid for
the array{—X,,;}. Applying the preceding upper-tail argument to this array, we obtain, for every & > 0,

iy V (Z0n,, @ni(—Xn — E[~Xu]) > &) < o0,
Since
—Xni — E[— Xyl = =X + E[Xpi] = — (X — E[XniD),
the above inequality is equivalent to
iy V (B0, ani (i — EXu]) < —2) < oo.
Thus, (3.5) is proved.

Step 5. Two-sided complete convergence.
Furthermore, if E[X,;] = E[X,;], then by (3.4) and (3.5), we have

Z?l(;lv(lTnl > 8) < ZZ):lV(Tn > E) + Z%;lw(_Tn > E)
= Z?]?:l W(Tn > 8) + Z?]?:lw(Tn < _8) < 0o,

Therefore, (3.6) holds. The proof of Theorem 3.1 is completed.

Proof of Theorem 3.2. All integrals below are ordinary Lebesgue integrals with respect to the
integration variable. Since the tail-capacity functions involved are nonnegative and nonincreasing in
the integration variable, they are Borel measurable. Therefore, every interchange of summation and
integration used below is justified by Tonelli’s theorem.
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Step 1. Decomposition of the upper-tail Choquet integral.
1

-1
Under the notation of Theorem 3.1, let T,;: = k] T,,. Then T, = k,] T,;. By the definition of the
Choquet integral,

o 1
Cy((T, — &)%) = |, W(Tn > e+ tr) dt.
Using the change of variable u = k,t, so that, dt = ki du, we obtain
1 oo 1 1
Cy(T, — &)%) = Efo \% <T,§‘ > kre+ u?> du.

Therefore,

1
ZCV((T &)y )—Z f (T*>kr£+ur>du
1 = 1 o 1 1
—f \% T,’{>kfl£+ur du+2—f V(T; >kjet+ur|du
kn Jo n=1k" ken
Pn+ZQn.

1 n=1

I
Ms

n=1

I
N5

S
1l

where
1 1
P, = kn fny <T;{ > ket u?> du, (4.14)
and
0 1
Q. =kifk w(m >k;e+ur>du. (4.15)

Thus, Cy((T,, — &)%) =B, + Q,,.
Step 2. Estimate on the small-parameter interval [0, k,,].
1 1 1 1 1

1 = -
For every u € [0, k], since ur > 0, we have k& + ur > k] e. Therefore, if T, > k] e + ur,
1

then necessarily T,; > kfle. Hence, for each u € [0, k,,], we have the event inclusion
1 1 1
{T,I > ke + u?} c {T,;‘ > k;e}.
By the monotonicity of the capacity V, it follows that
1 1 1
\% <T,§ > kre+ u?> <V <T,;k > kfle). (4.16)
1 1 1 1 1
Since Ty = k;T, and k; > 0,wehave T; > k7 e © k;T,, > kje © T, > ¢. Therefore,

w(m > k§e> =V(T, > €). (4.17)
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Combining (4.14), (4.16) and (4.17), we obtain

1 kn 1 1 1 kn
Pn:—f V(T >kle+ur dus—f V(T, > &)du
kn Jy kn Jo

= =k V(T,, > &) = V(T > o). (4.18)

By the upper-tail complete convergence conclusion (3.4) of Theorem 3.1, Y,7°-, V(T;, > €) < oo,
Consequently,

Y% P, < 0. (4.19)

Step 3. Estimate on the large-parameter interval k,, o).
For fixed n and u > k,,, define the truncation functions by m.(x) = max{—c, min(x,c)} and
pc(x) =x —m.(x), ¢ >0.Thus, m, and p. are continuous nondecreasing functions. Define

1
Uni(u): = T[u% <krr1anani>a

and
l 1
Vni(w): = pu% <k;anani> ky, nniXni — Uni(w).
1
By the definitions, we immediately obtain k] a,;Xn; = Up(w) + V(W) , u, <i<v,.
Moreover,
1 4
|Up; (W] < min {Y;i,u?}, (4.20)
1
Vi | < YT (Y > ). 4.21)
Therefore,
1 L 1
Ty = kT = Z <k;anani —E [k;;anixnil>
i=un

Un

= Z (Uni(u) + Vni(w) — E [kianixniD
_ i(Um(u) — E[U,;(W)]) + Z Vi () + Z ( Upi(W)] — [k%ananiD.

i=uy, i=un
= 1 - 1 = ER!
If Ty > k] &+ ur, then, since ke +ur >0, |T;| =T, > kJ e + ur > ur. It follows from the
preceding decomposition of T,; that at least one of the following three events occurs:

Jur @)= {802, V)] > 2ur),

Jra )= {[S0,, Wneat) = E[UGOD)| > 2ur),
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or

1

Ins (u):= {Zfﬁun [E[Uni(u)] —E lky;lanixni

1 1
> —ur}.
3

Therefore,

{Trt > kig + u%} c ]nl(u) U]nz(u) U]n3(u)-

By the subadditivity of the capacity V, we have,

\Y (T;{ > kie + u%> S V(@) + V(e () + V(Jps(w)).

Define

Quji = ifk‘:w(]nj(u)) du, j =1,2,3.

Then, Q, < Qu1 + Qp2 + Qus.

(i) Estimate of Q,,;.
If Y,; <u for all u, <i<wv,, then V,;(u) = 0. Hence, the event J,;(u) cannot occur.

Therefore,/,; (u) © U?gun{Yni > u}. Thus, V(Jp,(w)) < Z;}Qun V(Y,; > u). Consequently,
QO < 2%, i V(i > W,
By Lemma 2.4, we have
f:: V(Y > wdu < Cy(Ynid (Yni > k).

Condition (3.3) implies that :—n — 0. Hence, there exists a positive integer N; suchthat h, < k,,n >
n

N;. Thus, forall n = N;.{Y,; > k,,} © {Yn; > h,}. Moreover, since G(t) =0 for t > 1,we have, on
the event {V,; > h,}, 1 —G (%) = 1. Therefore,

n

Vi
YniI(Yni > kn) < YniI(Yni > hn) < Yni <1 -G (_)> = Yni-

Thus, for sufficiently large n, Q,; < iZ’;’;un Cv(Vni)-

On the other hand, for the finite number of » satisfying k,, < h,, we decompose the integral
asfkoo V(Y > uw)du = fkh" V(Y > wdu + fhoo V(Y > u)du,

Where
fkhn W(Yni > u)du < h’Tl — kn < 00,
And

fh‘: V(Y > w)du < Cy(Ynd (Y > hy)) < Cy(Ti) < 0.
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Since there are only finitely many # satisfying k,, < h,, and since condition (3.8) implies that
the corresponding Cy(+) terms are finite, the sum of these finite initial terms is finite. Hence,

Yin=10Qn1 < . (4.22)

(ii) Estimate of Q.
By the definition of J,,(u) and the Chebyshev inequality in Lemma 2.2, we have

V(W) < ouT

wnUni@) — B0, D) |

For each fixed n>1,u >k, , the mapping x - x — E[U,(u)] is continuous and
nondecreasing. Hence, by Lemma 2.1, for each fixed n and u =k, , the centered finite row
Upi(w) — EUp;(w),u, <i <wv, stil satisfies the finite-row m-AANA dependence condition.
Moreover, by the translation invariance of E, we have IE[Um-(u) — IE[Uni(u)]] = 0. Therefore,
applying Corollary 2.1 to the centered finite row, we obtain

E[zf

2, (Ui = B )| | < 2met 532, B0 00) = B[0P

By Lemma 2.5, we further have

E[|Uni(w) — E[Un; W]1?] < 4E[|Un; W]

Therefore,

V(jn2 (W) < cur DS L ElUn 7).

Consequently,

QnZS_ f ur |Um(u)| ]

Since 0 < G ( ) < 1, the quantity

Yfic (%20 + ur (1 -G (%”))
2

= 2
is a convex combination of Y and ur. Hence, by (4.20), we have

u

|Un; (W)]? < YEL'G (Ym) +ur (1 -G <ﬁ))

Therefore, Q,, < Q(l) Q(z) where

n2-
Cc 0 =2 2 Yni
o = X fouT E [Y,{ic; (T)l du, (4.23)
0% =2, S B[1- 6 ()] au. (424)
(a) Estimate of Q(l)

By condition (3.1), E[Yy;] < oo, while condition (3.8) implies Cy(¥;;) < o. Hence, Lemma 2.6
is applicable. Therefore, applying Lemma 2.6 with Y =Y,;;, h = h,, k = k,,, we obtain
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(2-1)

fkju_TZIE lyri (ym)ld < Cr (kn) T E[Yy] + GGyl Yl (4.25)

where C, > 0 depends only on r.
Substituting (4.25) into (4.23), we obtain

(2-7)
oY <y, l(Z_Z) Bt + ColFai) |

1 —_ T T
Since Yy,; = kyaj;|X,i|", we have
1

EZ?Z% E[Yn] =X2, anElXnl"].

Thus,
@-n .
0 <C () " B, ahEIXulT + =B, Cu(F).
Summing over n, we get

(2-7)

oo hn r n [o'] n ¥4
T 08 < CEa () 7 Xt anEl Xl + € Zity B0, Col(Tae).

Since condition (3.1) gives Sup 21 S {E[|Xi]"] < oo, there exists a constant M > 0 such

that sup ¥;", albE[|Xy|"] < M. Thus, combined with condition (3.3), we obtain
nz1 n

(2-1) (2-1)

S () 7T, an Bl << M T () T <o

. : o 1 5 . .
Furthermore, condition (3.8) gives Zn=1k_21i;;lun CW(Ym-) < oo, Hence, both nonnegative series
n

on the right-hand side of the preceding estimate are finite. Consequently,

>, 0% < (4.26)

(b) Estimate of Q(z)
If1-G (Z) > 0,then E > A,that is Y > Au. Therefore, pointwise, 1 — G (5) <I(Y > Au).

By the definition and monotonicity of the capacity, we obtain
E[1-6 ()| < v(r > a).
Thus,
fk°: E [1 -G (5)] du < fkj V(Y > Au)du = %f;;n V(Y > t)dt.
By Lemma 2.4, we have f/{: V(Y > t)dt < Cy(YI(Y > Ak,)). Therefore,
00 Y 1
o B|1=6 (0)] du <5 Gu(YICY > M)

Applying the preceding estimate with Y = Y,,;, and then using Lemma 2.4, we obtain
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o E 1= 6 (22)] du <3 Gy (il (s > Ak)).

Condition (3.3) implies that Z—” — 0. Hence, for the fixed A > 0, there exists a positive integer N
such that h, < Ak, n = N3. Thus, for all n = N;3,{Y,; > 1k,,} € {Y,; > h,}. Consequently,

Yoi (Vi > Aen) < Yl (Vg > hy) < Yy <1 -G (Yni)> = Y.

hn
Therefore, by the monotonicity of the Choquet integral, for all n > N;,

JerB[1-6 ()] du < 3 G (). 4.27)

u

For the finitely many indices n < N3, if Ak, = h,, the estimate in (4.27) remains valid. If
Ak, < h,then

[ee]

hn

j V(Y > t)dt = f V(Y > t)dt +J V(Y > t)dt
Ak, Aky hn

< (hn - Akn) + Cv(lfnil(yni > hn))
< (hy — Akp) + Cy(Vni)-

Thus, each Q,(lzz) with n < Nj is finite. Since there are only finitely many such indices, their total
contribution is finite.
Substituting (4.27) into (4.24), we obtain

(2) C v ~
n2 S Zzl;lun CW(Ynl), n 2 N3.

Then, by condition (3.8), we get

¥, 0% < o, (4.28)
By (4.26) and (4.28), we obtain
Yin=1Qnz < 0. (4.29)

(iii) Estimate of Q,3.
By the self-dominated property in Remark 2.1, we obtain

< E[[Ve: 1]

1
E[Uni(u)] —E Ik;ananil
Therefore,

< Yizu, B[V (011 (4.30)

v
Zi;lun

IIE:[Uni(u)] —E lkianixni]

When u = k,, by (4.21), we know that
- -2 Y i ;
U7 Vg )] < w7 VI (Y > ) < () 1 > w).
1
When Y,,; > u, we have % > 1. Since % < 1, it follows that (%)T < % Hence,
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1

Vol < () 10 > w) < 2y > w) < (0 > w),

By condition (3.3), for sufficiently large n, we have k, = h,. Thus,Y,; >u >k, = Y,; > h,.
Therefore,

Ynl YTLl
ur IVm(u)l < I(Ym > hn) < (4.31)
Taking the upper expectation E on both sides of (4.31) and summing over i, we obtain
ur T, B[V @l <= Zf"u [Pl

Then, from (4.30), we have

-1 = 1 &
ur Z?Zun E[Up;(w)] — E Ikﬁananil < EZ’{:un E [Vy;]. (4.32)
By condition (3.7), we know that
1 «vp 5 1 «vp 5
EZ:;un E[Yn] < EZLun Cy(Vi). (4.33)

. . . o 1
Moreover, by condition (3.8), the nonnegative series Zn=1k—2 CW(Ym) is convergent.
n

i=un
Hence, its general term tends to zero, that is, ézli):un CV(Vm-) — 0. Therefore, there exists a positive

integer N, such that, for all n > N,,

1

n ~ 1
Ez’i’:un Cy(Vn) < > (4.34)

By (4.32)—(4.34), when n > N, and u > k,, we obtain

-1

L o 1
ur Zi:un =3

E[Uni(u)] —E lkianixni]

That is,

1

E[Up;(w)] — E [k,iamxm

1 1
<-ur.
3

v
Zi;lun

Hence, J,3(u) =@, n = Ny, u = ky,. Therefore, Q3 =0, n > N,.
For the finite number of n < N,, write M,,;: = Zf;lun E[Y,,;]. By condition (3.1), we know that

M,, < oo. Moreover,

—(r-1)
<u r M,.

v
Zi:un

E[Uni(u)] —E lkianixnil

_(T_l) 1
Thus, when u>3M,, u » M, < JU

Consequently, J,3(u) =@ forall u = max{k,, 3M,}. Therefore,

Qs = - fy Vs () due = 2= [ W (g () )t < oo,

SR

Since there are only finitely many such n, we have
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din=1Qnz < . (4.35)
Combining (4.22), (4.29) and (4.35), we obtain
Yn=10Qn < 0. (4.36)

Step 4. Completion of the upper-tail proof.
Finally, combining (4.19) and (4.36), we obtain

Yin=1 Cy((Tr — €)}) < 0.
Thus, the upper-tail conclusion (3.9) is proved.

Step 5. Lower-tail complete integral convergence.

Consider the array X,,; = —Xy;, U, < i < v,,n > 1.Since the mapping x — —x is continuous
and nonincreasing, Lemma 2.1 implies that the array {X,;} is also rowwise m-AANA with the same
mixing-coefficient sequences. Moreover |X,;| = |Xy;|, and therefore Y, = Yy;, Y. = ¥,;. Thus, all

the assumptions of Theorem 3.1 and conditions (3.7) and (3.8) remain valid for the array {X,,;}.
By the definition of the conjugate expectation, E[—X,;] = —E[X,;] . Hence, the
upper-expectation-centered weighted sum associated with {X;;} is

Tr; = Z;};Lun ani(_Xni - [E[_Xni]) = Zf;lun ani(_Xni + S[Xni]) = _Tn'

Applying the upper-tail conclusion (3.9), already proved in Step 4, to the array {X,,;}, we obtain,
for every € > 0,

0 ~ T
Zn=1 Cy ((_Tn - g)+) < .
Thus, the lower-tail conclusion (3.10) is proved.

Step 6. The mean-certain two-sided conclusion.
Suppose, in addition, that E[X,;] = E[Xn], u, <i<v,, n>1.Then T, = T,. Forevery t >
0,

(Gl -t >t ={T -} >t U{(-T, — )} > t}.
By the subadditivity of the capacity V,
VI(Tul = )% > ) < V(T — )% > 8) + V((=T, — &)} > ¢).
Integrating both sides with respect to t, we obtain
Cy((ITe] = &)%) = (T = %) + Gy((=T,, — &)}).
Since T,, = T,,, conclusions (3.9) and (3.10) imply that

Yn=1 Gy((ITn| — &)%) < 0.

Thus, (3.11) follows. The proof of Theorem 3.2 is complete.
5. Conclusions

In this paper, we establish complete convergence and complete integral convergence results for
weighted sums of arrays of rowwise m-asymptotically almost negatively associated random variables
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under sublinear expectations. By using truncation techniques, moment inequalities for m-AANA
sequences, capacity estimates, and Choquet integral methods, we obtain one-sided complete
convergence and complete integral convergence for T, and T, together with the corresponding
absolute-value conclusions under mean certainty. The results require the joint moment, tail, and weight
conditions (3.1)—(3.3), with (3.7) and (3.8) additionally required for complete integral convergence.
Forrows 1 < i < n, condition (3.3) excludes nonnegative weights satisfying Y./, an; = 1.

The results are restricted to terminal sums of finite-row arrays with nonnegative deterministic
weights and a fixed lag parameter m. Maximal partial sums, infinite-row arrays, mixed-sign or random
weights, and unbounded row-dependent lag parameters require additional estimates and remain topics
for future study.
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  ℰ  [ X ] : = − 𝔼  [ − X ]


  ∀ X ∈ ℋ


  X ∈ ℋ


  ℰ  [ X ] ≤ 𝔼  [ X ]


  ℰ


  𝔼


  𝔼


  𝔼  [ X + c ] = 𝔼  [ X ] + c


  ∀ c ∈ ℝ


  𝔼  [ X ] − 𝔼  [ Y ] ≤ 𝔼  [ X − Y ]


  ∀ X ,   Y ∈ ℋ


   | 𝔼  [ X ] − 𝔼  [ Y ] | ≤ 𝔼  [  | X − Y | ]


  𝔼  [ 𝛼 X +  ( 1 − 𝛼 ) Y ] ≤ 𝛼 𝔼  [ X ] +  ( 1 − 𝛼 ) 𝔼  [ Y ]


    𝛼 ∈  [ 0 , 1 ]


  𝕍 : ℱ →  [ 0 , 1 ]


  𝕍  ( ∅ ) = 0


  𝕍  ( 𝛺 ) = 1


  A , B ∈ ℱ


  A ⊆ B


  𝕍  ( A ) ≤ 𝕍  ( B )


  𝕍


  𝕍  ( A ∪ B ) ≤ 𝕍  ( A ) + 𝕍  ( B )


  ∀ A , B ∈ ℱ


  𝕍  ( A ) : = 𝔼  [   I  A ]


  𝒱  ( A ) : = ℰ  [   I  A ]


  𝕍


  𝕍  ( A ) + 𝒱  (   A  c ) = 1


    A  c = 𝛺 \ A


  X


  𝕍


  𝒱


    C  𝕍  ( X ) : =   ∫ 0 ∞  𝕍  ( X > x ) d x +   ∫  − ∞ 0   [ 𝕍  ( X > x ) − 1 ] d x


    C  𝒱  ( X ) : =   ∫ 0 ∞  𝒱  ( X > x ) d x +   ∫  − ∞ 0   [ 𝒱  ( X > x ) − 1 ] d x


    I  A ∈ ℋ


  A ∈ ℱ


  Z ∈ ℋ


  𝔼  [ Z ] ≤   C  𝕍  ( Z )


  0 ≤ Z ≤ M


  M > 0


  𝛥 =   M  N


  Z ≤ 𝛥 + 𝛥   ∑  j = 1  N − 1    I   { Z > j 𝛥 }


  𝔼


  𝔼  [ Z ] ≤ 𝛥 + 𝛥   ∑  j = 1  N − 1  𝕍  ( Z > j 𝛥 )


  t ↦ 𝕍  ( Z > t )


  N → ∞


  𝔼  [ Z ] ≤   ∫ 0  M  𝕍  ( Z > t ) d t =   C  𝕍  ( Z )


   {   Z  n , n ≥ 1 }


   ( 𝛺 , ℋ , 𝔼 )


  𝜀 > 0


    ∑  n = 1 ∞  𝕍  (  |   Z  n | > 𝜀 ) < ∞


    Z  n


  𝕍


  r > 0


  𝜀 > 0


    ∑  n = 1 ∞    C  𝕍  (    (  |   Z  n − 𝜀 | ) +  r ) < ∞


    Z  n


  𝕍


    x + =   m a x ⁡   { x , 0 }


  m = 1


   {   X  j , j ≥ 1 }


   ( 𝛺 , ℋ , 𝔼 )


  m ≥ 1


   { 𝜂  ( j ) , j ≥ 1 }


    l i m  j → ∞ 𝜂  ( j ) = 0


  j ≥ 1


  k ≥ 1


  𝔼  [ f  (   X  j ) g  (   X  j + m  ( k ) ) ] − 𝔼  [ f  (   X  j ) ] 𝔼  [ g  (   X  j + m  ( k ) ) ]


    X  j + m  ( k ) =  (   X  j + m ,   X  j + m + 1 , ⋯ ,   X  j + m + k − 1 )


  m ≥ 1


  g


  k ≥ 1


  f


   {   X  j , j ≥ 1 }


   { 𝜂  ( j ) , j ≥ 1 }


   {   X  n i :   u  n ≤ i ≤   v  n , n ≥ 1 } ⊂ ℋ


   ℓ  n =   v  n −   u  n + 1 < ∞


    X  j   ( n ) =   X  n ,   u  n + j − 1


  1 ≤ j ≤  ℓ  n


  m ≥ 1


    x + =   m a x ⁡   { x , 0 }


  n ≥ 1


   {   𝜂  n  ( j ) : 1 ≤ j ≤    (  ℓ  n − m ) + }


  j , k ≥ 1


  j + m + k − 1 ≤  ℓ  n


  𝔼  [ f  (   X  j   ( n ) ) g  (   X  j + m   ( n , k ) ) ] − 𝔼  [ f  (   X  j   ( n ) ) ] 𝔼  [ g  (   X  j + m   ( n , k ) ) ]


    X  j + m   ( n , k ) =  (   X  j + m   ( n ) ,   X  j + m + 1   ( n ) , ⋯ ,   X  j + m + k − 1   ( n ) )


  f : ℝ → ℝ


  g :  ℝ  k → ℝ


  g


  g


   ℓ  n ≤ m


   ( j , k )


    𝜂  n  ( j ) : = 0


  j >    (  ℓ  n − m ) +


    X  j   ( n )


  j >  ℓ  n


    ∑  j = 1 ∞    𝜂  n    ( j ) 2 =   ∑  j = 1     (  ℓ  n − m ) +    𝜂  n    ( j ) 2 < ∞


    l i m  j → ∞   𝜂  n  ( j ) = 0


   {   𝜂  n  ( j ) , j ≥ 1 }


    𝜂  n  ( j ) ≤   c  j


  n ≥ 1


  j ≥ 1


   {   c  j }


    ∑  j = 1 ∞    c  j 2 < ∞


    c  j = C   𝜌  j


  0 < 𝜌 < 1


    c  j = C   j  − 𝛼


  𝛼 >  1 2


  C > 0


  0 < 𝜆 < 1


  G :  0 , ∞ ) →  [ 0 , 1 ]


  G  ( t ) = 1


  0 ≤ t ≤ 𝜆


  G  ( t ) = 0


  t ≥ 1


  t ≥ 0


  I  ( t ≥ 1 ) ≤ 1 − G  ( t ) ≤ I  ( t > 𝜆 )


  n


  ℓ =  ℓ  n


    X  j =   X  j   ( n )


    W  j =   W  j   ( n )


  𝜂  ( j ) =   𝜂  n  ( j )


   {   X  j : 1 ≤ j ≤ ℓ }


   { 𝜂  ( j ) : 1 ≤ j ≤    ( ℓ − m ) + }


    𝜑  j : ℝ → ℝ


  1 ≤ j ≤ ℓ


  ℋ


   {   𝜑  j  (   X  j ) : 1 ≤ j ≤ ℓ }


   { 𝜂  ( j ) }


  j , k ≥ 1


  j + m + k − 1 ≤ ℓ


  f : ℝ → ℝ


  g :  ℝ  k → ℝ


  g


  g


    f ~  ( x ) = f  (   𝜑  j  ( x ) )


    g ~  (   x 1 , ⋯ ,   x  k ) = g  (   𝜑  j + m  (   x 1 ) , ⋯ ,   𝜑  j + m + k − 1  (   x  k ) )


    𝜑  i


    f ~


    g ~


  f


  g


    𝜑  i


    f ~


    g ~


    f ~


    g ~


  𝔼  [ f  (   𝜑  j  (   X  j ) ) g  (   𝜑  j + m  (   X  j + m ) , ⋯ ,   𝜑  j + m + k − 1  (   X  j + m + k − 1 ) ) ]


   {   𝜑  j  (   X  j ) : 1 ≤ j ≤ ℓ }


    𝜋  t  ( x ) =  ( − t ) ∨  ( x ∧ t )


  X


  Y


   ( 𝛺 , ℋ , 𝔼 )


  p , q > 1


   1  p +  1  q = 1


  𝔼  [  | X Y | ] ≤    ( 𝔼  [    | X |  p ] )   1  p    ( 𝔼  [    | Y |  q ] )   1  q


  X ≥ 0


  p > 0


    X  p ∈ ℋ


  𝔼  [   X  p ] < ∞


  x > 0


  𝕍  ( X ≥ x ) ≤   𝔼  [   X  p ]    x  p


    I   { X ≥ x } ≤     X  p    x  p


  𝔼


  𝕍  ( X ≥ x ) = 𝔼  [   I   { X ≥ x } ] ≤   𝔼  [   X  p ]    x  p


  m ≥ 1


  ℓ ≥ 1


   {   W  j : 1 ≤ j ≤ ℓ } ⊂ ℋ


   { 𝜂  ( j ) : 1 ≤ j ≤    ( ℓ − m ) + }


  𝔼  [   W  j ] = 0


  𝔼  [   W  j 2 ] < ∞


  1 ≤ j ≤ ℓ


    D ℓ : =   ∑  j = 1     ( ℓ − m ) +  𝜂    ( j ) 2


  𝔼  [    |   ∑  j = 1 ℓ    W  j | 2 ] ≤ 2 m   e  4   D ℓ   ∑  j = 1 ℓ  𝔼  [   W  j 2 ]


   { 1 , ⋯ , ℓ }


  1 ≤ r ≤ m


    I  r : =  { r , r + m , r + 2 m , ⋯ } ∩  { 1 , ⋯ , ℓ }


    I  r


    I  r =  {   i 1 <   i 2 < ⋯ <   i  q }


    i  t + 1 =   i  t + m


  1 ≤ t ≤ q − 1


  1 ≤ t ≤ q


    S  t : =   ∑  s = t  q    W    i  s


    a  t 2 : = 𝔼  [   W    i  t 2 ]


    V  t : = 𝔼  [   S  t 2 ]


    V  t


     |   ∑  s = t  q    x  s | 2 ≤  ( q − t + 1 )   ∑  s = t  q     |   x  s | 2


  𝔼


    V  t < ∞


  1 ≤ t ≤ q − 1


    k  t : =   i  q −   i  t − m + 1


    g  t : =  ℝ    k  t → ℝ


    g  t  (   x 1 , ⋯ ,   x    k  t ) : =   ∑  h = 0  q − t − 1    x  1 + h m


    g  t


    S  t + 1 =   g  t  (   W    i  t + m ,   W    i  t + m + 1 , ⋯ ,   W    i  q )


    i  t + m +   k  t − 1 =   i  q ≤ ℓ


    W    i  t


  f  ( x ) = x


  g =   g  t


  𝔼  [   W    i  t ] = 0


  𝔼  [   W    i  t   S  t + 1 ] ≤ 𝜂  (   i  t )   a  t    { 𝔼  [    (   S  t + 1 − 𝔼  [   S  t + 1 ] ) 2 ] }   1 2


    S  t + 1


  0 = 𝔼  [ 0 ] ≤ 𝔼  [   S  t + 1 ] + 𝔼  [ −   S  t + 1 ]


  − 𝔼  [   S  t + 1 ] ≤ 𝔼  [ −   S  t + 1 ] ≤ 𝔼  [  |   S  t + 1 | ]


  𝔼  [   S  t + 1 ] ≤ 𝔼  [  |   S  t + 1 | ]


   | 𝔼  [   S  t + 1 ] | ≤ 𝔼  [  |   S  t + 1 | ]


  𝔼  [  |   S  t + 1 | ] ≤    ( 𝔼  [   S  t + 1 2 ] )   1 2 =   V  t + 1 2


  𝔼  [  |   S  t + 1 | ] ≤    ( 𝔼  [   S  t + 1 2 ] )   1 2 =   V  t + 1 2


     ( x − c ) 2 ≤ 2   x 2 + 2   c 2


  𝔼  [    (   S  t + 1 − 𝔼  [   S  t + 1 ] ) 2 ] ≤ 2 𝔼  [   S  t + 1 2 ] + 2    | 𝔼  [   S  t + 1 ] | 2 ≤ 4   V  t + 1 .


  𝔼  [   W    i  t   S  t + 1 ] ≤ 2 𝜂  (   i  t )   a  t   V  t + 1   1 2


    S  t =   W    i  t +   S  t + 1


  𝔼


    V  t = 𝔼  [    (   W    i  t +   S  t + 1 ) 2 ] ≤   a  t 2 +   V  t + 1 + 2 𝔼  [   W    i  t   S  t + 1 ] ≤   a  t 2 +   V  t + 1 + 4 𝜂  (   i  t )   a  t   V  t + 1   1 2


  2 u v ≤   u 2 +   v 2


  u =   a  t


  v = 2 𝜂  (   i  t )   V  t + 1   1 2


  4 𝜂  (   i  t )   a  t   V  t + 1   1 2 ≤   a  t 2 + 4 𝜂    (   i  t ) 2   V  t + 1


    V  t ≤ 2   a  t 2 +  ( 1 + 4 𝜂    (   i  t ) 2 )   V  t + 1


  1 ≤ t ≤ q − 1


    V  q =   a  q 2


    V 1 ≤ 2   ∑  t = 1  q − 1    a  t 2   ∏  s = 1  t − 1   ( 1 + 4 𝜂    (   i  s ) 2 ) +   a  q 2   ∏  s = 1  q − 1   ( 1 + 4 𝜂    (   i  s ) 2 )


  1


    V 1 ≤ 2   ∑  t = 1  q    a  t 2   ∏  s = 1  t − 1   ( 1 + 4 𝜂    (   i  s ) 2 )


  1 + x ≤   e  x


  x ≥ 0


    ∏  s = 1  t − 1   ( 1 + 4 𝜂    (   i  s ) 2 ) ≤   e x p ⁡   { 4   ∑  s = 1  t − 1  𝜂    (   i  s ) 2 } ≤   e  4   D ℓ


    i  s ≤ ℓ − m


  s ≤ q − 1


  𝔼  [    |   ∑  j ∈   I  r    W  j | 2 ] ≤ 2   e  4   D ℓ   ∑  j ∈   I  r  𝔼  [   W  j 2 ]


    T  r : =   ∑  j ∈   I  r    W  j


    T  r = 0


    I  r


    ∑  j = 1 ℓ    W  j =   ∑  r = 1  m    T  r


     |   ∑  r = 1  m    T  r | 2 ≤ m   ∑  r = 1  m     |   T  r | 2


  𝔼  [    |   ∑  j = 1 ℓ    W  j | 2 ] ≤ m   ∑  r = 1  m  𝔼  [    |   T  r | 2 ] ≤ 2 m   e  4   D ℓ   ∑  r = 1  m    ∑  j ∈   I  r  𝔼  [   W  j 2 ] ≤ 2 m   e  4   D ℓ   ∑  j = 1 ℓ  𝔼  [   W  j 2 ]


   {   W  n i :   u  n ≤ i ≤   v  n , n ≥ 1 }


  m ≥ 1


  n ≥ 1


   ℓ  n : =   v  n −   u  n + 1


   {   𝜂  n  ( j ) : 1 ≤ j ≤    (  ℓ  n − m ) + }


  𝔼  [   W  n i ] = 0


  𝔼  [   W  n i 2 ] < ∞


    u  n ≤ i ≤   v  n


  n ≥ 1


  D : =   s u p  n ≥ 1   ∑  j = 1     (  ℓ  n − m ) +    𝜂  n    ( j ) 2 < ∞


  n ≥ 1


  𝔼  [    |   ∑  i =   u  n    v  n    W  n i | 2 ] ≤ 2 m   e  4 D   ∑  i =   u  n    v  n  𝔼  [   W  n i 2 ]


  n ≥ 1


    W  j : =   W  n ,   u  n + j − 1


  1 ≤ j ≤  ℓ  n


    ∑  j = 1     (  ℓ  n − m ) +    𝜂  n    ( j ) 2 ≤ D


  𝔼  [    |   ∑  i =   u  n    v  n    W  n i | 2 ] = 𝔼  [    |   ∑  j = 1   ℓ  n    W  j | 2 ] ≤ 2 m   e  4   D ℓ   ∑  j = 1   ℓ  n  𝔼  [   W  j 2 ] ≤ 2 m   e  4 D   ∑  i =   u  n    v  n  𝔼  [   W  n i 2 ]


  Y ≥ 0


  c > 0


    C  𝕍  ( Y I  ( Y > c ) ) = c 𝕍  ( Y > c ) +   ∫  c ∞  𝕍  ( Y > t ) d t


    ∫  c ∞  𝕍  ( Y > t ) d t ≤   C  𝕍  ( Y I  ( Y > c ) )


   { Y I  ( Y > c ) > t } =  {     { Y > c } ,  0 ≤ t < c ,    { Y > t } ,  t ≥ c ,


  X ∈ ℋ


  𝔼  [    | X | 2 ] < ∞


  𝔼  [    | X − 𝔼  [ X ] | 2 ] ≤ 4 𝔼  [    | X | 2 ]


  𝔼  [    | X − ℰ  [ X ] | 2 ] ≤ 4 𝔼  [    | X | 2 ]


  X ≤  | X |


  𝔼  [ X ] ≤ 𝔼  [  | X | ]


  0 = 𝔼  [ X +  ( − X ) ] ≤ 𝔼  [ X ] + 𝔼  [ − X ]


  − 𝔼  [ X ] ≤ 𝔼  [ − X ]


  − X ≤  | X |


  𝔼  [ − X ] ≤ 𝔼  [  | X | ]


   | 𝔼  [ X ] | ≤ 𝔼  [  | X | ]


  𝛼 > 0


   | X | ≤      | X | 2  2 𝛼 +   𝛼 2


  𝔼  [  | X | ]  1  2 𝛼 𝔼  [    | X | 2 ] +   𝛼 2


  𝔼  [   X 2 ] = 0


  𝛼 =    ( 𝔼  [    | X | 2 ] )   1 2


  𝔼  [  | X | ] ≤    ( 𝔼  [    | X | 2 ] )   1 2


     ( 𝔼  [  | X | ] ) 2 ≤ 𝔼  [    | X | 2 ]


     | x − c | 2 ≤ 2    | x | 2 + 2    | c | 2


  c = 𝔼  [ X ]


     | X − 𝔼  [ X ] | 2 ≤ 2    | X | 2 + 2    | 𝔼  [ X ] | 2


  𝔼


  𝔼  [    | X − 𝔼  [ X ] | 2 ] ≤ 2 𝔼  [    | X | 2 ] + 2    | 𝔼  [ X ] | 2


     | 𝔼  [ X ] | 2 ≤    ( 𝔼  [  | X | ] ) 2 ≤ 𝔼  [    | X | 2 ]


  𝔼  [    | X − 𝔼  [ X ] | 2 ] ≤ 4 𝔼  [    | X | 2 ]


  ℰ  [ X ] = − 𝔼  [ − X ]


   | ℰ  [ X ] | ≤ 𝔼  [  | X | ]


  𝔼  [    | X − ℰ  [ X ] | 2 ] ≤ 4 𝔼  [    | X | 2 ]


      X ̄  n i


    U  n i  ( u )


    X  n i


  1 ≤ r < 2


  Y ∈ ℋ


  h , k > 0


    Y ~ : = Y  [ 1 − G  (   Y h ) ]


  𝔼  [ Y ] < ∞


    C  𝕍  (   Y ~ ) < ∞


    ∫  k ∞    u    − 2  r 𝔼  [   Y   2  r G  (   Y  u ) ] d u ≤   C  r    (  h  k )     ( 2 − r )  r 𝔼  [ Y ] +   C  r   C  𝕍  (   Y ~ )


    C  r > 0


  p =  2  r > 1


  W =    ( Y − h ) +


    y  p ≤  2  p − 1  [  h  p − 1 y +    ( y − h ) +  p ]


  y ≥ 0


  G  (   y  u ) = 0


  y ≥ u


    y  p G  (   y  u ) ≤  2  p − 1  h  p − 1 y +  2  p − 1    (    ( y − h ) + ∧ u )  p


  𝔼  [   Y  p G  (   Y  u ) ] ≤   C  p  h  p − 1 𝔼  [ Y ] +   C  p 𝔼  [    ( W ∧ u )  p ]


     ( W ∧ u )  p


  𝔼  [    ( W ∧ u )  p ] ≤   C  𝕍  (    ( W ∧ u )  p ) = p   ∫ 0  u    s  p − 1 𝕍  ( W > s ) d s


    u  − p


   k , ∞ )


    ∫  k ∞    u  − p 𝔼  [   Y  p G  (   Y  u ) ] d u ≤   C  p    (  h  k )  p − 1 𝔼  [ Y ] +   C  p   ∫  k ∞    u  − p   ∫ 0  u    s  p − 1 𝕍  ( W > s ) d s d u


  s ↦ 𝕍  ( W > s )


   ( u , s ) ↦   u  − p   s  p − 1 𝕍  ( W > s )   I   { 0 < s < u }


    ∫  k ∞    u  − p   ∫ 0  u    s  p − 1 𝕍  ( W > s ) d s d u =   ∫ 0 ∞    s  p − 1 𝕍  ( W > s )   ∫    m a x ⁡   { k , s } ∞    u  − p d u d s


  


    k  1 − p   s  p − 1 =    (   s  k )  p − 1 ≤ 1


  0 ≤ s ≤ k


    ∫  k ∞    u  − p   ∫ 0  u    s  p − 1 𝕍  ( W > s ) d s d u ≤  1  p − 1   ∫ 0 ∞  𝕍  ( W > s ) d s =  1  p − 1   C  𝕍  ( W )


    ∫  k ∞    u  − p 𝔼  [   Y  p G  (   Y  u ) ] d u ≤   C  p    (  h  k )  p − 1 𝔼  [ Y ] +   C  p   C  𝕍  ( W )


  W =    ( Y − h ) + ≤ Y  [ 1 − G  (   Y h ) ] =   Y ~


  Y ≤ h


  Y > h


  G  (   Y h ) = 0


    Y ~ = Y ≥ Y − h = W


    C  𝕍  ( W ) ≤   C  𝕍  (   Y ~ )


    ∫  k ∞    u  − p 𝔼  [   Y  p G  (   Y  u ) ] d u ≤   C  p    (  h  k )  p − 1 𝔼  [ Y ] +   C  p   C  𝕍  (   Y ~ )


  p =  2  r


  p − 1 =   2 − r  r


    C  p


    C  r : =   C   2  r


    ∫  k ∞    u  −  2  r 𝔼  [   Y   2  r G  (   Y  u ) ] d u ≤   C  r    (  h  k )     ( 2 − r )  r 𝔼  [ Y ] +   C  r   C  𝕍  (   Y ~ )


   {   X  n i ,   u  n ≤ i ≤   v  n , n ≥ 1 }


   ( 𝛺 , ℋ , 𝔼 )


  m ≥ 1


  n ≥ 1


   ℓ  n : =   v  n −   u  n + 1


   {   𝜂  n  ( j ) : 1 ≤ j ≤    (  ℓ  n − m ) + }


  D : =   s u p  n ≥ 1   ∑  j = 1     (  ℓ  n − m ) +    𝜂  n    ( j ) 2 < ∞


   {   a  n i :   u  n ≤ i ≤   v  n , n ≥ 1 }


    a  n ∗ : =   m a x    u  n ≤ i ≤   v  n   a  n i > 0


  n ≥ 1


   {  h  n , n ≥ 1 }


   h  n → ∞  ( n → ∞ )


  1 ≤ r < 2


    k  n : =    (   a  n ∗ )  − r =    (   m a x    u  n ≤ i ≤   v  n   a  n i )  − r


  n ≥ 1


    Y  n i : =   k  n   a  n i  r    |   X  n i |  r =    (     a  n i    a  n ∗ )  r    |   X  n i |  r


    u  n ≤ i ≤   v  n


  n ≥ 1


    T  n : =   ∑  i =   u  n    v  n    a  n i  (   X  n i − 𝔼  [   X  n i ] )


      T ~  n : =   ∑  i =   u  n    v  n    a  n i  (   X  n i − ℰ  [   X  n i ] )


    s u p  n ≥ 1   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] < ∞


    ∑  n = 1 ∞      k  n   h  n   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ] < ∞


      ∑  n = 1 ∞   (    h  n    k  n )    2 − r  r < ∞


  𝜀 > 0


    ∑  n = 1 ∞  𝕍  (   T  n > 𝜀 ) < ∞


    ∑  n = 1 ∞  𝕍  (     T ~  n < − 𝜀 ) < ∞


  𝔼  [   X  n i ] = ℰ  [   X  n i ]


      u  n ≤ i ≤   v  n , n ≥ 1


    T  n =     T ~  n


  𝜀 > 0


    ∑  n = 1 ∞  𝕍  (  |   T  n | > 𝜀 ) < ∞


  𝔼  [   X  n i ] = ℰ  [   X  n i ]


   [ ℰ  [   X  n i ] ， 𝔼  [   X  n i ] ]


    T  n =     T ~  n


  𝔼


  E


  𝕍


  𝒱


    T  n =     T ~  n =   ∑  i =   u  n    v  n    a  n i  (   X  n i − E  [   X  n i ] )


  𝜀 > 0


    ∑  n = 1 ∞  P  (  |   T  n | > 𝜀 ) < ∞


    u  n = 1


    v  n = n


    a  n i =   n  − B


   4 3 ≤ r < 2


    b  n i = 1


    n  B


    k  n


  0 ≤   k  n   1  r   a  n i =     a  n i    a  n ∗ ≤ 1


    m a x    u  n ≤ i ≤   v  n   k  n   1  r   a  n i = 1


    k  n


     h  n    k  n → 0


   h  n → ∞


    k  n → ∞


    a  n ∗ → 0


   ℓ  n


    ∑  n = 1 ∞   h  n     ( 2 − r )  r    (   a  n ∗ )  2 − r < ∞


    u  n = 1


    v  n = n


    a  n i ≥ 0


    ∑  i = 1  n    a  n i = 1


    m a x  1 ≤ i ≤ n   a  n i ≥  1  n


    k  n ≤   n  r


  n


     (    h  n    k  n )     ( 2 − r )  r ≥  1    n  2 − r


  0 < 2 − r ≤ 1


    a  n i =  1  n


    a  n i =     i  − 𝛿    ∑  j = 1  n    j  − 𝛿


      Y ~  n i : =   Y  n i  [ 1 − G  (     Y  n i   h  n ) ]


  𝔼  [     Y ~  n i ] ≤   C  𝕍  (     Y ~  n i )


    u  n ≤ i ≤   v  n


  n ≥ 1


    ∑  n = 1 ∞   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i ) < ∞


  𝜀 > 0


    ∑  n = 1 ∞    C  𝕍  (    (   T  n − 𝜀 ) +  r ) < ∞


    ∑  n = 1 ∞    C  𝕍  (    ( −     T ~  n − 𝜀 ) +  r ) < ∞


  𝔼  [   X  n i ] = ℰ  [   X  n i ]


    u  n ≤ i ≤   v  n , n ≥ 1


    T  n =     T ~  n


  𝜀 > 0


    ∑  n = 1 ∞    C  𝕍  (    (  |   T  n | − 𝜀 ) +  r ) < ∞


      Y ~  n i


  𝛿 > 0


  G  ( t ) = 1


  0 ≤ t ≤ 𝜆


  0 ≤     Y ~  n i ≤   Y  n i I  (   Y  n i > 𝜆  h  n ) ≤    ( 𝜆  h  n )    − 𝛿  r   Y  n i    1 + 𝛿  r


   1    k  n   C  𝕍  (     Y ~  n i ) ≤   𝜆    − 𝛿  r    (     k  n   h  n )    𝛿  r   a  n i  r + 𝛿   C  𝕍  (    |   X  n i |  r + 𝛿 )


      ∑  n = 1 ∞   (     k  n   h  n )    𝛿  r   ∑  i =   u  n    v  n    a  n i  r + 𝛿   C  𝕍  (    |   X  n i |  r + 𝛿 ) < ∞


    s u p  n , i   C  𝕍  (    |   X  n i |  r + 𝛿 ) < ∞


      ∑  n = 1 ∞   (     k  n   h  n )    𝛿  r   ∑  i =   u  n    v  n    a  n i  r + 𝛿 < ∞


  𝔼


  E


  𝕍


    C  𝕍


    ∑  n = 1 ∞  E  (    (  |   T  n | − 𝜀 ) +  r ) < ∞


  𝜀 > 0


  1 ≤ r < 2


  𝛿 > 0


    u  n = 1


    v  n = n


    s u p  n , i 𝔼  (    |   X  n i |  r + 𝛿 ) < ∞


    a  n i =   n  − B


   h  n =   n  H


  B >  1  2 − r +  2  r + 𝛿


    2 r  r + 𝛿 < H < B r −   r  2 − r


    s u p  n , i   C  𝕍  (    |   X  n i |  r + 𝛿 ) < ∞


    k  n =   n  B r


    Y  n i =    |   X  n i |  r


    n  1 − B r


    n  1 − H  ( 1 +   𝛿  r )


    n    H  ( 2 − r )  r − B  ( 2 − r )


   1    k  n   ∑  i = 1  n    C  𝕍  (     Y ~  n i ) = O  (   n    1 − B r − H 𝛿  r )


    B r + H 𝛿  r > 2


  H =   B r − r   ( 2 − r )


  H =   2 r   ( r + 𝛿 )


    u  n = 1


    v  n = n


    a  n i =   n  − B   c  n i


  0 ≤   c  n i ≤ 1


    m a x  1 ≤ i ≤ n   c  n i = 1


   |   X  n i | ≤ M


  1 ≤ r < 2


   h  n =   n  H


  B >  1  2 − r


  0 < H < B r −   r  2 − r


    c  n i = 1


    c  n i =   i  n


    k  n =   n  B r


  0 ≤     Y ~  n i =   Y  n i  [ 1 − G  (     Y  n i   h  n ) ] ≤   Y  n i =   c  n i  r    |   X  n i |  r ≤   M  r


  𝔼  [     Y ~  n i ] ≤   C  𝕍  (     Y ~  n i ) ≤   M  r


   h  n → ∞


  G  ( t ) = 1


  0 ≤ t ≤ 𝜆


      Y ~  n i = 0


  1 ≤ i ≤ n


    ∑  n = 1 ∞   1    k  n   ∑  i = 1  n    C  𝕍  (     Y ~  n i ) < ∞


  𝔼 =   E  P


  ℋ =   ⋂  p ≥ 1    L  p  ( P )


   ( 𝛺 , ℱ , P )


    X  n i , 1 ≤ i ≤ n


  ℱ


  ℋ


  r =  3 2


  𝛿 =  3 2


    a  n i =   n  − 4


   h  n =   n 2


    k  n =   n 6


    Y  n i =    |   X  n i |   3 2


    K  𝜆 =   𝜆  − 1   E  P  [    | Z | 3 ] < ∞


  0 ≤     Y ~  n i ≤   Y  n i I  (   Y  n i > 𝜆   n 2 ) ≤      |   X  n i | 3  𝜆   n 2


    ∑  i = 1  n    a  n i  r   E  P  [    |   X  n i |  r ] =   n  − 5   E  P  [    | Z |   3 2 ]


      k  n   h  n   ∑  i = 1  n    a  n i  r   E  P  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ] =  1   h  n   ∑  i = 1  n    E  P  [     Y ~  n i ] ≤   K  𝜆   n  − 3


     (    h  n    k  n )     ( 2 − r )  r =   n    − 4 3


  𝕍 = P


  𝔼  [     Y ~  n i ] =   C  𝕍  (     Y ~  n i )


   1    k  n   ∑  i = 1  n    C  𝕍  (     Y ~  n i ) =   n  − 6   ∑  i = 1  n    E  P  [     Y ~  n i ] ≤   K  𝜆   n  − 7


  x ↦   a  n i x


    b  n i =  |   a  n i |


  −   X  n i


    m  n


  M =   s u p  n ≥ 1   m  n < ∞


    m  n


  C > 0


    a  n ∗ > 0


    k  n =    (   a  n ∗ )  − r


  n ≥ 1


  0 ≤   a  n i ≤   a  n ∗


  0 ≤   k  n   a  n i  r =  (     a  n i    a  n ∗ ) ≤ 1


    u  n ≤ i ≤   v  n


  0 ≤   Y  n i ≤    |   X  n i |  r


      ∑  n = 1 ∞   (    h  n    k  n )     ( 2 − r )  r


     (    h  n    k  n )     ( 2 − r )  r → 0  ( n → ∞ )


  1 ≤ r < 2


    2 − r  r > 0


     h  n    k  n → 0  ( n → ∞ )


     h  n    k  n → 0


   h  n ≤   k  n


  n ≥ N


  c > 0


    𝜋  c  ( x ) : =   m a x ⁡   { − c ,   m i n ⁡   { x , c } }


      𝜌  c  ( x ) : = x −   𝜋  c  ( x )


  c > 0


    𝜋  c


    𝜌  c


      X ̄  n i : =   𝜋   h  n   1  r  (   k  n   1  r   a  n i   X  n i )


      Z ̄  n i : =   𝜌   h  n   1  r  (   k  n   1  r   a  n i   X  n i ) =   k  n   1  r   a  n i   X  n i −     X ̄  n i


    X  n i


      X ̄  n i


    k  n   1  r   a  n i   X  n i


      Z ̄  n i =   k  n   1  r   a  n i   X  n i −     X ̄  n i


    a  n i = 0


    Y  n i =     X ̄  n i =     Z ̄  n i = 0


    T  n


      T ~  n


    u  n ≤ i ≤   v  n


    𝜙  n i  ( x ) : =   𝜋   h  n   1  r  (   k  n   1  r   a  n i x )


    a  n i ≥ 0


    𝜙  n i


    a  n i = 0


   |     X ̄  n i | =  |   𝜋   h  n   1  r  (   k  n   1  r   a  n i   X  n i ) | ≤  h  n   1  r


  𝔼  [    |     X ̄  n i | 2 ] ≤  h  n   2  r < ∞


   {     X ̄  n i :   u  n ≤ i ≤   v  n }


      Z ̄  n i


    u  n ≤ i ≤   v  n


   |     X ̄  n i | ≤   m i n ⁡   {   Y  n i   1  r ,  h  n   1  r }


   |     Z ̄  n i | ≤   k  n   1  r   a  n i  |   X  n i | I  (   Y  n i >  h  n ) =   Y  n i   1  r I  (   Y  n i >  h  n )


    T  n =   k  n    − 1  r   ∑  i =   u  n    v  n   (   k  n   1  r   a  n i   X  n i − 𝔼  [   k  n   1  r   a  n i   X  n i ] )


    T  n > 𝜀


    ∑  i =   u  n    v  n   (   k  n   1  r   a  n i   X  n i − 𝔼  [   k  n   1  r   a  n i   X  n i ] ) >   k  n   1  r 𝜀


    k  n   1  r   a  n i   X  n i =     X ̄  n i +     Z ̄  n i


    ∑  i =   u  n    v  n   (   k  n   1  r   a  n i   X  n i − 𝔼  [   k  n   1  r   a  n i   X  n i ] ) =   ∑  i =   u  n    v  n   (     X ̄  n i +     Z ̄  n i − 𝔼  [     X ̄  n i ] + 𝔼  [     X ̄  n i ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] )


 


   1 3   k  n   1  r 𝜀


    k  n   1  r 𝜀


   1 3   k  n   1  r 𝜀


    A  n 1 : =  {   ∑  i =   u  n    v  n      Z ̄  n i >  1 3   k  n   1  r 𝜀 }


 


  


 


   {   T  n > 𝜀 } ⊂   A  n 1 ∪   A  n 2 ∪   A  n 3


  𝕍  (   T  n > 𝜀 ) ≤ 𝕍  (   A  n 1 ) + 𝕍  (   A  n 2 ) + 𝕍  (   A  n 3 )


  𝕍  (   A  n 1 )


    Y  n i ≤  h  n


    u  n ≤ i ≤   v  n


    Y  n i =    (   k  n   1  r   a  n i  |   X  n i | )  r


    k  n   1  r   a  n i  |   X  n i | ≤  h  n   1  r


    𝜋   h  n   1  r  (   k  n   1  r   a  n i   X  n i ) =   k  n   1  r   a  n i   X  n i


      Z ̄  n i =   k  n   1  r   a  n i   X  n i −     X ̄  n i =   k  n   1  r   a  n i   X  n i −   𝜋   h  n   1  r  (   k  n   1  r   a  n i   X  n i ) = 0


    ∑  i =   u  n    v  n      Z ̄  n i = 0


    A  n 1


    ⋂  i =   u  n    v  n   {   Y  n i ≤  h  n } ⊂   A  n 1  c


    A  n 1 ⊂   ⋃  i =   u  n    v  n   {   Y  n i >  h  n }


  𝕍


  𝕍  (   A  n 1 ) ≤   ∑  i =   u  n    v  n  𝕍  {   Y  n i >  h  n }


  x ≥ 0


  I  ( x >  h  n ) ≤   x   h  n  ( 1 − G  (   x   h  n ) )


    Y  n i


  I  (   Y  n i >  h  n ) ≤     Y  n i   h  n  ( 1 − G  (     Y  n i   h  n ) )


  𝔼


  𝕍  (   Y  n i >  h  n ) ≤ 𝔼  [     Y  n i   h  n  ( 1 − G  (     Y  n i   h  n ) ) ]


    Y  n i =   k  n   a  n i  r    |   X  n i |  r


  𝕍  (   Y  n i >  h  n ) ≤     k  n   h  n 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ]


  𝕍  (   A  n 1 ) ≤     k  n   h  n   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ]


    ∑  n = 1 ∞  𝕍  (   A  n 1 ) < ∞


  𝕍  (   A  n 2 )


    S  n =   ∑  i =   u  n    v  n   (     X ̄  n i − 𝔼     X ̄  n i )


   { S >  1 3   k  n   1  r 𝜀 } ⊂  {  | S | >  1 3   k  n   1  r 𝜀 }


  𝕍  (   A  n 2 ) ≤ 𝕍  (  |   S  n | >  1 3   k  n   1  r 𝜀 )


   |   S  n |


  f  ( x ) =   x 2


  𝕍  (   A  n 2 ) ≤ C   k  n    − 2  r 𝔼  [    |   ∑  i =   u  n    v  n   (     X ̄  n i − 𝔼     X ̄  n i ) | 2 ]


  x ↦ x − 𝔼     X ̄  n i


  n


   {     X ̄  n i − 𝔼     X ̄  n i ,   u  n ≤ i ≤   v  n }


  𝔼


  𝔼  [     X ̄  n i − 𝔼     X ̄  n i ] = 0


  𝔼  [    |   ∑  i =   u  n    v  n   (     X ̄  n i − 𝔼     X ̄  n i ) | 2 ] ≤ 2 m   e  4 D   ∑  i =   u  n    v  n  𝔼  [    |     X ̄  n i − 𝔼     X ̄  n i | 2 ]


  𝔼  [    |     X ̄  n i − 𝔼     X ̄  n i | 2 ] ≤ 4 𝔼  [    |     X ̄  n i | 2 ]


  𝕍  (   A  n 2 ) ≤ C   k  n    − 2  r   ∑  i =   u  n    v  n  𝔼  [    |     X ̄  n i | 2 ]


       |     X ̄  n i | 2 = m i n ⁡   {   Y  n i   2  r ,  h  n i   2  r } ≤  h  n     ( 2 − r )  r   Y  n i


    Y  n i =   k  n   a  n i  r    |   X  n i |  r


     |     X ̄  n i | 2 ≤   k  n  h  n     ( 2 − r )  r   a  n i  r    |   X  n i |  r


  𝔼


  𝔼  [    |     X ̄  n i | 2 ] ≤   k  n  h  n     ( 2 − r )  r   a  n i  r 𝔼  [    |   X  n i |  r ]


  𝕍  (   A  n 2 ) ≤ C    (    h h    k  n )    2 − r  r   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ]


    ∑  n = 1 ∞  𝕍  (   A  n 2 ) < ∞


  𝕍  (   A  n 3 )


   | 𝔼  [     X ̄  n i ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤ 𝔼  [  |     Z ̄  n i | ]


    ∑  i =   u  n    v  n   ( 𝔼  [     X ̄  n i ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] ) ≤   ∑  i =   u  n    v  n  𝔼  [  |     Z ̄  n i | ]


   |     Z ̄  n i | ≤   k  n   1  r   a  n i  |   X  n i | I  (   Y  n i >  h  n ) =   Y  n i   1  r I  (   Y  n i >  h  n )


    Y  n i >  h  n


    Y  n i   1  r ≤  h  n    −  ( r − 1 )  r   Y  n i


   |     Z ̄  n i | ≤   Y  n i   1  r I  (   Y  n i >  h  n ) ≤  h  n    −  ( r − 1 )  r   Y  n i I  (   Y  n i >  h  n ) ≤  h  n    −  ( r − 1 )  r   Y  n i  ( 1 − G  (     Y  n i   h  n ) )


    ∑  i =   u  n    v  n  𝔼  [  |     Z ̄  n i | ] ≤   k  n  h  n    −  ( r − 1 )  r   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ]


    k  n   1  r


    k  n    − 1  r   ∑  i =   u  n    v  n  𝔼  [  |     Z ̄  n i | ] ≤  [     k  n   h  n   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ] ]    (    h  n    k  n )   1  r


      k  n   h  n   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r  ( 1 − G  (     Y  n i   h  n ) ) ] → 0


     h  n    k  n → 0


     (    h  n    k  n )   1  r → 0


    k  n    − 1  r   ∑  i =   u  n    v  n  𝔼  |     Z ̄  n i | → 0


  n ≥ N


    ∑  i =   u  n    v  n   | 𝔼     X ̄  n i − 𝔼  (   k  n   1  r   a  n i   X  n i ) | ≤  1 3   k  n   1  r 𝜀


    A  n 3


    ∑  n = 1 ∞  𝕍  (   A  n 3 ) =   ∑  n = 1  N − 1  𝕍  (   A  n 3 ) < ∞


  n ≥ 1


    ∑  n = 1 ∞  𝕍  (   T  n > 𝜀 ) ≤   ∑  n = 1 ∞  𝕍  (   A  n 1 ) +   ∑  n = 1 ∞  𝕍  (   A  n 2 ) +   ∑  n = 1 ∞  𝕍  (   A  n 3 )


    ∑  n = 1 ∞  𝕍  (   T  n > 𝜀 ) < ∞


  x ↦ − x


   { −   X  n i ,   u  n ≤ i ≤   v  n , n ≥ 1 }


  𝔼  [ −   X  n i ] = − ℰ  [   X  n i ]


   | −   X  n i | =  |   X  n i |


   { −   X  n i }


  𝜀 > 0


    ∑  n = 1 ∞  𝕍  (   ∑  i =   u  n    v  n    a  n i  ( −   X  n i − 𝔼  [ −   X  n i ] ) > 𝜀 ) < ∞


  −   X  n i − 𝔼  [ −   X  n i ] = −   X  n i + ℰ  [   X  n i ] = −  (   X  n i − ℰ  [   X  n i ] )


    ∑  n = 1 ∞  𝕍  (   ∑  i =   u  n    v  n    a  n i  (   X  n i − ℰ  [   X  n i ] ) < − 𝜀 ) < ∞


  𝔼  [   X  n i ] = ℰ  [   X  n i ]


    ∑  n = 1 ∞  𝕍  (  |   T  n | > 𝜀 ) ≤   ∑  n = 1 ∞  𝕍  (   T  n > 𝜀 ) +   ∑  n = 1 ∞  𝕍  ( −   T  n > 𝜀 )


 


    T  n ∗ : =   k  n   1  r   T  n


    T  n =   k  n    − 1  r   T  n ∗


    C  𝕍  (    (   T  n − 𝜀 ) +  r ) =   ∫ 0 ∞  𝕍  (   T  n > 𝜀 +   t   1  r ) d t


  u =   k  n t


  d t =  1    k  n d u


    C  𝕍  (    (   T  n − 𝜀 ) +  r ) =  1    k  n   ∫ 0 ∞  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) d u


    ∑  n = 1 ∞    C  𝕍  (    (   T  n − 𝜀 ) +  r ) =   ∑  n = 1 ∞   1    k  n   ∫ 0 ∞  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) d u


    P  n =  1    k  n   ∫ 0    k  n  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) d u


    Q  n =  1    k  n   ∫    k  n ∞  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) d u


    C  𝕍  (    (   T  n − 𝜀 ) +  r ) =   P  n +   Q  n


   [ 0 ,   k  n ]


  u ∈  [ 0 ,   k  n ]


    u   1  r ≥ 0


    k  n   1  r 𝜀 +   u   1  r ≥   k  n   1  r 𝜀


    T  n ∗ >   k  n   1  r 𝜀 +   u   1  r


    T  n ∗ >   k  n   1  r 𝜀


  u ∈  [ 0 ,   k  n ]


   {   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r } ⊂  {   T  n ∗ >   k  n   1  r 𝜀 }


  𝕍


  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) ≤ 𝕍  (   T  n ∗ >   k  n   1  r 𝜀 )


    T  n ∗ =   k  n   1  r   T  n


    k  n   1  r > 0


    T  n ∗ >   k  n   1  r 𝜀 ⇔   k  n   1  r   T  n >   k  n   1  r 𝜀 ⇔   T  n > 𝜀


  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 ) = 𝕍  (   T  n > 𝜀 )


    P  n =  1    k  n   ∫ 0    k  n  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) d u ≤  1    k  n   ∫ 0    k  n  𝕍  (   T  n > 𝜀 ) d u


  


    ∑  n = 1 ∞  𝕍  (   T  n > 𝜀 ) < ∞


    ∑  n = 1 ∞    P  n < ∞


     k  n , ∞ )


  u ≥   k  n


    𝜋  c  ( x ) =   m a x ⁡   { − c ,   m i n ⁡   ( x , c ) }


    𝜌  c  ( x ) = x −   𝜋  c  ( x )


  c > 0


    𝜋  c


    𝜌  c


    U  n i  ( u ) : =   𝜋    u   1  r  (   k  n   1  r   a  n i   X  n i )


    V  n i  ( u ) : =   𝜌    u   1  r  (   k  n   1  r   a  n i   X  n i ) =   k  n   1  r   a  n i   X  n i −   U  n i  ( u )


    k  n   1  r   a  n i   X  n i =   U  n i  ( u ) +   V  n i  ( u )


    u  n ≤ i ≤   v  n


   |   U  n i  ( u ) | ≤   m i n ⁡   {   Y  n i   1  r ,   u   1  r }


   |   V  n i  ( u ) | ≤   Y  n i   1  r I  (   Y  n i > u )


    T  n ∗ =   k  n   1  r   T  n =   ∑  i =   u  n    v  n   (   k  n   1  r   a  n i   X  n i − 𝔼  [   k  n   1  r   a  n i   X  n i ] )


    T  n ∗ >   k  n   1  r 𝜀 +   u   1  r


    k  n   1  r 𝜀 +   u   1  r > 0


   |   T  n ∗ | =   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r >   u   1  r


    T  n ∗


    J  n 1  ( u ) : =  {   ∑  i =   u  n    v  n   |   V  n i  ( u ) | >  1 3   u   1  r }


    J  n 2  ( u ) : =  {  |   ∑  i =   u  n    v  n   (   U  n i  ( u ) − 𝔼  [   U  n i  ( u ) ] ) | >  1 3   u   1  r }


    J  n 3  ( u ) : =  {   ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | >  1 3   u   1  r }


   {   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r } ⊆   J  n 1  ( u ) ∪   J  n 2  ( u ) ∪   J  n 3  ( u )


  𝕍


  𝕍  (   T  n ∗ >   k  n   1  r 𝜀 +   u   1  r ) ≤ 𝕍  (   J  n 1  ( u ) ) + 𝕍  (   J  n 2  ( u ) ) + 𝕍  (   J  n 3  ( u ) )


    Q  n j : =  1    k  n   ∫    k  n ∞  𝕍  (   J  n j  ( u ) ) d u


  j = 1 , 2 , 3


    Q  n ≤   Q  n 1 +   Q  n 2 +   Q  n 3


    Q  n 1


    Y  n i ≤ u


    u  n ≤ i ≤   v  n


    𝕍  n i  ( u ) = 0


    J  n 1  ( u )


    J  n 1  ( u ) ⊂   ⋃  i =   u  n    v  n   {   Y  n i > u }


  𝕍  (   J  n 1  ( u ) ) ≤   ∑  i =   u  n    v  n  𝕍  (   Y  n i > u )


    Q  n 1 ≤  1    k  n   ∑  i =   u  n    v  n    ∫    k  n ∞  𝕍  (   Y  n i > u ) d u


    ∫    k  n ∞  𝕍  (   Y  n i > u ) d u ≤   C  𝕍  (   Y  n i I  (   Y  n i >   k  n ) )


     h  n    k  n → 0


    N 1


   h  n ≤   k  n


  n ≥   N 1


  n ≥   N 1


   {   Y  n i >   k  n } ⊂  {   Y  n i >  h  n }


  G  ( t ) = 0


  t ≥ 1


   {   Y  n i >  h  n }


  1 − G  (     Y  n i   h  n ) = 1


    Y  n i I  (   Y  n i >   k  n ) ≤   Y  n i I  (   Y  n i >  h  n ) ≤   Y  n i  ( 1 − G  (     Y  n i   h  n ) ) =     Y ~  n i


    Q  n 1 ≤  1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


    k  n <  h  n


    ∫    k  n ∞  𝕍  (   Y  n i > u ) d u =   ∫    k  n   h  n  𝕍  (   Y  n i > u ) d u +   ∫   h  n ∞  𝕍  (   Y  n i > u ) d u


    ∫    k  n   h  n  𝕍  (   Y  n i > u ) d u ≤  h  n −   k  n < ∞


    ∫   h  n ∞  𝕍  (   Y  n i > u ) d u ≤   C  𝕍  (   Y  n i I  (   Y  n i >  h  n ) ) ≤   C  𝕍  (     Y ~  n i ) < ∞


    k  n <  h  n


    C  𝕍  ( ⋅ )


    ∑  n = 1 ∞    Q  n 1 < ∞


    Q  n 2


    J  n 2  ( u )


  𝕍  (   J  n 2  ( u ) ) ≤ 9   u    − 2  r 𝔼  [    |   ∑  i =   u  n    v  n   (   U  n i  ( u ) − 𝔼  [   U  n i  ( u ) ] ) | 2 ]


  n ≥ 1


  u ≥   k  n


  x ↦ x − 𝔼  [   U  n i  ( u ) ]


  u ≥   k  n


      U  n i  ( u ) − 𝔼   U  n i  ( u ) , u  n ≤ i ≤   v  n


  𝔼


  𝔼  [   U  n i  ( u ) − 𝔼  [   U  n i  ( u ) ] ] = 0


  𝔼  [    |   ∑  i =   u  n    v  n   (   U  n i  ( u ) − 𝔼   U  n i  ( u ) ) | 2 ] ≤ 2 m   e  4 D   ∑  i =   u  n    v  n  𝔼  [    |   U  n i  ( u ) − 𝔼  [   U  n i  ( u ) ] | 2 ]


  𝔼  [    |   U  n i  ( u ) − 𝔼  [   U  n i  ( u ) ] | 2 ] ≤ 4 𝔼  [    |   U  n i  ( u ) | 2 ]


  𝕍  (   J  n 2  ( u ) ) ≤ c   u    − 2  r   ∑  i =   u  n    v  n  𝔼  [    |   U  n i  ( u ) | 2 ]


    Q  n 2 ≤   C    k  n   ∑  i =   u  n    v  n    ∫    k  n ∞    u    − 2  r 𝔼  [    |   U  n i  ( u ) | 2 ] d u


  0 ≤ G  (     Y  n i  u ) ≤ 1


    Y  n i   2  r G  (     Y  n i  u ) +   u   2  r  ( 1 − G  (     Y  n i  u ) )


    Y  n i   2  r


    u   2  r


     |   U  n i  ( u ) | 2 ≤   Y  n i   2  r G  (     Y  n i  u ) +   u   2  r  ( 1 − G  (     Y  n i  u ) )


    Q  n 2 ≤   Q  n 2   ( 1 ) +   Q  n 2   ( 2 )


    Q  n 2   ( 1 ) : =   C    k  n   ∑  i =   u  n    v  n    ∫    k  n ∞    u    − 2  r 𝔼  [   Y  n i   2  r G  (     Y  n i  u ) ] d u


    Q  n 2   ( 2 ) : =   C    k  n   ∑  i =   u  n    v  n    ∫    k  n ∞  𝔼  [ 1 − G  (     Y  n i  u ) ] d u


    Q  n 2   ( 1 )


  𝔼  [   Y  n i ] < ∞


    C  V  (     Y ~  n i ) < ∞


  Y =   Y  n i


  h =  h  n


  k =   k  n


    ∫    k  n ∞    u    − 2  r 𝔼  [   Y  n i   2  r G  (     Y  n i  u ) ] d u ≤   C  r    (    h  n    k  n )     ( 2 − r )  r 𝔼  [   Y  n i ] +   C  r   C  𝕍  [     Y ~  n i ]


    C  r > 0


    Q  n 2   ( 1 ) ≤   C    k  n   ∑  i =   u  n    v  n   [    (    h  n    k  n )     ( 2 − r )  r 𝔼  [   Y  n i ] +   C  𝕍  (     Y ~  n i ) ]


    Y  n i =   k  n   a  n i  r    |   X  n i |  r


   1    k  n   ∑  i =   u  n    v  n  𝔼  [   Y  n i ] =   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ]


    Q  n 2   ( 1 ) ≤ C    (    h  n    k  n )     ( 2 − r )  r   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] +   C    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


    ∑  n = 1 ∞    Q  n 2   ( 1 ) ≤ C   ∑  n = 1 ∞     (    h  n    k  n )     ( 2 − r )  r   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] + C   ∑  n = 1 ∞   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


    s u p  n ≥ 1   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] < ∞


  M > 0


    s u p  n ≥ 1   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] ≤ M


    ∑  n = 1 ∞     (    h  n    k  n )     ( 2 − r )  r   ∑  i =   u  n    v  n    a  n i  r 𝔼  [    |   X  n i |  r ] ≤ ≤ M   ∑  n = 1 ∞     (    h  n    k  n )     ( 2 − r )  r < ∞


    ∑  n = 1 ∞   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i ) < ∞


    ∑  n = 1 ∞    Q  n 2   ( 1 ) < ∞


    Q  n 2   ( 2 )


  1 − G  (   Y  u ) > 0


    Y  u > 𝜆


  Y > 𝜆 u


  1 − G  (   Y  u ) ≤ I  ( Y > 𝜆 u )


  𝔼  [ 1 − G  (   Y  u ) ] ≤ 𝕍  ( Y > 𝜆 u )


    ∫    k  n ∞  𝔼  [ 1 − G  (   Y  u ) ] d u ≤   ∫    k  n ∞  𝕍  ( Y > 𝜆 u ) d u =  1  𝜆   ∫  𝜆   k  n ∞  𝕍  ( Y > t ) d t


    ∫  𝜆   k  n ∞  𝕍  ( Y > t ) d t ≤   C  V  ( Y I  ( Y > 𝜆   k  n ) )


    ∫    k  n ∞  𝔼  [ 1 − G  (   Y  u ) ] d u ≤  1  𝜆   C  𝕍  ( Y I  ( Y > 𝜆   k  n ) )


  Y =   Y  n i


    ∫    k  n ∞  𝔼  [ 1 − G  (     Y  n i  u ) ] d u ≤  1  𝜆   C  𝕍  (   Y  n i I  (   Y  n i > 𝜆   k  n ) )


     h  n    k  n → 0


  𝜆 > 0


    N 3


   h  n ≤ 𝜆   k  n


  n ≥   N 3


  n ≥   N 3


   {   Y  n i > 𝜆   k  n } ⊂  {   Y  n i >  h  n }


    Y  n i    (   Y  n i > 𝜆   k  n ) ≤   Y  n i I  (   Y  n i >  h  n ) ≤ Y  n i  ( 1 − G  (     Y  n i   h  n ) ) =     Y ~  n i


  n ≥   N 3


    ∫    k  n ∞  𝔼  [ 1 − G  (     Y  n i  u ) ] d u ≤  1  𝜆   C  𝕍  (     Y ~  n i )


  n <   N 3


  𝜆   k  n ≥  h  n


  𝜆   k  n <  h  n


    ∫  𝜆   k  n ∞  𝕍  (   Y  n i > t ) d t =   ∫  𝜆   k  n   h  n  𝕍  (   Y  n i > t ) d t +   ∫   h  n ∞  𝕍  (   Y  n i > t ) d t


    Q  n 2   ( 2 )


  n <   N 3


    Q  n 2   ( 2 ) ≤   C    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


  n ≥   N 3


    ∑  n = 1 ∞    Q  n 2   ( 2 ) < ∞


    ∑  n = 1 ∞    Q  n 2 < ∞


    Q  n 3


   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤ 𝔼  [  |   V  n i  ( u ) | ]


    ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤   ∑  i =   u  n  v  𝔼  [  |   V  n i  ( u ) | ]


  u ≥   k  n


    u    − 1  r  |   V  n i  ( u ) | ≤   u    − 1  r   Y  n i   1  r I  (   Y  n i > u ) ≤    (     Y  n i  u )   1  r I  (   Y  n i > u )


    Y  n i > u


      Y  n i  u ≥ 1


   1  r ≤ 1


     (     Y  n i  u )   1  r ≤     Y  n i  u


      u    − 1  r  |   V  n i  ( u ) | ≤  (     Y  n i  u )   1  r I  (   Y  n i > u ) ≤     Y  n i  u I  (   Y  n i > u ) ≤     Y  n i    k  n I  (   Y  n i > u )


  n


    k  n ≥  h  n


    Y  n i > u ≥   k  n ⇒   Y  n i >  h  n


    u    − 1  r  |   V  n i  ( u ) | ≤     Y  n i    k  n I  (   Y  n i >  h  n ) ≤       Y ~  n i    k  n


  𝔼


  i


    u    − 1  r   ∑  i =   u  n    v  n  𝔼  [  |   V  n i  ( u ) | ] ≤  1    k  n   ∑  i =   u  n    v  n  𝔼  [     Y ~  n i ]


    u    − 1  r   ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤  1    k  n   ∑  i =   u  n    v  n  𝔼  [     Y ~  n i ]


   1    k  n   ∑  i =   u  n    v  n  𝔼  [     Y ~  n i ] ≤  1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


    ∑  n = 1 ∞   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i )


   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i ) → 0


    N 4


  n ≥   N 4


   1    k  n   ∑  i =   u  n    v  n    C  𝕍  (     Y ~  n i ) ≤  1 3


  n ≥   N 4


  u ≥   k  n


    u    − 1  r   ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤  1 3


    ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤  1 3   u   1  r


    J  n 3  ( u ) = ∅


  n ≥   N 4 , u ≥   k  n


    Q  n 3 = 0


  n ≥   N 4


  n <   N 4


    M  n : =   ∑  i =   u  n    v  n  𝔼  [   Y  n i ]


    M  n < ∞


    ∑  i =   u  n    v  n   | 𝔼  [   U  n i  ( u ) ] − 𝔼  [   k  n   1  r   a  n i   X  n i ] | ≤   u    −  ( r − 1 )  r   M  n


  u ≥ 3   M  n


    u    −  ( r − 1 )  r   M  n ≤  1 3   u   1  r


    J  n 3  ( u ) = ∅


  u ≥   m a x ⁡   {   k  n , 3   M  n }


    Q  n 3 =  1    k  n   ∫    k  n ∞  𝕍  (   J  n 3  ( u ) ) d u =  1    k  n   ∫    k  n    m a x ⁡   {   k  n , 3   M  n }  𝕍  (   J  n 3  ( u ) ) d u < ∞


  n


    ∑  n = 1 ∞    Q  n 3 < ∞


    ∑  n = 1 ∞    Q  n < ∞


    ∑  n = 1 ∞    C  𝕍  (    (   T  n − 𝜀 ) +  r ) < ∞


    X  n i ′ = −   X  n i


    u  n ≤ i ≤   v  n


  n ≥ 1


  x ↦ − x


   {   X  n i ′ }


   |   X  n i ′ | =  |   X  n i |


    Y  n i ′ =   Y  n i


      Y ~  n i ′ =     Y ~  n i


   {   X  n i ′ }


  𝔼  [ −   X  n i ] = − ℰ  [   X  n i ]


   {   X  n i ′ }


    T  n ′ =   ∑  i =   u  n    v  n    a  n i  ( −   X  n i − 𝔼  [ −   X  n i ] ) =   ∑  i =   u  n    v  n    a  n i  ( −   X  n i + ℰ  [   X  n i ] ) = −     T ~  n


   {   X  n i ′ }


  𝜀 > 0


    ∑  n = 1 ∞    C  𝕍  (    ( −     T ~  n − 𝜀 ) +  r ) < ∞


  𝔼  [   X  n i ] = ℰ  [   X  n i ]


    u  n ≤ i ≤   v  n


  n ≥ 1


    T  n =     T ~  n


  t ≥ 0


   {    (  |   T  n | − 𝜀 ) +  r > t } =  {    (   T  n − 𝜀 ) +  r > t } ∪  {    ( −   T  n − 𝜀 ) +  r > t }


  𝕍


  𝕍  (    (  |   T  n | − 𝜀 ) +  r > t ) ≤ 𝕍  (    (   T  n − 𝜀 ) +  r > t ) + 𝕍  (    ( −   T  n − 𝜀 ) +  r > t )


  t


    C  𝕍  (    (  |   T  n | − 𝜀 ) +  r ) ≤   C  𝕍  (    (   T  n − 𝜀 ) +  r ) +   C  𝕍  (    ( −   T  n − 𝜀 ) +  r )


    T  n =     T ~  n


    ∑  n = 1 ∞    C  𝕍  (    (  |   T  n | − 𝜀 ) +  r ) < ∞


    T  n


      T ~  n


  1 ≤ i ≤ n


    ∑  i = 1  n    a  n i = 1

