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1. Introduction

Campanato spaces, as generalizations of classical Lebesgue spaces and Holder spaces, have been
studied and applied in harmonic analysis and partial differential equations [16] since they were first
introduced by Campanato in the 1960s [1]. As extensions of bounde mean oscillation (BMO) spaces
and Lipschitz spaces, Campanato spaces serve as characterizations of function regularity. For related
applications of function spaces and regularity theory to nonlinear partial differential equations, for
example, [15,20].

Function spaces with variable exponents have been studied in harmonic analysis, partial differential
equations, and image processing [8, 14]. Since Kovacik and Rékosnik generalized classical Lebesgue
and Sobolev spaces to the variable exponent setting, a series of results has been established, including
completeness, duality, and embedding theorems [12]. The boundedness of the Hardy-Littlewood
maximal operator has been verified under the log-Holder continuity condition [2, 3, 7]. Furthermore,
Hardy spaces, Herz spaces, Morrey spaces, and Campanato spaces with variable exponents have been
investigated [4, 11, 19]. In particular, the Campanato space with variable exponents is an extension of
classical Campanato spaces and BMO spaces, inheriting the basic characteristics of constant exponent
spaces while retaining the local adaptability of variable exponents [9,21], and it provides a framework
for studying the regularity of solutions to partial differential equations with variable exponents and the


https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.20261371

35314

boundedness of variable coefficient operators [24].

Unlike Fourier analysis, wavelet analysis and multiresolution analysis can characterize both spatial
and frequency localizations and serve as tools for the characterization of function spaces [5, 13, 28].
Classical function spaces, including Besov spaces, Triebel-Lizorkin spaces, Herz spaces, and Hardy
spaces, have been characterized by wavelets [13,26,29]. Wavelet characterizations of classical Hardy
spaces were established by Meyer and other scholars [17, 18]. Subsequently, Fu established wavelet
characterization of Hardy spaces with variable exponents by using discrete square functions and Peetre-
type maximal functions [10]. Li and Sun applied multiresolution analysis to Besov-Q-type spaces
and Triebel-Lizorkin-Q-type spaces and established corresponding wavelet characterizations [13]. In
the framework of atomic and wavelet decompositions, Dechevsky [6] established general criteria for
the boundedness of fractional integral and differential operators on a broad class of function spaces.
His main result provides sharp estimates for the matrix coefficients of such operators with respect
to localized bases, showing that they satisfy an almost-diagonal condition in terms of both scale
and spatial separation. The Riesz potential is one of the operators in harmonic analysis and partial
differential equations. The boundedness of variable order Riesz potentials provides a description
for both critical and supercritical cases and generalizes the mapping properties of classical Riesz
potentials to the variable-exponent setting [22]. Moreover, variable order Riesz potentials have
been proved to be bounded from Morrey spaces with variable exponents to Campanato spaces with
variable exponents [22,23]. However, the wavelet characterization of Campanato spaces with variable
exponents remains to be established.

Motivated by the above almost-diagonal approach, in the present paper we obtain matrix estimates
for the Riesz potential with respect to the nonhomogeneous wavelet basis, adapted to the Campanato
spaces with variable exponents. For such estimates to hold, the wavelet must possess sufficient
smoothness, decay, and vanishing moments [5]; such properties are known to guarantee the decay
of the Riesz transform [27], and the same regularity is sufficient for controlling the matrix coefficients
of the Riesz potential. The wavelet characterization of Campanato spaces with variable exponents
can transform continuous norm estimates into discrete wavelet coefficient estimates. This discrete
form allows numerical implementation and allows operator boundedness to be established through
coefficient estimates.

The paper is organized as follows: In Section 2, we recall the basic definitions and properties of
variable exponent spaces and high-regularity orthogonal wavelet systems. In Section 3, we present the
main wavelet characterization theorem for Campanato spaces with variable exponents. In Section 4,
we apply this characterization to establish the boundedness of Riesz potentials on a bounded open set
QcCR".

Throughout this paper, we use the following notations:

(1) 2, =N U {0}. Q c R" denotes an open set.

(2) Given a measurable set S C R”, we denote the Lebesgue measure by |S| and the characteristic
function by ys.

(3) Given a measurable set S C R” such that 0 < |S| < co and a measurable function f on R”, we
denote the mean value of f on S by fs, namely

1
fs = mj;f(x)dx-

(4) A symbol C always stands for a positive constant independent of the main parameters.

AIMS Mathematics Volume 11, Issue 10, 35313-35334.



35315

(5) A cube Q C R" is always assumed to be open and have sides parallel to the coordinate axes.
Namely we can write

o=@ -r2x+r2)
v=1

using a point x = (x, X2,...,X,) € R" and a constant r > 0. For any x € R" and R € (0, o), Q(x, R)
denotes the cube centered at x with side length R. For each cube Q C R" and k € Z, we use ¢y to
denote the center of Q, £(Q) to denote the side length of Q, and 2*Q to denote the cube concentric with
Q having the side length 25£(Q).

(6) Let D denote the set of all dyadic cubes in R”. For each j € Z, let

Dj = {Qj’k tke Zn}
denote the dyadic cubes of side length 27/, where
Qi = 27([0, 1)" + k).

(7) For any x € R" and r € (0, 00), let B(x,r) :=={y e R" : |[y— x| < r}.

(8) We shall write f ~ g if there exists a positive constant C, independent of f and g, such that
C~'g < f < Cg. Throughout this paper, C denotes a positive constant whose value may differ at each
occurrence.

2. Preliminaries

In this section, we first recall the Lebesgue spaces with variable exponents LP®) with the Luxemburg-
Nakano norm and log-Holder continuity conditions [7,9]. Then we present the definition of the
Campanato spaces with variable exponents £LPV1)(R") introduced by Fan [9]. Finally, we recall
Coiflet wavelets, which are compactly supported and smooth and have high vanishing moments. These
properties are necessary for wavelet characterization [10, 13,27].

2.1. Lebesgue spaces with variable exponents

Given an open set Q C R” and a measurable function p(-) : Q — [1, 00), LF"(Q) denotes the set of
all measurable functions f on Q such that for some A4 > 0,

p(x)
L[] <
Q

This set becomes a Banach function space when equipped with the Luxemburg-Nakano norm

p(x)
1£llroq) = inf {/l >0: f('f;x)l) dx < 1}.
Q

These spaces are referred to as variable L” spaces since they generalize the standard L” spaces if
p(x) = pis constant, then LP"(Q) is isometrically isomorphic to LP(Q). The space Lﬁ)(c')(Q) is defined
by

LPOQ) := {f : f € LPO(F) for all compact subsets F C Q.

loc
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Define P(Q) to be the set of p(:) : Q — [1, o0) such that
p- =essinf{p(x) : x€ Q} > 1, p, =esssup{p(x): x € Q} < oo,

and p’(x) denotes the conjugate exponent of p(x), which satisfies
1 1
+—=1
P px)

Recall that the Hardy-Littlewood maximal operator M is defined by setting, for given f € LIIOC(Q) and
x € Q,

1
M f(x) := sup —
O>x |Q| onQ

Let B(Q) be the set of p(-) € P(Q) such that M is bounded on LF(Q).
Below we state several lemmas of the variable Lebesgue spaces L”(R") which will be used in the
sequel.

lFO)ldy.

Lemma 2.1. [22] We say that p € P'°¢(R") is log-Holder continuous if 1 < p_ < p(x) < p, < o
and for x,y € R" satisfying

C 1
lp(x) - pO)| £ ———, Ix—yl <5, 2.1)
—In|x —y| 2
and
lp(x) — pOY)| < o vl = I, (2.2)
In|x| + e
where p_ = ess inf g.p(X), p+ = ess sup,g.p(x), and C does not depend on x,y. In the case of a

bounded Q, the condition (2.1) may be equivalently written in the form

2DA )
PO) — PO €~ xyeQ, D= diam(@),
n (2

where A is a constant.

Lemma 2.2. [12, Theorem 2.1] (Generalized Holder’s inequality) Let p(-) € PR"). If f €
LPOR™) and g € L O(R"), then fg is integrable on R" and

|f(x0)g(x)|dx < rp||f||LP(')(R”)”g“LP’(-)(Rﬂ),
Rn

where
r,=1+1/p_-1/p,.

Lemma 2.3. [7, Corollary 4.5.9] Let p(-) € P°¢(R"). Then

0179, 10l < 2" and x € Q;
o7, 10l > 1,

for every cube (or ball) Q € R", where p(c0) = P_)n; p(x).

“/\/QHLI’(')(R") ~ {
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Lemma 2.4. [11, Lemma 2.9] Suppose p(-) € B(R"). There exists a constant C > 0 such that for all
balls B in R”,

1

ﬁ||XB||Lﬂ<->(Rn)||XB||U/<~>(RVL) <C.

Lemma 2.5. [11, Corollary 2.6] Let p(-) € B(R"). There exist a constant 0 < 6 < 1 and a positive

constant C such that for all balls B in R" and all measurable subsets S C B,

() (R" B
Dy 8l 2o @) < Cu

s Il zro ) NE

and

s Il oo ) < C(@)é-
|B]

I sllro@ny

We next state some definitions of Campanato spaces.

2.2. Campanato spaces with variable exponents

First we give the classical definition of Campanato spaces L74(R").

1 1/p
11 grany = N1f e ny + Sup( n f lf = fol” dx) < 0.
0 |0l 0

The definition of Campanato spaces £PV-1)(R"), which was introduced by Rafeiro and Samko [21],
see [21, Definition 3.3], is defined as follows.

Definition 2.6. Let p(-) € P°2(R") and A(-) € L®(R") with 0 < A(x) < A, < oo for all x € R". The
Campanato spaces with variable exponents L7V (R") are defined by

LPOAORMY = (f € Lf(fc')(R”) F L]0 < oo},

where the seminorm is

_ Ao
[f]LI’(-)J(#)(Rn) = supn (f(Q)) o) ||(f — fQ)XQ”L[J(-)(Rn) ,

Xp€ER

7(2)>0

and x ¢ is the characteristic function of Q = Q(xo, £(Q)). The norm of LF*OR") is given by

”f”LP(')’/“')(R”) = Hf”Lp(‘)(Rn) + [f]LP(')’/“')(R”)-

Remark 2.7. (i) The space LPV'O(R") is a Banach space modulo additive constant: If f € LPOAOR™)
and ¢ € R is a constant, then f + ¢ € LPO'OR") and ||f + || £r0a0@ny = || fll gooaogn).

(ii) Clearly, the seminorm [ - ] zpn is equivalent to the classical BMO norm whenever p(:) = p (1 < p <
o). In particular, LP"(R") modulo constants coincides with BMO(R").
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2.3. Wavelets

In the rest of this section, we introduce basic concepts and fundamental properties of wavelets. The
results presented in this paper employ tensor-product real-valued orthogonal wavelets, specifically
Coiflet wavelets. Recall that Coiflet wavelets are those that are sufficiently smooth and possess
sufficiently high vanishing moments to meet the requirements for the study of the corresponding
function spaces.

Let ¢ be an orthonormal scaling function on R with compact support and of sufficiently high
regularity. Let i/ be the corresponding orthonormal wavelet. Then the tensor product ansatz yields
a scaling function ¢ and associated wavelets ¢, - ,¥m_1, all defined now on R”"; see, e.g., [28,
Proposition 5.2]. To keep notation consistent, we set

@0 := ¢, O =y, (e=1,...,2"-1).
We assume the existence of sufficiently large integers m, M € N such that

(i) ®° € C"™(R") and supp ®° c [-2M,2M]";
(ii) ®° € C™(R"™) and supp ¢ C [-2M 2M)" foralle =1,...,2" - 1;
(iii) f ¥ d°(x)dx = 0 for all multi-indices |8] < m and all & = 1,...,2" — 1 (see [28,

R}‘l
Proposition 3.1]);

(iv) f ¥ @°(x) dx = 0 for all multi-indices || < m.
Rn

The inhomogeneous wavelet basis is now defined by
Df (x) = D'(x — k), k ez,
D% (x) = 27" 0°(2/x - k), e=1,...,2"-1, jeZ,, keZ"
Lemma 2.8. The system
{00, :keZU{d5 :e=1,...,2"~1, jeZ,, keZ)
forms an orthonormal basis of L>(R") (see [18, Section 3.9] or [25, Section 3.1]).

Correspondingly, for any f € L?>(R"), we define the projection onto the scaling function space V; by

Pof := Z<f» DY DO

kezn

and the projections onto the wavelet detail spaces W; by

2"—1
Oif = ) Y ([ @05, jEL.
e=1 kezZ"
Then, by Lemma 2.8, every f € L*(R") admits the orthogonal decomposition
F=Pof+) Qif  inL*®.

J=0
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3. Wavelet characterizations of function spaces

The main goal of this section is to derive a wavelet characterization for the Campanato spaces
with variable exponents £7V1O(R"). Using Coiflet wavelets, we show that the norm of LPO1O(R") is
equivalent to a discrete wavelet coefficient norm. The argument is based on three key ingredients: the
vanishing moment condition, local norm estimates, and appropriate inequalities for variable exponent
spaces. The proof follows the wavelet characterization framework of [13] and employs the variable
exponents techniques from [10].

Theorem 3.1. Let A(-) € L°(R") N PPE(R™) with 0 < A < A, < oo, p(-) € PYER™), and let the
inhomogeneous wavelet basis be as in Lemma 2.8 with m > /l and % /l(x) > 2 Then any f € LPO'OR")
admits the wavelet expansion

2"—-1 oo
F=Y a®) +> 3 Y &5, in SR, 3.1)
kezn e=1 j=0 kez"
where
ay = <f,(I>8’k> (keZh), djk = (f,d)ik) (e=1,...,2"-1, jeZ,, keZ").
Moreover,
#
”f“Lp('),/l(-)(Rn) ~ ||f||£p(4),/l(-)(Rn)’
where
12
Jores =z 2
sy = Wl + 5up 2770 DI IECD WSO
e=1 j=max(0,jp) keZ”
Qi L70(Q)

Conversely, if f € LPO(R") and its wavelet coefficients satisfy

1/2
||

sup2jQ1’<‘Q) Z Z 2/n Z |d5k| X0, () < o0,

QeD e=1 j=max(0.jp) kezZ!
Qi@ Lr0(Q)

then f € LPOAOR™).

Proof. We need to prove || f|| proao@en ~ || f || i.e., there exist positive constants C, C; such that

LPOAORN)
Cl||f||£p<u<>(Rn) < IIfIILP<-m<->(Rn) < C2||f||£p<n<>(Rn)'
rOI0Rn S < ClIfll groac@ny- Let Q be any dyadic cube with £(Q) = 27/¢. For each

Jj = max(0, jo), let Q;x C O be the dyadic subcubes of £(Q;x) = 2~ J. From the vanishing moments of
the wavelets and the definition of the Campanato seminorm, we have

First, we prove || f ||

dil = Kf = fouo O <N = foux 0pullro@n 1O X ol o gn)-
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By Definition 2.6,

Aeg ) 1((Q ")

ICF = fouXopullirogn < Lo (£6040) % = [flgoaogn 2 "0,

Using the support condition (ii) and the normalization of the wavelets,

inj2
”(Dj',kXQj,k”LP'(')(RVL) < Czjn/ ”)(Qj,k”LP'(‘)(R")-

We obtain
I(LQ k

(c,
il < CLf] L”(““(R”)Z et I 0ullLro@n)-

Now fix Q and sum over all k with Q;; C Q. The number of such cubes is comparable to 20-jen,
Consequently,

Alc

)
Z Zl kl < C[f T 20=jon o~ JP(LQ)ZJn”)(Q,k”Lp()(Rn)
k:QjxcQ €
Since p and A are log-Hoélder continuous, so is A/p, and there exist positive constants C;,C, > 0
such that for any cube Q;; of sufficiently small side length £(Q;x) = 27/ and with center satisfying
lco,, — col < Vn27/e, we have

Aeg) 10 Acg)

CilQj0) ™ < UQjn) ”(”ka < G UQjp) 0 (3.2)

Summing over all j > max(0, jy), taking the square root, and by Lemma 2.4, we have

1/2
> 2" Y Milxe,
j2max(0,jp) £k:Q;xCcO U’<'>(Q)
1
2 p(c
<C Z [f][ﬂ('),/l(-)(Rn)z(J Jjon/ 2 I(Q)2Jn|ij||Q ||LYQ]k||L!’()(Rn)|LYQ]k”Lp()(Rn
jzmax(0,jp) ik
. Alcg)
<C Z [f]g)(»),A(«)(Rn)2 U= JQ)(WQ) 2)2 IO pep)
Jj2max(0,jgo)

. (/I(CQ) )
f]Lp(M()(R,,)Z Q)

/l((
/1(CQ) ~G-io 54

Since j — jo > 0 and > 2, the series 2 ) < C.If jo <0, the series

(e8] (o)

. (Q> , AuQ) 1<CQ)
§ 2‘(1‘19) Peg) 3) ZJQ Peg) ) § 2 - p(cg) %
Jj=0

J=

Aleg)

converges since
plco)

> 2. Hence the conclusion still holds.
Ziof e
After moving the factor 2~/ Q(”‘“Q)) to the left-hand side of the inequality, take the supremum over all

dyadic cubes Q. Since || fl[ro@ny < | fllgroao@n, together with the above estimate, we obtain

IIfllmm(Rn) < ClIfll oo @
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We now turn to the reverse inequality in the case ||f]|zroa0@ny < Collf ”ﬁm.)q @y Assume that

f e LPOR") and ”f”meo(Rn) < o0. Let Q be any cube and choose j, € Z such that 270~! < £(Q) < 27/,
For x € O, we use the identity

2"-1 oo
FO = fo= ) a(@6,0 = @) ) + D D > do (05,0 = (@5)0) (33)
kez" e=1 j=0 kezZ"

which follows from the unconditional convergence of the wavelet series in L'(Q).
For the scaling function part, we note that Pyf = >, ak(I)g,k. If jo <0, we simply use

l(Pof — (Pof)oxollrowny < 2[Pofllro) < Cllfllro@n-

. /l(c

Multiplying by the factor 2”70 "(‘Q> < 1, we obtain the desired estimate controlled by ||f || PO @)’ If
Jo > 0, we exploit the C™ regularlty of ®°. By Taylor expansion,
|©5,,(X) = (@f )l < CLQ)" = C277,
hence
IPof = (Pof)olollos < C270" " ayl.
k:supp(I)gvkﬂQi@
Using |ax| < C||fllzro @ and the finite overlap, we obtain
I(Pof = (PofIoxollsoen < C270" | flloen)-
) ELCON

Multiplying by 274", we obtain C2 7" %6 |flluzy < Cllfllseny < Clfr s Since m >

Alcg)
Ay > o)

For the wavelet part, set j; := max(0, jj). We split the sum into j > j; and 0 < j < j; (the latter is
empty when j, < 0). We begin with the case j > j;. For such j, we have diam(supp %)) < C27/ <
C{(Q). On the cube Q, we write the difference as

D% (x) — (D)o = D% ()x (%) = (D) ox 0(X). (3.4)

We proceed to estimate the two terms individually. We first consider the term % (Xxo(x). By the
support condition (ii) and the normalization of wavelets,

D% (0] < €27y (),

where 0, is the unique dyadic cube of side length 27/****! concentric with Q; such that supp @%, C
Q- I Q% N QO =&, then %y vanishes on Q, and this term contributes nothing. Because 27/ < C{(Q)
and both Q}T’k and Q are cubes, if Qj.’k N Q # ©, then we have the inclusions Q;; C Q;,k c 30.
Consequently,

D05 ®lo(0) < 2" X xo (). (3.5)

kezn k:QjxC30
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We now turn to ((Di Joxo(x). The average over Q is controlled by

Ql Czjn/z |Qj,k N 3Q|

(D% )0l < o f 0%, (Ml dy < C2M"? —— O <
’ |0l ong;, 19 1O

where we used that Qj.,k N Q # @ implies Qj.,k C 30 and IQj.’kI < 1Q;kl- Thus

N 30|

(D%l xo(x) < C2M2 == s O]

Yo(x). (3.6)

Now insert (3.4)—(3.6) into the sum. For any x € Q,

ZZ k((D (%) — (q)gk)Q)
Jjzj1 ke
12 0 20
n/2 e 12 jk
SC;W [kinZkC:3Q (Zs: ldj’kl XQ;J{(X) +k:Q1mQ¢® (Zg:| ) —l Q(X)]
::CZ:ZJ"‘/2 (I + D),
JZ
where
12
h= [Z |dj¥k|2) X, (X
k:Qjxc30\ €
12
|ijm Ql
b= ( |d€',k|2) Xo(X).
T Z ’ o

-] 21 172
Here we used the Cauchy-Schwarz inequality Z Idikl <C [Z |d‘9 | J . We now estimate the
e=1

e=1

LPY(Q) norm of each term on the right-hand side.

We first handle the case /;. Fix j > j;. Because the cubes O, are obtained by enlarging the disjoint
dyadic cubes Q;; by a fixed factor, they have the bounded overlapping property:

Z X0, (%) < G,

k:Qj,kC?)Q

Hence,

1/2 1/2 1/2
I < d,| xe,| <C 5 Pxo, | (3.7)
(2.2 | Z) <o B Do)

k:Qj,kC3Q & k:Qj’kC3Q k:Qj’kC3Q &
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We now consider the following estimate for /5.
Z Z d |ij N 3Q|
o
1/2

QN 3Q|)

(22 } (B
oy )"

dé'
(ZZ' ] ( ( 0] ) "Q]
1/2
( > ,f] Xo(®),

kQIJ‘C:’ﬁQ €

(3.8)

where C,, = 3" - sup,, 4/Ng, with Ny denoting the number of indices k satisfying the given condition.
Combining (3.7) and (3.8), we deduce that for each j > ji,

1/2
D3 (@) - (@5)0)| < C ZW[ 2, Zld‘;kFxQ;,k(x)] . (3.9)

JZh ke JZh k:QjxC30 €

Integrating over Q and using the fact that ;> ;, Uk.0,.c30 Qx © 30, we get

1/2
ZZ (@5 = (D%))0) sz'" Z |d8|] . (3.10)
L93Q)

Jzit ke LPO(Q) [j2j1 &k:QjxkC30

Since £(3Q) ~ 27/, by choosing R = 3Q in the wavelet norm, we have

1/2
; 2
[Z 27" Z 5, ] < cr PRy ”LPWU(RH)

JZJ &k:Q;kCR LPO(R)

Substituting into (3.10) and using the log-Holder continuity of A/p as in (3.2) to replace the exponent
at cg by that at ¢y, we obtain

DN (@ = (@%,)0)

Jzh ke

. Alcg)

<(C2 'O”“Q’Ilfll
LrO(Q)

(3.11)

LPOAORY*

Next we consider 0 < j < j; when j, > 0. Since if j, < 0, there is no such term. Here the wavelet
support is much larger than Q. By the C™ regularity and m vanishing moments of ®*, for any x,y € Q,

1
D50) — D50 = Y =D D5)(x = )" + Ru(x, ).
1<]al<m—1 a!
Using the standard wavelet estimate

< C2/m/ 2+|a|)

”Daq)ik Le@R") =

AIMS Mathematics Volume 11, Issue 10, 35313-35334.
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we obtain, for || = m, |R,,(x,y)| < C2/™>*™|x —y|"_ Since x,y € Q, |x — y| < C£(Q), we have
((DSk)Q (DJ () = |Q| f k()’) - (Dj',k(x)) dy

1
— D 0%, (y)(x = y)dy + —

IQI 0 1<|a|<m @ 01.J,"
3 @ ) 1_ f D0 (3)(x - y)“dy+@ fQ IR, y)ldy
: |1@ 1<|<;n IHD“q) Lo®") o) beC — yl*dy + 270 x -y
i(n/2+|al)~y—jole
Cls%‘im 2/ 2+al) 3o
_ j- 4 (J—Jjo)lal
— s 14;"121 Jo

< C272 4 C2F22Uom,

Moreover, since supp %, contains Q when 0 < j < ji, only those k for which Q ¢ 2MH1 Q1 can

contribute. For each relevant (j, k), we may choose a cube Q ik of Z(Q k) ~ 27/ that contains both Q
and supp D% Then the pointwise estimate above implies

@2, () = (@%)0] < CQ272 + C2P320-m) 5 ().

The contribution of low scales is therefore

D0 D@ () — (@5,)0)

0<j<ji ke

<C Z oin/2 (2(j—jo)m " 1) Z | dak| Y5, ()

0<j<ii £k:0C 0

1/2

1/2

<c Y (20m g n)|2n Z 5, Px g, (0

0<j<ji £k:0COx

For each fixed 0 < j < jj, we choose a dyadic cube R with side length 277 suchthat Q c R c C;Q
(with C; ~ 2/077), which is possible because the cubes Q; that intersect Q have side length ~ 27/ and
can be covered by a single dyadic cube of that scale. By the definition of the wavelet norm,

DD (@, — (@)

0<j<ji ke LrO(Q)
1/2
(j=Jjo)m Jn
<CZ ZJ o +1 2 Z ZI I xa,
0<j<iji kQcQ € LPO(Q)
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(J=Jjoym T
<C Z 2 0 +1)2 p(R)Hf“Lp()/l()(R”)

0<j<ji

jdlep) jdeg)
"® is comparable to 27770

By the log-Hélder continuity of A/p as in (3.2), the factor 27’
Consequently, inserting this estimate into the sum over j < j;, we obtain

. Aep )
(J=Jjo)m=57=5 ) =Jo o
3 Na @y - @ <c Y 2P E IR L
0<j<j1 ke LPO(0) 0<j<ji
Since m > A, > %, the series converges, and we get
/_ /l(c
0%o)
SN @, - @) < TN (3.12)
0<j<j1 ke LP(A)(Q)
Combining (3.11) and (3.12), we conclude that
] l(z
0% (¢,
I(f = folxollrog) < C2 77 Q)||f||£,,<>4(>(Rh)
Since £(Q) ~ 27/, taking the supremum over all cubes Q yields
#
ooy < CUA Iy
This completes the proof. O

4. Applications

In this section, we study the boundedness of Riesz potentials via the wavelet characterization
established in Section 3. Let Q be a bounded open set in R” satisfying the property that there exists a
constant A > 0 such that

|B(xg, ) NQ > AT

for every ball B(xy, r) centered at xy € Q with r > 0.
F(’)f 0 < @ < n, the Riesz potential I, can be defined either via the Fourier multiplier (I, f)(¢) =
|€]7¢ f(&) or equivalently (up to a multiplicative constant) by the convolution integral

)

re X =y

Lo f(x) =

For this same domain Q, the localized Riesz potential I is then given by

Igf(x):fL)_dy, x € Q.

olx =y

In order to state the boundedness result, we shall require two families of function spaces, namely
the Morrey spaces MP-1(Q) and the Campanato spaces LPV10(Q), introduced by Fan in [9]; see
also Sections 3 and 4 of that paper. We now recall their definitions below. Let 4 : Q — [0, c0) be a
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measurable function. The Morrey space with variable exponents M?1)(Q) consists of all measurable
functions f for which || f||0.10q) < oo, with the norm

Axp)

Ilf ”MP('M(-)(Q) :=supr 0| f ||Lp<->(BmQ)-

x0€Q)
>0

The Campanato space with variable exponents £P1)(Q) consists of all measurable functions f
satisfying || f]| zro.10q) < 0. Its norm contains the LPY-norm and is defined by

_ g
1l croao@y = Ifllro@) + sup r 70| f = fprallrosra)- 4.1)
onQ
r>0

Since balls and cubes are interchangeable up to a constant factor, this norm is equivalent to the one
given in Definition 2.6 in terms of cubes, and we shall use either formulation as convenient.

A special case of [22, Theorem 2] for constant order « states that if p € P°2(Q), A satisfies the
log-Holder condition, and 0 < A_ < A(x) < A, < n, then

]g . Mp(-)J(J(Q) N LP('M('HGP(')(Q)

1s bounded.

Lemma 4.1. Let Q C R" be a bounded open set, p(-) € P¢(Q), 0 < A_ < A(x) < A, < n, and
Ax)/p(x) < no with 6 in Lemma 2.5. Then there exists a constant C > 0 such that for all f €
LP(')J(')(Q)’

I fllaroracr@y < ClIfNl goorao ),
ie., LPC),A(-)(Q) N Mp(~),/l(~)(Q)'

Proof. Fix an arbitrary ball B = B(xy, r) C 2. We shall prove that

pren)
1A lzros) < Croeo || fll groaoqy-

oo} e iy
If r is large, say r > r( for some fixed ry > 0O, then r»~0 > ré(“ Y > ¢ > 0. Hence the trivial bound
oy < Nfllog < Crico|| fllpow) 4.2)

with a constant C = 1/c. Thus we may assume without loss of generality that r is sufficiently small
and r < 1.

Set By = B, B; = 2/B (same center xo, radius 2/r), A; = Bj;; \ B, and f; := f,. Let J be the
smallest positive integer such that B; contains Q, so that 2’*1r ~ diam(Q).

For any x € B,

IfOl < 1f () = fol + 1ol

and

J-1
fo=Fr+ D (5= o).

J=0
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Consequently,

IA

J-1
oy < NF = Fllwosy + lsllo + D 1= Frillalloom
Jj=0

4.3)

AL+ 1L + 1.
To see this, we begin by considering //;. By (4.1),

Axg)

I = If = follrosyy < Lf]groaoq) reo.

Since B; D Q, by Lemmas 2.2 and 2.3, and r is small enough and r < 1, we obtain

1 1 A(xg)
I, < C_|B l||f||LP(‘>(Q)|L\/BJ”LP’(')(Q)”XBO”U’(‘)(Q) < Cllfllzro | Bol /P < Crico || fll o).
J

For the above second inequality, we use the following result. We now estimate the constant factor
o < €
—IBllrog < Ci.
B,

Recall that By is the ball of radius R; ~ diam(€2) constructed in the dyadic annuli, so its volume |By]| is

a fixed positive number independent of r. We distinguish two cases according to the size of |B,|. For
|By| < 2", by Lemma 2.3, we have

1 1 1 _L _1
mW(B/”u'(-)(Q) ~ |By|7e " = |By| 7 < maX{lle »,|Byl ”*} <C.
J

Thus C; is a finite positive constant independent of r, depending only on Q, n, p_, and p,.
Next we consider the following estimate for //;3. By Lemmas 2.2, 2.4, and 2.5, for each j, we have

~

1
I <C ﬁ”f - fj+1”LP(‘)(BJ-H)”XB]H”LP’(-)(Q)|L\/BOHLP(‘)(Q)
j

o o~
- o

DBy llLro) 1B+l
< C Y If = Fraallwos, I lro@lles, low
~ Bl .o 1Bl
]—O J
J-1

I Bollro ) 1B j+1l
< C 20 = Tiallwowog, B
j+l ' J

J=

S

J-1

. . Alxp)
< C[f]jjﬂ(')ﬂ(‘)(g) § 2—(J+1)n6(21+1 r) G0y
Jj=0

J-1
) (200 s
< Crito [ f] groaoq Z 2Vt )(Ww " )

J=0

Alxg)

< Crmv [ f] oo,
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By hypothesis, we have ”(x") nd < 0, hence the geometric series converges and the sum is bounded

by a constant 1ndependent of r and J. Combining all the estimates back into (4.3), we complete the
proof of

Alxq)

LAl o) < Crito (||f lro + [f] Ln(-M(»)(Q)) Crco || £l gooaoqy)-

AxQ)

Multiplying both sides by r 7@ and taking the supremum over all cubes Q C Q yields the desired
inequality

I lazrra0@) < ClF Nl roao .-

Remark 4.1. For a bounded open set Q C R", one has the continuous embedding
‘EP('),/I(')(Q) PN MP(')J(')(Q).
Composing this with [22, Theorem 2] quoted above immediately yields
Ig . Lp(-),/l(-)(Q) N _Ep(-),/l(-)wp(-)(Q)_

Thus, the boundedness of Riesz potentials between Campanato spaces with variable exponents is
already a consequence of the known Campanato spaces with variable exponents to Campanato spaces
with variable exponents estimate.

In order to apply the wavelet characterization, we introduce the matrix of I, with respect to the
nonhomogeneous orthonormal wavelet basis constructed from regular Coiflet wavelets. Let ®° := ¢
be the scaling function and, for ¢ € {1,...,2" — 1}, let ®° be the corresponding wavelets with m
vanishing moments and compact support. The nonhomogeneous basis consists of

(2640}, U 1950

kezr j=0, kezn, 1<e<2n—-1"

For indices
(j,e) € ({0} x{0}) U (Zso x{l1,...,2" = 1}), keZ,

and similarly for (j’, &’), we define the matrix elements

o = (L@, @ ). (4.4)
For uniformity, we keep the same symbol ¢ for all blocks; the indices completely determine whether
a scaling function or a wavelet is involved. The proof of the matrix decay estimates for the Riesz
potential in Theorem 4.2 follows the almost diagonal approach in [6, Theorem 1], adapted here to the
nonhomogeneous wavelet basis and to the Campanato spaces with variable exponents.

Theorem 4.2. Let cgl‘f . be the matrix of I, with respect to the nonhomogeneous wavelet basis of
Section 3. Assume m > a + n/2 and m > A,. Then for every integer N < m, there exists C =

C(®,a,n,N) > 0 such that the following hold.
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(1) If both entries are wavelets with €,&' > 1 and j, j > 0, then

C?]f-,j/ k" <C p—amin(j,j)=|j=j | (m+a+n/2) (1 + ominGij) |p=if — 2=/ k'|)_"_N , (4.5)
and
1/2
X4 2 X4 2 —amin(j,j)-|j—j'|(m+a)
max| Y le [ D et [ ] <c2 . (4.6)
k.e K&

(2) If both entries are scaling functions, i.e., e =& =0and j= j =0, then

12
|COk0k'| SCA+ k=KD, (Z |c0kok’ ) =¢

(3) If one entry is a wavelet and the other is the scaling function, i.e., either e > 1, &€ =0, j > 0,
Jj' =0, or the symmetric case, then

. . -n—N
ool < C 270 (14 k- k) (4.7)

1/2
: B
max E I eor s E o] } <27, (4.8)

The symmetric case € =0, & > 1 satisfies identical bounds.

Proof. Consider the coefficient mapping m defined by the nonhomogeneous wavelet basis of Section 3,

nf = (a(f), dik(f ))keZ”, JE€Zsp, 1<e<27-1>

where a(f) = (f, CI)8’k> and a’i (N = L, % ). By the wavelet characterization Theorem 3.1, 7 is
an isomorphism between £7V1(Q) and the sequence space C defined by the wavelet norm in that
theorem. Its inverse is given by the expansion (3.1).

Identifying, as usual for a fixed wavelet basis, the matrix (cj.”,f;j,,k,) with the linear operator
represented by it, we obtain for the Riesz potential 7*

(cjk 7 ) = nln!

We now prove the decay estimates for the three types of matrix entries. By symmetry it suffices
to consider j > j’; the case j < j' follows from the self-adjointness of 1,. Set{ = j— j > 0, so
min(j, j') = j’. Using the Fourier multiplier representation,

lef]k — 2—(j+j’)n/2 5 | é:l—a e—i(Z‘Jk—Z‘f k)é (’1;(2_.,- &) O° - 7 £) d ‘.

Change variables n = 277¢, so ¢ = 2/'n, dé = 2/"dn, and 277¢ = 27‘5. The prefactor
becomes 27U /2 . 2/'n — 2=(n/2 The phase rewrites as e~/ k)1 = (iK' 201 and |g7 = 2|y,
Consequently

iy =27 f N Q) O (. 1=K~ 27k
Rﬂ

=: 27/ t2 jz ).

4.9)

AIMS Mathematics Volume 11, Issue 10, 35313-35334.



35330

To prove the decay estimates for the wavelet block (4.5) and (4.6), we argue directly via Fourier
transform and vanishing moments. As a consistency check, note that by Remark 4.1, one also has
1307 € LPOAO+r0O(Q) but the estimates below are independent of this fact.

Because ®° has m vanishing moments, its Fourier transform admits the representation

') = D ' Reu),  Roy € SQ.
[ul=m

Inserting this into the definition of J(z, £) yields

Ja,0=2""%" f "Il 0" R, (27 0) Rer () diy.
v, R?

Define F,, () = InI™n"*Re(27‘)Ry ,(n), so that J(t,£) = 273 Fw(—t). Using the standard
Fourier-transform estimate, for any N < m,

1@, 0] < C27(1 + |t) ™"V,

Returning to (4.9) and using |¢| > ¢ 2™"0:)|27/k — 27/ k’|, we have

C‘;’]‘?’j/ v = 2—j'a—fn/2J(t’ f) < 2—j’az—€(m+n/2)(1 + |t|)—n—N.

The opposite case j < j' is symmetric, so we deduce precisely (4.5).

Again assume j > j" and set £ = j— j'. The compact support of the wavelets implies that cj,fjk #0
only when 277k — 277k'| < C277 +277) < C277, i.e., [k — 27| < C2¢. Thus, for fixed j, j’, k', the
number of relevant k is at most C2". Using (4.5), we bound each term by C 27/ ~/tm+a+1/2) " Squaring
and summing over k, £ gives

Z | c|2 < C ot . 2a) ~2Um+a+n/2) _ (~o-2aj-2U(m+a)
k,e

Thus
(Z |C|2)1/2 < Cz_aj'—f(mﬂz) — C2—rzmin(j,j')—lj—j’l(m+a).
k,e

The symmetric argument for the sum over k', & gives the same bound, proving (4.6).
For the second block € = &’ =0 and j = j/ = 0, we have

i = (ol = R =Ky = @n™ [ S0 g d.

Since ¢ is sufficiently smooth, the inverse Fourier transform of |£]7*[@(&)*> decays like (1 + |x|)™@.
Hence |c822;0’k,| < C(1 + |k — k’))™ ¢, from which the £ bound follows immediately.
For the mixed block withe > 1, & =0, j > 0, and j* = 0, similar Fourier arguments yield

I o] < C2m (1 4 27k — k),

and the £? estimate follows by counting. The symmetric case € = 0, &’ > 1 is identical. This completes
the proof of Theorem 4.2. O
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Remark 4.3. In the context of Campanato spaces with variable exponents, applying the estimates of
Theorem 4.2 to the wavelet expansion of I, f and using the compact support of the wavelets yields the
following key local square-function inequality:

( 3 f)|2)1/2 < cz—ja( D

1/2
2 »
djlk(f)| ) +C2 j(mm)”f”Lﬂ(-)(Q), (4.10)
ek QjkcQ &k Q;xC30

where C is independent of j and Q. The second term arises from the mixed blocks and can be absorbed
into the first when m is large; it does not affect the subsequent Campanato estimates.

Theorem 4.4. Let p(-) € P°2(Q), A(-),u() € L*(Q) satisfy the log-Hélder conditions, with 0 <
A(x), u(x) < n. Assume that for a.e. x € ),
p(x) = A(x) + ap(x),

and that the wavelet regularity satisfies m > ||Al|lo. Then the Riesz potential 1, is bounded from
LPOAOQ) to LPOH(Q), i.e.,
SNl ooy < C Il groracnay,s

where C > 0 is independent of f.

Proof. We work with the wavelet norm equivalence proved in Theorem 3.1. Fix a dyadic cube Q with
side length £(Q) = 27/ and center c,. It suffices to estimate

1/2

o)

Sotinf) = 25e3) [ > |dsk(15f)|] . 4.11)
gk: QjxCO rO(0)

Expand f and [} f in the nonhomogeneous wavelet basis:

2"-1 o

f=D aH®, + Z D DL d(HP,

kezn e=1 j=0 kez»

and similarly for I7] f with coeflicients a,(I¢ f), d¢ k( o). Using the matrix elements (4.4),

&5 (I f) = Zak’(f) Cow + Z i D AN

g=1j7=0 k'

The first sum involves the mixed block estimates and the second the wavelet-wavelet block. By
the large vanishing moment condition m > A, the mixed block terms carry an extra factor 27/("+®)
(see (4.8)), which makes their contribution negligible for the Campanato seminorm. More precisely,
applying the ¢ bound of Theorem 4.2(3) and the fact that ||a(f)ll2 < Cl|fll.2 < Cl|fllz0, we obtain

2\1/2 —jm+a)
O avthesto,l) ™ < C27™ N oy,
ke k'

. "l .

Since 275 ~ 276G+, multiplying by this factor gives 27/"=4+/P) which tends to 0 as j — oo because
m > A,. Thus this part is bounded by a constant multiple of || /|-, and does not affect the supremum
over Q.
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For the main contribution, we follow the same pattern as in the homogeneous case. We split the
sum over j' into |j— j'| < L and |j— j’| > L. The distant scales are handled by the exponential decay in
(4.5) exactly as before. For close scales, (4.5) and Schur’s test yield the local square function estimate

2\ 1/2 1/2
& £, —ja g2
YD dieci | <c2 > sl
sk |&,j K Julj-JsISL gk
QjkCQ ||j-j'I<L 0y rC30

Taking the L”(Q) norm, covering 3Q by dyadic cubes Q; of the same size, and applying the wavelet
norm definition to each Q;, we obtain

HeQ) n_ Aeg)  n

TG *30 N gy D)
Sollpf) < C27r0 2 Z 27l e Hi:wwsz)
i

LAeQ) . Ae)
IGegy¥2)~7=iGe 5 +3) # _ #
S C 2 ! Q) 2 M 0 ||f||_£p(»),/l(-)(g) - C ||f||_£P(')./1(-)(Q)'

Taking the supremum over all dyadic cubes Q and adding the L”®) norm (which is controlled by the
known L”“)-boundedness of I, or directly by the above estimate for j = 0), we conclude

v ot f
I3 i) < €I iy

Finally, the norm equivalence of Theorem 3.1 transforms this discrete inequality into the desired
continuous bound. This completes the proof. |
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