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Abstract: Let |
—m+1 _ m
(M ,8) = (I X; F", df* + f(t)*gF),

. —m+l . ..

where F has constant sectional curvature, and let £ C M"" be a two-sided minimal hypersurface. We
derived an explicit Simons identity in terms of

1" ke = (f')? - , '
- BE——0 E=(@-p) -27(a-p).

f f? f

When E = 0, we determined the optimal angle-free algebraic lower coeflicient for the curvature term
and obtained a compact pinching theorem, recovering the classical spherical gap constant. For stable
minimal hypersurfaces, a power Caccioppoli estimate, local Sobolev inequality, and Moser iteration
yield, for 3 <m <5,

a =

IAI* (x) < c(r-2 + sup (la] + |8 + |E|2/3)).
BZr(XO)
Thus the classical Schoen—Simon—Yau (SSY) curvature-estimate mechanism extends to this warped-
product setting with an explicit scale-correct curvature term.
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1. Introduction

The Simons identity is a fundamental bridge between the extrinsic geometry of a minimal
hypersurface and elliptic analysis. For a minimal hypersurface " ¢ R"™*!, Simons’ formula gives

1
EmAF:WAP—mﬁ (1.1)
Together with the refined Kato inequality
2 2 2
VA 2@+—)WMH, (1.2)
m
this yields
2
NAPz—MAﬁ+2(L+—yVMW. (1.3)
m

The combination of (1.3) with the stability inequality is one of the main analytic ingredients in the
curvature estimates of Schoen—Simon—Yau [22]. Their argument produces a characteristic integrability
range p < 4 + V/8/m, from which the classical low-dimensional threshold m < 5 emerges when one
seeks an exponent strictly larger than the critical dimension. Subsequent refinements and regularity
arguments were developed by Simon and by Schoen—Simon [21,23]; see also [9] for a modern partial
differential equation (PDE)-oriented account. For stable minimal surfaces in three-dimensional ambient
manifolds, Schoen also established curvature estimates [20].

The corresponding problem in a general ambient manifold is more delicate. The Codazzi equation
contains an ambient curvature defect, and after commuting covariant derivatives of A, first covariant
derivatives of the ambient curvature appear. In particular, a formula of the schematic form

1 _
ENMZ:NAF—Mf+Rm*A*A

is incomplete unless the ambient curvature is parallel. Simons’ general second-order system already
exhibits a term depending on VRm; see [24]. Recent studies have addressed rigidity phenomena for
totally real submanifolds in complex space forms [2].

The classical theory was subsequently extended in several directions. Nomizu and Smyth derived
a Simons-type formula for constant-mean-curvature hypersurfaces in space forms [17], while the
spherical rigidity and pinching theory was developed further by Chern—do Carmo—Kobayashi and
Lawson [8, 13]. Stability questions for constant-mean-curvature hypersurfaces were also studied by
Barbosa and do Carmo [5]. In product geometries, Fetcu and Rosenberg obtained Simons-type formulas
for submanifolds with parallel mean curvature [10]. Warped products themselves form a standard
and flexible ambient class, beginning with the curvature formulas of Bishop and O’Neill [6]; rigidity
and constant-mean-curvature questions in this setting were studied by Montiel, Alias—Dajczer, and
Brendle [1,7,16]. Recent work has also investigated geometric inequalities and optimal estimates
for warped-product submanifolds in various ambient geometries [3,4]. In a related direction, Lobos—
Melara—Santos derived a Simons-type formula for spacelike submanifolds in semi-Riemannian warped
products [14]. The present paper concerns the Riemannian minimal-hypersurface problem and focuses
on an explicit reduction of both the zeroth-order and derivative-curvature contractions in the model
1 Xy Fm(kp)
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The goal of this paper is to make this structure fully explicit in the important class

1+

—m+1
M =Ix;F"
When the fiber F is a space form, the ambient curvature is determined by two sectional curvatures,
A V0
f f?

The difference v = @ — 8 measures the anisotropy between radial and fiber planes. We show that
every zeroth-order ambient term in Simons’ formula can be reduced to «, 3,6, and A(T "), while all
first-derivative curvature terms collapse to the scalar

a =

4

=(@-p) - 27(0 =B

Our first main theorem is the following exact identity.

[1]

Theorem 1.1 (Explicit warped-product Simons identity). Let m > 2, let F"(kr) be a space form of
constant sectional curvature kg, and let

1+

M : = IXf Fm(kp)

—m+1
with the metric dt* + f’gp. Let X" C M"" be a two-sided minimal hypersurface with unit normal v,
second fundamental form A, and

T =29, 0=T), TT =T - 6.
Set )
Ba ke = (f") f

f ﬁ:T’ ')/:a’_ﬁ, 927,

a =

and
E=v"-2py.
With the curvature convention fixed in Section 2, one has
1
EAIAI2 = |VAP - A[*

+ [mB +y(1 = m+ DEA)]IAP (1.4)
+2my| AT —mOZ AT, TT).

The formula immediately recovers the space-form identity because « = 8 = c and = =
1
EA|A|2 = [VAP® + mclA* - |A*.

The second main point concerns the optimal curvature coefficient available from (1.4) when the
derivative term vanishes.
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Theorem 1.2 (Optimal angle-free curvature coefficient). Assume the hypotheses of Theorem 1.1 and
suppose = = 0. Define

m(2B - a), @ = p,
Kap(f) = (1.5)
@m-Da-m-1)8, a<§p.

Then 1
5A|A|2 > VAP + (kwp — [AP)IAP. (1.6)
Moreover, at each fixed t, the coefficient k(1) is the largest number depending only on a(t), B(t) for

which the quadratic ambient curvature term in (1.4) is bounded below by /<Wp(t)|A|2 for every angle
0 € [—1, 1] and every nonzero trace-free symmetric bilinear form A.

Here “optimal” is deliberately used in an algebraic sense. It does not assert that every equality
configuration is realized by a global minimal hypersurface.
A direct maximum-principle consequence is:

Corollary 1.3 (Compact pinching). Under the hypotheses of Theorem 1.2, assume X is compact and

Ko := 1nf kyp, > 0.
pa

If

sup |A* < ko,
>

then A = 0. If |A]* < ko and Kwp = Ko along X, then either A = 0, or
AP =Ko,  VA=0,
and equality holds in the algebraic estimate of Theorem 1.2 at every point.

For the unit sphere, represented as (0, ) X, S™, one has @ = g = 1, hence k,,, = m. Therefore the
classical sharp threshold |A|> < m is recovered.

A third main result converts the differential inequality into a genuine pointwise curvature estimate.
For a domain Q C X, define the scale-correct warped curvature quantity

Aup(@) = sup (lal + 181 + [EFF). (17)

Here and below, C,, denotes a positive constant depending only on m, while C,, . depends only on m and
€. The supremum in Ay,(€2) is taken over the indicated region Q C X; in (1.8), this region is Bgr(xo).

Theorem 1.4 (Warped Schoen—Simon—Yau curvature estimate). Let 3 < m < 5, and let X" C I Xy F"(kr)
be two-sided, minimal, and stable. Fix x, € £ and assume Bgr(xo) € X. Suppose that on every concentric
ball B>(xy), 0 < s < 2r, one has the scale-invariant Sobolev inequality

I/x
m
( f |¢|2Xd,uz) <o f (Vo +57°¢%) dus, ¥ = —,
B, m—2

By

and the volume bound
|B>(x0)| < Vos™.

Then
AP (x0) < C(m, So, Vo) |17 + Awp(B5,(x0)) (1.8)
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The proof uses the scalar warped Simons inequality, stability, a power Caccioppoli estimate, a
Sobolev gain, and a final Moser iteration. The restriction m < 5 is not inserted ad hoc: it is precisely the
range in which the admissible Caccioppoli exponents include one giving |A| € L? for some p > m, so
that the nonlinear potential in the Simons inequality becomes supercritical for Moser iteration.

The quantity

Awp = sup(lal + 8] + [E[)

is the natural scale-correct combination of the zeroth- and first-order ambient curvature effects: @ and
B have the scale of curvature, while |Z[*® has the same homogeneity. Consequently, the pointwise
estimate records the dependence on the warping data f, f, f”, f”” without hiding these effects in a
generic ambient curvature constant.

The paper is organized into five numbered sections. After this introduction, Section 2 collects the
general ambient Simons identity and the warped-product curvature formulas. In Section 3, the ambient
contractions are evaluated explicitly and combined with a perturbed refined Kato inequality. Section 4
contains the optimal algebraic coeflicient, the compact pinching theorem, the space-form consistency
checks, and the equality/model discussion. Finally, Section 5 develops the analytic applications: the
non-parallel-curvature perturbation, stability, a power Caccioppoli inequality, the Sobolev gain, and the
Schoen—Simon—Yau-type pointwise estimate (1.8).

2. Geometric preliminaries and the general Simons formula
Let (Mmﬂ, g) be a Riemannian manifold and let 2" C M""" be a two-sided immersed hypersurface
with unit normal v. We use the curvature convention
E(X, Y)Z = gygxz - gxgyz + g[X,Y]Z (21)

and _ _
RABCD = (R(EA, EB)EC, ED)-

Our convention is chosen so that a space form of sectional curvature c satisfies
Rapcep = ¢(6acdpp — 6apdpc)- (2.2)

Lete,...,e, be alocal orthonormal tangent frame. We write

hij = <€€iej’ V), A= (hij)a H = Z l’li,‘.

Throughout the main part of the paper,
H=0.

The Codazzi equation reads _
hijk — hik;j = Ryix;j. (2.3)

For a minimal hypersurface, differentiating H = 0 gives
> hiig = 0. (24)
We next state the index-level Simons identity in a form directly adapted to our later substitution.
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. . . —m+l .. .
Proposition 2.1 (General ambient identity). Let £" ¢ M " be minimal. At a point p, choose the
tangent frame geodesic for the induced connection. Then

1
5A|A|2 = [VAP - JAI* + Qz(A) + Dz(A), (2.5)
where _
Qr(A) = - Z h?ijkvk
i,j,k
. . (2.6)
+2 Z Ponjhi iRk + 2 Z Ronichi iR jic
m,i, j,k m,i, j,k
and _ _
Der(A) = ) hij(Ve Ryt
bk o 2.7)
- Z hij(vejR)vkik~
i,k
In particular,
1 _ .
5A|A|2 > |[VA]> - |A]* = C,,JRm||A]> = C,,]VRm]|A]. (2.8)

Proof. At p,
1
5A|A|2 = |VAP + Z hi;Ah;.
i.j
Starting from (2.3), commute the second derivatives of h;;. The commutator terms acting on the two
covariant indices of & are expressed through the intrinsic curvature of X, and the Gauss equation

-
Ry = Riju + hichji — hihj

splits them into ambient-curvature terms and cubic expressions in h. After contraction with 4;;, the
cubic part equals —|A|* because H = 0. The differentiated Codazzi defect yields the two terms in (2.7).
Collecting the remaining curvature contractions gives (2.6). This is the hypersurface specialization of
the second-order system derived by Simons; compare also the index formula used by Schoen—Simon—
Yau [22,24].

Finally, every term in @ contains two factors of A and one factor of Rm, while every term in Dz
contains one factor of A and one factor of VRm. Since the number of contractions depends only on m,
Cauchy—Schwarz gives (2.8). O

Remark 2.2. The derivative term Dgy vanishes in locally symmetric ambient spaces, in particular, in
all space forms. It is generally nonzero in a warped product with variable radial and fiber sectional
curvatures.

2.1. Warped-product geometry

The formulas used below are the standard Bishop—O’Neill warped-product identities; see [6, 18] and,
for background on curvature conventions [19].
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Let o
M=1x;F", g =drf + f()’gr, f>0.
Write f
T = at, p = 7.

In the following connection formulas, horizontal and vertical vector fields are understood as their
natural lifts to the warped product I X, F™.
If U, V are vertical vector fields, then the Levi-Civita connection is

VT =0, VuT = VU = pU, (2.9)

and _
VyV = ViV = pU,WT, (2.10)

where the vertical term is interpreted after the standard lift and rescaling.
Equivalently, for an arbitrary ambient vector X,

VT = p(X — (X, T)T). (2.11)
Assume from now on that F' has constant sectional curvature kr. Define
1" kr = (f')?
a=-—, B=—F—, y=a-p. (2.12)
f /?

Thus « is the sectional curvature of every plane containing 7', whereas £ is the sectional curvature of
every vertical two-plane.

Let
n=2gT,").
For arbitrary ambient vectors, the full Riemann tensor can be written as
R=B8G+vyU, (2.13)
where
Gagcp = 8ac8sp — 8Ap&BC (2.14)
and
U = gpp + g
ABCD TIATICgBD_ UBUDgAc_ (2.15)
— NANp8BCc — NBTNICEAD-
Indeed, for a unit vertical vector U,
Rryry =B +7y =a,
while for an orthonormal vertical pair U, V,
EUVUV =B.
The Ricci tensor is therefore L
Ric(T,T) = ma, (2.16)
and, for a unit vertical vector U, L
Ric(U,U) = a + (m — 1)B. (2.17)
The derivative of U is controlled by Vn. From (2.11),
(Vam)(¥) = p((X. ¥) = n(On(Y)). (2.18)
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3. Explicit Simons identity and the refined Kato estimate

Let X" C I Xy F™ be a two-sided minimal hypersurface. Set

0=T), X:=T" =T -6y 3.1
Then
IXP?=1-6 (3.2)
At a point, choose an orthonormal tangent frame ey, ..., e,,, and write
x; = (e, T).
Hence
X:ine,-, Zx?zl—@z.
3.1. The zeroth-order curvature contraction
Lemma 3.1. For the curvature tensor (2.13),
Qu(A) = [mB + (1 = (m + D) AP + 2my |AX)P. (3.3)

Proof. The BG part is exactly the space-form contraction. Substituting (2.14) into (2.6) and using H = 0

gives
Q,BG(A) = mﬁ|A|2~

It remains to evaluate the U-part. We use repeatedly

n(v) =6, n(e;) = x;.

For the first term of (2.6),
Uik = 92 + x,%.
Therefore
= > U = =(1 + (m = DAL
ijk
Next,
Upikit = XmXi + XeOmi = X XeOpi — X XiO .
Hence
2 Z hmjhij Umkik
m,i, jk
= 2((m = DIAX)P + (1 - P)AP).
Finally,

(3.4)

(3.5)

(3.6)

Umijk = Xijaik + x,-xkémj — xmxkéij - Xin5mk.

AIMS Mathematics
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Since H = 0,
2 > i Upiic = 4ACOP.

m,i, jk

Adding (3.5)—(3.7) gives
Qu(A) = (1 = (m+ DE)AP + 2m|AX).

Combining with (3.4) proves (3.3).

3.2. The derivative-curvature contraction
The derivative term admits an unexpectedly simple reduction.
Lemma 3.2. Define
E=v"-2py.
Then
Dip(A) = —-mIEA(X, X).

Proof. Since G is parallel, B
VR=dBG+dy®U +7yVU.

(3.7

(3.8)

(3.9)

Both contractions in (2.7) contain one normal and three tangential slots. Hence the df ® G contribution

vanishes identically.
Because dy = y'n,
e =vx  ey)=7x;

Furthermore
Uyirj = 0(xk6ij — x;0i)

and
Uk = 0(xi — XOi)-

Using H = 0, direct contraction gives

D iUy = 0(XPH = AKX, X)) = —0A(X, X),
i,j,k

Dl Ui = (m = DOACX, X).

i,jk
Therefore, taking account of the subtraction in (2.7), the dy-contribution is
-mey'A(X, X).
It remains to differentiate U. From (2.18), at the point under consideration,
(Ve D) = —px,

and .
(Veun)(ec) = p(dac - xaxc)-

(3.10)

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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Differentiating the four terms in (2.15) gives
(ﬁea U)Vbcd = Pe [(5ac - 2xaxc)6bd - (6ad - 2'-xazxti)(lec] .
Consequently, the two contractions occurring in (2.7) are

Z hij(ﬁek U)yirj = 2p0A(X, X),

M (3.11)
D Ve, Ui = =20m = DpOA(X, X).
ik
Thus, again using the subtraction in (2.7), the y?U -contribution is
2mpybA(X, X).
Substituting (3.10) and (3.11) into (2.7) gives
Der(A) = —mby’A(X, X) + 2mpybA(X, X)
= —ml(y’ — 2py)A(X, X)
=-mlZAX, X),
as claimed. O
Proof of Theorem 1.1. Substitute Lemmas 3.1 and 3.2 into the general identity (2.5). |
Remark 3.3. The condition
==0
is equivalent to
Y
() -0
Thus
y=Cf?

for some constant C on each connected interval. Every space form satisfies this condition because y = 0,
but E = 0 is weaker than the constant sectional curvature.

3.3. Refined Kato inequality and the Codazzi defect

The Euclidean refined Kato inequality relies on complete symmetry of VA. This is the same structural
feature underlying the classical Simons—Schoen—Simon—Yau estimates [21,22,24]. In the present warped
product, the Codazzi defect can also be computed explicitly.

From (2.13),

Evikj = 7Uvikj
because G,; = 0. Thus
hijx = hisj = Y0(xx0ij — Xj0), (3.12)

up to the equivalent sign convention obtained by interchanging the final two curvature slots.
Consequently,
| Alty VAP < C,y*6*(1 - 6%). (3.13)

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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Proposition 3.4 (Perturbed refined Kato inequality). For every € > 0, there is C,, . > 0 such that
2
IVA]* > (1 + = - g) IVIA|* = Csy?6*(1 — 6%). (3.14)
m

If
yo(1 — %)% =0,

then the sharp estimate

2

IVA]? > (1 + —) IVIA|]? (3.15)
m

holds.

Proof. At apoint p € ¥ with |A|(p) > 0, choose an orthonormal frame such that A is diagonal at p, and
write

Tij = hij
Since h;; = hj;, we have
Tij = T .
Moreover, since H = 0,
Z Tix=Vi:H=0 for every k. (3.16)

Let V,, denote the Euclidean space of tensors T = (T ;) satisfying
Tij = Tk, Z T =0,

and let §,, € V,, be the subspace of completely symmetric tensors. Because of (3.16), every tensor in
S, is completely symmetric and trace-free.
Define the linear map

A:Vy — Wy, (AT)ijx = Tijp — Tiyj.
Then
ker A = S,,.

Since V,, is finite-dimensional, the restriction of A to S, is injective. Hence there is a constant ¢,, > 0,
depending only on m, such that

dist(T, S,,)* < ¢l AT)%. (3.17)

Let
T=S+E, SesS,, E€S;

be the orthogonal decomposition. Thus
ITP = ISP +|EP,  |EP < calATP. (3.18)

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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We now compare these tensors with V|A|. Since A is diagonal at p, writing its principal curvatures as
A1,...,4,, we have

AVl = > AT

For a three-tensor Q, set
1
(LAO)k = A Z A Qiik.
Then
VIA| = L,T.

By Cauchy-Schwarz,
ILaOl <10l (3.19)

For the completely symmetric trace-free tensor S, the classical finite-dimensional refined Kato
estimate gives

2
N (1 + —) ILsS . (3.20)
m
This is precisely the algebraic estimate underlying the classical refined Kato inequality for minimal

hypersurfaces [21,22,24].
Set

2
¢ =1+—.
m

Since
LAS = LAT - LAE = V|A| - LAE,
forevery 0 <o < 1,

LLSP = (1 - IVIAIR - (é - 1) LLEF.
Using (3.19),
LaSP > (1 - $)IVIAI? - (é - 1) EP.
Therefore, by (3.18) and (3.20),
VAP = TF > ISP

1
> ci (1 - 0)VIAIIF - ¢ (5 —~ 1) |E|.

m

Given € > 0, choose
e
5 = —*
Cm
when 0 < & < ¢},. Then
2
o, (1-0)=1+—-¢,
m
and hence )
IVA]> > (1 + = - g) IVIA|]? = Cpo /AT (3.21)
m

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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For € > ¢}, the assertion is immediate after enlarging the constant.
Finally, by the Codazzi equation,

(AT)ijk = hij — hix;j = Y0(xi0ij — x;0),
and therefore, by (3.13),
AT < C,iy? 07 (1 — 62).

Substituting this into (3.21) gives (3.14).
If
Yo - 69" =0,

then the Codazzi defect vanishes, so E = 0 and T = §. Thus (3.20) yields directly
2 2 2
[VAI” > {1+ —||VIA]I,
m
which is (3.15). O

Combining Theorem 1.1 and proposition 3.4 yields a scalar Simons inequality suitable for iteration:

2
AAP > = 2A1* + 2(1 + = - g) IV|A|]?
m

Am (3.22)

33

+ 2kplAP = ——=IElIA| = Cpey*6*(1 = ).

4. Sharp pinching, equality cases, and model geometries

We now optimize the quadratic curvature term in (1.4) over the angle and over all trace-free symmetric
forms.
Fix a point and suppose X # 0. Rotate the tangent frame so that

X=+se, s=XP=1-6"
Then
AP =5 ) 1,
J
The following elementary optimization is crucial.
Lemma 4.1 (Row-energy bound). Let A = (h;;) be a nonzero trace-free symmetric m X m matrix, where
m > 2. Then )
hy _
0 < Zj 1j < m 1
|A]* m

For m =2, the ratio is identically 1/2. For m > 3, the lower value 0 is attainable, while the upper value
(m — 1)/m is attained by a diagonal matrix proportional to

(4.1)

1 1
di 1, —— ..., —.
1ag m-—1 m-—1

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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Proof. Write

Then .
Zh%j =a* +Zbﬁ.
J u=2

The off-diagonal entries b, contribute 2 3 b? to |A[*.
For fixed a, the trace-free condition gives

m
Z hy, = —a.
u=2

By Cauchy—Schwarz,

D> .

HH m—1
u=2

Discarding all other nonnegative entries,

m

2

a
Al> > a® + +2 ) b
AP 2 a4+ —— >

u
u=2

Consequently,

a’+ Y b, {m—l 1} m—1
— " < max =
m 2

AP )
Equality is realized by the stated diagonal form. For m > 3, a nonzero trace-free matrix supported

entirely in the (m — 1)-dimensional orthogonal complement of e; gives the lower value zero. When
m = 2, every trace-free symmetric matrix has the form

o 2)

and the ratio equals 1/2. m|

m

Let
z=6*€]0,1], s=1-2

From Lemma 3.1,

(A
Qlil(lz—) =mpf +y(1 - (m+ Dz) + 2my(1 - 2)r, *-2)
where 2
L 2jhi;
AP

Proposition 4.2 (Pointwise algebraic optimum). For every m > 2,
Qr(A) = kup(DIAP, (4.3)

where Ky is given by (1.5). The coefficient is optimal among bounds depending only on a, .

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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Proof. Suppose first that

y=a-82>0.
For fixed z, the last term of (4.2) is nonnegative, so the smallest admissible value is obtained by
minimizing r. For m > 3, this is r = 0; for m = 2, r = 1/2, but the final angle-free minimum is the same.
Indeed, when m = 2, substituting r = 1/2 into (4.2) gives

Qr(A)
|A]2
If ¥y > 0, this is minimized at z = 1, giving 28 — 2y = 2(2 — @). The resulting expression is minimized
atz = 1, and gives

=28+ vy(3 - 52).

mB —my = m(2 — a).

Now suppose

v < 0.
The last term in (4.2) is minimized by maximizing r. By Lemma 4.1,
m—1
Fmax = ——-
m

Thus Q)

R

A M y(2m - 1-(Gm - 1)),

For m = 2, the same substitution r = 1/2 gives 28 + y(3 — 5z); since y < 0, its minimum occurs at z = 0
and equals 28 + 3y = 3a — 3, exactly the m = 2 value of the coefficient below. Since y < 0, this is
minimized at z = 0, yielding

mB+Q2m—-1)(a-p)=0C2m—-1a—-(m-1)g.
The equality configurations described in Lemma 4.1, together with z = 1 in the first case and z = 0 in

the second, show that no larger coefficient depending only on «, 8 can hold for all trace-free A and all
angles. O

Proof of Theorem 1.2. If = = 0, the final term in (1.4) vanishes. We apply Proposition 4.2 to the
remaining ambient curvature term. O

Theorem 4.3 (Compact warped-product gap theorem). Assume = = 0 along a compact minimal
hypersurface X" C I Xy F"(kp). If

Ko i= lngWp >0
and

AP <ky onZ,

then X is totally geodesic.
If kwp = ko > 0 along X and
AP < ko,

then either A = 0 or
AP =k, VA=0,

and the equality configuration of Proposition 4.2 holds pointwise.

AIMS Mathematics Volume 11, Issue 10, 35238-35267.
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Proof. Setu = |AJ%. By (1.6),

1
EAM > VAP + U(Kyp — U).
Suppose u # 0 and let p be a maximum point. Under the strict pinching assumption,
0< ”(P) <Ko =< KWp(P)-

Hence |
02 SAu(p) 2 IVAP(p) + u(p)(kwp(p) — u(p)) > 0,

where is a contradiction.
For the weak pinching statement, we integrate over the compact hypersurface:

1
0:—fAud,uzZf|VA|2d/J):+fu(Ko—u)d,uz.
2 z z z

Both integrands are nonnegative. Therefore
VA =0, u(kg —u) = 0.

On each connected component, u is constant, hence # = 0 or u = ky. Equality in the integrated estimate
forces equality in Proposition 4.2 pointwise. O

4.1. Model geometries and equality cases

A key consistency requirement is that the explicit warped-product formula recover the classical
identities without loss.

Euclidean space. Use polar coordinates
R™ 1\ {0} = (0, 00) X, S™.

Here
f(r):”, szla

SO

R
Il
Nt
=
Il
Nt
<
Il
Nt
[1]
I
o

Thus (1.4) reduces to
1
EAIAI2 = |[VAP - A",

The unit sphere. On
Sm+l = (0’ 7T) Xsint Sm’

we have
(=sinz) 1

sin ¢
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and
1 —cos®t
= — =1.
sin” ¢

Therefore

v =0, ==0,
and .

EA|A|2 = |VAP + mAP — A% (4.4)

Consequently,

AP <m = A=0

for compact minimal hypersurfaces. The threshold m is exactly the classical Simons—Chern—do Carmo—
Kobayashi pinching constant in codimension one [8,24]; the surrounding rigidity theory is also closely
related to Lawson’s work [13].

Hyperbolic space. On
Hm+1 = (0, 00) Xinh ¢ S,

one has
and hence {
EAIAI2 = [VAI> — mlA]* - |A[".

There is no positive compact pinching coefficient, reflecting the different role of ambient negative
curvature.

The condition = = 0 and model warping functions. The condition
E=0 = 7y =2y

is equivalent to

y=Cf*
for some constant C. Since
_ T ke =)
S 7
the condition Z = 0 is therefore equivalent to
(f = ff" —ke = Cf*. (4.5)

This equation admits a useful first integral. Indeed, define

(f’)z—kF+Cf4

D(t) = 7
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Using (4.5), we obtain

- 2;; (f£" = (2 + ke +CF*) =0,

Hence D is constant on each connected component of /, and

D/

(f) = ke + Df* = Cf*. (4.6)
Combining (4.5) and (4.6), we further obtain
f"=Df-2Cf. (4.7)
Consequently,

a=-D+2Cf*, B=-D+Cf?% y = Cf>. (4.8)

Space-form case. When C = 0, we have y = 0, and hence @ = 8 = —D. Thus the ambient manifold
has constant sectional curvature —D. In particular, the standard Euclidean, spherical, and hyperbolic
models are recovered from the corresponding choices of the warping function.

Non-space-form case. Suppose now that C # 0. Then
@ — ﬁ = Cf 2’

so the radial and vertical sectional curvatures are different wherever f > 0. Thus these models are
genuinely non-space-form warped products, while the derivative-curvature term in the Simons identity
still vanishes identically.

For comparison, Zhan and Hou [25] considered the related condition

ke = () + ff =aft, >0,

in their study of pinching phenomena for compact minimal submanifolds in warped products. In the
notation of (4.5), their assumption corresponds to C = —c; < 0. We now consider the opposite sign
C > 0, for which the optimal angle-free coefficient obtained above has a particularly simple form.

Corollary 4.4 (A non-space-form gap family). Let

m+

M =1, k), m=2,

where f > 0 satisfies
f’=Df -2Cf? 4.9)

for constants C > 0 and D < 0, and suppose that its first integral is
(/') = ke + Df* = Cf*.

Then
E=0, a—-pB=Cf*>0,
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and the optimal angle-free curvature coefficient in Theorem 1.2 is the positive constant
Kwp = —mD. 4.10)
Consequently, if " C MmH is a compact two-sided minimal hypersurface satisfying
AP <-mD  onZ, (4.11)

then X is totally geodesic.

Proof. By (4.8),
a=-D+2Cf*, B=-D+Cf> y =Cf>.

Therefore F f
E=9y -2y =2Cff -2=Cf*=0.
f f
Since C > 0 and f > 0, one has
a > S.
Hence the first branch of (1.5) gives
Kwp = m(Zﬁ —a)
= m(2(=D + Cf?) — (=D + 2Cf?))
= —mD.
Since D < 0, the coefficient is positive. The conclusion follows directly from Theorem 4.3. O

The preceding family contains explicit anisotropic models for which the optimal coefficient
nevertheless agrees with the classical spherical value.

Example 4.5 (A non-space-form model with the spherical algebraic threshold). Let
kr =1, D =-1, C=21>0,
and let f solve
f=—f=2af, f(0) =0, f0)=1. (4.12)
The corresponding first integral is
(fyY=1-f-art (4.13)
Let ay > 0 be determined by

Vi+41-1
24 '

2 4 _ 2 _

Then f increases from O to a, until its first maximum at some T, > 0, and f > 0 on (0,2T,). On the

increasing branch,
f () ds

0 VI—s2— 5%
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For the warped product
(0,27) x; S™,

formula (4.8) gives
a=1+2f  B=1+af%

Thus
a—pB=1f*>0,
so the ambient metric does not have constant sectional curvature. Nevertheless,
Kwp = m(23 — a) = m.
Therefore every compact two-sided minimal hypersurface satisfying
AP < m

is totally geodesic. Thus the optimal angle-free coefficient coincides with the classical spherical value
m, although the ambient sectional curvature is anisotropic.

Parallel second fundamental form. If == 0and VA = 0, then (1.4) gives the pointwise algebraic
relation
Al = [mB +y(1 = (m + D) ||AP + 2myl AP (4.14)

Thus a non-totally-geodesic minimal hypersurface with parallel A must saturate the warped curvature
balance. In the spherical case, this reduces to

AP* = m.
Local curvature gap. Suppose = = 0 and
Kwp = Ko >0
on a connected open set Q C X. If
AP <ko—&

and u = |AJ? attains a positive interior maximum in Q, then (1.6) gives a contradiction. Thus either
A = 0 at the maximum scale or the maximum is forced to the boundary. This is the local form of the
compact gap principle and is useful in blow-up arguments.

Remark 4.6 (Sharpness and scope). For clarity, we separate three notions.
(i) The identity (1.4) is exact once the curvature convention is fixed.

(ii) The coefficient Ky in (1.5) is optimal for the purely algebraic problem of minimizing the zeroth-
order curvature contraction over all trace-free symmetric A and all angle functions.

(iii) A global classification of the equality case is a separate geometric problem. In the sphere, the
classical theory identifies Clifford hypersurfaces in the hypersurface equality case. In a general
warped product, realizing every algebraic equality configuration by a complete or compact minimal
hypersurface requires additional integrability and global arguments.

This distinction prevents an algebraically optimal estimate from being mistaken for a complete
geometric classification theorem.
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5. Perturbative estimates, stability, and pointwise curvature bounds

The exact formula of Section 3 contains two types of lower-order effects that are absent in a space
form: the anisotropy vy = @ — £ and the derivative-curvature coefficient = = y’ — 2py. In this section, we
organize these terms at their natural scale and combine the resulting differential inequality with stability.
The outcome is a local Schoen—Simon—Yau-type pointwise estimate.

For a relatively compact region Q C Z, set

Awp(@) = sup (lal + 181 + |2F7). (5.1)

The exponent 2/3 is forced by scaling: «, have the dimension of curvature, whereas = has the
dimension of a first covariant derivative of curvature. Thus |Z|*/? has the same dimension as |A|*.

5.1. A scale-correct scalar inequality

Let v = |A|. From (3.22), after choosing

2
O<e<—
m
and writing
a. :=——-—&>0,
m

we obtain the following useful form of the warped Simons inequality.

Proposition 5.1 (Scalar warped Simons inequality). Let Q € X and set A = A, (). Then on QN{v > 0},
VAV > —v* + 4, |Vv]* = C, AV = C, A2 (5.2)

The same inequality holds weakly on all of Q after the standard regularization v, = (v + )% and
passage T | 0.

Proof. Starting from (3.22) and using
AV? = 2vAv + 2|V,
we obtain
VA > — v + (n% - s) IVv? + /<va2

2m
33

Since «y, 1s a dimensional linear combination of a, 3,

12V = Corsy?0*(1 — 6°).

kupl < G,

Moreover
lyl <lal+ Bl < A, =] < AY2,
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Young’s inequality in the scale-correct form

1 1
A%y < — AV + =A?
V=3 Ts

then gives (5.2). O

When Z # 0, this formulation is preferable to an estimate containing Z2/6 because every lower-order
term is expressed through one curvature scale A.

We now impose stability. With our Laplacian convention, a two-sided minimal hypersurface is stable
when

024 Rictn) # s < [ 190 s 53)

b b

for every compactly supported smooth ¢. In the present warped product, the normal Ricci curvature is
Ric(v,v) = a(1 + (m — 1)6%) + (m — 1)B(1 — 6%). (5.4)

Hence
Ric(v,v)| < C,,A.

Consequently, (5.3) implies

f Vig? dps < f VoI’ dus + CuA f ¢ dus (5.5)
z z z
for every ¢ € C°(Q).

5.2. Power Caccioppoli estimates and the SSY exponent range

The next proposition is the analytic strengthening of the basic Caccioppoli estimate. It is the point at
which the classical Schoen—Simon—Yau exponent range reappears.

Proposition 5.2 (Power Caccioppoli inequality). Assume that X is stable in Q, let A = Ap(Q), and fix
0<&e<2/m. Let g > 1 satisfy

2
oy, ::n_1_8_(q_1)2>0' (5.6)

Then for every n € C (L),

fn2v2q+2 d,uZ +O_qfn2v2q—2lvvl2 d’uZ
z

x
< Cogo [ (918 4 A9P) ¥ dyts + Copg A supp 1) 5.7)
z
In particular, for g = 1,
2 (.4 2 2 2\ .2
[P 04+ 9P) dis < o [ (0 + AP) s

z z

+ C,,..A*| supp1l. (5.8)
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Proof. We give the calculation because it is precisely the step that controls the admissible exponent. We
work first with v, = (v + 7%)!/2; to avoid cumbersome notation, we suppress the subscript 7. Multiply

(5.2) by n*v*772 and integrate by parts. Set

G= f V2 Vv dus, J = f NV, Vv) dus,

and
I= f PV dus.
Since
f 7V Avdus = —2g - 1)G - 21,
we obtain
I>2g-1+a,)G+2J-C,A f v dus — Cyp o A* f v dus.
Forg > 1,

AWV < C (AV + AT,

which follows after dividing by A?*! and using y7~! < 1 + y4.
Next, we apply stability (5.5) with ¢ = mv?. Expanding the gradient gives

1< ¢*G +2qJ + ~f\/2‘1|V17|2 dus + C,, A fnzvzq dus.
Combining (5.9) and (5.10) yields
c,G<2(q-1J+C f (Val + AW dus + CAT | supp .

By Cauchy—Young,
o
g - 11 < %G + C, f VYR dys.

(5.9)

(5.10)

Thus G is controlled by the right-hand side of (5.7). Substituting this estimate back into (5.10), and

estimating J once more by Cauchy—Young, gives the bound for /. Finally, let 7 | 0.

If p = 2q + 2, the restriction (5.6) becomes

/2
p<4+24/—-¢.
m

Letting € | 0 recovers the classical upper endpoint

p<4+ ﬂﬁ
m

O

(5.11)

appearing in the Schoen—Simon—Yau integral curvature estimates [22]. This agreement is a useful
consistency check: the warped terms change the lower-order scale but not the algebraic source of the

critical exponent.
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5.3. Sobolev gain and Moser iteration

We record the analytic lemma used in the final step. Its proof is included to make the pointwise
estimate self-contained once a local Sobolev inequality is available. The argument follows the classical
elliptic Moser iteration framework; see, for example, [11]. Here the iteration is adapted to a potential in
L* with s > m/2.

Lemma 5.3 (Moser iteration with a supercritical potential). Let m > 3, s > m/2, and let Bg be a
geodesic ball satisfying

1/x
_ m
( f P d,uz) < S f (VyP + R0 dps,  x = —, (5.12)
Bg Br m-—2
for all y € CX(Bg). Suppose w > 0 satisfies weakly
Aw > —hw
on Bg, where h € L*(Bg). Then
supw < CR™™|Wll 28, (5.13)

Bgr)2
where
2_
C =C(m,So, s, R Ihllsa)

Proof. By scaling, it is enough to consider R = 1. Let 17 be a cut-off supported in B,, equal to one on
B, with

2
V| < .
p—0

For p > 2, test the weak inequality by 7°w?~!. The usual integration-by-parts calculation gives

f V)| dps < Cp? [(p —o)? | wldus + f hiw” dﬂz] : (5.14)
B

By 0

By Holder,
f B2 < Wl o

Because s > m/2,
2s

2 < 1<2)(.

S f—
Interpolation between L? and L%, followed by Young’s inequality, therefore gives for every 6 > 0,

212 212 212
P12 ey < Slmw?2 112, + Consllpw?117..

Choose ¢ so that the first term can be absorbed after applying the Sobolev inequality (5.12) to (5.14).
We obtain an iterative estimate of the form

1/p
Cpt
Wllzovs,) < [(p — 0)2] WllzrB,)s
where C, u depend only on m, Sy, s, ||Al|zss,). Taking p; = 2x’ and a nested sequence of radii decreasing
to 1/2, the product of the factors converges. Letting j — oo gives (5.13). O
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We can now prove the pointwise estimate announced in the Introduction.

Theorem 5.4 (Local pointwise curvature estimate). Let 3 < m < 5, and let
"I xy F"(kp)

be a two-sided stable minimal hypersurface. Fix xo € X and assume
By, := B3.(xp) € X.

Suppose that for every 0 < s < 2r, the following hold:
(1) the local Sobolev inequality

1/x
m
( | o dllz) <o [ (Vo4 520) s x= T (5.15)
B, B, m—2
for every ¢ € C1(By);
(i1) the volume-ratio bound
|B| < Vs™. (5.16)
Then
AP (x0) < C(m, S0, Vo) [ + Awp(Bay)] . (5.17)
Proof. Set
A= Awp(BZr)
and

R = min{r, A7'/?},

with the convention A~'/? = +co when A = 0. After rescaling the ambient and induced metrics by R,
it is enough to prove a universal bound at x, under

R=1, A<

The Sobolev constant and the volume-ratio constant are unchanged by this rescaling.

Choose cut-offs on the concentric balls below; all constants in their gradient bounds are universal.
First use stability (5.5) with a cut-off equal to one on Bj;; and supported in B,. Since A < 1 and
|Bs| < Cp Vo,

f Vv dus < C(m, Vy). (5.18)
B3
Next apply the g = 1 case (5.8) with a cut-off supported in B3/, and equal to one on By,s. Using (5.18)
gives
f (v* + IVVI?) dps < C(m, V). (5.19)
By/s

Applying the Sobolev inequality (5.15) to the cut-off times v, and using (5.18) and (5.19), we obtain

VIl 208y 5) < Cm, So, Vo). (5.20)
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We now use the dimensional restriction. Choose € > 0 small enough that there exists g satisfying

2
max{l,ﬂ—1}<q<min{x,1+‘/——8}. (5.21)
2 m

Such a g exists exactly for 3 < m < 5. Indeed, the nontrivial condition is

and equivalently,

[2
m<4+24/—,
m

which holds for m < 5 and fails at m = 6.
Because g < x, (5.20) and the volume bound control ||v[[;2z, ;). We apply Proposition 5.2 with this
g and a cut-off equal to one on Bs;,. We obtain

f vdus < C(m, S, Vo), p:=2g+2>m. (5.22)
Bs)a
Set m
s:§:q+l>5, w=v+1.
Then (5.22) gives
W50y < C(m, So, Vo). (5.23)

Finally, (3.22), together with A < 1, implies weakly
Aw > —C,w*. (5.24)

We can write this as
Aw > —hw, h=C,w.

By (5.23), h € L* with s > m/2 and a bounded norm. Moreover, (5.19) and the volume bound imply
Wll2(,5) < C(m, Vo).

Applying Lemma 5.3 on a ball contained in Bs,4 therefore yields
w(xg) < C(m, Sy, Vo).

Thus, in the rescaled metric,
IAP*(x0) < C(m, S, Vo).

Returning to the original scale gives
AP(x0) < CR? < C(r? +A),

which is (5.17). O
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Corollary 5.5 (Estimate written directly in terms of the warping function). Under the hypotheses of
Theorem 5.4, define

71 ke = (F)
K= +
T £
17 ke — VAW / 77 kp — N2 |2/3
+ '(_f_ - F—gf)) _ zi (_f_ _ F—gf)) . (5.25)
f f A f
Then
1/2
|Al(x0) < C(m, S, Vo) |7 + (sup 7<f) ] : (5.26)
By,
Proof. The first two terms of K are || and |B], while the final term is |Z[**. Hence
sup Ky = Ayp(Bay).
By
Take the square root of (5.17). O

Remark 5.6 (On the Sobolev hypothesis). The Sobolev assumption (5.15) is written explicitly in the
statement because it cleanly separates the warped Simons calculation from the ambient geometric
input. In applications it can be supplied, on sufficiently small supports and under the usual ambient
curvature and injectivity-radius hypotheses, by the Riemannian submanifold Sobolev inequalities of
Hoffman—Spruck [12]. In Euclidean space, it reduces to the Michael-Simon framework [15]. The
volume-ratio assumption is the analogue of the local area control used in classical curvature-estimate
arguments [21-23].

Remark 5.7 (Why the dimension m < 5 appears). The proof shows exactly where the dimensional
threshold enters. Stability and the refined Kato term allow powers up to

/8
p <4+ 4/—.
m

To turn the nonlinear inequality A(V* +1) > —C(v* +1)? into a linear Moser problem with an L*-potential
satisfying s > m/2, one needs p > m. These two requirements are simultaneously compatible for m < 5.
This is the same mechanism behind the low-dimensional range in the original Schoen—Simon—Yau
argument [22]. Higher dimensions require additional input or a different regularity mechanism, as
already occurs in the classical theory [21, 23].

The pointwise estimate completes the analytic application of the explicit warped Simons identity.
The remaining classification problem concerns equality configurations for non-space-form solutions of
E = 0 with positive k,, which is separate from the curvature-estimate argument above.

6. Conclusions

We have derived an explicit Simons identity for two-sided minimal hypersurfaces in warped products
with space-form fibers, expressing the ambient curvature contributions in terms of «, 5, and the
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derivative-curvature quantity Z. When = = 0, we obtained an optimal angle-independent algebraic
lower bound and corresponding pinching results for compact minimal hypersurfaces, recovering the
classical spherical gap as a special case. For stable minimal hypersurfaces, the scalar Simons inequality,
stability, and power Caccioppoli estimates lead to a local pointwise curvature bound in dimensions
3 <m <5, under the stated Sobolev and volume growth assumptions. The estimate incorporates the
ambient geometry through the scale-correct quantity |a| + |8] + |Z|*/?. These results clarify the role of
warped-product curvature in both rigidity and local curvature estimates. The classification of equality
cases in non-space-form warped products remains a natural question for further investigation.

Author contributions

All authors have contributed equally to the manuscript. All authors have read and approved the final
version of the manuscript for publication.

Use of Generative-Al tools declaration

The authors formulated the research problem and developed the initial mathematical approach.
ChatGPT-5.6 Sol (OpenAl) was subsequently used as an interactive aid in exploring possible
mathematical approaches and in developing, checking, and refining selected algebraic estimates,
curvature computations, and steps in the proofs. It was also used for English-language editing,
improving the clarity of the mathematical exposition, LaTeX formatting, and checking citation
consistency. All mathematical arguments and calculations in the final manuscript were independently
verified by the authors, who also reviewed the references and take full responsibility for the correctness,
originality, and integrity of the work.

Acknowledgements
The third author is partially supported by the Yili Normal University Returning Doctoral Research

Start-Up Project (Grant No. 2025GFX001) and National Natural Science Foundation of China (Grant
No. 12471021).

Conflict of interest

All authors declare they have no conflict of interest in this paper.

References

1. L.J. Alias, M. Dajczer, Constant mean curvature hypersurfaces in warped product spaces, Proc.
Edinb. Math. Soc., 50 (2007), 511-526. https://doi.org/10.1017/S0013091505001069

2. F. Alghamdi, F. Mofarreh, A. Ali, M. L. Bouleryah, Some rigidity theorems for totally
real submanifolds in complex space forms, AIMS Mathematics, 10 (2025), 8191-8202.
https://doi.org/10.3934/math.2025376

AIMS Mathematics Volume 11, Issue 10, 35238-35267.


https://dx.doi.org/https://doi.org/10.1017/S0013091505001069
https://dx.doi.org/https://doi.org/10.3934/math.2025376

35266

w

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

M. Aquib, An optimal inequality for warped product submanifolds in complex space forms, AIMS
Mathematics, 10 (2025), 18055-18069. https://doi.org/10.3934/math.2025804

B. Bag, M. A. Khan, T. Pal, S. K. Hui, Geometric analysis on warped product semi-slant
submanifolds of a locally metallic Riemannian space form, AIMS Mathematics, 10 (2025), 8131-
8143. https://doi.org/10.3934/math.2025373

J. L. Barbosa, M. do Carmo, Stability of hypersurfaces with constant mean curvature, Math. Z., 185
(1984), 339-353. https://doi.org/10.1007/BF01215045

R. L. Bishop, B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc., 145 (1969),
1-49. https://doi.org/10.1090/S0002-9947-1969-0251664-4

S. Brendle, Constant mean curvature surfaces in warped product manifolds, Publ. Math. de | "[HES,
117 (2013), 247-269. https://doi.org/10.1007/s10240-012-0047-5

S. S. Chern, M. do Carmo, S. Kobayashi, Minimal submanifolds of a sphere with second fundamental
form of constant length, In: Manfredo P. do Carmo — Selected papers, Berlin: Springer, 2012, 47-63.
https://doi.org/10.1007/978-3-642-25588-5_5

T. H. Colding, W. P. Minicozzi II, A course in minimal surfaces, American Mathematical Society,
2011.

D. Fetcu, H. Rosenberg, On complete submanifolds with parallel mean curvature in product spaces,
Rev. Mat. Iberoam., 29 (2013), 1283—-1306. https://doi.org/10.4171/RMI1/757

D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order, Berlin: Springer,
2001. https://doi.org/10.1007/978-3-642-61798-0

D. Hoffman, J. Spruck, Sobolev and isoperimetric inequalities for Riemannian submanifolds, Comm.
Pure Appl. Math., 27 (1974), 715-727. https://doi.org/10.1002/cpa.3160270601

H. B. Lawson, Local rigidity theorems for minimal hypersurfaces, Ann. Math., 89 (1969), 187-197.
https://doi.org/10.2307/1970816

G. A. Lobos, M. Melara, M. R. B. Santos, A Simons type formula for spacelike submanifolds
in semi-Riemannian warped product and its applications, Results Math., 79 (2024), 272.
https://doi.org/10.1007/s00025-024-02300-6

J. H. Michael, L. M. Simon, Sobolev and mean-value inequalities on generalized submanifolds of
R", Comm. Pure Appl. Math., 26 (1973), 361-379. https://doi.org/10.1002/cpa.3160260305

S. Montiel, Unicity of constant mean curvature hypersurfaces in some Riemannian manifolds,
Indiana Univ. Math. J., 48 (1999), 711-748. https://doi.org/10.1512/ium;j.1999.48.1562

K. Nomizu, B. Smyth, A formula of Simons’ type and hypersurfaces with constant mean curvature,
J. Differ. Geom., 3 (1969), 367-377. https://doi.org/10.4310/jdg/1214429059

B. O’Neill, Semi-Riemannian geometry with applications to relativity, New York: Academic Press,
1983.

P. Petersen, Riemannian Geometry, 3 Eds., Springer, Cham, 2016. https://doi.org/10.1007/978-3-
319-26654-1

R. Schoen, Estimates for stable minimal surfaces in three-dimensional manifolds, In:
Seminar on minimal submanifolds, Princeton: Princeton University Press, 1984, 111-126.
https://doi.org/10.1515/9781400881437-006

AIMS Mathematics Volume 11, Issue 10, 35238-35267.


https://dx.doi.org/https://doi.org/10.3934/math.2025804
https://dx.doi.org/https://doi.org/10.3934/math.2025373
https://dx.doi.org/https://doi.org/10.1007/BF01215045
https://dx.doi.org/https://doi.org/10.1090/S0002-9947-1969-0251664-4
https://dx.doi.org/https://doi.org/10.1007/s10240-012-0047-5
https://dx.doi.org/https://doi.org/10.1007/978-3-642-25588-5_5 
https://dx.doi.org/https://doi.org/10.4171/RMI/757
https://dx.doi.org/https://doi.org/10.1007/978-3-642-61798-0
https://dx.doi.org/https://doi.org/10.1002/cpa.3160270601
https://dx.doi.org/https://doi.org/10.2307/1970816
https://dx.doi.org/https://doi.org/10.1007/s00025-024-02300-6
https://dx.doi.org/https://doi.org/10.1002/cpa.3160260305
https://dx.doi.org/https://doi.org/10.1512/iumj.1999.48.1562
https://dx.doi.org/https://doi.org/10.4310/jdg/1214429059
https://dx.doi.org/https://doi.org/10.1007/978-3-319-26654-1
https://dx.doi.org/https://doi.org/10.1007/978-3-319-26654-1
https://dx.doi.org/https://doi.org/10.1515/9781400881437-006

35267

21. R. Schoen, L. Simon, Regularity of stable minimal hypersurfaces, Comm. Pure Appl. Math., 34
(1981), 741-797. https://doi.org/10.1002/cpa.3160340603

22. R. Schoen, L. Simon, S. T. Yau, Curvature estimates for minimal hypersurfaces, Acta Math., 134
(1975), 275-288. https://doi.org/10.1007/BF02392104

23. L. Simon, Remarks on curvature estimates for minimal hypersurfaces, Duke Math. J., 43 (1976),
545-553. https://doi.org/10.1215/S0012-7094-76-04344-1

24.J. Simons, Minimal varieties in Riemannian manifolds, Ann. Math., 88 (1968), 62-105.
https://doi.org/10.2307/1970556

25. X. Zhan, Z. Hou, A pinching theorem for compact minimal submanifolds in warped products
I x; S™(c), Mathematics, 8 (2020), 1445. https://doi.org/10.3390/math8091445

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

@é’“@f’ AIMS Press

AIMS Mathematics Volume 11, Issue 10, 35238-35267.


https://dx.doi.org/https://doi.org/10.1002/cpa.3160340603
https://dx.doi.org/https://doi.org/10.1007/BF02392104
https://dx.doi.org/https://doi.org/10.1215/S0012-7094-76-04344-1
https://dx.doi.org/https://doi.org/10.2307/1970556
https://dx.doi.org/https://doi.org/10.3390/math8091445
https://creativecommons.org/licenses/by/4.0

	Introduction
	Geometric preliminaries and the general Simons formula
	Warped-product geometry

	Explicit Simons identity and the refined Kato estimate
	The zeroth-order curvature contraction
	The derivative-curvature contraction
	Refined Kato inequality and the Codazzi defect

	Sharp pinching, equality cases, and model geometries
	Model geometries and equality cases

	Perturbative estimates, stability, and pointwise curvature bounds
	A scale-correct scalar inequality
	Power Caccioppoli estimates and the SSY exponent range
	Sobolev gain and Moser iteration

	Conclusions

