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Abstract: Let
(M

m+1
, ḡ) =

(
I × f Fm, dt2 + f (t)2gF

)
,

where F has constant sectional curvature, and let Σm ⊂ M
m+1

be a two-sided minimal hypersurface. We
derived an explicit Simons identity in terms of

α = −
f ′′

f
, β =

kF − ( f ′)2

f 2 , Ξ = (α − β)′ − 2
f ′

f
(α − β).

When Ξ = 0, we determined the optimal angle-free algebraic lower coefficient for the curvature term
and obtained a compact pinching theorem, recovering the classical spherical gap constant. For stable
minimal hypersurfaces, a power Caccioppoli estimate, local Sobolev inequality, and Moser iteration
yield, for 3 ≤ m ≤ 5,

|A|2(x0) ≤ C
(
r−2 + sup

B2r(x0)

(
|α| + |β| + |Ξ|2/3

))
.

Thus the classical Schoen–Simon–Yau (SSY) curvature-estimate mechanism extends to this warped-
product setting with an explicit scale-correct curvature term.
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1. Introduction

The Simons identity is a fundamental bridge between the extrinsic geometry of a minimal
hypersurface and elliptic analysis. For a minimal hypersurface Σm ⊂ Rm+1, Simons’ formula gives

1
2
∆|A|2 = |∇A|2 − |A|4. (1.1)

Together with the refined Kato inequality

|∇A|2 ≥
(
1 +

2
m

)
|∇|A||2, (1.2)

this yields

∆|A|2 ≥ −2|A|4 + 2
(
1 +

2
m

)
|∇|A||2. (1.3)

The combination of (1.3) with the stability inequality is one of the main analytic ingredients in the
curvature estimates of Schoen–Simon–Yau [22]. Their argument produces a characteristic integrability
range p < 4 +

√
8/m, from which the classical low-dimensional threshold m ≤ 5 emerges when one

seeks an exponent strictly larger than the critical dimension. Subsequent refinements and regularity
arguments were developed by Simon and by Schoen–Simon [21, 23]; see also [9] for a modern partial
differential equation (PDE)-oriented account. For stable minimal surfaces in three-dimensional ambient
manifolds, Schoen also established curvature estimates [20].

The corresponding problem in a general ambient manifold is more delicate. The Codazzi equation
contains an ambient curvature defect, and after commuting covariant derivatives of A, first covariant
derivatives of the ambient curvature appear. In particular, a formula of the schematic form

1
2
∆|A|2 = |∇A|2 − |A|4 + Rm ∗ A ∗ A

is incomplete unless the ambient curvature is parallel. Simons’ general second-order system already
exhibits a term depending on ∇Rm; see [24]. Recent studies have addressed rigidity phenomena for
totally real submanifolds in complex space forms [2].

The classical theory was subsequently extended in several directions. Nomizu and Smyth derived
a Simons-type formula for constant-mean-curvature hypersurfaces in space forms [17], while the
spherical rigidity and pinching theory was developed further by Chern–do Carmo–Kobayashi and
Lawson [8, 13]. Stability questions for constant-mean-curvature hypersurfaces were also studied by
Barbosa and do Carmo [5]. In product geometries, Fetcu and Rosenberg obtained Simons-type formulas
for submanifolds with parallel mean curvature [10]. Warped products themselves form a standard
and flexible ambient class, beginning with the curvature formulas of Bishop and O’Neill [6]; rigidity
and constant-mean-curvature questions in this setting were studied by Montiel, Alı́as–Dajczer, and
Brendle [1, 7, 16]. Recent work has also investigated geometric inequalities and optimal estimates
for warped-product submanifolds in various ambient geometries [3, 4]. In a related direction, Lobos–
Melara–Santos derived a Simons-type formula for spacelike submanifolds in semi-Riemannian warped
products [14]. The present paper concerns the Riemannian minimal-hypersurface problem and focuses
on an explicit reduction of both the zeroth-order and derivative-curvature contractions in the model
I × f Fm(kF).
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The goal of this paper is to make this structure fully explicit in the important class

M
m+1
= I × f Fm.

When the fiber F is a space form, the ambient curvature is determined by two sectional curvatures,

α = −
f ′′

f
, β =

kF − ( f ′)2

f 2 .

The difference γ = α − β measures the anisotropy between radial and fiber planes. We show that
every zeroth-order ambient term in Simons’ formula can be reduced to α, β, θ, and A(T⊤), while all
first-derivative curvature terms collapse to the scalar

Ξ = (α − β)′ − 2
f ′

f
(α − β).

Our first main theorem is the following exact identity.

Theorem 1.1 (Explicit warped-product Simons identity). Let m ≥ 2, let Fm(kF) be a space form of
constant sectional curvature kF , and let

M
m+1
= I × f Fm(kF)

with the metric dt2 + f 2gF . Let Σm ⊂ M
m+1

be a two-sided minimal hypersurface with unit normal ν,
second fundamental form A, and

T = ∂t, θ = ⟨ν,T ⟩, T⊤ = T − θν.

Set

α = −
f ′′

f
, β =

kF − ( f ′)2

f 2 , γ = α − β, ρ =
f ′

f
,

and
Ξ = γ′ − 2ργ.

With the curvature convention fixed in Section 2, one has

1
2
∆|A|2 = |∇A|2 − |A|4

+
[
mβ + γ

(
1 − (m + 1)θ2)]|A|2

+ 2mγ |A(T⊤)|2 − mθΞ A(T⊤,T⊤).

(1.4)

The formula immediately recovers the space-form identity because α = β = c and Ξ = 0:

1
2
∆|A|2 = |∇A|2 + mc|A|2 − |A|4.

The second main point concerns the optimal curvature coefficient available from (1.4) when the
derivative term vanishes.
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Theorem 1.2 (Optimal angle-free curvature coefficient). Assume the hypotheses of Theorem 1.1 and
suppose Ξ = 0. Define

κwp(t) =

m(2β − α), α ≥ β,

(2m − 1)α − (m − 1)β, α < β.
(1.5)

Then
1
2
∆|A|2 ≥ |∇A|2 +

(
κwp − |A|2

)
|A|2. (1.6)

Moreover, at each fixed t, the coefficient κwp(t) is the largest number depending only on α(t), β(t) for
which the quadratic ambient curvature term in (1.4) is bounded below by κwp(t)|A|2 for every angle
θ ∈ [−1, 1] and every nonzero trace-free symmetric bilinear form A.

Here “optimal” is deliberately used in an algebraic sense. It does not assert that every equality
configuration is realized by a global minimal hypersurface.

A direct maximum-principle consequence is:

Corollary 1.3 (Compact pinching). Under the hypotheses of Theorem 1.2, assume Σ is compact and

κ0 := inf
Σ
κwp > 0.

If
sup
Σ

|A|2 < κ0,

then A ≡ 0. If |A|2 ≤ κ0 and κwp ≡ κ0 along Σ, then either A ≡ 0, or

|A|2 ≡ κ0, ∇A ≡ 0,

and equality holds in the algebraic estimate of Theorem 1.2 at every point.

For the unit sphere, represented as (0, π) ×sin t S
m, one has α = β = 1, hence κwp = m. Therefore the

classical sharp threshold |A|2 < m is recovered.
A third main result converts the differential inequality into a genuine pointwise curvature estimate.

For a domain Ω ⊂ Σ, define the scale-correct warped curvature quantity

Λwp(Ω) = sup
Ω

(
|α| + |β| + |Ξ|2/3

)
. (1.7)

Here and below, Cm denotes a positive constant depending only on m, while Cm,ε depends only on m and
ε. The supremum in Λwp(Ω) is taken over the indicated region Ω ⊂ Σ; in (1.8), this region is BΣ2r(x0).

Theorem 1.4 (Warped Schoen–Simon–Yau curvature estimate). Let 3 ≤ m ≤ 5, and let Σm ⊂ I× f Fm(kF)
be two-sided, minimal, and stable. Fix x0 ∈ Σ and assume BΣ2r(x0) ⋐ Σ. Suppose that on every concentric
ball BΣs (x0), 0 < s ≤ 2r, one has the scale-invariant Sobolev inequality(∫

Bs

|ϕ|2χ dµΣ

)1/χ

≤ S 0

∫
Bs

(
|∇ϕ|2 + s−2ϕ2

)
dµΣ, χ =

m
m − 2

,

and the volume bound
|BΣs (x0)| ≤ V0sm.

Then
|A|2(x0) ≤ C(m, S 0,V0)

[
r−2 + Λwp

(
BΣ2r(x0)

)]
. (1.8)
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The proof uses the scalar warped Simons inequality, stability, a power Caccioppoli estimate, a
Sobolev gain, and a final Moser iteration. The restriction m ≤ 5 is not inserted ad hoc: it is precisely the
range in which the admissible Caccioppoli exponents include one giving |A| ∈ Lp for some p > m, so
that the nonlinear potential in the Simons inequality becomes supercritical for Moser iteration.

The quantity
Λwp = sup

(
|α| + |β| + |Ξ|2/3

)
is the natural scale-correct combination of the zeroth- and first-order ambient curvature effects: α and
β have the scale of curvature, while |Ξ|2/3 has the same homogeneity. Consequently, the pointwise
estimate records the dependence on the warping data f , f ′, f ′′, f ′′′ without hiding these effects in a
generic ambient curvature constant.

The paper is organized into five numbered sections. After this introduction, Section 2 collects the
general ambient Simons identity and the warped-product curvature formulas. In Section 3, the ambient
contractions are evaluated explicitly and combined with a perturbed refined Kato inequality. Section 4
contains the optimal algebraic coefficient, the compact pinching theorem, the space-form consistency
checks, and the equality/model discussion. Finally, Section 5 develops the analytic applications: the
non-parallel-curvature perturbation, stability, a power Caccioppoli inequality, the Sobolev gain, and the
Schoen–Simon–Yau-type pointwise estimate (1.8).

2. Geometric preliminaries and the general Simons formula

Let (M
m+1

, ḡ) be a Riemannian manifold and let Σm ⊂ M
m+1

be a two-sided immersed hypersurface
with unit normal ν. We use the curvature convention

R(X,Y)Z = ∇Y∇XZ − ∇X∇YZ + ∇[X,Y]Z (2.1)

and
RABCD = ⟨R(EA, EB)EC, ED⟩.

Our convention is chosen so that a space form of sectional curvature c satisfies

RABCD = c(δACδBD − δADδBC). (2.2)

Let e1, . . . , em be a local orthonormal tangent frame. We write

hi j = ⟨∇eie j, ν⟩, A = (hi j), H =
∑

i

hii.

Throughout the main part of the paper,
H = 0.

The Codazzi equation reads
hi j;k − hik; j = Rνik j. (2.3)

For a minimal hypersurface, differentiating H = 0 gives∑
i

hii;k = 0. (2.4)

We next state the index-level Simons identity in a form directly adapted to our later substitution.
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Proposition 2.1 (General ambient identity). Let Σm ⊂ M
m+1

be minimal. At a point p, choose the
tangent frame geodesic for the induced connection. Then

1
2
∆|A|2 = |∇A|2 − |A|4 + QR(A) +D

∇R(A), (2.5)

where
QR(A) = −

∑
i, j,k

h2
i jRνkνk

+ 2
∑

m,i, j,k

hm jhi jRmkik + 2
∑

m,i, j,k

hmkhi jRmi jk

(2.6)

and
D
∇R(A) =

∑
i, j,k

hi j(∇ekR)νik j

−
∑
i, j,k

hi j(∇e jR)νkik.
(2.7)

In particular,
1
2
∆|A|2 ≥ |∇A|2 − |A|4 −Cm|Rm||A|2 −Cm|∇Rm||A|. (2.8)

Proof. At p,
1
2
∆|A|2 = |∇A|2 +

∑
i, j

hi j∆hi j.

Starting from (2.3), commute the second derivatives of hi j. The commutator terms acting on the two
covariant indices of h are expressed through the intrinsic curvature of Σ, and the Gauss equation

RΣi jkl = Ri jkl + hikh jl − hilh jk

splits them into ambient-curvature terms and cubic expressions in h. After contraction with hi j, the
cubic part equals −|A|4 because H = 0. The differentiated Codazzi defect yields the two terms in (2.7).
Collecting the remaining curvature contractions gives (2.6). This is the hypersurface specialization of
the second-order system derived by Simons; compare also the index formula used by Schoen–Simon–
Yau [22, 24].

Finally, every term in QR contains two factors of A and one factor of Rm, while every term inD
∇R

contains one factor of A and one factor of ∇Rm. Since the number of contractions depends only on m,
Cauchy–Schwarz gives (2.8). □

Remark 2.2. The derivative termD
∇R vanishes in locally symmetric ambient spaces, in particular, in

all space forms. It is generally nonzero in a warped product with variable radial and fiber sectional
curvatures.

2.1. Warped-product geometry

The formulas used below are the standard Bishop–O’Neill warped-product identities; see [6, 18] and,
for background on curvature conventions [19].
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Let
M = I × f Fm, ḡ = dt2 + f (t)2gF , f > 0.

Write
T = ∂t, ρ =

f ′

f
.

In the following connection formulas, horizontal and vertical vector fields are understood as their
natural lifts to the warped product I × f Fm.

If U,V are vertical vector fields, then the Levi-Civita connection is

∇T T = 0, ∇UT = ∇T U = ρU, (2.9)

and
∇UV = ∇F

UV − ρ ⟨U,V⟩T, (2.10)

where the vertical term is interpreted after the standard lift and rescaling.
Equivalently, for an arbitrary ambient vector X,

∇XT = ρ
(
X − ⟨X,T ⟩T

)
. (2.11)

Assume from now on that F has constant sectional curvature kF . Define

α = −
f ′′

f
, β =

kF − ( f ′)2

f 2 , γ = α − β. (2.12)

Thus α is the sectional curvature of every plane containing T , whereas β is the sectional curvature of
every vertical two-plane.

Let
η = ḡ(T, ·).

For arbitrary ambient vectors, the full Riemann tensor can be written as

R = βG + γU, (2.13)

where
GABCD = ḡACḡBD − ḡADḡBC (2.14)

and
UABCD = ηAηCḡBD + ηBηDḡAC

− ηAηDḡBC − ηBηCḡAD.
(2.15)

Indeed, for a unit vertical vector U,

RTUTU = β + γ = α,

while for an orthonormal vertical pair U,V ,

RUVUV = β.

The Ricci tensor is therefore
Ric(T,T ) = mα, (2.16)

and, for a unit vertical vector U,
Ric(U,U) = α + (m − 1)β. (2.17)

The derivative of U is controlled by ∇η. From (2.11),

(∇Xη)(Y) = ρ
(
⟨X,Y⟩ − η(X)η(Y)

)
. (2.18)
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3. Explicit Simons identity and the refined Kato estimate

Let Σm ⊂ I × f Fm be a two-sided minimal hypersurface. Set

θ = ⟨ν,T ⟩, X := T⊤ = T − θν. (3.1)

Then
|X|2 = 1 − θ2. (3.2)

At a point, choose an orthonormal tangent frame e1, . . . , em, and write

xi = ⟨ei,T ⟩.

Hence
X =

∑
i

xiei,
∑

i

x2
i = 1 − θ2.

3.1. The zeroth-order curvature contraction

Lemma 3.1. For the curvature tensor (2.13),

QR(A) =
[
mβ + γ

(
1 − (m + 1)θ2)]|A|2 + 2mγ |A(X)|2. (3.3)

Proof. The βG part is exactly the space-form contraction. Substituting (2.14) into (2.6) and using H = 0
gives

QβG(A) = mβ|A|2. (3.4)

It remains to evaluate the U-part. We use repeatedly

η(ν) = θ, η(ei) = xi.

For the first term of (2.6),
Uνkνk = θ

2 + x2
k .

Therefore
−

∑
i, j,k

h2
i jUνkνk = −

(
1 + (m − 1)θ2)|A|2. (3.5)

Next,
Umkik = xmxi + x2

kδmi − xmxkδki − xkxiδmk.

Hence

2
∑

m,i, j,k

hm jhi jUmkik

= 2
(
(m − 2)|A(X)|2 + (1 − θ2)|A|2

)
. (3.6)

Finally,
Umi jk = xmx jδik + xixkδm j − xmxkδi j − xix jδmk.
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Since H = 0,
2

∑
m,i, j,k

hmkhi jUmi jk = 4|A(X)|2. (3.7)

Adding (3.5)–(3.7) gives
QU(A) =

(
1 − (m + 1)θ2)|A|2 + 2m|A(X)|2.

Combining with (3.4) proves (3.3). □

3.2. The derivative-curvature contraction

The derivative term admits an unexpectedly simple reduction.

Lemma 3.2. Define
Ξ = γ′ − 2ργ. (3.8)

Then
D
∇R(A) = −mθΞ A(X, X). (3.9)

Proof. Since G is parallel,
∇R = dβ ⊗G + dγ ⊗ U + γ∇U.

Both contractions in (2.7) contain one normal and three tangential slots. Hence the dβ ⊗G contribution
vanishes identically.

Because dγ = γ′η,
ek(γ) = γ′xk, e j(γ) = γ′x j.

Furthermore
Uνik j = θ(xkδi j − x jδik)

and
Uνkik = θ(xi − xkδki).

Using H = 0, direct contraction gives∑
i, j,k

hi jxkUνik j = θ
(
|X|2H − A(X, X)

)
= −θA(X, X),∑

i, j,k

hi jx jUνkik = (m − 1)θA(X, X).
(3.10)

Therefore, taking account of the subtraction in (2.7), the dγ-contribution is

−mθγ′A(X, X).

It remains to differentiate U. From (2.18), at the point under consideration,

(∇eaη)(ν) = −ρθxa

and
(∇eaη)(ec) = ρ(δac − xaxc).
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Differentiating the four terms in (2.15) gives

(∇eaU)νbcd = ρθ [(δac − 2xaxc)δbd − (δad − 2xaxd)δbc] .

Consequently, the two contractions occurring in (2.7) are∑
i, j,k

hi j(∇ekU)νik j = 2ρθA(X, X),∑
i, j,k

hi j(∇e jU)νkik = −2(m − 1)ρθA(X, X).
(3.11)

Thus, again using the subtraction in (2.7), the γ∇U-contribution is

2mργθA(X, X).

Substituting (3.10) and (3.11) into (2.7) gives

D
∇R(A) = −mθγ′A(X, X) + 2mργθA(X, X)

= −mθ(γ′ − 2ργ)A(X, X)
= −mθΞ A(X, X),

as claimed. □

Proof of Theorem 1.1. Substitute Lemmas 3.1 and 3.2 into the general identity (2.5). □

Remark 3.3. The condition
Ξ = 0

is equivalent to (
γ

f 2

)′
= 0.

Thus
γ = C f 2

for some constant C on each connected interval. Every space form satisfies this condition because γ = 0,
but Ξ = 0 is weaker than the constant sectional curvature.

3.3. Refined Kato inequality and the Codazzi defect

The Euclidean refined Kato inequality relies on complete symmetry of ∇A. This is the same structural
feature underlying the classical Simons–Schoen–Simon–Yau estimates [21,22,24]. In the present warped
product, the Codazzi defect can also be computed explicitly.

From (2.13),
Rνik j = γUνik j

because Gνik j = 0. Thus
hi j;k − hik; j = γθ

(
xkδi j − x jδik

)
, (3.12)

up to the equivalent sign convention obtained by interchanging the final two curvature slots.
Consequently,

|Alt jk ∇A|2 ≤ Cmγ
2θ2(1 − θ2). (3.13)
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Proposition 3.4 (Perturbed refined Kato inequality). For every ε > 0, there is Cm,ε > 0 such that

|∇A|2 ≥
(
1 +

2
m
− ε

)
|∇|A||2 −Cm,εγ

2θ2(1 − θ2). (3.14)

If
γθ(1 − θ2)1/2 = 0,

then the sharp estimate

|∇A|2 ≥
(
1 +

2
m

)
|∇|A||2 (3.15)

holds.

Proof. At a point p ∈ Σ with |A|(p) > 0, choose an orthonormal frame such that A is diagonal at p, and
write

Ti jk = hi j;k.

Since hi j = h ji, we have
Ti jk = T jik.

Moreover, since H = 0, ∑
i

Tiik = ∇kH = 0 for every k. (3.16)

LetVm denote the Euclidean space of tensors T = (Ti jk) satisfying

Ti jk = T jik,
∑

i

Tiik = 0,

and let Sm ⊂ Vm be the subspace of completely symmetric tensors. Because of (3.16), every tensor in
Sm is completely symmetric and trace-free.

Define the linear map

A : Vm −→Wm, (AT )i jk = Ti jk − Tik j.

Then
kerA = Sm.

SinceVm is finite-dimensional, the restriction ofA to S⊥m is injective. Hence there is a constant cm > 0,
depending only on m, such that

dist(T,Sm)2 ≤ cm|AT |2. (3.17)

Let
T = S + E, S ∈ Sm, E ∈ S⊥m

be the orthogonal decomposition. Thus

|T |2 = |S |2 + |E|2, |E|2 ≤ cm|AT |2. (3.18)
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We now compare these tensors with ∇|A|. Since A is diagonal at p, writing its principal curvatures as
λ1, . . . , λm, we have

|A| ∇k|A| =
∑

i

λiTiik.

For a three-tensor Q, set

(LAQ)k =
1
|A|

∑
i

λiQiik.

Then
∇|A| = LAT.

By Cauchy–Schwarz,
|LAQ| ≤ |Q|. (3.19)

For the completely symmetric trace-free tensor S , the classical finite-dimensional refined Kato
estimate gives

|S |2 ≥
(
1 +

2
m

)
|LAS |2. (3.20)

This is precisely the algebraic estimate underlying the classical refined Kato inequality for minimal
hypersurfaces [21, 22, 24].

Set
c∗m = 1 +

2
m
.

Since
LAS = LAT − LAE = ∇|A| − LAE,

for every 0 < δ < 1,

|LAS |2 ≥ (1 − δ)|∇|A||2 −
(
1
δ
− 1

)
|LAE|2.

Using (3.19),

|LAS |2 ≥ (1 − δ)|∇|A||2 −
(
1
δ
− 1

)
|E|2.

Therefore, by (3.18) and (3.20),

|∇A|2 = |T |2 ≥ |S |2

≥ c∗m(1 − δ)|∇|A||2 − c∗m

(
1
δ
− 1

)
|E|2.

Given ε > 0, choose
δ =

ε

c∗m
when 0 < ε < c∗m. Then

c∗m(1 − δ) = 1 +
2
m
− ε,

and hence

|∇A|2 ≥
(
1 +

2
m
− ε

)
|∇|A||2 −Cm,ε|AT |2. (3.21)
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For ε ≥ c∗m, the assertion is immediate after enlarging the constant.
Finally, by the Codazzi equation,

(AT )i jk = hi j;k − hik; j = γθ
(
xkδi j − x jδik

)
,

and therefore, by (3.13),
|AT |2 ≤ Cmγ

2θ2(1 − θ2).

Substituting this into (3.21) gives (3.14).
If

γθ(1 − θ2)1/2 = 0,

then the Codazzi defect vanishes, so E = 0 and T = S . Thus (3.20) yields directly

|∇A|2 ≥
(
1 +

2
m

)
|∇|A||2,

which is (3.15). □

Combining Theorem 1.1 and proposition 3.4 yields a scalar Simons inequality suitable for iteration:

∆|A|2 ≥ − 2|A|4 + 2
(
1 +

2
m
− ε

)
|∇|A||2

+ 2κwp|A|2 −
4m

3
√

3
|Ξ||A| −Cm,εγ

2θ2(1 − θ2).
(3.22)

4. Sharp pinching, equality cases, and model geometries

We now optimize the quadratic curvature term in (1.4) over the angle and over all trace-free symmetric
forms.

Fix a point and suppose X , 0. Rotate the tangent frame so that

X =
√

s e1, s = |X|2 = 1 − θ2.

Then
|A(X)|2 = s

∑
j

h2
1 j.

The following elementary optimization is crucial.

Lemma 4.1 (Row-energy bound). Let A = (hi j) be a nonzero trace-free symmetric m × m matrix, where
m ≥ 2. Then

0 ≤

∑
j h2

1 j

|A|2
≤

m − 1
m

. (4.1)

For m = 2, the ratio is identically 1/2. For m ≥ 3, the lower value 0 is attainable, while the upper value
(m − 1)/m is attained by a diagonal matrix proportional to

diag
(
1,−

1
m − 1

, . . . ,−
1

m − 1

)
.
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Proof. Write
a = h11, bµ = h1µ, 2 ≤ µ ≤ m.

Then ∑
j

h2
1 j = a2 +

m∑
µ=2

b2
µ.

The off-diagonal entries bµ contribute 2
∑

b2
µ to |A|2.

For fixed a, the trace-free condition gives

m∑
µ=2

hµµ = −a.

By Cauchy–Schwarz,
m∑
µ=2

h2
µµ ≥

a2

m − 1
.

Discarding all other nonnegative entries,

|A|2 ≥ a2 +
a2

m − 1
+ 2

m∑
µ=2

b2
µ.

Consequently,
a2 +

∑
b2
µ

|A|2
≤ max

{
m − 1

m
,

1
2

}
=

m − 1
m

.

Equality is realized by the stated diagonal form. For m ≥ 3, a nonzero trace-free matrix supported
entirely in the (m − 1)-dimensional orthogonal complement of e1 gives the lower value zero. When
m = 2, every trace-free symmetric matrix has the form(

a b
b −a

)
,

and the ratio equals 1/2. □

Let
z = θ2 ∈ [0, 1], s = 1 − z.

From Lemma 3.1,
QR(A)
|A|2

= mβ + γ
(
1 − (m + 1)z

)
+ 2mγ(1 − z)r, (4.2)

where

r =

∑
j h2

1 j

|A|2
.

Proposition 4.2 (Pointwise algebraic optimum). For every m ≥ 2,

QR(A) ≥ κwp(t)|A|2, (4.3)

where κwp is given by (1.5). The coefficient is optimal among bounds depending only on α, β.
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Proof. Suppose first that
γ = α − β ≥ 0.

For fixed z, the last term of (4.2) is nonnegative, so the smallest admissible value is obtained by
minimizing r. For m ≥ 3, this is r = 0; for m = 2, r = 1/2, but the final angle-free minimum is the same.
Indeed, when m = 2, substituting r = 1/2 into (4.2) gives

QR(A)
|A|2

= 2β + γ(3 − 5z).

If γ ≥ 0, this is minimized at z = 1, giving 2β − 2γ = 2(2β − α). The resulting expression is minimized
at z = 1, and gives

mβ − mγ = m(2β − α).

Now suppose
γ < 0.

The last term in (4.2) is minimized by maximizing r. By Lemma 4.1,

rmax =
m − 1

m
.

Thus
QR(A)
|A|2

≥ mβ + γ
(
2m − 1 − (3m − 1)z

)
.

For m = 2, the same substitution r = 1/2 gives 2β + γ(3 − 5z); since γ < 0, its minimum occurs at z = 0
and equals 2β + 3γ = 3α − β, exactly the m = 2 value of the coefficient below. Since γ < 0, this is
minimized at z = 0, yielding

mβ + (2m − 1)(α − β) = (2m − 1)α − (m − 1)β.

The equality configurations described in Lemma 4.1, together with z = 1 in the first case and z = 0 in
the second, show that no larger coefficient depending only on α, β can hold for all trace-free A and all
angles. □

Proof of Theorem 1.2. If Ξ = 0, the final term in (1.4) vanishes. We apply Proposition 4.2 to the
remaining ambient curvature term. □

Theorem 4.3 (Compact warped-product gap theorem). Assume Ξ = 0 along a compact minimal
hypersurface Σm ⊂ I × f Fm(kF). If

κ0 := inf
Σ
κwp > 0

and
|A|2 < κ0 on Σ,

then Σ is totally geodesic.
If κwp ≡ κ0 > 0 along Σ and

|A|2 ≤ κ0,

then either A ≡ 0 or
|A|2 ≡ κ0, ∇A ≡ 0,

and the equality configuration of Proposition 4.2 holds pointwise.
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Proof. Set u = |A|2. By (1.6),
1
2
∆u ≥ |∇A|2 + u(κwp − u).

Suppose u . 0 and let p be a maximum point. Under the strict pinching assumption,

0 < u(p) < κ0 ≤ κwp(p).

Hence
0 ≥

1
2
∆u(p) ≥ |∇A|2(p) + u(p)(κwp(p) − u(p)) > 0,

where is a contradiction.
For the weak pinching statement, we integrate over the compact hypersurface:

0 =
1
2

∫
Σ

∆u dµΣ ≥
∫
Σ

|∇A|2 dµΣ +
∫
Σ

u(κ0 − u) dµΣ.

Both integrands are nonnegative. Therefore

∇A ≡ 0, u(κ0 − u) ≡ 0.

On each connected component, u is constant, hence u ≡ 0 or u ≡ κ0. Equality in the integrated estimate
forces equality in Proposition 4.2 pointwise. □

4.1. Model geometries and equality cases

A key consistency requirement is that the explicit warped-product formula recover the classical
identities without loss.

Euclidean space. Use polar coordinates

Rm+1 \ {0} = (0,∞) ×r S
m.

Here
f (r) = r, kF = 1,

so
α = 0, β = 0, γ = 0, Ξ = 0.

Thus (1.4) reduces to
1
2
∆|A|2 = |∇A|2 − |A|4.

The unit sphere. On
Sm+1 = (0, π) ×sin t S

m,

we have
α = −

(− sin t)
sin t

= 1
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and

β =
1 − cos2 t

sin2 t
= 1.

Therefore
γ = 0, Ξ = 0,

and
1
2
∆|A|2 = |∇A|2 + m|A|2 − |A|4. (4.4)

Consequently,
|A|2 < m =⇒ A ≡ 0

for compact minimal hypersurfaces. The threshold m is exactly the classical Simons–Chern–do Carmo–
Kobayashi pinching constant in codimension one [8, 24]; the surrounding rigidity theory is also closely
related to Lawson’s work [13].

Hyperbolic space. On
Hm+1 = (0,∞) ×sinh t S

m,

one has
α = −1, β = −1,

and hence
1
2
∆|A|2 = |∇A|2 − m|A|2 − |A|4.

There is no positive compact pinching coefficient, reflecting the different role of ambient negative
curvature.

The condition Ξ = 0 and model warping functions. The condition

Ξ = 0 ⇐⇒ γ′ = 2ργ

is equivalent to
γ = C f 2

for some constant C. Since

γ = −
f ′′

f
−

kF − ( f ′)2

f 2 ,

the condition Ξ = 0 is therefore equivalent to

( f ′)2 − f f ′′ − kF = C f 4. (4.5)

This equation admits a useful first integral. Indeed, define

D(t) =
( f ′)2 − kF +C f 4

f 2 .

AIMS Mathematics Volume 11, Issue 10, 35238–35267.



35255

Using (4.5), we obtain

D′ =
2 f ′

f 3

(
f f ′′ − ( f ′)2 + kF +C f 4

)
= 0.

Hence D is constant on each connected component of I, and

( f ′)2 = kF + D f 2 −C f 4. (4.6)

Combining (4.5) and (4.6), we further obtain

f ′′ = D f − 2C f 3. (4.7)

Consequently,
α = −D + 2C f 2, β = −D +C f 2, γ = C f 2. (4.8)

Space-form case. When C = 0, we have γ = 0, and hence α = β = −D. Thus the ambient manifold
has constant sectional curvature −D. In particular, the standard Euclidean, spherical, and hyperbolic
models are recovered from the corresponding choices of the warping function.

Non-space-form case. Suppose now that C , 0. Then

α − β = C f 2,

so the radial and vertical sectional curvatures are different wherever f > 0. Thus these models are
genuinely non-space-form warped products, while the derivative-curvature term in the Simons identity
still vanishes identically.

For comparison, Zhan and Hou [25] considered the related condition

kF − ( f ′)2 + f f ′′ = c1 f 4, c1 > 0,

in their study of pinching phenomena for compact minimal submanifolds in warped products. In the
notation of (4.5), their assumption corresponds to C = −c1 < 0. We now consider the opposite sign
C > 0, for which the optimal angle-free coefficient obtained above has a particularly simple form.

Corollary 4.4 (A non-space-form gap family). Let

M
m+1
= I × f Fm(kF), m ≥ 2,

where f > 0 satisfies
f ′′ = D f − 2C f 3 (4.9)

for constants C > 0 and D < 0, and suppose that its first integral is

( f ′)2 = kF + D f 2 −C f 4.

Then
Ξ ≡ 0, α − β = C f 2 > 0,
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and the optimal angle-free curvature coefficient in Theorem 1.2 is the positive constant

κwp ≡ −mD. (4.10)

Consequently, if Σm ⊂ M
m+1

is a compact two-sided minimal hypersurface satisfying

|A|2 < −mD on Σ, (4.11)

then Σ is totally geodesic.

Proof. By (4.8),
α = −D + 2C f 2, β = −D +C f 2, γ = C f 2.

Therefore
Ξ = γ′ − 2

f ′

f
γ = 2C f f ′ − 2

f ′

f
C f 2 = 0.

Since C > 0 and f > 0, one has
α > β.

Hence the first branch of (1.5) gives

κwp = m(2β − α)
= m

(
2(−D +C f 2) − (−D + 2C f 2)

)
= −mD.

Since D < 0, the coefficient is positive. The conclusion follows directly from Theorem 4.3. □

The preceding family contains explicit anisotropic models for which the optimal coefficient
nevertheless agrees with the classical spherical value.

Example 4.5 (A non-space-form model with the spherical algebraic threshold). Let

kF = 1, D = −1, C = λ > 0,

and let f solve
f ′′ = − f − 2λ f 3, f (0) = 0, f ′(0) = 1. (4.12)

The corresponding first integral is
( f ′)2 = 1 − f 2 − λ f 4. (4.13)

Let aλ > 0 be determined by

1 − a2
λ − λa4

λ = 0, a2
λ =

√
1 + 4λ − 1

2λ
.

Then f increases from 0 to aλ until its first maximum at some Tλ > 0, and f > 0 on (0, 2Tλ). On the
increasing branch,

t =
∫ f (t)

0

ds
√

1 − s2 − λs4
.

AIMS Mathematics Volume 11, Issue 10, 35238–35267.



35257

For the warped product
(0, 2Tλ) × f S

m,

formula (4.8) gives
α = 1 + 2λ f 2, β = 1 + λ f 2.

Thus
α − β = λ f 2 > 0,

so the ambient metric does not have constant sectional curvature. Nevertheless,

κwp = m(2β − α) = m.

Therefore every compact two-sided minimal hypersurface satisfying

|A|2 < m

is totally geodesic. Thus the optimal angle-free coefficient coincides with the classical spherical value
m, although the ambient sectional curvature is anisotropic.

Parallel second fundamental form. If Ξ = 0 and ∇A = 0, then (1.4) gives the pointwise algebraic
relation

|A|4 =
[
mβ + γ(1 − (m + 1)θ2)

]
|A|2 + 2mγ|A(X)|2. (4.14)

Thus a non-totally-geodesic minimal hypersurface with parallel A must saturate the warped curvature
balance. In the spherical case, this reduces to

|A|2 = m.

Local curvature gap. Suppose Ξ = 0 and

κwp ≥ κ0 > 0

on a connected open set Ω ⊂ Σ. If
|A|2 ≤ κ0 − ε

and u = |A|2 attains a positive interior maximum in Ω, then (1.6) gives a contradiction. Thus either
A = 0 at the maximum scale or the maximum is forced to the boundary. This is the local form of the
compact gap principle and is useful in blow-up arguments.

Remark 4.6 (Sharpness and scope). For clarity, we separate three notions.

(i) The identity (1.4) is exact once the curvature convention is fixed.

(ii) The coefficient κwp in (1.5) is optimal for the purely algebraic problem of minimizing the zeroth-
order curvature contraction over all trace-free symmetric A and all angle functions.

(iii) A global classification of the equality case is a separate geometric problem. In the sphere, the
classical theory identifies Clifford hypersurfaces in the hypersurface equality case. In a general
warped product, realizing every algebraic equality configuration by a complete or compact minimal
hypersurface requires additional integrability and global arguments.

This distinction prevents an algebraically optimal estimate from being mistaken for a complete
geometric classification theorem.
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5. Perturbative estimates, stability, and pointwise curvature bounds

The exact formula of Section 3 contains two types of lower-order effects that are absent in a space
form: the anisotropy γ = α − β and the derivative-curvature coefficient Ξ = γ′ − 2ργ. In this section, we
organize these terms at their natural scale and combine the resulting differential inequality with stability.
The outcome is a local Schoen–Simon–Yau-type pointwise estimate.

For a relatively compact region Ω ⊂ Σ, set

Λwp(Ω) := sup
Ω

(
|α| + |β| + |Ξ|2/3

)
. (5.1)

The exponent 2/3 is forced by scaling: α, β have the dimension of curvature, whereas Ξ has the
dimension of a first covariant derivative of curvature. Thus |Ξ|2/3 has the same dimension as |A|2.

5.1. A scale-correct scalar inequality

Let v = |A|. From (3.22), after choosing

0 < ε <
2
m

and writing

aε :=
2
m
− ε > 0,

we obtain the following useful form of the warped Simons inequality.

Proposition 5.1 (Scalar warped Simons inequality). LetΩ ⋐ Σ and setΛ = Λwp(Ω). Then onΩ∩{v > 0},

v∆v ≥ −v4 + aε|∇v|2 −CmΛv2 −Cm,εΛ
2. (5.2)

The same inequality holds weakly on all of Ω after the standard regularization vτ = (v2 + τ2)1/2 and
passage τ ↓ 0.

Proof. Starting from (3.22) and using

∆v2 = 2v∆v + 2|∇v|2,

we obtain

v∆v ≥ − v4 +

(
2
m
− ε

)
|∇v|2 + κwpv2

−
2m

3
√

3
|Ξ|v −Cm,εγ

2θ2(1 − θ2).

Since κwp is a dimensional linear combination of α, β,

|κwp| ≤ CmΛ.

Moreover
|γ| ≤ |α| + |β| ≤ Λ, |Ξ| ≤ Λ3/2.
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Young’s inequality in the scale-correct form

Λ3/2v ≤
1
2
Λv2 +

1
2
Λ2

then gives (5.2). □

When Ξ , 0, this formulation is preferable to an estimate containing Ξ2/δ because every lower-order
term is expressed through one curvature scale Λ.

We now impose stability. With our Laplacian convention, a two-sided minimal hypersurface is stable
when ∫

Σ

(
v2 + Ric(ν, ν)

)
ϕ2 dµΣ ≤

∫
Σ

|∇ϕ|2 dµΣ (5.3)

for every compactly supported smooth ϕ. In the present warped product, the normal Ricci curvature is

Ric(ν, ν) = α
(
1 + (m − 1)θ2) + (m − 1)β(1 − θ2). (5.4)

Hence
|Ric(ν, ν)| ≤ CmΛ.

Consequently, (5.3) implies ∫
Σ

v2ϕ2 dµΣ ≤
∫
Σ

|∇ϕ|2 dµΣ +CmΛ

∫
Σ

ϕ2 dµΣ (5.5)

for every ϕ ∈ C∞c (Ω).

5.2. Power Caccioppoli estimates and the SSY exponent range

The next proposition is the analytic strengthening of the basic Caccioppoli estimate. It is the point at
which the classical Schoen–Simon–Yau exponent range reappears.

Proposition 5.2 (Power Caccioppoli inequality). Assume that Σ is stable in Ω, let Λ = Λwp(Ω), and fix
0 < ε < 2/m. Let q ≥ 1 satisfy

σq :=
2
m
− ε − (q − 1)2 > 0. (5.6)

Then for every η ∈ C∞c (Ω),∫
Σ

η2v2q+2 dµΣ + σq

∫
Σ

η2v2q−2|∇v|2 dµΣ

≤ Cm,q,ε

∫
Σ

(
|∇η|2 + Λη2

)
v2q dµΣ +Cm,q,εΛ

q+1| supp η|. (5.7)

In particular, for q = 1, ∫
Σ

η2
(
v4 + |∇v|2

)
dµΣ ≤ Cm,ε

∫
Σ

(
|∇η|2 + Λη2

)
v2 dµΣ

+Cm,εΛ
2| supp η|. (5.8)
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Proof. We give the calculation because it is precisely the step that controls the admissible exponent. We
work first with vτ = (v2 + τ2)1/2; to avoid cumbersome notation, we suppress the subscript τ. Multiply
(5.2) by η2v2q−2 and integrate by parts. Set

G =
∫

η2v2q−2|∇v|2 dµΣ, J =
∫

ηv2q−1⟨∇η,∇v⟩ dµΣ,

and
I =

∫
η2v2q+2 dµΣ.

Since ∫
η2v2q−1∆v dµΣ = −(2q − 1)G − 2J,

we obtain
I ≥ (2q − 1 + aε)G + 2J −CmΛ

∫
η2v2q dµΣ −Cm,εΛ

2
∫

η2v2q−2 dµΣ. (5.9)

For q ≥ 1,
Λ2v2q−2 ≤ Cq

(
Λv2q + Λq+1),

which follows after dividing by Λq+1 and using yq−1 ≤ 1 + yq.
Next, we apply stability (5.5) with ϕ = ηvq. Expanding the gradient gives

I ≤ q2G + 2qJ +
∫

v2q|∇η|2 dµΣ +CmΛ

∫
η2v2q dµΣ. (5.10)

Combining (5.9) and (5.10) yields

σqG ≤ 2(q − 1)J +C
∫

(|∇η|2 + Λη2)v2q dµΣ +CΛq+1| supp η|.

By Cauchy–Young,

2|q − 1||J| ≤
σq

2
G +Cq,σq

∫
v2q|∇η|2 dµΣ.

Thus G is controlled by the right-hand side of (5.7). Substituting this estimate back into (5.10), and
estimating J once more by Cauchy–Young, gives the bound for I. Finally, let τ ↓ 0. □

If p = 2q + 2, the restriction (5.6) becomes

p < 4 + 2

√
2
m
− ε.

Letting ε ↓ 0 recovers the classical upper endpoint

p < 4 +

√
8
m

(5.11)

appearing in the Schoen–Simon–Yau integral curvature estimates [22]. This agreement is a useful
consistency check: the warped terms change the lower-order scale but not the algebraic source of the
critical exponent.
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5.3. Sobolev gain and Moser iteration

We record the analytic lemma used in the final step. Its proof is included to make the pointwise
estimate self-contained once a local Sobolev inequality is available. The argument follows the classical
elliptic Moser iteration framework; see, for example, [11]. Here the iteration is adapted to a potential in
Ls with s > m/2.

Lemma 5.3 (Moser iteration with a supercritical potential). Let m ≥ 3, s > m/2, and let BR be a
geodesic ball satisfying(∫

BR

|ψ|2χ dµΣ

)1/χ

≤ S 0

∫
BR

(
|∇ψ|2 + R−2ψ2

)
dµΣ, χ =

m
m − 2

, (5.12)

for all ψ ∈ C1
c (BR). Suppose w ≥ 0 satisfies weakly

∆w ≥ −hw

on BR, where h ∈ Ls(BR). Then
sup
BR/2

w ≤ CR−m/2∥w∥L2(BR), (5.13)

where
C = C

(
m, S 0, s, R 2−m/s∥h∥Ls(BR)

)
.

Proof. By scaling, it is enough to consider R = 1. Let η be a cut-off supported in Bρ, equal to one on
Bσ, with

|∇η| ≤
2

ρ − σ
.

For p ≥ 2, test the weak inequality by η2wp−1. The usual integration-by-parts calculation gives∫ ∣∣∣∇(ηwp/2)
∣∣∣2 dµΣ ≤ Cp2

[
(ρ − σ)−2

∫
Bρ

wp dµΣ +
∫

Bρ
h η2wp dµΣ

]
. (5.14)

By Hölder, ∫
h(ηwp/2)2 ≤ ∥h∥Ls∥ηwp/2∥2L2s/(s−1) .

Because s > m/2,

2 <
2s

s − 1
< 2χ.

Interpolation between L2 and L2χ, followed by Young’s inequality, therefore gives for every δ > 0,

∥ηwp/2∥2L2s/(s−1) ≤ δ∥ηwp/2∥2L2χ +Cδ,m,s∥ηwp/2∥2L2 .

Choose δ so that the first term can be absorbed after applying the Sobolev inequality (5.12) to (5.14).
We obtain an iterative estimate of the form

∥w∥Lpχ(Bσ) ≤

[
Cpµ

(ρ − σ)2

]1/p

∥w∥Lp(Bρ),

where C, µ depend only on m, S 0, s, ∥h∥Ls(B1). Taking p j = 2χ j and a nested sequence of radii decreasing
to 1/2, the product of the factors converges. Letting j→ ∞ gives (5.13). □
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We can now prove the pointwise estimate announced in the Introduction.

Theorem 5.4 (Local pointwise curvature estimate). Let 3 ≤ m ≤ 5, and let

Σm ⊂ I × f Fm(kF)

be a two-sided stable minimal hypersurface. Fix x0 ∈ Σ and assume

B2r := BΣ2r(x0) ⋐ Σ.

Suppose that for every 0 < s ≤ 2r, the following hold:

(i) the local Sobolev inequality(∫
Bs

|ϕ|2χ dµΣ

)1/χ

≤ S 0

∫
Bs

(
|∇ϕ|2 + s−2ϕ2

)
dµΣ, χ =

m
m − 2

, (5.15)

for every ϕ ∈ C1
c (Bs);

(ii) the volume-ratio bound
|Bs| ≤ V0sm. (5.16)

Then
|A|2(x0) ≤ C(m, S 0,V0)

[
r−2 + Λwp(B2r)

]
. (5.17)

Proof. Set
Λ = Λwp(B2r)

and
R = min{r,Λ−1/2},

with the convention Λ−1/2 = +∞ when Λ = 0. After rescaling the ambient and induced metrics by R−2,
it is enough to prove a universal bound at x0 under

R = 1, Λ ≤ 1.

The Sobolev constant and the volume-ratio constant are unchanged by this rescaling.
Choose cut-offs on the concentric balls below; all constants in their gradient bounds are universal.

First use stability (5.5) with a cut-off equal to one on B3/2 and supported in B2. Since Λ ≤ 1 and
|B2| ≤ CmV0, ∫

B3/2

v2 dµΣ ≤ C(m,V0). (5.18)

Next apply the q = 1 case (5.8) with a cut-off supported in B3/2 and equal to one on B7/5. Using (5.18)
gives ∫

B7/5

(
v4 + |∇v|2

)
dµΣ ≤ C(m,V0). (5.19)

Applying the Sobolev inequality (5.15) to the cut-off times v, and using (5.18) and (5.19), we obtain

∥v∥L2χ(B4/3) ≤ C(m, S 0,V0). (5.20)
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We now use the dimensional restriction. Choose ε > 0 small enough that there exists q satisfying

max
{
1,

m
2
− 1

}
< q < min

χ, 1 +

√
2
m
− ε

 . (5.21)

Such a q exists exactly for 3 ≤ m ≤ 5. Indeed, the nontrivial condition is

m
2
− 1 < 1 +

√
2
m
,

and equivalently,

m < 4 + 2

√
2
m
,

which holds for m ≤ 5 and fails at m = 6.
Because q < χ, (5.20) and the volume bound control ∥v∥L2q(B4/3). We apply Proposition 5.2 with this

q and a cut-off equal to one on B5/4. We obtain∫
B5/4

vp dµΣ ≤ C(m, S 0,V0), p := 2q + 2 > m. (5.22)

Set
s =

p
2
= q + 1 >

m
2
, w = v2 + 1.

Then (5.22) gives
∥w∥Ls(B5/4) ≤ C(m, S 0,V0). (5.23)

Finally, (3.22), together with Λ ≤ 1, implies weakly

∆w ≥ −Cmw2. (5.24)

We can write this as
∆w ≥ −hw, h = Cmw.

By (5.23), h ∈ Ls with s > m/2 and a bounded norm. Moreover, (5.19) and the volume bound imply

∥w∥L2(B6/5) ≤ C(m,V0).

Applying Lemma 5.3 on a ball contained in B5/4 therefore yields

w(x0) ≤ C(m, S 0,V0).

Thus, in the rescaled metric,
|A|2(x0) ≤ C(m, S 0,V0).

Returning to the original scale gives

|A|2(x0) ≤ CR−2 ≤ C
(
r−2 + Λ

)
,

which is (5.17). □
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Corollary 5.5 (Estimate written directly in terms of the warping function). Under the hypotheses of
Theorem 5.4, define

K f :=
| f ′′|

f
+
|kF − ( f ′)2|

f 2

+

∣∣∣∣∣∣
(
−

f ′′

f
−

kF − ( f ′)2

f 2

)′
− 2

f ′

f

(
−

f ′′

f
−

kF − ( f ′)2

f 2

)∣∣∣∣∣∣2/3 . (5.25)

Then

|A|(x0) ≤ C(m, S 0,V0)
r−1 +

(
sup
B2r

K f

)1/2 . (5.26)

Proof. The first two terms of K f are |α| and |β|, while the final term is |Ξ|2/3. Hence

sup
B2r

K f = Λwp(B2r).

Take the square root of (5.17). □

Remark 5.6 (On the Sobolev hypothesis). The Sobolev assumption (5.15) is written explicitly in the
statement because it cleanly separates the warped Simons calculation from the ambient geometric
input. In applications it can be supplied, on sufficiently small supports and under the usual ambient
curvature and injectivity-radius hypotheses, by the Riemannian submanifold Sobolev inequalities of
Hoffman–Spruck [12]. In Euclidean space, it reduces to the Michael–Simon framework [15]. The
volume-ratio assumption is the analogue of the local area control used in classical curvature-estimate
arguments [21–23].

Remark 5.7 (Why the dimension m ≤ 5 appears). The proof shows exactly where the dimensional
threshold enters. Stability and the refined Kato term allow powers up to

p < 4 +

√
8
m
.

To turn the nonlinear inequality ∆(v2+1) ≥ −C(v2+1)2 into a linear Moser problem with an Ls-potential
satisfying s > m/2, one needs p > m. These two requirements are simultaneously compatible for m ≤ 5.
This is the same mechanism behind the low-dimensional range in the original Schoen–Simon–Yau
argument [22]. Higher dimensions require additional input or a different regularity mechanism, as
already occurs in the classical theory [21, 23].

The pointwise estimate completes the analytic application of the explicit warped Simons identity.
The remaining classification problem concerns equality configurations for non-space-form solutions of
Ξ = 0 with positive κwp, which is separate from the curvature-estimate argument above.

6. Conclusions

We have derived an explicit Simons identity for two-sided minimal hypersurfaces in warped products
with space-form fibers, expressing the ambient curvature contributions in terms of α, β, and the
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derivative-curvature quantity Ξ. When Ξ = 0, we obtained an optimal angle-independent algebraic
lower bound and corresponding pinching results for compact minimal hypersurfaces, recovering the
classical spherical gap as a special case. For stable minimal hypersurfaces, the scalar Simons inequality,
stability, and power Caccioppoli estimates lead to a local pointwise curvature bound in dimensions
3 ≤ m ≤ 5, under the stated Sobolev and volume growth assumptions. The estimate incorporates the
ambient geometry through the scale-correct quantity |α| + |β| + |Ξ|2/3. These results clarify the role of
warped-product curvature in both rigidity and local curvature estimates. The classification of equality
cases in non-space-form warped products remains a natural question for further investigation.
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