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Abstract: This paper develops a game-theoretic framework for multiple-attribute group decision-
making (MAGDM) under an interval-valued intuitionistic fuzzy (IVIF) environment. First, a
generalized score function (GSF) is proposed for intuitionistic fuzzy numbers (IFNs) and extended
to interval-valued intuitionistic fuzzy numbers (IVIFNs). By incorporating indeterminacy through two
flexible parameters, the GSF improves the discrimination and sensitivity of alternative evaluations
under uncertain information. Its effectiveness is validated through seven benchmark cases in which
the existing score and accuracy functions fail to distinguish the considered IFNs and IVIFNs. In all
cases, the GSF yields distinct rankings, resolving the ambiguities. An IVIF MAGDM algorithm is
then developed for problems with unknown attribute weights. The aggregated IVIF decision matrix is
formulated as the payoffmatrix of a two-player zero-sum matrix game (TMG), enabling determination
of the attribute weights from assessments of multiple decision-makers. The game models are defined
for membership intervals excluding 1 and nonmembership intervals excluding 0, while these boundary
cases lie outside the admissible domain of the formulation. An IVIF expected score function is
introduced to evaluate the overall performance of alternatives, followed by the GSF to obtain their
final ranking. The framework preserves the IVIF structure throughout the decision-making process,
with scalarization restricted to the final ranking stage, thereby retaining the inherent uncertainty and
hesitation of the original decision assessments. The applicability of the approach is demonstrated
through a sustainable air-conditioning system selection problem. Comparative analysis with four
existing approaches shows exact agreement with one method and slight differences from the others.
Sensitivity analysis with respect to the preference parameter ω confirms that the obtained ranking
remains unchanged for ω = 0.2, 0.5, and 0.8, indicating 100% ranking stability. These findings
demonstrate the discrimination capability of the GSF and the robustness and reliability of the IVIF
MAGDM framework.
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1. Introduction

As the field of decision science continues to make progress, the pursuit of more precise decision-
making within a manageable time frame has underscored the involvement of decision-makers (DMs)
from multifarious professional backgrounds. This interdisciplinary collaboration aims to mitigate the
hardships inherent in complex decision-making process. In these scenarios, the theory of MAGDM
(multiple attribute group decision-making) assumes a pivotal role [1, 2]. When addressing practical
MAGDM problems, serval crucial considerations come to the forefront. First, there is the challenge
of accurately representing evaluation information to better reflect human thought processes and
preferences. Second, the task of determining attribute weights and alternative weights is of paramount
importance. To tackle the issue raised in the first point, intuitionistic fuzzy set (IFS) theory [3] offers
a reliable framework. This framework was later extended by scholars [4] to develop the theory
of an IVIF set (IVIFS). In this theory, each element is represented by interval numbers for three
degree-membership (MD), nonmembership (ND), and indeterminacy (ID) instead of using precise
crisp values. In relation to the second issue, it is worth noting that prior literature offers a variety of
methods and theories [5–7] and [8–10] for determining attribute weights and alternative weights. In the
context of decision-making problems (DMPs), a trustworthy approach involves the utilization of a two-
player zero-sum matrix game (TMG) [6,11–13]. What sets this approach apart is its distinct advantage,
which lies in the fact that DMs can concentrate their attention solely on the behavior exhibited by the
decision matrices.

1.1. Review of existing studies

This subsection explores recent advancements in MAGDM methods within the IVIFS framework.
Park et al. [7] solved an IVIF MAGDM problem with partially unknown attribute weights. In their
procedure, they provided an extension of the TOPSIS (technique for order preference by similarity to
the ideal solution) method. Wang et al. [14] applied the TOPSIS method to address multiple-attribute
decision-making (MADM) problems in which both the attribute values and the attribute weights are
expressed as IVIFNs. In it, a quadratic program is built up to compute a unified weight information for
finding the best alternative(s). Wan and Li [15] provided a LINMAP (linear programming technique
for multidimensional analysis of preference) method to solve a heterogeneous MADM problem, in
which the attribute weights are described with incomplete information. Garg, and Yang et al. [16, 17]
introduced a generalized form of the improved score function (SF) [18] to multi-criteria decision-
making (MCDM) problems in IVIF context. In such problems, the completely unknown weights
are obtained by using the Shannon entropy method. Using the concept of linear programming, [19]
presented an algorithm to solve MADM problems with IVIF information. Wang and Chen [20]
provided an extension to the TOPSIS method for solving an IVIF MADM problem, where the linear
programming technique is applied to compute the optimal attribute weights. Wang and Chen [21]
introduced a linear programming method to solve IVIF MADM problems based on a novel SF for
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IVIF values. The weight information in this DMP is incomplete. Kumar and Garg [22] studied an
MADM problem under the IVIF framework on the basis of set pair analysis. In this research, the
authors derived the connection numbers in order to extend the TOPSIS method to rank the alternatives.
Nayagam and others [23] built a non-hesitance SF based algorithm for the MCDM in an IVIF context.
Selvaraj and Majumdar [24] developed an IVIF TOPSIS methodology to decision-making based on a
new NM SF. Kumar et al. [25] put forward a function to make a preference order between two IVIFNs.
They also formulated an algorithm FOR MAGDM based on this function. Chen and Tsai [26] proposed
a novel score function for IVIF values. Subsequently, they developed a solution procedure for MADM
problems based on the mean and variance of the resulting score matrix. Wang et al. [27] designed
the solution steps for a DMP by using the Jenson-Shannon operator.Chen and Hsu [28] proposed a
five-step algorithm for determining attribute weights in IVIF-based MADM problems, utilizing a new
SF and a nonlinear optimization model.

Apart from these studies, the TMG theory has been applied as an exquisite tool by the researchers
in the formation of the algorithm solution steps to decision-making under an uncertain environment.
Chen and Larbani [6] used a TMG approach to solve a fuzzy MADM problem. This method is
based on a novel idea for defining the fuzzy matrices. For building an MADM algorithm under an
intuitionistic fuzzy framework, the authors Xu et al. [11] applied a TMG approach with a new value
index. Kumar and Kumar [13] developed a new TMG approach to solve an IVIF MAGDM problem
with unknown attribute weights. They introduced a new generalized order function for IVIFNs to
find the best alternative(s). Jana and Roy [29] used a linguistic Pythagorean hesitant fuzzy matrix
game approach for solving MCDM problems. Wu et al. [30] investigated the distributed zero-sum
differential game adaptive control problem for six-rotor unmanned aerial vehicles under denial-of-
service attacks, using a self-triggered control mechanism. Jiafu et al. [31] proposed an improved
IVIF-based group decision-making method incorporating consensus adjustment and prospect theory to
evaluate online knowledge payment products from the perspective of the value of consumer experience.
Nirmalsingh and Robinson [32] solved an intuitionistic fuzzy DMP by using matrix game method.
Deng et al. [33] studied the optimal control problem for Takagi–Sugeno fuzzy systems by using TMG
approach. Zeng et al. [34] produced a novel approach which integrates Type-2 fuzzy logic controllers,
digital twin technology, and neural networks for comprehensive management of hydropower systems.
Kumar and Garg [35] constructed a two-level approach for handling multiobjective fuzzy matrix
games. Xie et al [36] proposed an IVIF MAGDM approach based on projection measurement extended
Vlsekriterijumska Optimizacija I Kompromisno Resenje (VIKOR).

Table 1. Categorizing literature reviews: an overview.

Name of the MADM/MAGDM approaches References
TMG-based approaches [6, 11, 13, 29, 32]
TOPSIS approach [7, 14, 22, 24, 37], [38–40]
LINMAP approach [15, 19–21, 41], [42–44]
Entropy method [16, 45], [46–48], [49–51]
VIKOR approach [36, 52], [53–55], [56–58]
Other MADM/MAGDM approaches [23, 25, 31, 59, 60], [61–63]

According to the reviewed literature, existing MADM/MAGDM approaches can be broadly
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classified as shown in Table 1. While methods such as TOPSIS, LINMAP, entropy, VIKOR, and other
approaches have been extensively studied in fuzzy decision-making, TMG-based approaches remain
comparatively limited. Moreover, the integration of TMG with IVIF information and an effective
ranking mechanism for IVIFNs remains insufficiently explored. To address this gap, the present study
develops a TMG-based IVIF MAGDM algorithm incorporating a GSF for ranking IVIFNs.

The aggregation operators are actively used to fuse the decision information into single ones. Up
until now, various such operators have been revealed by the scholars [64–66] to solve the group DMPs.
In this paper, the IVIF hybrid geometric (IIFHG) operator is used to integrate the IVIFNs due to its
wide applicability.

1.2. Motivation of the present research

After analyzing the above-mentioned studies, the following issues are encountered in the present
study.

(1) how can we compute the weight calculations to MAGDM by selecting a suitable technique under
IVIFS environment? Owing to factors such as time constraints, limited information, uncertainty,
and insufficient knowledge, determining unified weights becomes a challenging task.

(2) A SF is required for IVIFNs that involves the notions of the MD, the ND and the ID of the IVIFNs,
so that alternatives can be ranked in a reasonable and accurate manner.

(3) How can the preservation of original IVIF information be ensured throughout the decision-
making process, given that any loss of this information may adversely affect the final ranking
of alternatives?

To address the aforementioned issues, this study presents an effective methodology, which is
described in detail in the subsequent subsection.

1.3. Details of the present research

The present study is structured in two stages. First, a GSF is introduced for IFNs, and subsequently,
it is extended to IVIFNs. Any IFS (or IVIFS) describes the uncertainty in terms of MD, ND, and
ID. Considering all these degrees with two parameters λ1 and λ2, the proposed SFs are constructed
with their properties. Another advantage of the proposed GSFs is that both functions have flexible
parameters λ1 and λ2 that are connected by the relation λ1λ2 = 1; λ1 ∈ (0, 1]. By varying their
values, these parameters can significantly contribute to the development of an effective decision-
making process. After that, a new algorithm is introduced to solve an IVIFS MAGDM problem
without any kind of weight information. In it, the IIFHG operator is used to determine the joint
information, while a TMG model with IVIFS data [67] is used to find attribute weights. This TMG
model is defined for membership intervals excluding 1 and nonmembership intervals excluding 0,
while these boundary cases lie outside the admissible domain of the formulation. On the basis of the
optimal solution of this TMG model, we define IVIF expected SF with respect to each alternative.
The value of this function for each alternative is represented by an IVIFN. In order to rank the
alternatives, these calculated IVIFNs are then defuzzified by utilizing the proposed SF for IVIFNs. An
important methodological advantage of the proposed approach is its information-preserving treatment
of IVIF assessments. Unlike approaches that transform IVIF information into crisp scores at an early
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stage, the proposed framework maintains the IVIF structure from the construction of the collective
decision matrix through normalization, game-theoretic weight determination, and calculation of the
IVIF expected score (IIFES). The conversion of IIFESs into scalar values is postponed until the final
stage through the proposed GSF. In this way, the interval-valued membership and non-membership
information, together with the associated uncertainty and hesitation, is retained during the major stages
of the decision process. This delayed scalarization reduces the risk of premature information loss and
provides a more faithful basis for comparing alternatives, which can contribute to more reliable ranking
outcomes. In the end, an illustration is given to demonstrate the present algorithm. The advantages of
the current study over the existing ones are also provided.

1.4. Contribution and structure of the paper

The prime contributions of this research are pointed out as follows.

• To introduce the SFs for IFNs and IVIFNs, several robust properties of these functions are also
presented. In developing these functions, the concepts of the λ1-degree of belongingness and the
λ2-degree of non-belongingness are utilized by incorporating the MD, ND, and ID through two
adjustable parameters, λ1 and λ2 (λ1λ2 = 1). The inclusion of these parameters offers enhanced
flexibility, as varying the value of λ1 within the interval (0, 1] enables more effective ranking and
discrimination among alternatives.

• Quantitative analyses on multiple benchmark examples reveal that the proposed GSFs ensure
complete improvement in decisions’ consistency and fully eliminates ranking ambiguities relative
to existing SFs.

• An algorithm is introduced to address the IVIF MAGDM problem based on the max–min
principle and the proposed SF. In this framework, an IVIF expected SF is formulated to compute
the aggregated value of each alternative in the form of an IVIFN. The proposed algorithm
efficiently preserves the complete IVIF information while ensuring high computational efficiency.

• The proposed algorithm is demonstrated through a real-world numerical example, and a
comprehensive comparative analysis is conducted against existing methods to validate its
effectiveness and superiority.

The decoration of the research work is as follows. In Section 2, we provide some preliminaries
regarding the present research work. In Section 3, new GSFs are constructed with their properties.
The influence of the parameters λ1 and λ2 on the proposed SF values are also shown through a number
of examples in this section. In Section 4, a brief study of Li’s IVIF game model is given. An algorithm
for solving the present MAGDM problem is developed in Section 5. Section 6 presents a numerical
example to demonstrate the applicability of the proposed algorithm, while Section 7 highlights the
superiority of the established results compared with existing literature. Finally, the conclusion is
covered in Section 8.

2. Auxiliary facts

This section presents the preliminaries regarding the IFS, IVIFS, and their measurement functions.
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Definition 1. [3] In a fixed finite set U, an IFS I is defined as

I = {⟨x, ξI(x), ζI(x)⟩, x ∈ U},

where ξI(x) and ζI(x) are the MD and ND of element x ∈ U of the set I, respectively, such that
ξI : U → [0, 1], ζI : U → [0, 1] with 0 ≤ ξI(x) + ζI(x) ≤ 1.
The ID of element x ∈ U of the set I is given by

πI(x) = 1 − ξI(x) − ζI(x).

For a given IFS I and for a given x ∈ U, the pair ⟨ξ, ζ⟩ is called an IFN, where ξ ∈ [0, 1], ζ ∈ [0, 1],
and ξ + ζ ∈ [0, 1]. For convenience, an IFN is denoted by α.

For the IFNs α = ⟨ξ, ζ⟩, α1 = ⟨ξ1, ζ1⟩, and α2 = ⟨ξ2, ζ2⟩, some operational results [68] are given as
follows:

(i) α1 ⊕ α2 = ⟨1 − (1 − ξ1)(1 − ξ2), ζ1ζ2⟩,

(ii) α1 ⊗ α2 = ⟨ξ1ξ2, 1 − (1 − ζ1)(1 − ζ2)⟩,

(iii) γα = ⟨1 − (1 − ξ)γ, ζγ⟩; γ > 0,

(iv) αγ = ⟨ξγ, 1 − (1 − ζ)γ⟩; γ > 0.

Definition 2. [69,70] For an IFN α = ⟨ξ, ζ⟩, the SF S α and the accuracy function (AF) Aα are defined
as

S α = ξ − ζ; S α ∈ [−1, 1],

and
Aα = ξ + ζ; Aα ∈ [0, 1],

respectively.
When IFN α reduces into a fuzzy number, i.e., ξ + ζ = 1, then SF S α = 2ξ − 1 = 1 − 2ζ.

Definition 3. [4] In a fixed finite set U, an IVIFS Ĩ is the set of triplets in which the MD and ND of
x ∈ U are represented by interval numbers. These interval numbers are subsets of [0, 1]. That is, the
set Ĩ can be propagated as

Ĩ = {⟨x, ξĨ(x), ζĨ(x)⟩, x ∈ U}

= {⟨x, [ΩĨ(x),ΘĨ(x)], [ϑĨ(x), ϱĨ(x)]⟩, x ∈ U},

where 0 ≤ ΩĨ ≤ ΘĨ ≤ 1, 0 ≤ ϑĨ ≤ ϱĨ ≤ 1, and ΘĨ(x) + ϱĨ(x) ≤ 1.
The interval of indeterminacy of IVIFS Ĩ of U [71] is represented as

πĨ(x) = 1 − ξĨ(x) − ζĨ(x)
= [1 − ΘĨ(x) − ϱĨ(x), 1 −ΩĨ(x) − ϑĨ(x)].

For a fixed value of x ∈ U, the pair ⟨ξ, ζ⟩ is known as IVIFN [64]. Generally, the pair ⟨ξ, ζ⟩ is shown
by ⟨[Ω,Θ], [ϑ, ϱ]⟩, where [Ω,Θ] ⊆ [0, 1], [ϑ, ϱ] ⊆ [0, 1]. For convenience, an IVIFN is denoted by α̃.
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Definition 4. [64, 72] For IVIFNs α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩, α̃1 = ⟨[Ω1,Θ1], [ϑ1, ϱ1]⟩, and α̃2 =

⟨[Ω2,Θ2], [ϑ2, ϱ2]⟩, the operational results are as follows:

(i) α̃1 ⊕ α̃2 = ⟨[Ω1 + Ω2 −Ω1Ω2,Θ1 + Θ2 − Θ1Θ2], [ϑ1ϑ2, ϱ1ϱ2]⟩,

(ii) α̃1 ⊗ α̃2 = ⟨[Ω1Ω2,Θ1Θ2], [ϑ1 + ϑ2 − ϑ1ϑ2, ϱ1 + ϱ2 − ϱ1ϱ2]⟩,

(iii) α̃γ = ⟨[(Ω)γ, (Θ)γ], [1 − (1 − ϑ)γ, 1 − (1 − ϱ)γ]⟩; γ > 0.

It is notable that the outcomes above are likewise IVIFNs.

Definition 5. Let α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩ be an IVIFN. Then the SF andAF , given by different researchers,
are as follows:

• Xu et al.’s SF and AF [64] are

S α̃ =
Ω − ϑ + Θ − ϱ

2
; S α̃ ∈ [−1, 1],

and
Aα̃ =

Ω + ϑ + Θ + ϱ

2
; Aα̃ ∈ [0, 1].

• Ye’s novel AF [73] is

Mα̃ =
Ω − (1 −Ω − ϑ) + Θ − (1 − Θ − ϱ)

2
; Mα̃ ∈ [−1, 1].

• Nayagam et al.’s another AF [74] is

Lα̃ =
Ω + Θ − ϱ(1 − Θ) − ϑ(1 −Ω)

2
; Lα̃ ∈ [−1, 1].

• Bai’s improved SF [18] is

IS α̃ =
Ω + Ω(1 −Ω − ϑ) + Θ + Θ(1 − Θ − ϱ)

2
; IS α̃ ∈ [0, 1].

• Garg’s generalized improved SF [16]:

GIS α̃ =

(
Ω + Θ

2

)
+ k1Ω(1 −Ω − ϑ) + k2Θ(1 − Θ − ϱ); GIS α̃ ∈ [0, 1],

where k1 + k2 = 1; k1, k2 ≥ 0.

• Nayagam et al.’s non-hesitance SF [23] is

Jα̃ =
Ω + Θ + ϑ − ϱ + ΩΘ + ϑϱ

3
; Jα̃ ∈ [−1, 1].

• Selvaraj and Majumdar’s nonmembership SF [24] is

NM(α̃) =
Ω − Θ + ϑ + ϱ + ΩΘ + ϑϱ

3
; NM(α̃) ∈ [−1, 1].
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• Kumar et al.’s order function [25] is

ψα̃ =
ψ1,α̃ + ψ3,α̃

2
; ψα̃ ∈ [0, 1],

where ψ1,α̃ and ψ3,α̃ are the first and second order functions, respectively.

Definition 6. [64] For comparing two IVIFNs α̃1 and α̃2, the existing law is given as

(i) If S α̃1 < S α̃2 , then α̃2 ≻ α̃1.

(ii) If S α̃1 > S α̃2 , then α̃1 ≻ α̃2.

(iii) If the SF values for α̃1 and α̃2 are equal, then

(i)′ If Aα̃1 < Aα̃2 , then α̃2 ≻ α̃1.

(ii)′ If Aα̃1 > Aα̃2 , then α̃1 ≻ α̃2.

(iii)′ If Aα̃1 = Aα̃2 , then α̃1 is equivalent to α̃2.

It is to be noted that the notation ‘≻’ means “prefers to”.

Definition 7. [65, 72] Suppose α̃h = ⟨[Ωh,Θh], [ϑh, ϱh]⟩, (h = 1 to m) are m IVIFNs. To aggregate
these IVIFNs, the IIFHG operator θ is given as follows:

θa,δ(α̃1, α̃2, . . . , α̃m) =
(
˙̃αρ(1)

)a1
⊗

(
˙̃αρ(2)

)a2
⊗ · · · ⊗

(
˙̃αρ(m)

)am

=

〈∏
h

(
Ω̇ρ(h)

)ah
,
∏

h

(
Θ̇ρ(h)

)ah

 ,1 −∏
h

(
1 − ϑ̇ρ(h)

)ah

 , 1 −∏
h

(
1 − ϱ̇ρ(h)

)ah

〉
where the weight vector of the operator θ is given as a = (a1, a2, . . . , am)T with ah > 0 (h = 1 to m)
and

∑
h ah = 1 and ˙̃αρ(h) = ⟨[Ω̇ρ(h), Θ̇ρ(h)], [ϑ̇ρ(h), ϱ̇ρ(h)]⟩ is the hth largest of the weighted IVIFN ˙̃αh where

˙̃αh = (α̃h)mδh; δ = (δ1, δ2, . . . , δm)T is the weight vector for the IVIFNs α̃h (h = 1 to m).

3. New GSFs for IFNs and IVIFNs

This section is organized into four subsections. Subsection 3.1 presents the limitations of the
existing SFs. In Subsection 3.2, a novel GSF is introduced for comparing two or more IFNs, along with
its fundamental properties. A comparative law based on the proposed GSF values is also established.
Subsection 3.3 extends the proposed GSF to the decision-making process involving IVIFNs. Finally,
the last subsection presents the key advantages and merits of the proposed GSFs.

3.1. Shortcomings of the existing SFs values

The existing SFs for IFNs and IVIFNs cannot accurately rank the alternatives in a MADM/MAGDM
problem, as demonstrated by the following numerical examples.
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Example 3.1. Suppose that α1 = ⟨0.55, 0.35⟩ and α2 = ⟨0.60, 0.40⟩ are two IFNs. The SF values [69]
are given as S α1 = S α2 = 0.20. This shows that this SF is unable to rank IFNs α1 and α2. On the other
hand, the AF values [70] are computed as Aα1 = 0.90 and Aα2 = 1.0. These values show that α2 ≻ α1.
On account of the improved SF formula [18] IS α, the computed score values are IS α1 = 0.605 and
IS α2 = 0.600. These values indicate that α1 ≻ α2. In such a case, the DM is unable to determine a
reasonable ranking between α1 and α2.

Example 3.2. In this example, consider two IVIFNs α̃1 = ⟨[0, 0.50], [0.10, 0.20]⟩ and α̃2 =

⟨[0.20, 0.30], [0.15, 0.15]⟩. The SF values [64] are given as S α̃1 = S α̃2 = 0.10 and the AF values [64]
are computed as Aα̃1 = Aα̃2 = 0.40. However, utilizing the formula as examined by [73], the novel AF
values for α̃1 and α̃2 are Mα̃1 = Mα̃2 = −0.35, respectively. By using the order function as developed
by [25], the order function values corresponding to α̃1 and α̃2 are calculated as ψα̃1 = ψα̃2 = 0.58.

Example 3.3. Consider the IFS information in terms of two IVIFNs α̃1 = ⟨[0, 0.50], [0, 0.30]⟩ and
α̃2 = ⟨[0, 0.40], [0.10, 0.10]⟩. Using the formula for SF [64], we get S α̃1 = S α̃2 = 0.10; whereas,
by using the improved SF [18], we have IS α̃1 = IS α̃2 = 0.30. Therefore, once more, we draw the
conclusion that the existing SFs are unable to provide a rational ranking for a group of options when
making decisions.

Example 3.4. Assume that α̃1 = ⟨[0, 0.60], [0, 0]⟩ and α̃2 = ⟨[0, 0.70], [0, 0.10]⟩ are the two IVIFS
decision information provided. By using the SF given by [64], the computed values for these IVIFNs
are S α̃1 = S α̃2 = 0.30. On the other hand, for these IVIFNs, the improved SF values [18] are given as
IS α̃1 = IS α̃2 = 0.42 and the calculated nonmembership SF values [24] are NM(α̃1) = NM(α̃2) = −0.20.
Therefore, these existing SFs cannot provide a comparison between α̃1 and α̃2.

Example 3.5. Consider two IVIFNs α̃1 = ⟨[0, 0.50], [0.10, 0.40]⟩ and α̃2 = ⟨[0.20, 0.30], [0.20, 0.20]⟩.
For α̃1 and α̃2, the computed values of AF [74] are Lα̃1 = Lα̃2 = 0.10. Therefore, this function has been
failed to compare α̃1 and α̃2.

Example 3.6. This example considers two IVIFNs α̃1 = ⟨[0, 0], [0.20, 0.50]⟩ and α̃2 = ⟨[0, 0],
[0.30, 0.60]⟩. The improved SF values, given by Bai’s improved SF [18] are IS α̃1 = IS α̃2 = 0, and
by using Garg’s generalized improved SF [16], the values are GIS α̃1 = GIS α̃2 = 0. These results
indicate that the considering functions are unable to put forward a ranking order between IVIFNs α̃1

and α̃2.

Example 3.7. Consider two IVIFNs α̃1 = ⟨[0.10, 0.40], [0.10, 0.20]⟩ and α̃2 = ⟨[0.20, 0.25],
[0.20, 0.30]⟩. The nonhesitance SF values [23] for α̃1 and α̃2 are Jα̃1 = Jα̃2 = 0.1533. Therefore,
this function has failed to compare α̃1 and α̃2.

3.2. Proposed new GSF for IFNs

Considering the shortcomings highlighted in the preceding examples, it becomes necessary to
incorporate additional concepts into the formulation of SFs for both IFNs and IVIFNs. To address
this issue comprehensively, a new GSF is proposed as follows.

Definition 8. For an IFN α = ⟨ξ, ζ⟩, we define the two concepts as follows.

(c0) ξ− ξλ1(1− ξ− ζ) is called the λ1-degree of belongingness of an element x ∈ U to α, where λ1 > 0.
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(c1) ζ − ζλ2(1 − ξ − ζ) is called the λ2-degree of non-belongingness of an element x ∈ U to α, where
λ2 > 0.

Here, the parameters λ1 and λ2(, λ1) are connected by the relation λ1λ2 = 1.

Remark 3.1. For IFN α = ⟨1, 0⟩, the degree of belongingness of an element x ∈ U is 1, while the
degree of non-belongingness of this element is 0 by using the concepts (c0)–(c1). In order to calculate
such degrees, the parameters λ1 and λ2 do not have any role. Similarly, such degrees can be evaluated
for IFN α = ⟨0, 1⟩ without any importance of the parameters λ1 and λ2.

On the basis of the concepts (c0)–(c1), a GSF for an IFN α = ⟨ξ, ζ⟩ is defined as

S new
α = (ξ − ζ) −

(
ξλ1 − ζλ2

)
(1 − ξ − ζ). (3.1)

Theorem 3.1. For an arbitrary IFN α = ⟨ξ, ζ⟩, the proposed GSF S new
α increases monotonically with

the increase of the parameter λ1 ∈ (0, 1).

Proof. See Appendix A. □

Theorem 3.2. For two IFNs α1 = ⟨ξ1, ζ1⟩ and α2 = ⟨ξ2, ζ2⟩ with ξ1 < ξ2 and ζ1 > ζ2, then S new
α1

< S new
α2

for λ1 ∈ (0, 1).

Proof. See Appendix B. □

Theorem 3.3. For an arbitrary IFN α = ⟨ξ, ζ⟩, the proposed GSF S new
α increases monotonically with

the ξ and decreases monotonically with the ζ.

Proof. See Appendix C. □

Theorem 3.4. If we let α = ⟨ξ, ζ⟩ be an arbitrary IFN, then −1 ≤ S new
α ≤ 1.

Proof. See Appendix D. □

Theorem 3.5. The following properties (Ppys) of the GSF S new
α are as follows.

Ppy 1: For any IFN α = ⟨ξ, 0⟩, the new GSF S new
α ∈ [0, 1] and for α = ⟨0, ζ⟩, S new

α ∈ [−1, 0].

Ppy 2: If IFN α = ⟨1, 0⟩, then S new
α = 1.

Ppy 3: If IFN α = ⟨0, 1⟩, then S new
α = −1.

Ppy 4: For a subset (fuzzy) α = ⟨ξ, 1 − ξ⟩, the new GSF has the value S new
α = 2ξ − 1.

Ppy 5: If λ1 → 0, then λ2 → ∞ and the value of new GSF S new
α → 2ξ − 1 for any IFN α = ⟨ξ, ζ⟩.

Proof. The proof is easy to derive. □

Definition 9. Two IFNs α1 and α2 follow the relation α1 ≻ α2 when S new
α1

> S new
α2

for 0 < λ1 < 1 holds.
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3.3. A new GSF for IVIFNs

In this section, we define the new GSF for the IVIFNs.

Definition 10. Suppose that α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩ is an IVIFN. We define the following concepts (c2)–
(c3).

(c2) Ω − Ωλ1(1 − Ω − ϑ) and Θ − Θλ1(1 − Θ − ϱ) are called the λ1-degrees of belongingness of an
element x ∈ U relative to α̃, where λ1 > 0.

(c3) ϑ − ϑλ2(1 − Ω − ϑ) and ϱ − ϱλ2(1 − Θ − ϱ) are called the λ2-degrees of non-belongingness of an
element x ∈ U relative to α̃, where λ2 > 0.

Here, the parameters λ1 and λ2(, λ1) are connecting by the relation λ1λ2 = 1.
Using the concepts (c2)–(c3), a new GSF for an IVIFN α̃ is formulated in the following way:

S new
α̃ =

1
2

((
Ω −Ωλ1(1 −Ω − ϑ) + Θ − Θλ1(1 − Θ − ϱ)

)
−

(
ϑ − ϑλ2(1 −Ω − ϑ) + ϱ − ϱλ2(1 − Θ − ϱ)

))
which can be written as

S new
α̃ =

1
2

(
(Ω − ϑ) + (Θ − ϱ)

− (Ωλ1 − ϑλ2)(1 −Ω − ϑ) − (Θλ1 − ϱλ2)(1 − Θ − ϱ)
)
.

(3.2)

Remark 3.2. Particularly, when Ω = Θ = ξ (say) and ϑ = ϱ = ζ (say), an IVIFN α̃ is reduced into an
IFN α = ⟨ξ, ζ⟩ and then the function S new

α̃ is reduced into the function S new
α of an IFN α.

Theorem 3.6. For an arbitrary IVIFN α̃, the proposed GSF S new
α̃ increases monotonically with an

increase in the parameter λ1 ∈ (0, 1).

Proof. See Appendix E. □

Theorem 3.7. For an arbitrary IVIFN α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩, the proposed GSF S new
α̃ increases

monotonically with Ω,Θ and decreases monotonically with ϑ, ϱ.

Proof. See Appendix F. □

Theorem 3.8. If we let α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩ be an arbitrary IVIFN, then −1 ≤ S new
α̃ ≤ 1.

Proof. See Appendix G. □

Theorem 3.9. The following properties (Ppys) of the GSF S new
α̃ are listed as follows.

Ppy 1: For any IVIFN α̃ = ⟨[Ω,Θ], [0, 0]⟩, the GSF S new
α̃ ∈ [0, 1], and for α̃ = ⟨[0, 0], [ϑ, ϱ]⟩, S new

α̃ ∈

[−1, 0].

Ppy 2: For the largest IVIFN α̃ = ⟨[1, 1], [0, 0]⟩, the GSF S new
α̃ = 1.

Ppy 3: For the smallest IVIFN α̃ = ⟨[0, 0], [1, 1]⟩, the GSF S new
α̃ = −1.
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Ppy 4: For a subset α̃ = ⟨[Ω,Θ], [1 − Θ, 1 −Ω]⟩, the proposed GSF is

S new
α̃ =

1
2

(
2(Ω + Θ − 1) − (Θ −Ω)(Ωλ1 − (1 − Θ)λ2) − (Ω − Θ)(Θλ1 − (1 −Ω)λ2)

)
.

In particular, if Ω = Θ, then S new
α̃ = 2Ω − 1.

Ppy 5: For any IVIFN α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩, if λ1 → 0, then λ2 → ∞ and the value of proposed GSF
approaches to Θ + Ω − 1.

Proof. The proof is easy to derive. □

Definition 11. Two IVIFNs α̃1 and α̃2 follow the relation α̃1 ≻ α̃2 when S new
α̃1

> S new
α̃2

for 0 < λ1 < 1
holds.

In some cases, it may be possible that the SF values to α̃1 and α̃2 are equal for a value of λ1 ∈ (0, 1],
then we check the comparability of such IVIFNs by corresponding to the distinct SF values for λ1 ∈

(0, 1].

Theorem 3.10. For two IVIFNs α̃1 = ⟨[Ω1,Θ1], [ϑ1, ϱ1]⟩ and α̃2 = ⟨[Ω2,Θ2], [ϑ2, ϱ2]⟩, with Ω1 < Ω2,
Θ1 < Θ2, ϑ1 > ϑ2, and ϱ1 > ϱ2, S new

α̃1
< S new

α̃2
for λ1 ∈ (0, 1).

Proof. The proofs outlines are similar to those in Theorem 3.2. □

3.4. Merits of the proposed GSFs

To highlight the advantages of the proposed functions, we revisit the examples presented in
Section 3.1 and discuss their results as follows.

Example 3.8. We reconsider the IFNs α1 and α2 as given in Example 3.1 to measure through the
proposed GSF given in (3.1). For this, we vary the value of λ1 ∈ (0, 1) and hence the resultant GSF
values S new

α1
and S new

α2
are given in Table 2. From this, it is recorded that S new

α1
< S new

α2
and hence α2 ≻ α1.

Table 2. The values of S new
α1

and S new
α2

for different values of λ1 in Example 3.8.

λ1 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90
S new
α1

0.106 0.112 0.119 0.129 0.138 0.148 0.156 0.165 0.173
S new
α2

0.200 0.200 0.200 0.200 0.200 0.200 0.200 0.200 0.200

Example 3.9. Let α1 = ⟨0.50, 0.50⟩ and α2 = ⟨0.30, 0.30⟩ be two IFNs. We compute the GSF values
S new
α1

and S new
α2

by varying the values of λ1 ∈ (0, 1) and their results are listed in Table 3. It is concluded
that the relation S new

α1
> S new

α2
holds for all values of λ1 and thus α1 ≻ α2.

Table 3. The values of S new
α1

and S new
α2

for different values of λ1 in Example 3.9.

λ1 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90
S new
α1

0 0 0 0 0 0 0 0 0
S new
α2

−0.355 −0.313 −0.272 −0.227 −0.183 −0.141 −0.101 −0.064 −0.031
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Example 3.10. Consider a real number ϵ under the condition 0 ≤ ϵ ≤ 0.5. With respect to such a real
number ϵ, we contrive two IVIFNs, namely α̃1 = ⟨[ϵ, ϵ], [ϵ, ϵ]⟩ and α̃2 = ⟨[0.50 − ϵ, 0.50 − ϵ], [0.50 −
ϵ, 0.50−ϵ]⟩. These IVIFNs become α̃1 = ⟨[0.20, 0.20], [0.20, 0.20]⟩ and α̃2 = ⟨[0.30, 0.30], [0.30, 0.30]⟩
for ϵ = 0.20. The values of S new

α̃1
and S new

α̃2
are computed through the proposed GSF given in (3.2) by

varying the parameter λ1 ∈ (0, 1), and we construct Table 4 and, consequently, find the inequality
S new
α̃1

< S new
α̃2

for all λ1. Thus we obtain the relation α̃2 ≻ α̃1.

Table 4. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.10.

λ1 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.5108 −0.4347 −0.3674 −0.3045 −0.2443 −0.1874 −0.1343 −0.0853 −0.0406
S new
α2

−0.3546 −0.3134 −0.2715 −0.2274 −0.1831 −0.1405 −0.1006 −0.0639 −0.0304

Example 3.11. By taking two pieces of decision information in terms of IVIFNs as α̃1 = ⟨[0.10, 0.20],
[0.10, 0.30]⟩ and α̃2 = ⟨[0, 0], [0.10, 0.20]⟩, the calculated GSF values S new

α̃1
and S new

α̃2
are put forward

in Table 5 for distinct values of λ1 ∈ (0, 1) in order to determine the relationship between these IVIFNs.
These results imply that S new

α̃1
< S new

α̃2
. Therefore, α̃2 ≻ α̃1.

Table 5. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.11.

λ1 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.5805 −0.4829 −0.4000 −0.3270 −0.2618 −0.2034 −0.1512 −0.1044 −0.0625
S new
α2

−0.1500 −0.1499 −0.1479 −0.1414 −0.1295 −0.1129 −0.0931 −0.0712 −0.0483

Example 3.12. The aim of this example is to measure the IVIFNs α̃1 = ⟨[0.10, 0.20], [0.30, 0.40]⟩ and
α̃2 = ⟨[0.20, 0.30], [0.10, 0.30]⟩. For it, the resulting SF values S new

α̃1
and S new

α̃2
for several values of

λ1 ∈ (0, 1) are given in Table 6 and get S new
α̃1

< S new
α̃2

. Thus α̃2 ≻ α̃1.

Table 6. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.12.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.6085 −0.5315 −0.4589 −0.3895 −0.3253 −0.2677 −0.2169 −0.1725 −0.1338
S new
α2

−0.4253 −0.3604 −0.3016 −0.2465 −0.1946 −0.1459 −0.1007 −0.0588 −0.0203

Example 3.13. In order to overcome the issue of ranking order between IVIFNs α̃1 and α̃2 as given
in Example 3.2, the proposed GSF values S new

α̃1
and S new

α̃2
are given in Table 7 by varying the values of

λ1 ∈ (0, 1). From these results, we get S new
α̃1

> S new
α̃2

. Thus α̃1 ≻ α̃2.

Table 7. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.13.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90
S new
α1

−0.040 −0.031 −0.021 −0.010 0.004 0.021 0.039 0.059 0.079
S new
α2

−0.420 −0.352 −0.291 −0.235 −0.182 −0.132 −0.084 −0.039 0.003
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Example 3.14. For handling the issue of the measurement of the IVIFNs α̃1 and α̃2 as given in Example
3.3, the computed GSF values S new

α̃1
and S new

α̃2
have been shown in Table 8 for different values of λ1 ∈

(0, 1) and hence get S new
α̃1

> S new
α̃2

. Consequently, α̃1 ≻ α̃2.

Table 8. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.14.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90
S new
α1

0.007 0.013 0.021 0.029 0.038 0.047 0.056 0.065 0.073
S new
α2

−0.128 −0.108 −0.090 −0.071 −0.051 −0.029 −0.006 0.019 0.044

Example 3.15. For obtaining a reasonable ranking between two IVIFNs α̃1 and α̃2 as shown in
Example 3.4, the proposed GSF values S new

α̃1
and S new

α̃2
are calculated by varying the value of λ1 ∈ (0, 1)

and are shown in Table 9. Such resulting values converge in the form of a relation S new
α̃1

< S new
α̃2

. Thus
α̃2 ≻ α̃1.

Table 9. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.15.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90
S new
α1

0.1100 0.1194 0.1284 0.1370 0.1451 0.1528 0.1602 0.1671 0.1737
S new
α2

0.2035 0.2069 0.2102 0.2136 0.2173 0.2214 0.2258 0.2304 0.2352

Example 3.16. To calculate a ranking order between two IVIFNs α̃1 and α̃2 as presented in Example
3.5, the proposed GSF values S new

α̃1
and S new

α̃2
are calculated by varying the value of λ1 ∈ (0, 1) and the

result are shown in Table 10. Such data provide the relation S new
α̃1

> S new
α̃2

. Thus α̃1 ≻ α̃2.

Table 10. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.16.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.0466 −0.0430 −0.0380 −0.0314 −0.0229 −0.0124 −0.005 0.0125 0.0261
S new
α2

−0.4270 −0.3638 −0.3067 −0.2522 −0.1991 −0.1480 −0.0997 −0.0546 −0.0131

Example 3.17. To measure the IVIFNs α̃1 and α̃2 as given in Example 3.6, the proposed GSF values
S new
α̃1

and S new
α̃2

are calculated by varying the value of λ1 ∈ (0, 1) and the result are shown in Table 11.
It gives S new

α̃1
> S new

α̃2
. Hence α̃1 ≻ α̃2.

Table 11. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.17.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.3498 −0.3421 −0.3233 −0.2987 −0.2715 −0.2439 −0.2170 −0.1914 −0.1674
S new
α2

−0.4488 −0.4336 −0.4072 −0.3770 −0.3465 −0.3176 −0.2909 −0.2667 −0.2448

Example 3.18. For computing an order relation between two IVIFNs α̃1 and α̃2 as presented in
Example 3.7, the proposed GSF values S new

α̃1
and S new

α̃2
for different values of λ1 ∈ (0, 1) are given

in Table 12 and we get the relation S new
α̃1

> S new
α̃2

. Hence α̃1 ≻ α̃2.

After observing the results above , we can see that the proposed GSFs presented in (3.1) and (3.2)
provide a pertinent tool to appraise the performance of decision information.
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Table 12. The values of S new
α̃1

and S new
α̃2

for different values of λ1 in Example 3.18.

λ1 0.10 0.20 0.3 0.40 0.50 0.60 0.70 0.80 0.90

S new
α1

−0.4002 −0.3188 −0.2513 −0.1930 −0.1410 −0.0936 −0.0501 −0.0102 0.0264
S new
α2

−0.4763 −0.4123 −0.3531 −0.2954 −0.2394 −0.1864 −0.1371 −0.0919 −0.0509

4. The method of determining the weights via the TMG model

For solving MAGDM problems under uncertainty, DMs need to select a suitable technique for
determining attributes and alternative weights. A TMG approach is here used for this aim. The present
DMP is formulated as a TMG model (Li’s model) [67], in which the values of utility function are
represented by IVIFNs. In this paper, the fused alternative attribute matrix is utilized as a payoff
matrix and Player 1 is the group of DMs while nature is Player 2. The goal of DMs is to maximize
their expected payoffs while nature selects to play a strategy against a group of DMs to minimize the
loss. First of all, we provide some basic results related to a TMG model as given below.

Let Rn
+ denote the non-negative part of n-dimensional Euclidean space Rn. Let P = {i}pi=1 and

Q = { j}qj=1 be sets of pure strategies for Players 1 and 2, respectively. Then, the spaces regarding the
mixed strategies for Players 1 and 2 are defined as

∆p =

x =
(
x1, x2, . . . , xp

)
∈ Rp

+|
∑

i

xi = 1, i ∈ P

 ,
and

∆q =

y =
(
y1, y2, . . . , yq

)
∈ Rq

+|
∑

j

y j = 1, j ∈ Q

 ,
respectively.
Here, element x(y) in ∆p(∆q) is a probability distribution over P(Q).

Definition 12. [67] A TMG with IVIF payoffs is defined as

IFG = (P,∆p; Q,∆q; A),

where A = [ãi j]p×q is payoff matrix in which i jth entry ãi j is represented by an IVIFN, i.e., ãi j =

⟨[Ωi j,Θi j], [ϑi j, ϱi j]⟩. The term ‘zero-sum’ is defined in intuitionistic fuzzy sense [67].

Remark 4.1. The solution of the matrix game IFG always exists with respect to a given weight
ω ∈ [0, 1].

Definition 13. [67] For a pair (x, y) ∈ ∆p×∆q, the IVIF-valued function E(x, y) represents the expected
payoff for Player 1 in IFG. It is defined as follows:

E(x, y) = xT Ay

=

〈1 −∏
j

∏
i

(
1 −Ωi j

)xiy j
, 1 −

∏
j

∏
i

(
1 − Θi j

)xiy j

 ,
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j

∏
i

(
ϑi j

)xiy j
,
∏

j

∏
i

(
ϱi j

)xiy j

〉 .
Here, i and j run over from 1 to p and 1 to q, respectively.

In this game, a group of DMs (Player 1) follows the max–min principle of game theory in which this
group expects that nature (Player 2) behaves strategically against their actions. The optimal solution
of Player 1 gives alternative weights, while optimal solution for Player 2 provides attribute weights.
In order to calculate such solutions, based on the max–min principle, two models are described as
follows.
Optimization model for Player 1

The expected gain minimum ‘min
y∈∆q

E(x, y)’ for Player 1 is defined as

κ1 =
〈
[Ω,Θ] ,

[
ϑ, ϱ

]〉
=

〈
min
y∈∆q


1 −∏

j

∏
i

(
1 −Ωi j

)xiy j
, 1 −

∏
j

∏
i

(
1 − Θi j

)xiy j


 ,

max
y∈∆q


∏

j

∏
i

(
ϑi j

)xiy j
,
∏

j

∏
i

(
ϱi j

)xiy j



〉
.

Here, i and j are running over from 1 to p and 1 to q, respectively.
Since Player 1 is a maximizing player. The aim of Player 1 is to determine a mixed strategy x∗ ∈ ∆p

that reaches the maximum IVIF value of κ1. This x∗ is known as the optimal (maximin) strategy for
Player 1. Thus, the gain floor (κ∗1) for Player 1 is given by

κ∗1 = max κ1

=

〈
max
x∈∆p

min
y∈∆q


1 −∏

j

∏
i

(
1 −Ωi j

)xiy j
, 1 −

∏
j

∏
i

(
1 − Θi j

)xiy j


 ,

min
x∈∆p

max
y∈∆q


∏

j

∏
i

(
ϑi j

)xiy j
,
∏

j

∏
i

(
ϱi j

)xiy j



〉
.

The maximin solution of Player 1 is equivalent to the solution of following nonlinear interval
programming problems
max {[Ω,Θ]},min {

[
ϑ, ϱ

]
}

such that 

[
1 −

∏
j

∏
i

(1 −Ωi j)xiy j , 1 −
∏

j

∏
i

(1 − Θi j)xiy j

]
≥ [Ω,Θ] ,[∏

j

∏
i

(ϑi j)xiy j ,
∏

j

∏
i

(ϱi j)xiy j

]
≤

[
ϑ, ϱ

]
,

for any y ∈ ∆q,

0 ≤ Θ + ϱ ≤ 1,
∑
i

xi = 1,

Ω ≥ 0,Θ ≥ 0, ϑ ≥ 0, ϱ ≥ 0, xi ≥ 0, i = 1 to p.

(4.1)
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The objective functions of the aforementioned problem can be reformulated as follows:

min {[ln(1 − Θ), ln(1 −Ω)]} ,min
{[

lnϑ, ln ϱ
]}
,

for 0 ≤ Ω,Θ < 1 and 0 < ϑ, ϱ ≤ 1.

The objective functions above can be transformed as

min
{[
ω ln(1 − Θ) + (1 − ω) lnϑ, ω ln(1 −Ω) + (1 − ω) ln ϱ

]}
, (4.2)

for 0 ≤ Ω,Θ < 1, and 0 < ϑ, ϱ ≤ 1 and ω ∈ [0, 1] is a weight which is determined by the players. The
parameter ω is a preference parameter that represents the relative emphasis placed on the membership
and nonmembership information when evaluating an uncertain payoff. Specifically, in the transformed
objective function, ω determines the contribution of the membership-related component, while 1 − ω
determines the contribution of the nonmembership-related component. Thus, ω provides the players
with flexibility to reflect their decision priorities and attitude toward the two types of information. A
larger value of ω indicates greater emphasis on membership information, whereas a smaller value gives
relatively greater emphasis to nonmembership information. The intermediate values 0 < ω < 1 allow
both components to be considered simultaneously, with ω = 0.5 representing equal emphasis. For
instance, in a practical DMP, if a player considers positive/supporting evidence to be more important
in evaluating an uncertain outcome, a relatively larger value of ω can be adopted; conversely, if greater
emphasis is placed on non-supporting evidence, a smaller value can be selected. Accordingly, the
term “determined by the players” means that ω is selected to reflect the players’ relative preference
between the two components of the intuitionistic fuzzy payoff, rather than being an additional strategic
probability. In the solution process of a real-event-based numerical example, a sensitivity analysis
has been conducted for checking the impact of the parameter ω on the stability of ranking order of
given alternatives. Notably, despite distinct overall expected scores for each alternative at ω values of
0.2, 0.5, and 0.8, the ranking order of available alternatives remains consistent and their corresponding
optimal solutions for Players 1 and 2 are summarized in section 6. This underscores the stability of
ranking order concerning variations in ω.

The constraints in (4.1) can be written as



∑
j

∑
i
[ω ln(1 − Θi j) + (1 − ω) lnϑi j]xiy j ≤ ω ln(1 − Θ) + (1 − ω) lnϑ, for any y ∈ ∆q,∑

j

∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln ϱi j]xiy j ≤ ω ln(1 −Ω) + (1 − ω) ln ϱ, for any y ∈ ∆q,

0 ≤ Θ + ϱ ≤ 1,
∑
i

xi = 1,

Ω ≥ 0,Θ ≥ 0, ϑ ≥ 0, ϱ ≥ 0, xi ≥ 0, i = 1 to p.

(4.3)

except for Ω = 1, Θ = 1,Ωi j = 1, Θi j = 1, ϑ = 0, ϑi j = 0, and/or ϱ = 0, ϱi j = 0.

Combining Eqs (4.2) and (4.3), we get
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min {
[
ω ln(1 − Θ) + (1 − ω) lnϑ, ω ln(1 −Ω) + (1 − ω) ln ϱ

]
}

s.t. 

∑
j

∑
i
[ω ln(1 − Θi j) + (1 − ω) lnϑi j]xiy j ≤ ω ln(1 − Θ) + (1 − ω) lnϑ, for any y ∈ ∆q,∑

j

∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln ϱi j]xiy j ≤ ω ln(1 −Ω) + (1 − ω) ln ϱ, for any y ∈ ∆q,

0 ≤ Θ + ϱ ≤ 1,
∑
i

xi = 1,

Ω ≥ 0,Θ ≥ 0, ϑ ≥ 0, ϱ ≥ 0, xi ≥ 0, i = 1 to p.

(4.4)

Let θ− = ω ln(1 − Θ) + (1 − ω) lnϑ and θ+ = ω ln(1 − Ω) + (1 − ω) ln ϱ. Obviously, θ− ≤ 0 and
θ+ ≤ 0. Then (4.4) becomes

min {[θ−, θ+]}
s.t. 

∑
j

∑
i
[ω ln(1 − Θi j) + (1 − ω) lnϑi j]xiy j ≤ θ

−, for any y ∈ ∆q,∑
j

∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln ϱi j]xiy j ≤ θ

+, for any y ∈ ∆q,∑
i

xi = 1,

θ− < 0, θ+ < 0, xi ≥ 0, i = 1 to p.

(4.5)

Using the procedure presented in (Li, 2010), (4.5) becomes

min {θ−},min {θ+}
s.t. 

∑
i
[ω ln(1 − Θi j) + (1 − ω) lnϑi j]xi ≤ θ

−, j = 1 to q,∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln ϱi j]xi ≤ θ

+, j = 1 to q,∑
i

xi = 1,

θ− < 0, θ+ < 0, xi ≥ 0, i = 1 to p.

(4.6)

Then (4.6) can be written as

min {θ− + θ+}
s.t. 

∑
i
[ω ln(1 − Θi j) + (1 − ω) lnϑi j]xi ≤ θ

−, j = 1 to q,∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln ϱi j]xi ≤ θ

+, j = 1 to q,∑
i

xi = 1,

θ− < 0, θ+ < 0, xi ≥ 0, i = 1 to p.

(4.7)

Let θ− + θ+ = u, Eq (4.7) becomes
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min u
s.t. 

∑
i
[ω ln(1 −Ωi j) + (1 − ω) ln(ϱi j) + ω ln(1 − Θi j) + (1 − ω) ln(ϑi j)]xi ≤ u, j = 1 to q,∑

i
xi = 1,

u ≤ 0, xi ≥ 0, i = 1 to p,

(4.8)

except for Ωi j = 1, Θi j = 1, ϑi j = 0, and/or ϱi j = 0. Here u = ω ln(1−Θ)+ (1−ω) lnϑ+ω ln(1−Ω)+
(1 − ω) ln ϱ.
Optimization model for Player 2
For Player 2, the value of ‘max

x∈∆p
E(x, y)’ is defined as

κ2 = ⟨[τ−, τ+], [σ−, σ+]⟩

=

〈
max
x∈∆p


1 −∏

j

∏
i

(
1 −Ωi j

)xiy j
, 1 −

∏
j

∏
i

(
1 − Θi j

)xiy j


 ,

min
x∈∆p


∏

j

∏
i

(
ϑi j

)xiy j
,
∏

j

∏
i

(
ϱ+i j

)xiy j



〉
.

Here, i and j run over from 1 to p and 1 to q, respectively.
Now the aim of the minimizing Player 2 is to evaluate a mixed strategy y∗ ∈ ∆q that achieves the

minimum IVIF value of κ2. This y∗ is the optimal (minimax) strategy for Player 2. Thus, the loss
ceiling (κ∗2) for Player 2 is given by

κ∗2 = min κ2

=

〈
min
y∈∆q

max
x∈∆p


1 −∏

j

∏
i

(
1 −Ωi j

)xiy j
, 1 −

∏
j

∏
i

(
1 − Θi j

)xiy j


 ,

max
y∈∆q

min
x∈∆p


∏

j

∏
i

(
ϑi j

)xiy j
,
∏

j

∏
i

(
ϱi j

)xiy j



〉
.

The solution of the minimax problem κ∗2 can be determined (by following the same procedure as
described for Player 1) by solving the following problem:

max v
s.t. 

∑
j
[ω ln(1 −Ωi j) + (1 − ω) ln(ζ+i j) + ω ln(1 − Θi j) + (1 − ω) ln(ϑi j)y j ≥ v,∑

j
y j = 1,

v ≤ 0, y j ≥ 0, j = 1 to q,

(4.9)

except for Ωi j = 1, Θi j = 1, ϑi j = 0, and/or ϱi j = 0. Here, v = ω ln(1 − τ+) + (1 − ω) lnσ− + ω ln(1 −
τ−) + (1 − ω) lnσ+. The weight ω ∈ [0, 1] is determined by the players.
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5. Formulation of the present MAGDM problem and its solution steps

The present section provides an algorithm for solving an IVIF MAGDM problem without any kind
of weight information. This algorithm is based on the concept of IVIF TMG theory and the proposed
GSF for IVIFNs.

5.1. Description of the problem

In the present MAGDM problem, let {Ti, i = 1 to m} be a set of m alternatives and {E j, j = 1 to n}
be a set of n attributes. To calculate the reasonable ranking results, multiple DMs are assigned in a
decision process. Suppose that the group of such DMs contains l members, say, d1 to dl. These DMs
have different attributes, so there is a weight vector λ = (λ1, λ2, . . . , λl)T for DMs. Here,

∑
k λk = 1 (k =

1 to l), λk > 0 for all k. The main features of the MAGDM problem are described above as follows.

(i) All decision information given by kth DM dk have been put forward in the form of an IVIF decision
matrix D̃(k)

m×n(d̃(k)
i j ) = (⟨[Ω(k)

i j ,Θ
(k)
i j ], [ϑ(k)

i j , ϱ
(k)
i j ]⟩), where [Ω(k)

i j ,Θ
(k)
i j ] ⊂ [0, 1], [ζ−(k)

i j , ϱ(k)
i j ] ⊂ [0, 1] and

Θ
(k)
i j +ϱ

(k)
i j ≤ 1. The interval numbers [Ω(k)

i j ,Θ
(k)
i j ] and [ϑ(k)

i j , ϱ
(k)
i j ] represent the degrees of satisfaction

and dissatisfaction intervals, respectively, for an alternative Ti with respect to attribute E j.

(ii) For every k, the DM dk keeps his/her focus only on the behavior of the decision matrix D̃(k).

The target of any decision process is mainly to locate the best alternative or to rank alternatives.
Indeed, this target is closely related to the attribute weights. That is, evaluation of the attribute weights
is the underlying problem in a decision-making process. A TMG theoretic approach is an effective
technique for determining attribute weights in fuzzy MADM/MAGDM problems. This technique
permits us to test the impact of the distortion of information on the stability of the outputs of the
decision process by using the sensitivity analysis for the different parameters. Keeping in mind this
issue, we have used Li’s game model [67] for calculating the attribute weights of the present MAGDM
problem.

For calculating a weight distribution over the sets {E j, j = 1 to n} and {Ti, i = 1 to m} simultaneously
through the considered game model, it is assumed that the group of DMs behaves according to the
max–min principle (Wald criterion) [75]. Now the role of players can be defined as follows
Player 1: The group of DMs d1 to dl.
Player 2: Nature.

According to the max–min principle, Player 1 assumes that the purpose of Player 2 is to minimize
their payoffs. It means that Player 2 plays strategically against Player 1. After selecting a mixed
strategy x (a probability distribution) on the set {Ti, i = 1 to m} by Player 1, Player 2 selects a mixed
strategy y on the set {E j, j = 1 to n}.

Using this concept, both kinds of weights can be calculated for the DMP considered here. To check
the performance of an alternative on the basis of these weights, we define the IVIF expected SF as
follows.

Definition 14. If the probability vectors x∗ = (x∗1, x
∗
2, . . . , x

∗
m)T and y∗ = (y∗1, y

∗
2, . . . , y

∗
n)T represent the

weight vectors for the sets of alternatives and attributes, respectively. Then, for the ith alternative Ti,
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the overall expected SF value (IIFES (Ti, D̃)) is defined as

IIFES (Ti, D̃) = x∗i
∑

j

d̃i jy∗j

where D̃ = [d̃i j]m×n and, i and j run over from 1 to m and 1 to n, respectively.
This value IIFES (Ti, D̃) can be calculated by using the Properties (i) and (iii) of Definition 4. The

calculated IIFES (Ti, D̃) is given as follows:

IIFES (Ti, D̃) =
〈1 −∏

j

(
1 −Ωi j

)x∗i y∗j
, 1 −

∏
j

(
1 − Θi j

)x∗i y∗j

 ,∏
j

(
ϑi j

)x∗i y∗j
,
∏

j

(
ϱi j

)x∗i y∗j

〉
(5.1)

where d̃i j = ⟨[Ωi j,Θi j], [ϑi j, ϱi j]⟩ and j runs over from 1 to n.

From this definition, we find that the expected outcome of an alternative is obtained in the form of
an IVIFN. To convert the set {Ti, i = 1 to m} into an ordered set, we calculate the SF value of the IIFESs
value corresponding to each alternative.

5.2. Proposed MAGDM approach

In the light of Definition 14 and the proposed GSF given in (3.2), we used the following steps for
solving the IVIF-MAGDM problem. The flowchart of this algorithm is given in Figure 1.

Step 1: The aim of this step is to construct the collective IVIF decision matrix. To do this, for kth DM
dk, D̃(k)

m×n(d̃k
i j) = (⟨[Ω(k)

i j ,Θ
(k)
i j ], [ϑ(k)

i j , ϱ
(k)
i j ]⟩) is the IVIF decision matrix. Then the collective IVIF

decision matrix for all DMs, D̃m×n(d̃i j) = (⟨[Ωi j,Θi j], [ϑi j, ϱi j]⟩), can be calculated by using the
IIFHG operator θ (Definition 7). The calculated i jth entry d̃i j of the matrix D̃m×n is given as

d̃i j =

〈∏
k

(
Ω̇

(ρ(k))
i j

)ak
,
∏

k

(
Θ̇

(ρ(k))
i j

)ak

 ,1 −∏
k

(
1 − ϑ̇(ρ(k))

i j

)ak

 , 1 −∏
k

(
1 − ϱ̇(ρ(k))

i j

)ak

〉 .
Here, k runs over from 1 to l.

Step 2: In this step, the matrix D̃ is converted into a normalized matrix R̃ = [r̃i j]m×n.

Step 3: The aim of this step is to calculate the attribute weights and alternative weights for the group of
DMs. The group of DMs needs to select a criterion for decision-making under uncertainty. In
this paper, we assume that the group of DMs adopts Wald’s criterion [75], which assumes that the
group of DMs is reactionary and expects that nature is competing against them to minimize their
payoffs. In this sense, the above-mentioned IVIF MAGDM problem can be cast as a two person
zero-sum IVIF matrix game with Player 1 being the group of DMs and Player 2 being nature.
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Since the group of DMs is cautious about the strategy selection of nature, they will choose the

mixed strategy x = (x1, x2, . . . , xm), xi ≥ 0, i = 1 to m,
m∑

i=1
xi = 1 over the set of alternatives

{Ti, i = 1 to m}. The group of DMs views nature as a non cooperative player and to counter
their mixed strategy choice, nature will select the mixed strategy y = (y1, y2, . . . , yn), y j ≥ 0, j =

1 to n,
n∑

j=1
y j = 1 over the set of attributes {E j, j = 1 to n}. Thus, we obtain the corresponding two

person zero-sum IVIF game with the payoff matrix R̃ = [r̃i j]m×n where IVIFN r̃i j is the payoff of
the group of DMs when they choose the ith strategy with probability xi and nature selects the jth

strategy with probability y j. The normalized collective decision matrix R̃ is used in the form of
a payoff matrix for Li’s game model. To solve it, we solve the following optimization problems
given in the models in Section 4.

(M1)
min u

s.t.

∑
i

[
ω ln(1 −Ωi j) + (1 − ω) ln

(
ϱi j

)
+ ω ln

(
1 − Θi j

)
+ (1 − ω) ln

(
ϑi j

)]
xi ≤ u,

j = 1 to n,∑
i

xi = 1,

u ≤ 0, xi ≥ 0, i = 1 to m,

and

(M2)
max v

s.t.

∑
j

[
ω ln

(
1 −Ωi j

)
+ (1 − ω) ln

(
ϱi j

)
+ ω ln

(
1 − Θi j

)
+ (1 − ω) ln

(
ϑi j

)]
y j ≥ v,

i = 1 to m,∑
j

y j = 1,

v ≤ 0, y j ≥ 0, j = 1 to n,

Except for the cases Ωi j = 1, Θi j = 1, ϑi j = 0, and/or ϱi j = 0, the parameter ω ∈ [0, 1] is
determined by the players in the models above.
After solving the models (M1) and (M2) for a given value of ω ∈ [0, 1], we get the optimal
solutions x∗ and y∗. The calculated vector x∗(y∗) is the weight vector corresponding to the set
{Ti, i = 1 to m} ({E j, j = 1 to n}.

Step 4: This step puts forward the IIFES value for each alternative. We determine the IIFES value for
each alternative Ti, IIFES (Ti, R̃) given in Definition 14, corresponding to the decision matrix
R̃m×n(r̃i j) = (⟨[Ωi j,Θi j], [ϑi j, ϱi j]⟩). That is, we get

IIFES (Ti, R̃) = x∗i
n∑

j=1

r̃i jy∗j.

Step 5: Determine the GSF value of the IVIF expected SF by utilizing the proposed GSF (Eq (3.2)) with
respect to each alternative Ti.
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Step 6: On the basis of calculated GSF values of the IVIF expected SF values, rank the alternatives
Ti (i = 1 to m). According to the descending order of the GSF values of the IVIF expected SF
values, the best alternative is chosen.
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Figure 1. Flowchart of the proposed methodology.
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5.3. Analysis of the proposed MAGDM algorithm

In this subsection, we give some advantages and disadvantages of the developed algorithm. The
advantages are as follows.

(1) The present algorithm outlines a step-by-step approach for addressing the MAGDM problem
within the context of IVIF decision matrices when the attribute weights are unknown. In these
specific MAGDM scenarios, DMs concentrate solely on the analysis of IVIF decision matrices,
where each entry is represented by IVIFNs.

(2) In this algorithm, we uses an IVIF–TMG approach to assess the weight information for both
attributes and alternatives concurrently. The key benefit of this approach lies in its ability to
examine how information distortion affects the determination of outcomes in the decision-making
process. This is accomplished through a sensitivity analysis applied to different parameters.

(3) In most cases, the overall performance of alternatives is assessed solely on the basis of the attribute
weights’ information. However, in the present work, we take a more comprehensive approach
by leveraging both the attribute and alternative weights to evaluate the overall performance of
alternatives in conjunction with their attribute values. To achieve this, the IIFES function is built
up for each alternative. This methodology allows to better meet a broader spectrum of demands
within the context of fuzzy decision-making concerns.

(4) The score values for the IIFES values (IVIFNs) are computed using the proposed GSF given in
Eq (3.2). The advantage of this GSF lies in its ability to consider not only the MD, the ND, and
the ID associated with an IVIFN but also takes into account two parameters. These parameters
perform as regulators, serving to gauge the informational content of the IVIF decision.

(5) The utilization of the SF in the algorithm’s final step prevents the distortion of the original fuzzy
information, leading to a more reasonable and accurate ranking.

The disadvantages of this approach are as follows.

(a) The models outlined in (M1) and (M2) may not be suitable under certain conditions specified in
(4.8) and (4.9) for determining the attribute and alternative weights.

(b) The group of DMs behaves as a player only when there is no conflict in nature among the DMs.

6. Numerical example

This section presents a real-life example of a MAGDM problem [7] involving four alternatives,
denoted {Ti, i = 1 to 4}, to demonstrate the applicability of the proposed algorithm. In modern
organizations, maintaining a comfortable and controlled indoor environment is essential for ensuring
employees’ well-being, operational efficiency, and overall productivity. In order to create ideal working
conditions that improve focus and performance, air conditioning systems are essential for controlling
temperature, humidity, and air quality. Additionally, in industries where equipment or processes are
temperature-sensitive, reliable air conditioning systems are vital for maintaining consistent operational
standards.
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With this motivation, the organization aims to install a finite number of air conditioning systems
equipped with specific attributes that meet both the performance and safety requirements. To achieve
this, a committee is formed to study and select the most suitable contract offer among four available
alternatives. Suppose that this committee consists of four experts. The considered evaluation attributes
are as follows: E1: Coefficient of performance, E2: maintainability, E3: flexibility, E4: cost, and E5:
safety.

A brief study of attributes E1, E2, E3, E4, and E5 is given below:

E1 : This is a measure of how efficiently the air conditioning system can convert electrical energy into
cooling output. The higher the coefficient of performance, the more efficient the system is, which
means that it will consume less electricity to provide the same amount of cooling.

E2 : This refers to how easy it is to maintain and repair the air conditioning system over time. A
system with good maintainability will require less downtime for repairs and will generally have a
longer lifespan.

E3 : This attribute refers to how well the air conditioning system can adapt to different conditions and
environments. A flexible system can adjust its cooling output according to changing conditions,
such as the number of people in a room or changes in outdoor temperature.

E4 : This refers to the initial cost of installing the air conditioning system, as well as any ongoing
operating costs (such as electricity usage). A system with a lower cost may be more attractive to
the organization, but it is important to balance this against other attributes.

E5 : This attribute refers to how safe the air conditioning system is to operate and maintain. A safe
system will have features such as automatic shutoff in the event of a malfunction, as well as clear
warning signs and instructions for users.

The IVIF decision matrices D̃(k)
4×5 (k = 1 to 4) are given in Tables 13–16 in terms of the normalized

form. Suppose that the weight vector with respect to DMs d1 to d4 is λ = (0.3, 0.2, 0.3, 0.2)T .

Table 13. First IVIF normalized decision matrix D̃(1).
E1 E2 E3 E4 E5

T1 ⟨[0.5, 0.6], [0.2, 0.3]⟩ ⟨[0.3, 0.5], [0.4, 0.5]⟩ ⟨[0.6, 0.7], [0.2, 0.3]⟩ ⟨[0.5, 0.7], [0.1, 0.2]⟩ ⟨[0.1, 0.4], [0.3, 0.5]⟩
T2 ⟨[0.3, 0.4], [0.4, 0.6]⟩ ⟨[0.1, 0.3], [0.2, 0.4]⟩ ⟨[0.3, 0.4], [0.4, 0.5]⟩ ⟨[0.2, 0.4], [0.5, 0.6]⟩ ⟨[0.7, 0.8], [0.1, 0.2]⟩
T3 ⟨[0.4, 0.5], [0.3, 0.5]⟩ ⟨[0.7, 0.8], [0.1, 0.2]⟩ ⟨[0.5, 0.8], [0.1, 0.2]⟩ ⟨[0.4, 0.6], [0.2, 0.3]⟩ ⟨[0.5, 0.6], [0.2, 0.3]⟩
T4 ⟨[0.3, 0.5], [0.4, 0.5]⟩ ⟨[0.1, 0.2], [0.7, 0.8]⟩ ⟨[0.1, 0.2], [0.5, 0.8]⟩ ⟨[0.2, 0.3], [0.4, 0.6]⟩ ⟨[0.2, 0.3], [0.5, 0.6]⟩

Table 14. Second IVIF normalized decision matrix D̃(2).
E1 E2 E3 E4 E5

T1 ⟨[0.4, 0.5], [0.2, 0.4]⟩ ⟨[0.3, 0.4], [0.4, 0.6]⟩ ⟨[0.6, 0.7], [0.1, 0.2]⟩ ⟨[0.5, 0.6], [0.1, 0.3]⟩ ⟨[0.1, 0.3], [0.3, 0.5]⟩
T2 ⟨[0.3, 0.5], [0.4, 0.5]⟩ ⟨[0.1, 0.3], [0.3, 0.7]⟩ ⟨[0.3, 0.4], [0.4, 0.5]⟩ ⟨[0.2, 0.3], [0.6, 0.7]⟩ ⟨[0.6, 0.8], [0.1, 0.2]⟩
T3 ⟨[0.4, 0.6], [0.3, 0.4]⟩ ⟨[0.6, 0.8], [0.1, 0.2]⟩ ⟨[0.7, 0.8], [0.1, 0.2]⟩ ⟨[0.4, 0.6], [0.3, 0.4]⟩ ⟨[0.5, 0.6], [0.2, 0.4]⟩
T4 ⟨[0.3, 0.4], [0.4, 0.6]⟩ ⟨[0.1, 0.2], [0.6, 0.8]⟩ ⟨[0.1, 0.2], [0.7, 0.8]⟩ ⟨[0.3, 0.4], [0.4, 0.6]⟩ ⟨[0.2, 0.4], [0.5, 0.6]⟩
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Table 15. Third IVIF normalized decision matrix D̃(3).
E1 E2 E3 E4 E5

T1 ⟨[0.4, 0.7], [0.1, 0.2]⟩ ⟨[0.3, 0.5], [0.3, 0.4]⟩ ⟨[0.6, 0.7], [0.1, 0.2]⟩ ⟨[0.5, 0.6], [0.1, 0.3]⟩ ⟨[0.3, 0.5], [0.4, 0.5]⟩
T2 ⟨[0.4, 0.5], [0.2, 0.4]⟩ ⟨[0.2, 0.4], [0.4, 0.5]⟩ ⟨[0.4, 0.5], [0.3, 0.4]⟩ ⟨[0.1, 0.2], [0.7, 0.8]⟩ ⟨[0.6, 0.7], [0.2, 0.3]⟩
T3 ⟨[0.2, 0.4], [0.3, 0.4]⟩ ⟨[0.6, 0.8], [0.1, 0.2]⟩ ⟨[0.5, 0.7], [0.1, 0.3]⟩ ⟨[0.5, 0.7], [0.2, 0.3]⟩ ⟨[0.6, 0.8], [0.1, 0.2]⟩
T4 ⟨[0.3, 0.4], [0.2, 0.4]⟩ ⟨[0.1, 0.2], [0.6, 0.8]⟩ ⟨[0.1, 0.3], [0.5, 0.7]⟩ ⟨[0.2, 0.3], [0.5, 0.7]⟩ ⟨[0.1, 0.2], [0.6, 0.8]⟩

Table 16. Fourth IVIF normalized decision matrix D̃(4).
E1 E2 E3 E4 E5

T1 ⟨[0.6, 0.7], [0.2, 0.3]⟩ ⟨[0.3, 0.4], [0.3, 0.4]⟩ ⟨[0.7, 0.8], [0.1, 0.2]⟩ ⟨[0.5, 0.6], [0.1, 0.3]⟩ ⟨[0.1, 0.2], [0.5, 0.7]⟩
T2 ⟨[0.4, 0.5], [0.4, 0.5]⟩ ⟨[0.1, 0.2], [0.2, 0.3]⟩ ⟨[0.3, 0.4], [0.5, 0.6]⟩ ⟨[0.2, 0.3], [0.4, 0.6]⟩ ⟨[0.6, 0.7], [0.1, 0.2]⟩
T3 ⟨[0.4, 0.5], [0.3, 0.4]⟩ ⟨[0.6, 0.7], [0.1, 0.3]⟩ ⟨[0.5, 0.8], [0.1, 0.2]⟩ ⟨[0.4, 0.5], [0.2, 0.3]⟩ ⟨[0.5, 0.6], [0.3, 0.4]⟩
T4 ⟨[0.3, 0.4], [0.4, 0.5]⟩ ⟨[0.1, 0.3], [0.6, 0.7]⟩ ⟨[0.1, 0.2], [0.5, 0.8]⟩ ⟨[0.2, 0.3], [0.4, 0.5]⟩ ⟨[0.3, 0.4], [0.5, 0.6]⟩

The following steps of the proposed algorithm will now be given to compute the best alternative.

Step 1: For the operator θ, the vector a = (0.155, 0.345, 0.345, 0.155)T is determined by utilizing the
technique [76]. Then, the collective decision matrix D̃ (Table 17) is obtained from the matrices
(Tables 13–16) by making the use of θ.

Table 17. Collective IVIF decision matrix D̃.
E1 E2 E3

T1 ⟨[0.4385, 0.6199], [0.1549, 0.2848]⟩ ⟨[0.3000, 0.4573], [0.3404, 0.4710]⟩ ⟨[0.6116, 0.7117], [0.1089, 0.2083]⟩
T2 ⟨[0.3502, 0.4797], [0.3114, 0.4681]⟩ ⟨[0.1138, 0.3010], [0.2511, 0.4773]⟩ ⟨[0.3379, 0.4387], [0.3872, 0.4887]⟩
T3 ⟨[0.3516, 0.4906], [0.2940, 0.4214]⟩ ⟨[0.6395, 0.7711], [0.0980, 0.2263]⟩ ⟨[0.5213, 0.7804], [0.0980, 0.2083]⟩
T4 ⟨[0.3000, 0.4170], [0.3114, 0.4887]⟩ ⟨[0.1000, 0.2103], [0.6012, 0.7678]⟩ ⟨[0.1000, 0.2366], [0.5577, 0.7569]⟩

E4 E5

T1 ⟨[0.5000, 0.6395], [0.0980, 0.2567]⟩ ⟨[0.1323, 0.3623], [0.3747, 0.5482]⟩
T2 ⟨[0.1758, 0.3134], [0.5305, 0.6496]⟩ ⟨[0.6395, 0.7521], [0.1089, 0.2083]⟩
T3 ⟨[0.4387, 0.6252], [0.2263, 0.3262]⟩ ⟨[0.5452, 0.6502], [0.1770, 0.3005]⟩
T4 ⟨[0.2103, 0.3109], [0.4050, 0.5613]⟩ ⟨[0.1849, 0.3121], [0.5031, 0.6118]⟩

Step 2: The information is already summarized in the normalized form.

Step 3: In this step, we develop a TMG set-up by taking the computed payoff decision matrix D̃. We
solve the optimization models (M1) and (M2). For ω = 0.2, 0.5, and 0.8, we make a sensitivity
analysis. For these values of ω, the optimal solutions for Players 1 and 2 are put forward in Table
18.
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Table 18. Optimal results of Models (M1) and (M2) for different values of ω.

Variables The values of ω
0.2 0.5 0.8

x∗1 0.4602 0.4728 0.4900
x∗2 0.2253 0.2148 0.2048
x∗3 0.3145 0.3124 0.3052
x∗4 0.0000 0.0000 0.0000
u∗ −2.2822 −1.9255 −1.5658
y∗1 0.6147 0.6549 0.7062
y∗2 0.0880 0.0723 0.0579
y∗3 0.0000 0.0000 0.0000
y∗4 0.0000 0.0000 0.0000
y∗5 0.2973 0.2728 0.2359
v∗ −2.2822 −1.9255 −1.5658

Step 4: Using (5.1), the IVIF expected SF value for each Ti is evaluated with the help of the results
presented in Tables 17 and 18. The evaluated values of IIFES (Ti, D̃) (i = 1 to 4) are provided in
Table 19.

Table 19. IVIF expected score value of each alternative for different values of ω.
The values of ω IIFES (T1, D̃) IIFES (T2, D̃) IIFES (T3, D̃) IIFES (T4, D̃)
0.2 ⟨[0.1921, 0.3639], [0.4939, 0.6263]⟩ ⟨[0.1465, 0.2383], [0.7136, 0.7986]⟩ ⟨[0.2106, 0.3370], [0.6295, 0.7257]⟩ ⟨[0, 0], [1, 1]⟩
0.5 ⟨[0.2012, 0.3735], [0.4766, 0.6113]⟩ ⟨[0.1082, 0.2225], [0.7294, 0.8104]⟩ ⟨[0.2005, 0.3187], [0.6374, 0.7314]⟩ ⟨[0, 0], [1, 1]⟩
0.8 ⟨[0.2138, 0.3861], [0.4541, 0.5913]⟩ ⟨[0.1265, 0.2034], [0.7466, 0.8234]⟩ ⟨[0.1861, 0.2939], [0.6508, 0.7415]⟩ ⟨[0, 0], [1, 1]⟩

Step 5: Utilize the suggested the GSF given in (3.2) to obtain GSF values (λ1 = 0.6) of IIFES (Ti, D̃) (i =
1 to 4). These GSF values are presented in Table 20. In Table 20, (.) represents the ranking order
of alternatives.

Table 20. Score values of IIFES (Ti, D̃) for different values of ω.

The values of ω S new
IIFES (T1,D̃)

S new
IIFES (T2,D̃)

S new
IIFES (T3,D̃)

S new
IIFES (T4,D̃)

0.2 −0.2742(1) −0.5454(3) −0.3946(2) −1(4)
0.5 −0.2532(1) −0.5764(3) −0.4133(2) −1(4)
0.8 −0.2259(1) −0.5794(3) −0.4412(2) −1(4)

Step 6: From Table 20, it is concluded that the best alternative is T1 for all considered values of ω.

7. Comparison and advantages of the proposed approach

This section involves a comparative analysis between the proposed algorithm and previous research.
We also discussed the advantages of the suggested work.
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7.1. Comparison with existing studies

The current subsection presents some comparisons related to the existing methods for exploring the
effectivity of the developed results.

(1) Comparison with Park et al. [7]

Park et al. provided a TOPSIS-based method for handling an IVIF MAGDM problem. The attribute
weights in this research problem are not completely known. For the same data presented in the
numerical example (Section 6) with the optimal vector w = (0.2069, 0.1252, 0.2604, 0.2447, 0.1627)T

for attributes, the ranking order of alternatives is (T3 ≻ T2 ≻ T1 ≻ T4). This sequence is different to the
calculated sequence by our suggested algorithm.

(2) Comparison with Kumar and Kumar [13]

Kumar and Kumar presented a solution for a group DMP without prior knowledge of the weights
under the IVIF framework. In order to calculate the attribute weights, they used a TMG approach and
an SF for IVIFNs. Using the same data presented in the numerical example (Section 6), according to
this approach, the ranking order of alternatives is (T3 ≻ T1 ≻ T2 ≻ T4). The calculated ranking by
our proposed approach is different to that given by Kumar and Kumar in the sense that the place of
alternative T1 has been interchanged with the place of alternative T3 only in ranking order.

(3) Comparison with Kumar et al. [25]

Kumar et al. introduced a new IVIFS-based method to deal with an MAGDM problem. This method
is designed by using the ordered weighted averaging (OWA) operator [77] and a SF for IVIFNs. For
the same data presented in the numerical example (Section 6), according to Kumar et al., the optimal
attribute weight distribution w = (0.1888, 0.1928, 0.2185, 0.2047, 0.1952)T . With the help of these
weights, the ranking order of alternatives is (T3 ≻ T1 ≻ T2 ≻ T4). This sequence is different to the
calculated sequence by our suggested TMG theory-based algorithm with only T2 and T4 are put in the
same place.

(4) Comparison with Garg [16]

Garg proposed a method for solving an IVIF MADM problem in which the weight values (for
attributes) are not known. In it, these values are obtained by the Shannon entropy method. To conduct
a comparative analysis between the developed and Garg’s methods, we consider a numerical problem
presented in Section 6. By applying the solution steps of Garg method, the weights of the attributes are
calculated as w1 = 0.2746, w2 = 0.1757, w3 = 0.2978, w4 = 0.2351, and w5 = 0.0168 for k1 = k2 = 0.5
and then we obtain the final ranking as (T1 ≻ T3 ≻ T2 ≻ T4). This sequence is similar to the ranking
sequence given by the proposed algorithm.

The main observations based on these results are given as follows (i) The best alternative obtained
by the proposed approach is the same as the best alternative given by Garg’s method. This shows the
reliability of the mentioned algorithm. (ii) In the process of evaluating attribute weights, the formulated
GSF is not utilized. (iii) For several values of ω ∈ [0, 1], we can calculate different sets of attribute
weights with respect to the same problem. However, the use of these different sets of attribute weights
does not change the ranking order of alternatives.

AIMS Mathematics Volume 11, Issue 10, 35156–35199.



35185

Further, we provide some characteristic comparisons of our developed approach and commonly
used methods, which are listed in Table 21. In addition to these, we also give the difference between
the proposed algorithm and the existing methods.

(i) Both subjective and objective forms of attribute weight information are used in the approaches
presented in Table 21. However, in our proposed algorithm, we have objective information about
the attribute weights, i.e., the weights are determined from the calculated collective decision
matrix, which does not depend on personal decision opinion. However, the proposed solution
procedure is entirely different from the steps adopted in the existing approaches.

(ii) The MAGDM approach in [13] is based on a crisp TMG framework, while the proposed
algorithm integrates an IVIF TMG framework with a new GSF for IVIFNs. Consequently,
the proposed approach preserves the IVIF structure throughout the decision-making process,
restricting scalarization to the final ranking stage and thereby retaining the inherent uncertainty
and hesitation of the original assessments.

(iii) Spearman’s rank correlation coefficient is used to quantify the agreement between the ranking
generated by the proposed approach and those obtained by the existing methods. The
corresponding coefficients are 0.4, 0.8, 0.8, and 1.0, respectively, as reported in Table 21.
These results indicate moderate agreement with the first method, strong agreement with the
second and third methods, and perfect agreement with the fourth method. Thus, the proposed
approach demonstrates a high degree of consistency with existing ranking methods, with complete
agreement observed in the fourth case.

Table 21. Ranking of alternatives by different approaches.

Approach Attribute weight Ranking
information

Park et al. Partially unknown T3 ≻ T2 ≻ T1 ≻ T4

[7]
Kumar and Kumar IVIF form T3 ≻ T1 ≻ T2 ≻ T4

[13]
Kumar et al. Completely unknown T3 ≻ T1 ≻ T2 ≻ T4

[25]
Garg Completely unknown T1 ≻ T3 ≻ T2 ≻ T4

[16]
Our proposed approach Completely unknown T1 ≻ T3 ≻ T2 ≻ T4

7.2. Advantages of the proposed approach

To demonstrate the effectiveness of the proposed approach, its major methodological advantages
over the existing approaches are discussed as follows.

(1) More reliable determination of attribute weights: Both the proposed approach and the method
of Kumar and Kumar [13] are based on the TMG model for determining attribute weights.
However, they differ in the construction of the payoff matrix. In the proposed approach, the
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collective IVIF decision matrix is directly used as the payoff matrix in the TMG framework.
Thus, the interval-valued membership and nonmembership information is retained during the
weight determination process. In contrast, Kumar and Kumar [13] first transformed the collective
IVIF decision matrix into a crisp score matrix and then used it as the payoff matrix. Such early
conversion may lead to the loss of valuable uncertainty and hesitation information. Therefore,
the proposed approach provides a more information-preserving mechanism for determining the
attribute weights.

(2) Preservation of the original IVIF information: A major advantage of the proposed approach is
that it preserves the original IVIF information throughout the major stages of the decision-making
process. As shown in Step 4, the overall evaluation of each alternative is obtained in the form of
an IVIFN rather than being immediately converted into a crisp value. This overall IVIFN retains
the membership, nonmembership, and associated uncertainty information of the alternative. In
contrast, the approach of Kumar and Kumar converts the corresponding evaluation into a crisp
value at an earlier stage. Consequently, the proposed approach avoids premature scalarization
and reduces the possibility of information loss, thereby providing a more faithful representation
of the DMs’ uncertain preferences.

(3) Simultaneous consideration of attribute and alternative weights: The proposed approach
simultaneously incorporates attribute weights and alternative weights in the calculation of the
IIFES. The resulting IIFES represents the overall evaluation of each alternative by integrating
both the relative importance of the attributes and the performance of the alternatives. Hence, the
final evaluation is obtained by considering both aspects within a unified framework rather than
treating them independently. This provides a more comprehensive measure of the overall value
of each alternative and facilitates a meaningful comparison among the available alternatives.

(4) Avoidance of intermediate defuzzification: Garg [16] proposed a method of determining
attribute weights within the IVIF environment in which a defuzzification procedure is used.
Although defuzzification facilitates numerical computation, transforming IVIF information into
crisp values may result in the loss of interval-valued uncertainty and hesitation information.
In contrast, the proposed approach determines the weights without requiring an intermediate
defuzzification process. Therefore, the uncertainty embedded in the original IVIF assessments
is retained during weight determination, providing an important methodological advantage over
approaches based on early defuzzification.

(5) More information-consistent ranking of alternatives: The characteristics above directly
contribute to the final ranking results. In the proposed framework, IVIF information is retained
during the construction of the collective decision matrix, normalization, weight determination,
and calculation of the IIFES. Scalarization is performed only at the final ranking stage using
the proposed GSF. Therefore, the ranking is obtained after incorporating a larger portion of the
uncertainty information contained in the original IVIF assessments. The differences between
the ranking obtained by the proposed method and those obtained by existing approaches can
consequently be explained by their different mechanisms for processing and preserving uncertain
information.

(6) Improved discrimination capability through the proposed GSF: The proposed GSF is used
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at the final stage to convert the IVIF expected scores into comparable scalar values. Since the
GSF is applied only after the overall IVIF evaluations have been obtained, it can utilize the
information retained during the preceding stages. Moreover, the proposed GSF provides an
effective mechanism for distinguishing alternatives with close or identical conventional score
values and can help resolve ranking ambiguities. Thus, the proposed GSF contributes to obtaining
a clearer and more discriminative ranking of the alternatives.

(7) Justification of the different ranking results: It should be emphasized that the superiority
of the proposed approach is not claimed merely because it produces a ranking order different
from those of existing methods. Rather, the difference arises from the distinct treatment of IVIF
information throughout the decision-making process. The proposed approach avoids premature
conversion of IVIF information into crisp values, directly utilizes the collective IVIF decision
matrix in the TMG framework, simultaneously considers attribute and alternative weights, and
postpones scalarization until the final ranking stage. Therefore, the obtained ranking is based on
a comparatively richer representation of the original uncertain information.

Finally, the comparative analysis demonstrates that the principal advantage of the proposed
approach lies not simply in producing a different ranking order, but in the information-preserving and
integrated mechanism through which the ranking is obtained. By retaining IVIF information during
the major computational stages, avoiding intermediate defuzzification, incorporating both attribute and
alternative weights, and applying the proposed GSF only at the final stage, the proposed framework
provides a theoretically sound and more informative basis for ranking sustainable air conditioning
systems. These characteristics explain and substantiate why the ranking obtained by the proposed
method can be considered more reliable and robust than rankings generated by approaches involving
early scalarization or defuzzification.

7.3. Impact of ω

To derive alternative weights, we solve the maximin problem of Player 1 whose solution is equal to
the optimal solution of Model (M1) while the optimal solution of Model (M2) equal to the minimax
problem of Player 2 provides the attribute weights. These models are nonlinear in ω ∈ [0, 1]. In the
solution process of a real-event-based numerical example, a sensitivity analysis has been conducted for
checking the impact of the parameter ω on the stability of the ranking order of the given alternatives.
Notably, despite distinct overall expected scores for each alternative at ω values of 0.2, 0.5, and 0.8, the
ranking order of available alternatives remains consistent and their corresponding optimal solutions for
Players 1 and 2 are summarized in Table 18. This underscores the stability of ranking order concerning
variations in ω.

8. Conclusions

8.1. Main outcomes of the present research

The following is the primary contribution that this study produced.

(1) In this paper, we study the concept of MAGDM problem with undetermined attribute weights
under an IVIFS framework. We address uncertainties in our analysis by leveraging the features
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of the IVIFS. To tackle this, a novel GSF is constructed for IFNs that amalgamates all the degrees
associated with a given IFS. The main advantage of this function lies in its flexibility, as it
encompasses two parameters, λ1 and λ2, which are interrelated through the relation λ1λ2 = 1.
By adjusting the values of λ1 within the interval (0, 1), DMs can enhance the effectiveness of their
decision-making process. Furthermore, the construction of this GSF is extended to IVIFNs and
provides a concise exploration of its basic properties.

(2) A series of numerical examples (Examples 3.1–3.7) has been put forward to highlight the faults
of existing SFs when applied to IFNs and IVIFNs. These functions demonstrate an inability to
effectively quantify imprecise information. Moreover, the effectiveness of the newly formulated
GSFs is demonstrated through examples (Examples 3.8–3.18). As a result, these proposed
functions can be efficiently utilized for assessing information from two or more IFSs and IVIFSs
in the decision-making process.

(3) The algorithm for solving the MAGDM problem outlined above involves several key steps. This
algorithm is based on an IVIF TMG model and the proposed GSF. An IVIF expected SF is defined
to assess the overall value of each alternative in the form of an IVIFN. The benefits and limitations
of this algorithm have also been provided. Additionally, the algorithm includes an analysis of the
parameter-‘ω′ and its impact on the ranking results (Tables 18–20).

(4) The proposed algorithm offers two main advantages: (i) It utilizes the Li’s game model to
calculate the attribute and alternative weights, ensuring a reliable determination of these weights
(Remark 4.1). (ii) It incorporates a novel GSF in the last step, preserving the original fuzzy
information while enhancing the consistency of the ranking results by eliminating irregularities.

(5) The application of the suggested MAGDM algorithm is examined through a numerical example.
Furthermore, a comparative analysis with a number of previous studies is carried out to
demonstrate the feasibility and reliability of the suggested approach.

8.2. Limitations and the future research directions

Although the present study provides an effective methodology for handling MAGDM problems in
the context of IVIFSs, it still has certain limitations that will be addressed in future research.

(1) In this paper, we used Models (M1) and (M2) to compute weight-related outcomes. However,
it is essential to note that these models yield Nash equilibrium strategy results, except when
Ωi j = 1, Θi j = 1, ϑi j = 0, and/or ϱi j = 0. Under these circumstances, the method is ineffective in
determining the weight distribution.

(2) For calculating the weighting results, we select a particular value ofω ∈ [0, 1] in Models (M1) and
(M2). However, this paper does not provide an insight which shows that the value of parameter ω
has no influence on the stability of the ranking order of the alternatives.

(3) Even though the current MAGDM is built with IVIFS decision information, the information
used in real-world DMPs includes heterogeneous information like various fuzzy number types,
intervals, random numbers, and linguistic IVIF numbers. Hence, an area for future research is the
extension of the current approach to address heterogeneous MAGDM challenges.
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(4) In the future, the aspiration of the authors is to extend the present methodology for intuitionistic-
based interval Type-2 and picture fuzzy environments [78]. We also plan to broaden our research
by defining additional generalized information measures for ranking various alternatives.
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Appendix A

Proof. For a fixed IFN α = ⟨ξ, ζ⟩, the proposed GSF S new
α is a function of λ1 only. Suppose that

S new
α = f (λ1).

That is,
f (λ1) = (ξ − ζ) − (ξλ1 − ζλ2)(1 − ξ − ζ),

where λ2(, λ1) such that λ1λ2 = 1.
For 0 < λ1 ≤ λ

′

1 < 1, we have
ξλ1 ≥ ξλ

′

1 .

For a given λ1, there is a number λ2 such that λ2 =
1
λ1

(, λ1). Similarly, there is a number λ
′

2 such

that λ
′

2 =
1
λ
′

1

(, λ
′

1). Therefore the inequality λ1 ≤ λ
′

1 is transformed into the form λ
′

2 ≤ λ2.

Now, we have
ζλ2 ≤ ζλ

′

2 , if λ
′

2 ≤ λ2.

For λ1 ≤ λ
′

1 and for a given α, we get

ξλ1 ≥ ξλ
′

1 ,−ζλ2 ≥ −ζλ
′

2 . (8.1)

The inequalities in Eq (8.1) can be combined as

ξλ1 − ζλ2 ≥ ξλ
′

1 − ζλ
′

2 .

This gives
(ξ − ζ) − (ξλ1 − ζλ2)(1 − ξ − ζ) ≤ (ξ − ζ) − (ξλ

′

1 − ζλ
′

2)(1 − ξ − ζ).

That is,
f (λ1) ≤ f (λ

′

1), λ1 ≤ λ
′

1.

It shows that the proposed GSF S new
α is a monotonically increasing function with respect to λ1 ∈

(0, 1). □

Appendix B

Proof. For two IFNs, we have ξ1 < ξ2 and ζ1 > ζ2, which implies that

ξ1 − ζ1 < ξ2 − ζ2. (8.2)

For 0 < λ1 < 1, the following inequalities come out

ξ1 ≤ ξ
λ1
1 and ζ1 ≥ ζ

λ2
1 , (8.3)
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ξ2 ≤ ξ
λ1
2 and ζ2 ≥ ζ

λ2
2 , (8.4)

where λ1λ2 = 1.
From the inequalities given in (8.3) and (8.4), we get the following inequalities:

ξ1 − ζ1 ≤ ξ
λ1
1 − ζ

λ2
1 and ξ2 − ζ2 ≤ ξ

λ1
2 − ζ

λ2
2 . (8.5)

Now consider a set H1 of the values of S new
α1

for 0 < λ1 < 1, i.e.,

H1 = {(ξ1 − ζ1) − (ξλ1
1 − ζ

λ2
1 )(1 − ξ1 − ζ1) | 0 < λ1 < 1}.

Using (8.5), we get −(ξλ1
1 − ζ

λ2
1 )(1 − ξ1 − ζ1) ≤ (ξ1 − ζ1). This gives that every element of the set H1 is

less than or equal to the value (ξ1 − ζ1).
Similarly, every element of a set

H2 = {(ξ2 − ζ2) − (ξλ1
2 − ζ

λ2
2 )(1 − ξ2 − ζ2) | 0 < λ1 < 1},

is less than or equal to the value (ξ2 − ζ2).
By Theorem 3.1, the functions S new

α1
and S new

α2
are non-decreasing functions with respect to λ1 ∈

(0, 1). This result and Inequality (8.2) imply that any element of the set H1 is less than to the
corresponding element of set H2 with respect to the value of λ1. It implies that S new

α1
< S new

α2
. □

Appendix C

Proof. Let α1 = ⟨ξ1, ζ1⟩ and α2 = ⟨ξ2, ζ2⟩ be two IFNs where ξ1 ≤ ξ2 and ζ1 = ζ2 = ζ. For these IFNs,
we assume that

S new
α1
= (ξ1 − ζ) −

(
ξλ1

1 − ζ
λ2
)

(1 − ξ1 − ζ) = f (ξ1),

and
S new
α2
= (ξ2 − ζ) −

(
ξλ1

2 − ζ
λ2
)

(1 − ξ2 − ζ) = f (ξ2),

where λ1 and λ2(, λ1) are parameters with λ1λ2 = 1.
The inequality ξ1 ≤ ξ2 gives the result ξλ1

1 ≤ ξ
λ1
2 , for λ1 ∈ (0, 1).

This gives
(ξλ1

1 − ζ
λ2) ≤ (ξλ1

2 − ζ
λ2). (8.6)

By utilizing Inequality (1 − ξ1 − ζ) ≥ (1 − ξ2 − ζ), the inequality (8.6) leads to the following result:

−
(
ξλ1

1 − ζ
λ2
)

(1 − ξ1 − ζ) ≤ −
(
ξλ1

2 − ζ
λ2
)

(1 − ξ2 − ζ). (8.7)

By using ξ1 − ζ ≤ ξ2 − ζ, Eq (8.7) becomes

(ξ1 − ζ) −
(
ξλ1

1 − ζ
λ2
)

(1 − ξ1 − ζ) ≤ (ξ2 − ζ) −
(
ξλ1

2 − ζ
λ2
)

(1 − ξ2 − ζ).

Therefore, f (ξ1) ≤ f (ξ2) whenever ξ1 ≤ ξ2.
It shows that the proposed GSF S new

α is a monotonically increasing function with respect to ξ.
In similar way, it can be proved that the proposed GSF S new

α is a monotonically decreasing function
with respect to ζ. □
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Appendix D

Proof. For an arbitrary IFN α = ⟨ξ, ζ⟩, the proposed GSF is given by

S new
α = (ξ − ζ) −

(
ξλ1 − ζλ2

)
(1 − ξ − ζ),

where λ1λ2 = 1 and λ1 ∈ (0, 1).
Theorem 3.3 found that for a given value of ζ, the function S new

α is a monotonically increasing with
respect to ξ. Hence, for any ζ ∈ [0, 1], we have

0 ≤ ξ ≤ 1⇒ S new
⟨0,ζ⟩ ≤ S new

α ≤ S new
⟨1,ζ⟩. (8.8)

Furthermore, Theorem 3.3 also derived that for a given value of ξ, S new
α is a monotonically decreasing

function with respect to ζ. Hence

§new
⟨1,ζ⟩ ≤ S new

⟨1,0⟩, if 0 ≤ ζ and S new
⟨0,1⟩ ≤ S new

⟨0,ζ⟩, if ζ ≤ 1. (8.9)

Finally, the inequalities (8.8) and (8.9) give

S new
⟨0,1⟩ ≤ S new

⟨0,ζ⟩ ≤ S new
α ≤ S new

⟨1,ζ⟩ ≤ S new
⟨1,0⟩.

It is notable that S new
⟨1,0⟩ = 1 and S new

⟨0,1⟩ = −1 by using the proposed GSF S new
α = (ξ − ζ) −

(
ξλ1 − ζλ2

)
(1 −

ξ − ζ) where α = ⟨ξ, ζ⟩. Hence −1 ≤ S new
α ≤ 1. □

Appendix E

Proof. For a fixed IVIFN α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩, the proposed GSF S new
α̃ is a function of λ1 only. Suppose

that S new
α̃ = f (λ1).

That is, we have

f (λ1) =
1
2

(
(Ω − ϑ) + (Θ − ϱ) − (Ωλ1 − ϑλ2)(1 −Ω − ϑ) − (Θλ1 − ϱλ2)(1 − Θ − ϱ)

)
,

where λ2(, λ1) such that λ1λ2 = 1.
For 0 < λ1 ≤ λ

′

1 < 1, we have
Ωλ1 ≥ Ωλ

′

1 ,Θλ1 ≥ Θλ
′

1 .

For a given λ1 there is a number λ2 such that λ2 =
1
λ1

(, λ1). Similarly, there is a number λ
′

2 such that

λ
′

2 =
1
λ
′

1

(, λ
′

1). Therefore, the inequality λ1 ≤ λ
′

1 is transformed into the form λ
′

2 ≤ λ2.

Now, we have
ϑλ2 ≤ ϑλ

′

2 , ϱλ2 ≤ ϱλ
′

2 , if λ
′

2 ≤ λ2.

For λ1 ≤ λ
′

1 and for a given α̃, we get

Ωλ1 − ϑλ2 ≥ Ωλ
′

1 − ϑλ
′

2 ,Θλ1 − ϱλ2 ≥ Θλ
′

1 − ϱλ
′

2 . (8.10)
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Using the inequalities in (8.10), we obtain

−(Ωλ1 − ϑλ2)(1 −Ω − ϑ) ≤ −(Ωλ
′

1 − ϑλ
′

2)(1 −Ω − ϑ), (8.11)

−(Θλ1 − ϱλ2)(1 − Θ − ϱ) ≤ −(Θλ
′

1 − ϱλ
′

2)(1 − Θ − ϱ), (8.12)

if λ1 ≤ λ
′

1 with 1 −Ω − ϑ > 0 and 1 − Θ − ϱ > 0.
The results in (8.11) and (8.12) obtained the following inequality if λ1 ≤ λ

′

1

1
2

(
(Ω − ϑ) + (Θ − ϱ) − (Ωλ1 − ϑλ2)(1 −Ω − ϑ) − (Θλ1 − ϱλ2)(1 − Θ − ϱ)

)
≤

1
2

(
(Ω − ϑ) + (Θ − ϱ) − (Ωλ1

′

− ϑλ2
′

)(1 −Ω − ϑ) − (Θλ1
′

− ϱλ2
′

)(1 − Θ − ϱ)
)
.

This gives
f (λ1) ≤ f (λ

′

1), λ1 ≤ λ
′

1.

It shows that the proposed GSF S new
α̃ is a monotonically increasing function with respect to λ1 ∈

(0, 1). □

Appendix F

Proof. Let α̃1 = ⟨[Ω1,Θ1], [ϑ1, ϱ1]⟩ and α̃2 = ⟨[Ω2,Θ2], [ϑ2, ϱ2]⟩ be two IVIFNs where

Ω1 ≤ Ω2,Θ1 ≤ Θ2 and ϑ1 = ϱ1 = ϑ2 = ϱ2 = ζ.

For these IVIFNs, assuming that

S new
α̃1
=

1
2

(
(Ω1 − ζ) + (Θ1 − ζ) − (Ωλ1

1 − ζ
λ2)(1 −Ω1 − ζ)

− (Θλ1
1 − ζ

λ2)(1 − Θ1 − ζ)
)
= f (Ω1,Θ1).

and
S new
α̃2
=

1
2

(
(Ω2 − ζ) + (Θ2 − ζ) − (Ωλ1

2 − ζ
λ2)(1 −Ω2 − ζ)

− (Θλ1
2 − ζ

λ2)(1 − Θ2 − ζ)
)
= f (Ω2,Θ2).

where λ1 and λ2(, λ1) are parameters with λ1λ2 = 1.
The inequalities

Ω1 ≤ Ω2,Θ1 ≤ Θ2 imply Ωλ1
1 ≤ Ω

λ1
2 ,Θ

λ1
1 ≤ Θ

λ1
2 , for λ1 ∈ (0, 1).

This gives
(Ωλ1

1 − ζ
λ2) ≤ (Ωλ1

2 − ζ
λ2) and (Θλ1

1 − ζ
λ2) ≤ (Θλ1

2 − ζ
λ2).

Thus, we get

− (Ωλ1
1 − ζ

λ2)(1 −Ω1 − ζ) − (Θλ1
1 − ζ

λ2)(1 − Θ1 − ζ)

≤ −(Ωλ1
2 − ζ

λ2)(1 −Ω2 − ζ) − (Θλ1
2 − ζ

λ2)(1 − Θ2 − ζ).
(8.13)
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We also have
(Ω1 − ζ) + (Θ1 − ζ) ≤ (Ω2 − ζ) + (Θ2 − ζ). (8.14)

Adding (8.13) and (8.14), we get

f (Ω1,Θ1) ≤ f (Ω2,Θ2) whenever Ω1 ≤ Ω2,Θ1 ≤ Θ2.

It shows that the proposed GSF S new
α̃ is a monotonically increasing function with respect to Ω and Θ.

In similar way, it can be proved that the proposed GSF S new
α̃ is a monotonically decreasing function

with respect to ϑ and ϱ. □

Appendix G

Proof. For an arbitrary IVIFN α̃ = ⟨[Ω,Θ], [ϑ, ϱ]⟩, the proposed GSF is given by

S new
α̃ =

1
2

(
(Ω − ϑ) + (Θ − ϱ) − (Ωλ1 − ϑλ2)(1 −Ω − ϑ) − (Θλ1 − ϱλ2)(1 − Θ − ϱ)

)
,

where λ1λ2 = 1 and λ1 ∈ (0, 1).
By Theorem 3.7, for a given value of ϑ and ϱ, S new

α̃ is a monotonically increasing function with
respect to Ω and Θ. Consequently, for 0 ≤ Ω ≤ Θ ≤ 1, we get

S new
⟨[0,0],[ϑ,ϱ]⟩ ≤ S new

α̃ ≤ S new
⟨[1,1],[ϑ,ϱ]⟩. (8.15)

By Theorem 3.7, for a given value ofΩ andΘ, S new
α̃ is a monotonically decreasing function with respect

to ϑ and ϱ. Thus, we get

S new
⟨[1,1],[ϑ,ϱ]⟩ ≤ S new

⟨[1,1],[0,0]⟩, if 0 ≤ ϑ ≤ ϱ and S new
⟨[0,0],[1,1]⟩ ≤ S new

⟨[0,0],[ϑ,ϱ]⟩, if ϑ ≤ ϱ ≤ 1. (8.16)

Finally, the results of (8.15) and (8.16) lead to the following inequality:

S new
⟨[0,0],[1,1]⟩ ≤ S new

⟨[0,0],[ϑ,ϱ]⟩ ≤ S new
α̃ ≤ S new

⟨[1,1],[ϑ,ϱ]⟩ ≤ S new
⟨[1,1],[0,0]⟩.

Hence −1 ≤ S new
α̃ ≤ 1. □
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