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Abstract: Analyzing large-scale networked evolutionary games (NEGs) with arbitrary network
structures remains challenging due to complex network dynamics. Strategy consensus requires all
players to adopt an identical strategy over long-term evolution. Different from existing studies, this
paper investigated the strategy consensus of large-scale NEGs under profile constraints, where all
profile trajectories must avoid a predefined restricted-profile set. Using network aggregation, we
decomposed the original NEG into multiple smaller-size control subgames. We derived a reachability
criterion for each subgame under local profile constraints and proposed a trajectory-matching condition
for coupled subgames. We further discussed the expansion of restricted-profile sets through profile
projection and derived a sufficient condition for global strategy consensus under profile constraints
starting from an arbitrary initial profile. Examples were given to verify the effectiveness of the proposed
method.
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1. Introduction

Networked evolutionary games (NEGs) provide an effective framework for characterizing the
strategy evolution of interacting players over complex networks. In an NEG, players are represented
by nodes, and their interactions are characterized by edges. Each player updates its strategy according
to a prescribed strategy updating rule by utilizing strategy and payoff information obtained from its
neighborhood. Accordingly, the collective evolutionary behavior of an NEG is jointly determined by
the network topology, the underlying game types, and the strategy updating rule. Owing to their
ability to characterize strategic interactions and behavioral adaptation among interconnected
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individuals, NEGs have been widely applied to the investigation of collective behavior in social
systems [1], biological populations [2], social–ecological systems [3], and engineering systems [4, 5].

The semi-tensor product (STP) of matrices was originally developed as an efficient algebraic tool
for handling high-dimensional arrays [6]. It provides an algebraic framework for the modeling and
analysis of NEGs [7, 8]. By mapping each strategy to a vector and formulating strategy-updating rules
as logical functions, the dynamics of strategy profiles in an NEG can be transformed into an algebraic
state space representation. Based on this framework, extensive studies on NEGs have been
investigated, including the existence of equilibria [9, 10], stability degree analysis of profiles [11, 12],
strategy optimization [13, 14], and engineering applications [15, 16]. The STP has also been widely
used in the modeling and analysis of Boolean networks. Typical research topics include
observability [17], topological structure [18, 19], and stability [20, 21]. Besides, it has found
applications in finite-state machines [22, 23], and shift registers [24, 25]. Beyond the scope of logical
systems, the STP solves conventional quaternion matrix equations [26, 27] and addresses
split-quaternion matrix problems [28, 29]. Related methods are further extended to octonion matrix
equations [30]. In addition, STP-based quaternion matrix approaches have been applied to
image-processing tasks such as image restoration and strict image authentication [31–33].

Strategy consensus is an important collective behavior of NEGs, which requires all players to
eventually adopt an identical strategy. Using the STP method, various strategy consensus problems of
NEGs have been investigated [34, 35]. In practical systems, strategy evolution is often subject to
various constraints. Inviolable constraints in autonomous games were considered in [36], while local
and coupled nonlinear convex constraints were studied in nonlinear multi-coalition games in [37].
Similar constraint requirements also arise in NEGs, where certain strategy profiles may be
inadmissible. For instance, in a traffic network, if the number of drivers choosing the same route
exceeds a prescribed congestion threshold, the corresponding strategy profile can be regarded as
restricted. Furthermore, reference [38] demonstrated that an NEG with bankruptcy risks could
ultimately be formulated as a game model subject to profile constraints. These cases show that only
reaching consensus is not enough, all profiles along the evolution must stay away from an undesirable
set. Robust consensus of NEGs with attackers and forbidden profiles was investigated in [39], where
robust constrained reachability was introduced and a state-feedback control procedure was developed.
Nevertheless, due to the impact of computational complexity, most existing results concerning
strategy consensus are established for networks of small scale.

A major difficulty in extending the strategy consensus for small-scale networks to large-scale
NEGs lies in the exponential growth of the strategy profile space. For an NEG consisting of n players,
each having k strategies, the system contains kn possible strategy profiles. Consequently, the analysis
of the system becomes computationally prohibitive as the number of players increases, which limits
the direct application of STP-based methods to large-scale NEGs. To alleviate this difficulty, network
aggregation [40–42] and other structure-based approaches [43, 44] have been developed for the
efficient analysis and control of large-scale logical networks. Drawing on these aggregation methods,
Li et al. decomposed a large-scale networked evolutionary matrix game into several small-scale
control subgames [45]. Instead of solving global consensus directly, they only need to find valid local
strategies for each subgame under a matchability condition. Although reference [45] investigated
strategy consensus in large-scale network evolutionary games, it failed to take restricted-profile
constraints into consideration. Furthermore, the target of strategy consensus studied therein
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corresponded merely to a unique consensus profile. However, each player in the game may have
multiple alternative strategies, and in practical task execution, agents are often required to achieve
strategy consensus under diverse scenarios [46]. Under such circumstances, the conclusions in [45]
cannot characterize these practical situations.

Motivated by the above discussions, this paper addresses the strategy consensus problem for
large-scale NEGs with a restricted-profile set from a given initial strategy profile via network
aggregation. We first partition the large-scale NEG into multiple small control subgames and project
the global restricted-profile set onto each subgame to obtain local restricted-profile constraints. For
each subgame, admissible local trajectories that reach compatible consensus profiles without entering
the associated local restricted-profile set are identified. Since some players serve as state players in
one subgame and act as input players for its connected subgames, a trajectory-matching condition is
introduced to characterize the compatibility of local trajectories. Based on this condition, a sufficient
condition is derived for global strategy consensus that avoids constrained profiles throughout
evolution. The main contributions of this paper are summarized as follows:

(1) The strategy consensus problems for large-scale NEGs with a constrained set from a given initial
strategy profile are investigated. The strategy consensus problem of NEGs is transformed into
the set stability problem of large-scale logical networks. The work in [45] corresponds to a
special case where the undesirable set is empty and the target is a single prescribed strategy
consensus profile. When the target is a strategy consensus set, the analysis becomes more
challenging because possible strategy consensus cycles within the target set need to be
identified, instead of only checking whether a prescribed strategy profile is a fixed point.

(2) A trajectory-matching condition is established to judge the compatibility of local admissible
trajectories among subgames. Based on this condition, a sufficient condition is derived for the
large-scale NEG to achieve strategy consensus while avoiding the prescribed undesirable set.
Moreover, we find that the projected local restrictions may induce an enlarged restricted-profile
set in the global space. Consequently, under profile constraints, the local admissible sets
obtained after aggregation cannot, in general, be directly combined to recover the admissible set
of the original NEG.

The remainder of this paper is organized as follows. Section 2 introduces the notation and
preliminaries used throughout the paper. Section 3 presents the system model and network
aggregation. Section 4 contains our main results, with illustrative examples presented in Section 5.
Section 6 concludes the paper.

2. Preliminaries

In this section, we give some necessary preliminaries, which will be used throughout this paper. We
first list some notations as

• Z+ denotes the set of all positive integers.

• Rm×n is the set of m × n real matrices.

• Dk :=
{
0, 1

k−1 , . . . ,
k−2
k−1 , 1

}
andDn

k := Dk × · · · × Dk︸           ︷︷           ︸
n

.
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• ∆n represents
{
δi

n | i = 1, 2, · · · , n
}
, where δi

n is the i-th column of the identity matrix In.

• An m × n matrix L is called a logical matrix if L = [δi1
mδ

i2
m . . . δ

in
m] and we briefly denote L by

L = δm[i1 i2 . . . in].

• Coli(L) is the i-th column of matrix L. Col(L) is the set of columns of L.

• Lm×n denotes the set of m × n logical matrices.

• (L)i, j denotes the element on the (i, j) entry of matrix L.

• Bm×n represents the set of m × n Boolean matrices.

• Let a, b ∈ B. The Boolean addition is defined by a +B b := a ∨ b =

0, a = b = 0,
1, otherwise.

• A +B B: the Boolean addition of A, B ∈ Bm×n, where (A +B B)i, j = (A)i, j ∨ (B)i, j.

•
∑
B

n

i=1
Ai = A1 +B A2 +B . . . +B An, where Ai ∈ Bm×n, i ∈ {1, 2, . . . , n}.

Definition 2.1. ([6]) Let A ∈ Rm×n, B ∈ Rp×q. The STP of A and B is defined as A⋉B = (A⊗ I s
n
)(B⊗ I s

p
),

where s = lcm(n, p) and ⊗ is the Kronecker product.

Remark 2.2. It is worth noting that STP degenerates into the conventional matrix product when n = p,
and it inherits all properties of the conventional matrix product. Thus, we omit the symbol “⋉” in this
article.

Definition 2.3. ([6]) Let M ∈ Rm×s and N ∈ Rn×s. Define the Khatri-Rao product of M and N, denoted
by M ∗ N, as M ∗ N = [Col1(M)Col1(N) Col2(M)Col2(N) · · ·Cols(M)Cols(N)] ∈ Rmn×s.

Lemma 2.4. ([6]) Let f (s1, s2, . . . , sn) : Dn
k → Dk be a logical function. For each si ∈ Dk, let xi ∈ ∆k

denote the vector form of si, i = 1, 2, . . . , n. Then there exists a unique matrix M f , such that the vector
form of f can be presented as

f (s1, s2, . . . , sn) = M f ⋉
n
i=1 xi,

where M f ∈ Lk×kn is the structural matrix of f and i = 1, 2, . . . , n.

3. Problem formulation

3.1. The algebraic form of NEGs

Definition 3.1. [7] A finite game, denoted by G = (N, S ,C), consists of three fundamental ingredients:

(1) N = {1, 2, . . . , n} is the set of players;

(2) S = S 1 × S 2 × · · · × S n is the set of strategy profiles of all players, and S i = {1, 2, . . . , ki} is the set
of strategies of player i, i ∈ N;

(3) C = {c1, c2, . . . , cn} is the set of payoff functions, where ci : S → R is the payoff function of player
i.
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We consider repeated games over networks. Let S = {1, 2, · · · , k} be the common stategy set of all
players. At each time, player i only interacts with its neighbors, and its aggregate payoff pi : S |Ni |+1 →

R is
pi =
∑
j∈Ni

pi j(si, s j), si, s j ∈ S , (3.1)

where pi j : S × S → R denotes the payoff of player i playing with its neighbor j.
Each player updates its strategy according to a specific strategy updating rule. In this paper, the

myopic best-response updating rule [42] is adopted. Let si(t) be the strategy of player i at time t. We
can express the strategy choice of player i at time t + 1 as

si(t + 1) ∈ Qi(t) := arg max
si∈S

pi(si, s j(t), j ∈ Ni). (3.2)

Player i may possess more than one best response, that is, |Qi(t)| > 1. In this case, we set si(t + 1) =
min{s | s ∈ Qi(t)}.

We denote each strategy j ∈ S by the standard vector δ j
k. Let xi(t) be the vector form of si(t), so

xi(t) ∈ ∆k for i = 1, 2, . . . , n. The strategy profile (s1(t), s2(t), . . . , sn(t)) uniquely corresponds to a
kn-dimensional vector defined as x(t) := ⋉n

i=1xi(t) ∈ ∆kn .
Above that, the large-scale NEG can be resprented as the algebraic form

x(t + 1) = Fx(t), (3.3)

where F is the state transition matrix. For more details on the algebraic representation and the
construction of F, see [7].

The initial strategy profile is written as x(0), which is equivalent to x0 ∈ ∆kn . Denote player i’s
strategy and the overall NEG profile under algebraic form (3.3) at time t starting from x0 by xi(t; x0)
and x(t; x0), respectively. The strategy consensus definition for NEGs is then presented below. Denote
the restricted-profile set of NEG (3.3) as

Ω = {δσ1
kn , δ

σ2
kn , · · · , δ

σr
kn } ⊆ ∆kn .

The admissible initial set is Θ = {δα1
kn , δ

α2
kn , · · · , δ

αd
kn } ∈ ∆kn \ Ω, where d + r = kn. The global strategy

consensus set is denoted by Φ := {(δi
k)

n | i = 1, 2, · · · , k}. Under the restricted-profile constraint, the
admissible global strategy consensus set is defined as ΦΩ := Φ\Ω.

Definition 3.2. An NEG with algebraic form (3.3) is said to reach a strategy consensus while avoiding
the undesirable set Ω ⊂ ∆kn starting from x0 ∈ Θ, if there exists a positive integer T > 0 such that:

(i) x(t; x0) ∈ ΦΩ, ∀t ≥ T;
(ii) for all t ≥ 0, the trajectory satisfies x(t; x0) < Ω.

In the following, we give the algebraic expression of NEG (3.3) with the restricted-profile set Ω by
constructing a Boolean matrix IΩ ∈ Bkn×kn .

Define a Boolean matrix IΩ ∈ Bkn×kn related to Ω as follows:

Coli(IΩ) =

 0kn , δi
kn ∈ Ω,

Coli(Ikn), δi
kn < Ω.

(3.4)
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We can denote the state transition matrix under the constrained set as

FΩ = IΩFIΩ.

For any initial strategy profile x0 < Ω, if x(1) = FΩx0 = 0kn , then Fx0 ∈ Ω. Therefore, we construct
a new algebraic expression of NEG (3.3) under constrained set Ω as

X(t + 1) = FΩX(t), x0 ∈ Θ, (3.5)

where X(t) ∈ Bkn×1 is the state that belongs to Θ ∪ {0kn}.
With the constrained algebraic form defined above, we now derive the following result, which serves

as the key criterion for verifying strategy consensus of the NEG under the constrained set.

3.2. Network aggregation for large-scale NEGs

Consider a large-scale NEG with a constrained set, where V denotes the node set representing all
players. Partition V into the following ω blocks:

V = V1 ∪ V2 · · · ∪ Vω, (3.6)

where Vi := {x1
i , . . . , x

ni
i } ⊆ V and x j

i denotes the jth player in the ith subgame. Vi , ∅ and Vi ∩ V j = ∅

for all i, j ∈ {1, . . . , ω} with i , j.
For each block Vi, denote the sets of input players and output players of Vi by

Ui :=

⋃
j∈Vi

N j

 \ Vi := {u1
i , . . . , u

qi
i }

and

Yi :=

 ⋃
j∈V\Vi

N j

 ∩ Vi = {y1
i , . . . , y

pi
i }.

For the subsequent analysis, we consider the NEG and all its aggregation blocks to be connected. It
follows that Ui,Yi , ∅ for i = 1, 2, . . . , ω.

Each block Vi forms a subgame, denoted by Λi. Let x j
i (t) denote the strategy of x j

i at time t.
According to (3.2), the dynamics of Λi can be expressed as

x j
i (t + 1) = f j

i
(
x1

i (t), . . . , xqi
i (t), u1

i (t), . . . , upi
i (t)), (3.7)

where j = 1, 2, . . . , ni, i = 1, 2, . . . , ω.
Using the STP method, the algebraic form of (3.7) can be given by

xΛi(t + 1) = FiuΛi(t)xΛi(t), (3.8)

where xΛi(t) = ⋉
ni
j=1x j

i (t), uΛi(t) = ⋉
qi
j=1u j

i (t), and Fi ∈ Lkni×kni+qi .

It follows from the aggregation framework that the large-scale NEG is partitioned into several small-
scale control subgames Λi, where Vi is the set of players in subgame Λi. The aggregation partition is
generally not unique. Smaller subgames reduce the dimension of the local transition matrices and thus
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lower the computational complexity of each subgame. However, a finer partition may increase the
connections among subgames and the number of input players, which makes trajectory matching more
complicated. Therefore, smaller subgames do not necessarily lead to a more efficient analysis.

To describe the relation between the global and local profiles, we introduce the following natural
projection.

Let A = {a1, a2, . . . , av} be an arbitrary ordered set of players, and let B = {b1, b2, · · · , br} be an
ordered subset of A, where the ordering of B is inherited from A. The natural projection PA,B : ∆k|A| →

∆kr is defined by
PA,B (xA(t)) = xB(t) = ⋉r

l=1xbl(t).

For illustration, let A = {1, 2, 3, 4} be the set of four players, each with two strategies, and let
B = {1, 3, 4} ⊆ A be a subset of A. For xA(t) = δ9

16 = δ
2
2 ⋉ δ

1
2 ⋉ δ

1
2 ⋉ δ

1
2, we have PA,B(δ9

16) = δ2
2 ⋉ δ

1
2 ⋉ δ

1
2 =

δ5
8 = xB(t).

For any set Υ ⊆ ∆k|A| , the same notation is used for its elementwise projection, namely,

PA,B (Υ) = {PA,B(xA) : xA ∈ Υ}.

For the global player set V and player set Vi of subgame Λi, the corresponding state and input
strategy profiles are given by

xΛi(t) = PV,Vi(x(t)), uΛi(t) = PV,Ui(x(t)).

For the undesirable set Ω ⊆ ∆kn , the projected undesirable set of subgame Λi is

Ωi = PV,Vi(Ω).

Accordingly, the admissible state set of subgame Λi is defined as

Θi := ∆kni\Ωi.

We next formulate and characterize the reachability of its projected consensus profile. By the
projection mapping defined above, we denote

xΛi,0 := PV,Vi(x0), uΛi,0 := PV,Ui(x0).

Define the subgame Λi’s restriction matrix IΩi ∈ Bkni×kni by

Coll(IΩi) =

0kni , δl
kni ∈ Ωi,

Coll(Ikni ), δl
kni < Ωi.

(3.9)

For each subgame Λi, the constrained state transition matrix is

Fi,Ωi = IΩi Fi
(
Ikqi ⊗ IΩi

)
, (3.10)

where Fi,Ωi ∈ Bkni×kni+qi .
Thus, the constrained dynamics of subgame Λi can be rewritten as

XΛi(t + 1) = Fi,ΩiuΛi(t)XΛi(t), t ≥ 0, (3.11)
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where x0 ∈ Θ,XΛi(0) = PV,Vi(x0), and XΛi(t) ∈ Θi ∪ {0kni }.
Decompose matrix Fi,Ωi with respect to the input profile ui = δ

µ
kqi , µ = 1, 2, · · · , kqi , and we have

Fi,Ωi =
[
F1

i,Ωi
, F2

i,Ωi
, . . . , Fkqi

i,Ωi

]
,

where each block Fµi,Ωi
∈ Bkni×kni represents the constrained transition under the µ-th input profile.

Define the aggregated transition matrix

Mi,Ωi =
∑
B

kqi

µ=1

Fµi,Ωi
.

If (Mi,Ωi)r,s > 0, then there exists at least one input profile driving the local state from δs
kni to δr

kni , while
both of these two profiles do not belong to set Ωi.

More generally, the T -step reachability matrix is MT
i,Ωi

. For any integer T > 0, if(
MT

i,Ωi

)
r,s
> 0, (3.12)

then there exists an admissible T -step profile sequence from δs
kni to δr

kni that avoids the set Ωi.

Example 3.3. Consider an NEG whose aggregated network structure is shown in Figure 1. S = {1, 2}
is the strategy set of the NEG and Ω = {x̄1, x̄2} is the undesirable set, where
x̄1 = (1, 2, 1, 2, 1, 2, 2, 2, 1), x̄2 = (2, 1, 2, 1, 2, 1, 1, 2, 1). Set the initial strategy profile
x0 = (2, 1, 1, 2, 2, 2, 2, 2, 2). Every player in the network employs the same payoff matrix

A1 =

[
4 0
0 1

]
.

2

1

3

4 5

6

7 8 9

Λ1

Λ

Λ2

3

Figure 1. Network aggregation of the nine-player NEG.

According to Figure 1, we have

V1 = {1, 2, 3, 4},U1 = {5},Y1 = {4},
V2 = {5, 6, 7},U2 = {4, 8},Y2 = {5, 7},
V3 = {8, 9},U3 = {7},Y3 = {8}.

By virtue of the projection mapping, we derive the restricted-profile sets corresponding to subgames
Λ1, Λ2, and Λ3 as

Ω1 = {(1, 2, 1, 2), (2, 1, 2, 1)},Ω2 = {(1, 2, 2), (2, 1, 1)},Ω3 = {(2, 1)}.
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The initial strategy profile for each subgame is given by

xΛ1,0 = (2, 1, 1, 2), xΛ2,0 = (2, 2, 2), xΛ3,0 = (2, 2).

We denote the strategies 1 and 2 as δ1
2, δ2

2, respectively. The global strategy consensus set is Φ ={
(δ1

2)9, (δ2
2)9}. Since neither consensus profile belongs to Ω, one has ΦΩ = Φ. Now, we consider the

consensus profile (δ1
2)9. So the corresponding local consensus profiles of subgames Λi, i = 1, 2, 3, are

(δ1
2)4, (δ1

2)3, (δ1
2)2.

Evidently, xΛ1(t) = x1(t)x2(t)x3(t)x4(t) and uΛ1(t) = x5(t). The dynamics of subgame Λ1 with the
undesirable set Ω1 is given as

XΛ1(t + 1) = F1,Ω1uΛ1(t)XΛ1(t),

where F1,Ω1 = δ16[1, 1, 1, 1, 1, 0, 9, 9, 1, 7, 0, 7, 1, 7, 9, 15, 1, 1, 1, 1, 1, 0, 10, 10, 1, 7, 0, 7, 1, 7, 10, 16].
Similarly, we can derive the algebraic forms and corresponding structure matrices of subgames

Λ2 and Λ3. F2,Ω2 = δ8[1, 1, 1, 0, 0, 3, 1, 3, 1, 1, 1, 0, 0, 3, 2, 4, 1, 1, 1, 0, 0, 3, 1, 7, 1, 1, 1, 0, 0, 3, 2, 8] and
F3,Ω3 = δ4[1, 1, 0, 2, 1, 0, 0, 4].

Subsequently, we compute the 3-step reachability matrix for each subgame. We further obtain the
following results: (

M3
1,Ω1

)
1,10 > 0,(

M3
2,Ω2

)
1,8 > 0,(

M3
3,Ω3

)
1,4 > 0.

Thus, all three subgames can independently reach their respective consensus targets at the common
time t = 3, while avoiding the corresponding restricted-profile sets.

Nevertheless, the reachability of subgames may not guarantee compatibility among their local
evolutions. To demonstrate this point, consider the evolutionary processes of subgames Λ1 and Λ2.

Λ1 : δ10
16

δ22
−→ δ7

16

δ12
−→ δ9

16

δ12
−→ δ1

16.

Λ2 : δ8
8

δ44
−→ δ7

8

δ34
−→ δ2

8

δ14
−→ δ1

8.

The trajectory of Λ1 is generated under the inputs uΛ1(0) = δ2
2, uΛ1(1) = δ1

2, uΛ1(2) = δ1
2. Player 5

serves as both an output player ofΛ2 and an input player ofΛ1. However, from the trajectory of Λ2, the
strategies of player 5 satisfy x5(0) = 2 ∼ δ2

2, x5(1) = 2 ∼ δ2
2, x5(2) = 1 ∼ δ1

2. For the profile trajectories
of the two subgames to match, it is necessary that uΛ1(0) = x5(0), uΛ1(1) = x5(1), uΛ1(2) = x5(2).
However, at time t = 1, Λ1 needs an input value 1, while Λ2 produces x5(1) = 2. Thus, the mismatch
occurs at step t = 1. Therefore, the two profile trajectories do not match.

This example illustrates that local reachability of all control subgames at a common time does not
suffice to ensure global reachability. An extra constraint is needed to guarantee matching between the
input sequences of each subgame and the state trajectories produced by its adjacent subgames.

4. Matching condition and global strategy consensus

We first define a vector for the ith subgame Λi, which stands for the input vector containing all
inputs received by Λi from its connected subgames at time t.
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For any i , j, define
C ji := Y j ∩ Ui.

The set C ji consists of the players that belong to subgame Λ j and simultaneously serve as input players
of subgame Λi.

If subgame Λi does not interact with Λ j, i.e., C ji = ∅, then we set

PV j,C ji

(
XΛ j(t)

)
:= 1, t ≥ 0.

This assignment introduces no extra factors into the subsequent product and facilitates computation.
Accordingly, the input profile received by subgame Λi at time t is determined by

uΛi(t) = ⋉j,i
PV j,C ji

(
XΛ j(t)

)
, i, j = 1, . . . , ω. (4.1)

When the subgames are connected, uΛi(t) is no longer free but is determined by the strategy profiles of
its neighboring subgames.

Then, we establish a group of iterative formulas taking the subsequent form

XΛ1(t + 1) = F1,Ω1 uΛ1(t)XΛ1(t),
XΛ2(t + 1) = F2,Ω2 uΛ2(t)XΛ2(t),

...

XΛω(t + 1) = Fω,Ωω uΛω(t)XΛω(t).

(4.2)

For subgame Λi (3.11), the admissible strategy consensus set is defined as Φi,Ωi := Φi\Ωi, where
Φi =

{
(δ1

k)ni , (δ2
k)ni , · · · , (δk

k)
ni
}

is the strategy consensus set of subgame Λi.
Based on the above iterative dynamics and the admissible strategy consensus set, we next introduce

cyclic trajectories for subgame Λi.

Definition 4.1. Consider the subgame Λi, i ∈ {1, 2, . . . , ω}.

(i) Let η be a positive integer and the state trajectory(
δ

j1
k

)ni →
(
δ

j2
k

)ni → · · · →
(
δ

jη
k

)ni →
(
δ

j1
k

)ni

is called a strategy consensus cycle under the control sequence uΛi(0), uΛi(1), . . . , uΛi(η − 1), if(
δ

jt+1
k

)ni = Fi,ΩiuΛi(t)
(
δ

jt
k

)ni , ∀ t ∈ {1, 2, . . . , η},

where δ jη+1

k := δ j1
k , and all states of the trajectory are pairwise distinct.

(ii) The cycle (
δ

j1
k

)ni →
(
δ

j2
k

)ni → · · · →
(
δ

jη
k

)ni →
(
δ

j1
k

)ni

is called a control-state matched strategy consensus cycle if

uΛi(t) =
(
δ

jt+1
k

)qi , t ∈ {1, 2, . . . , η − 1}.
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To find the control-state matched strategy consensus cycles of subagame Λi, we construct several
matrices restricted to the admissible strategy consensus set Φi,Ωi .

Construct the transition matrix Fi,Φi,Ωi
restricted to Φi,Ωi by

Col j
(
Fi,Φi,Ωi

)
=

Col j
(
Fi,Ωi

)
, δ

j
kni ∈ Φi,Ωi ,

0kni , otherwise.

Then decompose
Fi,Φi,Ωi

=
[
F1

i,Φi,Ωi
, F2

i,Φi,Ωi
, . . . , Fkqi

i,Φi,Ωi

]
,

and further define the one-step controllability matrix

Mi,Φi,Ωi
=
∑
B

kqi

µ=1

Fµi,Φi,Ωi
.

Using the above transition matrix Mi,Φi,Ωi
, we compute

Ci,Φi,Ωi
=
∑
B

k

j=1

(
Mi,Φi,Ωi

) j
.

The upper bound k is the number of candidate strategies for each player. Any path longer than k must
contain repeated consensus strategy profiles and therefore yields no new reachability relations. Then,
we determine the set

Ri =
{
δl

kni

∣∣∣∣ (Ci,Φi,Ωi

)
l,l = 1

}
.

Every δl
kni ∈ Ri can return to itself within at most k steps while remaining in Φi,Ωi .

Thus, every profile in Ri lies on at least one strategy-consensus cycle contained in Φi,Ωi . The
following proposition further provides a condition under which such a profile is on a control-state
matched strategy consensus cycle.

Proposition 4.2. For subgameΛi, there exists a control-state matched strategy consensus cycle starting
from

(
δl

k

)ni ∈ Ri, if there exists a positive integer dl ≤ k such that(
δl1

k

)ni = Fi,Φi,Ωi

(
δl

k
)qi+ni ,(

δl2
k

)ni = Fi,Φi,Ωi

(
δl1

k

)qi+ni ,

...(
δl

k
)ni = Fi,Φi,Ωi

(
δ

ldl−1

k

)qi+ni .

Moreover, the control-state matched strategy consensus cycle is (δl
k)

ni → (δl1
k )ni → · · · → (δ

ldl−1

k )ni →

(δl
k)

ni .

Proof. By the first equality, we have

(δl1
k )ni = Fi,Φi,Ωi

(δl
k)

qi+ni

= Fi,Φi,Ωi
(δl

k)
qi(δl

k)
ni .
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The equality indicates that when xΛi(t) = (δl
k)

ni and uΛi = (δl
k)

qi , subgame Λi evolves to profile (δl1
k )ni at

the next time. Both the state players and the input players adopt the same strategy δl
k, so the control-

state matching condition is satisfied.
Similarly, from the second equality, we have

(δl2
k )ni = Fi,Φi,Ωi

(δl1
k )qi(δl1

k )ni ,

which yields the matched transition (δl1
k )ni → (δl2

k )ni .
Repeating the same argument for the remaining equalities, we obtain that the profile of subgame Λi

can evolve along the following trajectory:

(δl
k)

ni → (δl1
k )ni → · · · → (δ

ldl−1

k )ni → (δl
k)

ni .

Since the control-state matching condition is satisfied for each transition, the trajectory is a control-
state matched strategy consensus cycle. □

Remark 4.3. For each (δl
k)

ni ∈ Ri, it is sufficient to start with the matched control input uΛi(0) = (δl
k)

qi

and follow the control-state matching rule thereafter. There is no need to enumerate all possible control
sequences. For each profile (δl

k)
ni ∈ Ri, the control-state matching condition fixes the control input

uniquely at each time instant. Note that |Ri| ≤ k. Hence, at most |Ri| candidate trajectories need to be
examined.

By computing the control-state matching strategy consensus cycles for each subgame, we can verify
whether all subgames admit control-state matched strategy consensus cycles with a common period.
To realize global strategy consensus, we further require every subgame to achieve internal strategy
consensus at a common time instant. This yields the following theorem.

Theorem 4.4. Consider the large-scale NEG under the aggregation framework (3.6) with the
restricted-profile set Ω. The NEG achieves strategy consensus starting from x0 if the following three
conditions hold:

(i) There exists a nonnegative integer η ∈ {1, 2, · · · , k} such that for each subgame Λi,
i ∈ {1, 2, · · · , ω}, there exists a control-state matched strategy consensus cycle of length η as

(δ j1
k )ni → (δ j2

k )ni → · · · → (δ jη
k )ni → (δ j1

k )ni .

(ii) There exist a common positive integer T ≥ 0 and a common index β ∈ {1, 2, · · · , η} such that

XΛi(T ; xΛi,0) =
(
δ

jβ
k

)ni , i = 1, 2, · · · , ω.

(iii) The trajectories of Λi, i = {1, 2, · · · , ω}, satisfy the iterative formulas
xΛi(0) = PV,Vi(x0),

uΛi(t) = ⋉j,i
PV j,C ji

(
XΛ j(t)

)
,

XΛi(t + 1) = Fi,Ωi uΛi(t)XΛi(t),

t ∈ {0, 1, · · · ,T − 1}. (4.3)
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Proof. If condition (i) holds, each subgame Λi admits a control-state matched strategy consensus cycle
with the common period η of the form

(δ j1
k )ni → (δ j2

k )ni → · · · → (δ jη
k )ni .

Since there are at most k distinct strategy consensus states and the cycle contains distinct states, we
have η ∈ {1, 2, . . . , k}.

If condition (ii) holds, that is, there exists a common time T ≥ 0 and a common index β ∈ {1, . . . , η}
such that

XΛi(T ; xΛi,0) = (δ jβ
k )ni , i = 1, . . . , ω,

then, at time T , all subgames adopt the identical strategy δ jβ
k , which appears on the control-state

matched cycle of length η we have obtained. Since V1, . . . ,Vω form a partition of the player set V , the
global profile at time T satisfies

x(T ; x0) = ⋉ωi=1XΛi(T ; xΛi,0)

= ⋉ωi=1(δ jβ
k )ni

= (δ jβ
k )n ∈ Φ.

Thus, the overall NEG reaches a strategy consensus profile at time T . Since profile (δ jβ
k )ni is on the

control-state matched strategy consensus cycle, it can be seen that the control input satisfies

uΛi(T ) = ⋉ j,iPV j,C ji

(
XΛ j(T ; xΛ j,0)

)
= (δ jβ

k )qi

at time T . Then

XΛi(T + 1; xΛi,0) = Fi,ΩiuΛi(T )XΛi(T ; xΛi,0)

= Fi,Ωi(δ
jβ
k )qi(δ jβ

k )ni

= (δ jβ+1

k )ni ,

where jβ+1 ∈ {1, 2, · · · , η}, i = 1, . . . , ω.
Now consider any t > T , and suppose there exists jℓ, ℓ ∈ {1, 2, · · · , η} such that

XΛi(t; xΛi,0) = (δ jℓ
k )ni , i = 1, . . . , ω.

Then

uΛi(t) = ⋉ j,iPV j,C ji

(
(δ jℓ

k )n j
)

= (δ jℓ
k )qi

and

XΛi(t + 1; xΛi,0) = Fi,Ωi(δ
jℓ
k )qi(δ jℓ

k )ni

= (δ jℓ+1
k )ni , i = 1, . . . , ω,

AIMS Mathematics Volume 11, Issue 10, 35047–35069.



35060

where jη+1 := j1.
Since the control-state matching strategy consensus cycle is a cycle within the set ΦΩ, it follows

that

x(t + 1; x0) = ⋉ωi=1(δ jℓ+1
k )ni

= (δ jℓ+1
k )n ∈ ΦΩ.

That is, x(t; x0) ∈ ΦΩ,∀ t ≥ T .
If condition (iii) holds, the trajectories of each subagame Λi satisfy the iterative formulas (4.3). At

time t = 0, for i = 1, . . . , ω, we have
XΛi(0) = PV,Vi(x0),

uΛi(0) = ⋉ j,iPV j,C ji

(
XΛ j(0)

)
.

Hence, the input for each subgame is determined by the corresponding outputs from its neighboring
subgames, and

XΛi(1) = Fi,ΩiuΛi(0)XΛi(0), i = 1, . . . , ω,

which means the matched local transitions from t = 0 to t = 1.
Suppose the local trajectories are matched at time t = a, where 0 ≤ a < T . According to iterative

formulas, we have
uΛi(a) = ⋉ j,iPV j,C ji

(
XΛ j(a)

)
and

XΛi(a + 1) = Fi,ΩiuΛi(a)XΛi(a).

Thus, the transitions from time t = a to t = a+1 are also matched. Moreover, since V = V1∪· · ·∪Vω
is a partition of the player set, the strategy profile of the large-scale NEG can be obtained by combining
the trajectories of all subgames as

x(t; x0) = ⋉ωi=1XΛi(t; xΛi,0).

According to (4.3), the input profile of each subgame is determined by the states of its neighboring
subgames. Therefore, the matched trajectories of all subgames are mutually compatible and realize the
evolution of the original NEG. □

Remark 4.5. The three conditions form a sequential mechanism ensuring strategy consensus of the
large-scale NEG initiated from x0 while avoiding the restricted set Ω. Condition (i) requires that each
subgame admits a control-state matched consistent strategy cycle, and all cycles share the same period,
cycle strategies, and evolution order. This ensures that the global system can maintain consistency
persistently after entering the consensus state. Condition (ii) requires that all subgames reach the same
strategy on their respective cycles at the same time instant T. Condition (iii) requires that the input of
each subgame matches the states generated by other subgames, so that the local trajectories prior to
reaching the consensus state can form a global trajectory avoiding Ω. Collectively, these conditions
constitute the complete mechanism of the sufficient criterion for achieving strategy consensus without
entering Ω.
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To further illustrate the computational advantage of network aggregation, we compare the
computational costs of directly analyzing the original NEG and using network aggregation. The
comparison is summarized in Table 1.

Table 1. Complexity comparison between the original network and the aggregated network.

Original network Network aggregation
Maximum state space size kn kς, ς = max{n1, n2, · · · , nω}
Time complexity O(k3n) O

(∑ω
i=1 k3ni +

∑ω
i=1 kqi

)
Subgame Λi has kqi possible input profiles. Therefore, the computational cost associated with input

matching over all ω subgames is O
(∑ω

i=1 kqi
)
. Hence, the overall computational complexity after

aggregation is O
(∑ω

i=1 k3ni +
∑ω

i=1 kqi
)
. When the network is partitioned such that ni, qi ≪ n, the

exponential terms involved in the aggregated analysis are much smaller than those in the direct
analysis. Therefore, the aggregation method can significantly reduce the computational complexity.

Remark 4.6. The projection of the set of restricted profiles onto subgames may produce an enlarged
set of restricted profiles. After obtaining local sets of restricted profiles for each subgame, their union
expands the original global set of restricted profiles Ω. We denote this enlarged set as Ω, where

Ω :=
ω⋃

i=1

{
x ∈ ∆kn

∣∣∣ PV,Vi(x) ∈ Ωi
}
.

Clearly, Ω ⊆ Ω. Since Ω ⊆ Ω, we get ∆kn \ Ω ⊆ ∆kn \ Ω. Thus, trajectories admissible under Ω
may not be realizable under Ω \ Ω. For this reason, the aggregation-based conditions in Theorem 4.4
are conservative and only provide a sufficient condition for the strategy consensus of the original
NEG. Precisely, a finer partition induces projections onto smaller player sets, which may cause more
globally admissible profiles to be excluded by the resulting local restricted sets, leading to a larger Ω
and increased conservatism.

Example 4.7. Consider an NEG with three players, each having two strategies δ1
2 and δ2

2. Let the
global restricted profile set be Ω = {δ1

8}. Partition players into V1 = {1, 2} and V2 = {3}. Projecting Ω
onto the two subgames yields

Ω1 = PV,V1(Ω) = {δ1
4}, Ω2 = PV,V2(Ω) = {δ1

2}.

The subgame aggregation gives the enlarged restricted set

Ω = {δ1
4 ⋉ δ

1
2, δ

1
4 ⋉ δ

2
2} ∪ {δ

2
4 ⋉ δ

1
2, δ

3
4 ⋉ δ

1
2, δ

4
4 ⋉ δ

1
2} = {δ

1
8, δ

2
8, δ

3
8, δ

5
8, δ

7
8}.

We see Ω ⊊ Ω.

5. An illustrative example

Example 5.1. Consider an NEG with 20 players and strategy set S = {1, 2, 3, 4}, where players update
their strategies via the myopic best-response rule. Figure 2 illustrates the aggregation structure. Each
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pairwise interaction along an edge of Figure 2 is governed by the payoff matrix

A2 =


0 4 3 3
4 1 0 0
3 0 −10 −9
3 0 −9 −11

 .
Let the undesirable set Ω = {x̄1, x̄2, x̄3}, where

x̄1 = (1, 2, 2, 3, 4, 2, 2, 2, 3, 4, 1, 2, 2, 3, 4, 1, 2, 2, 2, 4),
x̄2 = (4, 3, 2, 1, 2, 2, 4, 1, 3, 2, 3, 2, 4, 2, 1, 2, 1, 3, 4, 2),
x̄3 = (2, 4, 3, 2, 1, 3, 1, 2, 4, 2, 2, 3, 1, 2, 4, 4, 2, 1, 3, 2).

4

2

1

3 5

7

910

6

8

141211

13 15

17 1916

18 20

Λ1

Λ

Λ2

3 Λ4

Figure 2. Network aggregation of the twenty-player NEG.

According to Figure 2, the NEG is divided into subgames Λi, i = 1, 2, 3, 4. We denote strategies
1, 2, 3, 4 by δ1

4, δ
2
4, δ

3
4, δ

4
4, respectively. First, we have

V1 = {1, 2, 3, 4, 5},U1 = {6, 10, 11, 12},Y1 = {2, 3, 4, 5},
V2 = {6, 7, 8, 9, 10},U2 = {4, 5, 17, 19},Y2 = {6, 8, 9, 10},
V3 = {11, 12, 13, 14, 15},U3 = {2, 3, 16, 18},Y3 = {11, 12, 14, 15},
V4 = {16, 17, 18, 19, 20},U4 = {8, 9, 14, 15},Y4 = {16, 17, 18, 19}.

Then, the nonempty matching sets are given by

C12 = {4, 5},C21 = {6, 10},C13 = {2, 3},C31 = {11, 12},
C24 = {8, 9},C42 = {17, 19},C34 = {14, 15},C43 = {16, 18}.
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By the projection mapping, we get the undesirable sets Ωi, i = 1, 2, 3, 4.

Ω1 = {(1, 2, 2, 3, 4), (4, 3, 2, 1, 2), (2, 4, 3, 2, 1)} ∼ {δ92
45 , δ

914
45 , δ

485
45 },

Ω2 = {(2, 2, 2, 3, 4), (4, 2, 1, 3, 2), (3, 1, 2, 4, 2)} ∼ {δ348
45 , δ

458
45 , δ

542
45 },

Ω3 = {(1, 2, 2, 3, 4), (3, 2, 4, 2, 1), (2, 3, 1, 2, 4)} ∼ {δ92
45 , δ

629
45 , δ

392
45 },

Ω4 = {(1, 2, 2, 2, 4), (2, 1, 3, 4, 2), (4, 2, 1, 3, 2)} ∼ {δ88
45 , δ

302
45 , δ

842
45 }.

Accordingly, the Boolean matrices IΩi ∈ B45×45 related to Ωi are given as follows:

Coll(IΩ1) = 0, l ∈ {92, 914, 485}, Coll(IΩ2) = 0, l ∈ {348, 458, 542},
Coll(IΩ3) = 0, l ∈ {92, 629, 392}, Coll(IΩ4) = 0, l ∈ {88, 302, 842}.

The constrained structure matrices are given by

Fi,Ωi = IΩi Fi
(
I4qi ⊗ IΩi

)
, i = 1, 2, 3, 4.

Since ni = 5 and qi = 4, each matrix Fi,Ωi ∈ B4ni×4ni+qi contains 49 columns. Hence, its expanded form
is omitted for brevity.

For each subgame Λi, the admissible local strategy consensus set is

Φi,Ωi =
{
(δ1

4)5, (δ2
4)5, (δ3

4)5, (δ4
4)5}.

To identify the strategy consensus profiles belonging to a cycle, we first restrict the constrained
dynamics of each subgame Λi to the strategy consensus set Φi,Ωi , and obtain the transition matrix
Fi,Φi,Ωi . Using Fi,Φi,Ωi , the one-step reachability matrix Mi,Φi,Ωi is constructed via a Boolean sum over
all valid control inputs. We further calculate

Ci,Φi,Ωi
=
∑
B

4

j=1

(
Mi,Φi,Ωi

) j
, i = 1, 2, 3, 4.

Inspection over the diagonal entries of Ci,Φi,Ωi
yields the strategy consensus profiles that return to

themselves after a finite sequence of valid transitions. Direct calculation gives

Ri =
{
(δ1

4)5, (δ2
4)5
}
=
{
δ1

45 , δ
342
45

}
, i = 1, 2, 3, 4.

Thus, for each subgame, the profiles (δ1
4)5 and (δ2

4)5 belong to a strategy consensus cycle. Moreover,
according to Proposition 4.2, since qi = 4, direct computation yields

(δ2
4)5 = Fi,Φi,Ωi(δ

1
4)4+5, (δ1

4)5 = Fi,Φi,Ωi(δ
2
4)4+5, i = 1, 2, 3, 4.

Hence, each subgame possesses the control-state matched strategy consensus cycle

(δ1
4)5 → (δ2

4)5 → (δ1
4)5,

with the common period η = 2. Therefore, condition (i) of Theorem 4.4 is satisfied.
To verify conditions (ii) and (iii), consider the valid initial profile x0 =

(
1, 1, 2, 2, 2, 2, 2, 2, 2, 2,

2, 2, 2, 2
)
. The corresponding initial profiles of the four subgames are

xΛ1,0 = (1, 1, 2, 2, 2), xΛi,0 = (2, 2, 2, 2, 2), i = 2, 3, 4.

AIMS Mathematics Volume 11, Issue 10, 35047–35069.



35064

According to the iterative formule (4.3), at t = 0, the input profiles of the four subgames are
determined by their connected subgames as

uΛ1(0) = PV2,C21

(
xΛ2,0
)
⋉ PV3,C31

(
xΛ3,0
)

= δ2
4 ⋉ δ

2
4 ⋉ δ

2
4 ⋉ δ

2
4 ∼ (2, 2, 2, 2),

uΛ2(0) = PV1,C12

(
xΛ1,0
)
⋉ PV4,C42

(
xΛ4,0
)

= δ2
4 ⋉ δ

2
4 ⋉ δ

2
4 ⋉ δ

2
4 ∼ (2, 2, 2, 2),

uΛ3(0) = PV1,C13

(
xΛ1,0
)
⋉ PV4,C43

(
xΛ4,0
)

= δ1
4 ⋉ δ

2
4 ⋉ δ

2
4 ⋉ δ

2
4 ∼ (1, 2, 2, 2),

uΛ4(0) = PV2,C24

(
xΛ2,0
)
⋉ PV3,C34

(
xΛ3,0
)

= δ2
4 ⋉ δ

2
4 ⋉ δ

2
4 ⋉ δ

2
4 ∼ (2, 2, 2, 2).

For t = 1, we haveXΛ1

(
1; xΛ1,0

)
= F1,Ω1uΛ1(0)xΛ1,0 = δ

5
45 ∼ (1, 1, 2, 1, 1),

XΛi

(
1; xΛi,0

)
= Fi,ΩiuΛi(0)xΛi,0 = δ

5
45 ∼ (1, 1, 1, 1, 1), i = 2, 3, 4.

The input of subagames Λi, i = 1, 2, 3, 4, are given as

uΛ1(1) = PV2,C21

(
XΛ2

(
1; xΛ2,0

))
⋉ PV3,C31

(
XΛ3

(
1; xΛ3,0

))
= δ1

4 ⋉ δ
1
4 ⋉ δ

1
4 ⋉ δ

1
4 ∼ (1, 1, 1, 1),

uΛ2(1) = PV1,C12

(
XΛ1

(
1; xΛ1,0

))
⋉ PV4,C42

(
XΛ4

(
1; xΛ4,0

))
= δ1

4 ⋉ δ
1
4 ⋉ δ

1
4 ⋉ δ

1
4 ∼ (1, 1, 1, 1),

uΛ3(1) = PV1,C13

(
XΛ1

(
1; xΛ1,0

))
⋉ PV4,C43

(
XΛ4

(
1; xΛ4,0

))
= δ1

4 ⋉ δ
2
4 ⋉ δ

1
4 ⋉ δ

1
4 ∼ (1, 2, 1, 1),

uΛ4(1) = PV2,C24

(
XΛ2

(
1; xΛ2,0

))
⋉ PV3,C34

(
XΛ3

(
1; xΛ3,0

))
= δ1

4 ⋉ δ
1
4 ⋉ δ

1
4 ⋉ δ

1
4 ∼ (1, 1, 1, 1).

For t = 2, we have
XΛi

(
2; xΛi,0

)
= Fi,ΩiuΛi(1)XΛi

(
1; xΛi,0

)
= (δ2

4)5 ∼ (2, 2, 2, 2, 2), i = 1, 2, 3, 4.

Hence, at time t = 2, every player within each subgame adopts strategy 2 on its corresponding control-
state matched strategy consensus cycle. Therefore, condition (ii) is satisfied.

Consequently, each subgame achieves strategy consensus within itself at t = 2, and the global
strategy profile is

x(2; x0) = (δ2
4)20.

Afterward, the subgames follow their control-state matched strategy consensus cycles, which yield

(δ2
4)20 → (δ1

4)20 → (δ2
4)20 → (δ1

4)20 → · · · .

Therefore, by Theorem 4.4, the NEG achieves strategy consensus starting from x0.
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If the original NEG in this example is analyzed directly, the strategy-consensus analysis involves
420 strategy profiles, and the corresponding computational term is 460. Such a large-scale calculation
is difficult to perform directly. Under the aggregation shown in Figure. 2, the NEG is divided into
four subgames, each containing five state players and four input players. Thus, each subgame has only
45 = 1024 state profiles and 44 = 256 possible input profiles. The corresponding computational term
is (4 · 415 + 4 · 44) ≪ 460. Therefore, the aggregation method greatly reduces the computational burden
for the considered large-scale NEG.

6. Conclusions

We have investigated constrained strategy consensus problems for large-scale NEGs, where all
state trajectories must stay away from an undesirable set. Network aggregation has been utilized to
decompose the original game into smaller subgames and reduce computational complexity. The
definition of control-state matched strategy consensus cycles has been given, and a proposition for
checking their existence has been presented. A sufficient condition for achieving global strategy
consensus starting from a given initial profile has been further derived by analyzing reachability
properties and trajectory matching among subgames. Due to the expansion of the undesirable set
under aggregation, only sufficient conditions have been obtained in this paper. In future work, we will
investigate strategy consensus reachability for globally feasible initial profiles and explore necessary
and sufficient conditions to overcome this limitation.
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