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1. Introduction

Over the last several decades, interest in singular and degenerate elliptic boundary-value problems
has risen; due to application needs. This direction originates from the fundamental Keldysh work [1]
finding (on examples of second-order equations with power-like coeflicients) and the main properties of
the posing of boundary-value conditions for such equations. Further, strongly degenerating boundary-
value problems arise in the theory of singular points of solutions (including regular ones) of elliptic
equations (see, e. g., [2—4] and reference therein).

Functional—differential equations form a special class (differential-difference equations or equations
with retarded or deviated independent variables are their particular cases). Their theory originated
in the works of Myshkis, Hale, G. Kamenskii, and El’sgol’ts (see [5-8]). Substantial results in
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this direction were obtained by Skubachevskii, Rossovskii, and Muravnik; we cite only [8, 9].
It is important that even prototype problems for functional-differential equations might possess
compactly-supported solutions (such as Rvachev atomic functions); this phenomenon is possible nor
for differential neither for difference equations. Also, functional-differential equations include the
important class of equations with Dunkl operators related to Bessel differential operators, appearing
at the intersection of group theory and the theory of group symmetries (Coxeter groups), differential
equations, integral transforms, quantum physics, and crystallography. Also, the class of functional—
differential equations includes problems with involute (Carleman) translations (see [10]).

We select a special class of singular partial differential equations such that its typical representative
is the following B-elliptic equation with Bessel operators with respect to each variable:

ZBy,xku(xl,...,xn) = f. (1.1)
k=1

B-hyperbolic and B-parabolic equations are considered in the same way. This convenient terminology
was introduced in [11]. The study of this class of equations is originated in works of Euler,
Poisson, and Darboux. Then it was continued in the Weinstein generalized axially symmetric
potential theory (see [12], in works of Aldashev, Bers, 1. Egorov, Zhitomirskii, Kapilevich, Kilbas,
Kudryavtsev, Lizorkin, Sh. Karimov, E. Karimov, Marichev, Matiychuk, L. Mikhailov, Olevskii,
Pul’kin, M. M. Smirnov, S. Tersenov, Khasanov, Kan Cher Khe, Yanushauskas, and others. The
importance of equations from these classes is due to their usage in applications as well; they are
often applied to problems related to the theory of axially symmetric potential, Euler—Poisson—Darboux
equations and many others.

The most comprehensive investigation of equations with Bessel operators was performed by
Kipriyanov and his disciples L. A. Ivanov, A. Ryzhkov, Aziev, Arkhipov, Baydakov, Bogacheyv,
Brodskii, Vinogradova, V. Zaytsev, Zasorin, G. Kagan, Katrakhova, Kipriyanova, Kononenko,
Klyuchantsev, A. Kulikov, Larin, Leizin, Lyapin, Lyakhov, Muravnik, I. Polovinkin, A. Sazonov,
Sitnik, Ukrainskii, Shatskii, E. Shishkina, and Yaroslavtseva; the main results in this direction are
presented in [11].

For the much more detailed presentation of results of two talented disciples of I. A. Kipriyanov,
V. V. Katrakhov and V. Z. Meshkov, including their short biographical information, see [13—15]. In
these references there are above many more considerations of the new boundary—value problem of V.
V. Katrakhov for solutions of differential equations with essential singularities, and solutions by V. Z.
Meshkov of the famous Landis problem on the strict growth estimates for solutions of the Schrodinger
equation with bounded potential.

To describe classes of solutions of the corresponding equations, Kipriyanov introduced and
investigated function spaces named in his honor afterwards.

In all above the mentioned questions, the essential role is played by transmutation theory.

Definition 1.1. Let (A, B) be a pair of operators. A nonzero operator T is called a transmutation
operator if the relation

TA=BT (1.2)
holds.
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Also, relation (1.2) is called the intertwining property; in this case, we say that the transmutation
operator T intertwines the operators A and B. To convert (1.2) into a strict definition, one has to specify
function spaces (sets) such that the operators A, B, and T act in them. Usually, the invertibility and
continuity are included in the definition of transmutation operators; however, these requirements are
not compulsory. In particular implementations, A and B are frequently (but not compulsory) differential
operators, while 7 is a linear integral operator; all three act in standard spaces.

It is clear that the notion of transmutation operators is a generalization of the linear-algebra notion of
the similarity of matrices. Note that no efficient methods to verify the similarity of two finite matrices
exist because there are no efficient methods (apart from direct computations) to verify whether their
Jordan forms coincide each other.

We briefly present the prototype scheme illustrating the usage of transmutation operators to obtain
binding relations between solutions of the perturbed and unperturbed equation provided that the
intertwining property is proved for them. For example, suppose that rather complex operator A is
studied, while the needed properties are already known for a prototype (simpler) operator B. Then, if
a transmutation operator of kind (1.2) exists, then it is frequently possible to extend properties of the
prototype operator B to A. This is a prototype scheme of a typical usage of transmutation operators in
particular problems, explained in a few words.

In particular, if an equation Au = f is considered, then applying to it the transmutation operator
T with the intertwining property (1.2), we obtain an equation of the kind Bv = g, where v = Tu and
g = Tf. Therefore, if the equation with the operator B is simpler and relations for its solutions are
already known, then we obtain the representations for solutions of the first equation as well: u = T~ v,
Certainly, in the framework of the explained approach, the existence of the inverse transmutation
operator is needed and it has to act in the corresponding spaces; moreover, an explicit representation of
this inverse operator is needed to obtain explicit representations of solutions. This is a simple example
of applications of the technique of transmutation operators in the theory of differential equations (both
ordinary and partial ones). Note that if a pair of linear transmutation operators exists, then they
provide the relation between solutions and representations of solutions both for homogeneous and
inhomogeneous equations (as well as for equations with a spectral parameter).

For the basics of transmutations, we refer to the classical monographs [16-25] and some recent
books [13—15], edited collections [26,27] and papers [28, 29].

The necessity of the theory of transmutation operators is confirmed by its numerous applications.
Methods of transmutation operators are especially important for the theory of differential equations of
various types. Many fundamental results for various classes of differential equations are proved by
means of methods of transmutation operators.

Nowadays, the theory of transmutation operators, as with functional differential equations, are
separate areas of mathematics, located at the intersection of differential, integral, and integrodifferential
equations, functional analysis, function theory, complex analysis, theory of special functions and
fractional differential and integral calculus, harmonic analysis, theory of optimal control, inverse
problems, and scattering problems.
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2. Special functions and integral transforms

2.1. Special functions

Here, we provide brief definitions and explanations for special functions used in this survey. We
follow classic monographs [30-33], and also definitions and notations in [13—15].
The following definition via the Euler second-kind integral is used:

(59

I'(z) = fyz_le_ydy, Rz > 0; 2.1

0

this integral converges for all complex z such that Rx > 0.
The Bessel functions are defined as solutions of the Bessel differential equation

d’y  dy
2 2_ 2
X ——+x—+x" —-a)y=0,
dx* dx ( »
where the order « is an arbitrary complex number.
First-kind Bessel functions denoted by J,(x) are solutions finite at the origin for integer or
nonnegative @. These functions can be defined by means of the Taylor expansion around the origin

or more general power series (if « is not integer):

[ee)

(_1)m X 2m+a
Jal0) = Zm!F(m+a+ 1)(5) '

m=0

If @ is not integer, then the functions J,(x) and J_,(x) are linearly independent. Hence, they are
solutions of the equation. If « is integer, then the following relation holds:

J_a(X) = (=)o ().

This means that the functions are linearly dependent (in this case). Then the second solution of the
equation is the second-kind Bessel function, i.e., the Neumann function, which is the solution N,(x) of
the Bessel equation, tending to infinity as x — 0. This function is related to J,(x) as follows:

_ Jo(x)cos(am) — J_o(x)
B sin(ar)

No(x)

(if « is integer, then the limit with respect to @, computed, e.g., by means of L’Hopital’s rule, is taken).
A linear combination of the first-kind and second-kind Bessel function is a complete solution of the
Bessel equation:

Y(x) = C1Jo(x) + CoNo(X).

The notation N,(x) = Y,(x) is frequently used as well.
Modified Bessel functions or Bessel functions of imaginary independent variables are functions

I,(x) = i_VJv(ix)
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and the MacDonald function is

K, L, y(0)],v ¢ Z.
() = 5 ey U0 = B0, v ¢
If v € Z, then the MacDonald function is computed by means of the limit passage with respect to the
index (the L’Hopital’s rule is applied).

The Gauss hypergeometric function is defined inside the disk f{|z|<1} as the sum of
the hypergeometric series

O (@) 2

Fi(a,b;c;z) = F(a, b, c;
2Fi(a,b;c;2) (a,b,c;2) = 2, o &

1
= F(—C) b-171 _ pne—b-171 _ —a

- F(b)F(c—b)ft (1-1 (1 =z)dt, Re>Rb>0 (2.2)
0

(see [30, p. 373, relation 15.3.1]). For |z| > 1, it is defined as the analytic continuation of this series.
In relation (2.2), the parameters a, b, and ¢ and the variable z are allowed to be complex, c is different
from each nonpositive integer, and (a) is the Pochhammer symbol.

The hypergeometric series (2.2) converges only in the unit disk of the complex plane. This results
in the necessity to construct the analytic continuation of the hypergeometric function to the whole
complex plane. One way to do this is to use the Euler integral representation

2Fi(a,B,y32) = Wffﬁ A =01 -1 dt,

0 < RB <Ry, |arg(l —z)|<m;

the right-hand side is defined under the specified conditions providing the convergence of the integral.

It is important that various special and elementary functions can be obtained from the
hypergeometric function if we assign particular values to parameters and transform the independent
variable.

The Legendre functions P, (x) and Q% (x) are generalizations of Legendre polynomials to noninteger
degrees (see [31]).

The Legendre functions P, (x) and Q) (x) are the solutions of the general Legendre equation

e

(1-xDy" —2xy + _xz]y:o,

/1(/1+1)—1

where the complex numbers A and u are called the degree and order (respectively) of the Legendre
function. For complex values of the parameters and the independent variable, these functions can be
determined as follows:

/2

1
(1 —w)

1+ 1-
SR Ll —), [l <2,

2

Pl(z) =
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and
VI T(A+u+1) e (72 — 112 A+pu+1 A+pu+2 3

2HTd) | gl A

0\ ()=

1
> . 5 5; Z_2 s el > 1L
where I' is the gamma-function and , F'; is the hypergeometric function. Also, we use the direct values
of the functions P, (x) and Q) (x) on the cut x € [-1; 1], denoted by P%(x) and Q/(x).

Legendre functions are special cases of the Gauss hypergeometric function. Therefore, numerous
series expansions, integral representations, and relations for the continuation as well as expressions via
elementary functions for special values of parameters are known for them.

Legendre polynomials are Legendre functions of order 4 = 0 for nonnegative integers A = n.

The Mittag-Lefller function E,g(z) is the entire function (in z € C) of order 1/a defined by the
power series

(o) Zn
Eop(2) = ZO Fantgy €0 @peC Ra >0, RE > 0. (2.3)

Lately, functions of the hypergeometric type (such as Mittag-Leffler functions, Wright functions,
and Fox functions) are broadly applied in problems of probability theory and mathematical statistics. In
particular important distribution functions, probability densities, and their characteristics are expressed
via them.

Wright functions, or more exactly Fox—Wright functions, intermediately generalize Mittag-Leffler
functions and are defined by series similar to (2.3); the difference is that the fraction for the common
term of the series might contain an arbitrary finite amount of gamma-functions both and the numerator
and denominator.

Let p,g € Ny = {0,1,2,...}, p> +¢* # 0, a;,b; € C,and @;,5; € R (@1, 3; # 0,i = 1,2,...,p,
Jj=1,2,...,9). Then the Fox—Wright function is defined by the power series

e

I'(a; + a;k) &

plP (Z Z _, ZE€ C.
m=0 [T I'(b; +ﬁjk)

Il
—_

:Q

.
1l
—_

The general definition of the Meyer G-function is given by the following integral in the complex
plane:

m

[r Lo, - ) [1T(1 —a; +5)

Z): 1 f = = 2’ ds.
27 q
[T TA-=5b;+s) H I'(a; - s)

Jj=m+1 Jj=n+1

ap

Gp‘f(bl,...,b

q

This is an integral of the so-called Mellin—-Barnes type. It is well defined under the following
assumptions: 0 < m’ < ¢,0 <n < p,m,n,p,q € Z,and a, —b; # 1,2,3,...fork = 1,2,...,n
and j = 1,2,...,m. Under these assumptions, there are no coinciding poles I'(b; — s), j = 1,2,...,m
andI'(1 —a; + ), k=1,2,...,n,z # 0. Moreover, once the circuit over the region with poles is over,
the contour is continued up and down along the same vertical line.

In all cases, the Meyer G-function is representable as a finite sum of generalized hypergeometric
functions and satisfies a differential equation with polynomial coefficients (it can be presented
explicitly). Meyer functions are used, e.g., to represent the Obreshkov transform .
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The H-function was introduced by Fox as integrals in 1961 and as series much earlier. It is defined
by means of the Mellin—Barnes integral:

A
He) = H,5@) = Hyy H( EZ;’ j BZ; )] - Hé’f&”[z

(a1,A1) (a2, Az) ... (ap’Ap)]
(b1,B1) (b2, By) ... (by,By)

(ﬁ (b, + Bjs)) (n r(l-a, - Ajs))
i 1

= Lf z'ds,
2mi q p
1

Jj=m+1 j=n+

where each empty product is assigned to be equal to one, m,n,p,q € Nyo,0 < n < p,1 <m < g,
A;,Bj € Ry, a; and b; are either real or complex, i = 1,...,p, j = 1,...,¢q, L is a suitable contour
separating the poles

bj'f'V .
Ly =— 5 ) Jj=1...,m, v=0,1,2,...,

J
of the gamma-function I'(b; + sB;) from the poles
l—a,+k
W = (L) A=1,...,n,  k=0,1,2...,
Aj
of the gamma-function I'(1 — a, — sA,) such that

Aybj+v)+Bjla—k-1),j=1,....mA=1,...,n,v,k=0,1,2,...,

and, once the circuit over the region with poles is over, the integration contour is continued up and
down along the same vertical line.

Fox functions are applied to construct the Green function for the fractional-diffusion equation; the
Stankovich transform is used for this purpose.

Multivariable hypergeometric functions are used as well as they are important for the theory of
degenerating and singular differential equations.

2.2. Integral transforms

The Fourier transform, sine transform, cosine transform, and Hankel transform have the following
forms, respectively:

(59

FP) = v% f exp(—ity) f(y) dv,

T

0
2 [oe)
(F.f)(0) = \g f cos(iy)f () dy,
0

i
(Fuf)0) = \g f Sin(1y)f() d.
0
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They are unitary in L,(0, c0) and coincide with their inverse transforms.
The Hankel (Fourier—Bessel) transform has the form

(o)

1
H 0 = f 10 fO) dy
0

or

(o0

#0O = [ )68 f02 d
0

Due to the property that j,(0) = 1, it is more convenient to use the Hankel transform with the function
j 1 (x¢) in the kernel.
The Mellin transform f(x) is the function g(s) defined by the relation

(o)

g(s) = Mf(s) = | ¥ f(x)dx. (2.4)
Define the Mellin convolution as follows:
r X dy
(fix L)) = | fil -] LOD)—. (2.5)
y y
0
In Mellin images, the convolution operator with kernel K acts as a multiplier:

r d
MAF(s) = f K(;)f(y) 7y = MK * f(s) = ma()M [ (s), (2.6)
0

mu(s) = MK(s).

Theorem 2.1. (see [13, 14] ) Let the convolution operator A acts according to relation (2.6) as a
multiplier in Mellin images. Then, the following boundedness conditions for the direct and inverse
operators and relations for their norms are satisfied:

(a) It admits an extension till an operator bounded in L,(0, o) if and only if

sup
£eR

My (i§ + %)' =M, < oo, 2.7)

where ||AllL, = M,.

(b) Under the additional condition that the kernel K is nonnegative, it admits an extension till an
operator bounded in L,(0, ), p > 1, if and only if

1

my (lf + —)‘ = Mp < 00, (28)
p

where ||AllL, = M,,.
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1
(c) The inverse operator A~ acts according to relation (2.6) as well and its multiplier is — . It admits

ny
an extension till an operator bounded in L,(0, oo) if and only if
. o1
?ég my (zf + 5)' =my >0, (2.9)

where ||A‘l||L2 = —.
myp

(d) Let the operators A and A™' be defined and bounded in L,(0, o). Then, they are unitary if and
only if the relation

2

1
My (ig—‘ + —)| =1 (2.10)
holds for almost all €.

The last theorem summarizes results of many mathematicians: Schur, Hardy, Littlewood, Polya,
Kober, Mikhlin, and Hérmander.

The following important achievement of 1970s is related to the Mellin transform: The known
Slater theorem allowing one to explicitly restore the majority of Mellin originals via their images is
completely proved and adopted for the computing of integrals (a simple algorithm of hypergeometric
functions is used for that. Formally, this result can be easily obtained by means of the general Mellin—
Barnes inversion relation (via residues). However, quite complicated and careful work is required
to justify it strictly; one has to investigate the asymptotic behavior of hypergeometric functions near
residues and at infinity, and a substantial diversity is typical for such a behavior. This work is only
started by Slater, while it was completed by Oleg Marichev. The Slater—Marichev theorem yields a
universal and powerful method to compute integrals. This method allows one to solve various problems
from the theory of partial differential equations; also, it is the base of the forefront technologies of the
symbol integrating of the MATHEMATICA package.

The Slater theorem reads as follows. Let

ay, ay, ..., du ['(apli(az)...I'(as)

Plobn b o by | T 0= 1 S r G T @11
where each empty product is assigned to be equal to one,
@+s=a1+s,a,+5,...,a4 + S,
(b)Y —by=by —by,...,by_1 — br, b1 — by, ...,bg — by, (2.12)
S S | @ =@ )+,
a(@) = ;Z [ ©—-a; @ +a
) L . (_1\C-A
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B
_N | 0 = bis (@ + by
EB(I/Z)—;Z F[ d)=by (c)+ by

(@)+b 1+a,—(d); w
Xa+p Fpicoi a o U ’ Z , (2.14)

1+b,— (D), (c) + by

and
|argz] < .

If the series converge, then X4(z) and X3(1/z) are functions of the hypergeometric type and they pass
into each other if we change places of the A-dimensional complex vector (a) = ay,a,,...,a, and
the analogous B-dimensional vector (b), change places of the C-dimensional vector (¢) and the D-
dimensional vector (d), and replace z with 1/z. These functions analytically depend on the complex
parameters (a), (b), (c), and (d) and on the variable z. If the vectors (a) (or (b)) have coinciding
parameters or parameters such that the difference between them are integers, then the vectors (a)’ — a;
((b)" = by) contain nonzero or negative integer components and, due to the property I'(-n) = oo,
n =0,1,2,..., the functions X4(z) and X3(1/z) might have ambiguous points of the kind co — co.
In such logarithmic cases, the values of X£4(z) and £z(1/z) are understood as the corresponding limits
of the “regular” functions 24(z) and Z3(1/z) as their parameters continuously tend to the considered
special values.

Note that if the restriction | arg z| < 7 is not imposed, then £4(z) and Xg(1/z) are not guaranteed to
be one-valued functions.

Theorem (Slater). Let

(a)+s (b)—ys
©+s, (d-s]|
where (a), (b), (c), and (d) have A, B, C, and D components aj, by, ¢;, and d,, respectively. Let the
following two groups of conditions be satisfied:

K'(s)=T (2.15)

—-Ra; <Rs<Rby, j=1,2,...,A, k=1,2,...,B, (2.16)
and
A+B>C+D,
A+B=C+D, Rs(A+D-B-C) < —-Ry, (2.17)
A=C B=D, 9Rv<O,
where
A B c D
V:Za1+2bk—2c1—2dm
=1 k=1 =1 m=1

Then, the following relations hold for the values of s:

[ 'Z4(x)dx, A+D>B+C,
0
1 o0
K*(s) =4 [x'Zu(0dx+ [x7'Zp(1/x)dx, A+D=B+C, (2.18)
0 1
[ 21251/ x)dx, A+D<B+C,
0
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and Z,(1) = Zp(1) provided that A+ D =B+ C,Rv+C—-A+1<0,and A > C.

Corollary. If conditions (2.16)-(2.17) are satisfied, then the preimage of the function

e @+s (b)—s
Ki(s)=T @ +s, (d-s|

is a function K(x) of the hypergeometric type such that it is equal to one of the following expressions:

2a(x), x>0,A+D>B+C,
Za(x), O0<x<1,A+D=B+C,
2p(1/x), x>1,A+D=B+C,
2p(1/x), x>0,A+D < B+C,

K(x) = (2.19)

where K(1) = £4(1) — Zp(1), provided that A+ D =B+ C,Rv+C—-A+1<0,and A > C.

2.3. Various forms of fractional integrodifferentiating

Operators of fractional integrodifferentiating are important for various areas of contemporary
mathematics. Consider fractional Riemann—Liouville integrals and derivatives.

Definition 2.1. Let ¢(x) € L (a, b). Then, the integrals

o _ @(1)
(1%, 0)(x) = T f Gop) —d x> a, (2.20)

and

@(1) ,
Ia)J t—-x)to "

Iy @)(x) = x<b, (2.21)

where a > 0, are respectively called the left-side and right-side fractional Riemann—Liouville integrals
of order a.
For a function f(x), x € [a, b], the expressions

o _ [t
(D )(x) = - ( dx) oy (2.22)

and

d
(Dy_f)(x) = ~2 ( dx) (t_g))a tnﬂ, (2.23)

where n = [a] + 1, @ > 0, are respectively called the left-side and right-side fractional Riemann—
Liouville derivatives of order a.
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In special cases, the Riemann-Liouville operators most important for applications are defined (for
positive values of @) as follows:

« _ L ( _ pa-l « _ L ( _ el
Iy, o f = @) f (x-0"" f(dt and I f= @ f (t=0"" f(rydt.
0 X

For other values of «, they are defined by means of the analytic continuation (regularization).

Note that there are numerous variants of fractional integrodifferentiating operators: Those
of Gerasimov—Caputo introduced by Gerasimov in 1948 and rediscovered by Caputo in 1968,
Marchaud, Weyl, Riesz, Erdélyi—Kober, Hadamard, Gel’fond-Leontiev (the double title is proposed
by Korobeinik), Dzhrbashyan—Nersesyan, etc.

Now, consider Erdélyi—Kober fractional integrals and derivatives.

For a > 0, Erdélyi—-Kober operators are defined by the following relations:

2 —2(a ( a—
Iysof = ON 2o f S A S (/3 (2.24)
0
2 (9]
17, .f= @xb f & = )™ P () d (2.25)

For @ > —n, n € N, they are defined by the following relations:

(4 —z(a+y d ! a+y+n) ya+n

IO_HZ’yf =x 2( +))(@) x2( +y+ )Ioj;z’yf’ (2.26)
(4 ) d ! a—y) ya+n

I—;Z,yf = x2>(_dx2) ot y)I—;Jr2,y—nf' (2.27)

For other values of a, they are defined by means of the analytic continuation (similarly to fractional
Liouville integrodifferentiating operators).

Now, consider the most general form of such operators, i.e., fractional integrals with respect to
arbitrary functions.

The fractional integral with respect to an arbitrary function g(x) is defined as follows:

1 X
sl = @ f (g(x) — g g fdt, (2.28)
0
@ 1 ( a-1 s
)= @ f (g(n) — g(x)*' g f(yd1, (2.29)

where Ra > 0. For the remaining values of «, the relations are easily extended. Fractional
integrals (2.24) are obtained if we assign g(x) = x in (2.28), the Erdélyi—Kober integrals (2.24) are
obtained if we assign g(x) = x?, and the Hadamard integrals are obtained if we assign g(x) = In x.
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The relation to transmutation operators is as follows: Up to factors, the Sonin—Poisson—Delsarte
operators are the Erdélyi—Kober operators, i.e., the fractional powers

d \" (d\" .,
(dg(x)) _(2xdx) ;&) =x

Therefore, the main properties of these transmutation operators can be obtained from the theory
of fractional integrodifferentiating operators instead of to invent them again (as it is frequently
done). A. Dzhrbashyan attracted our attention to the fact that fractional integrating operators with
respect to the function (2.28) are special cases of more general operators introduced and studied by
M. Dzhrbashyan.

3. Main classes of differential equations with Bessel operators and related transmutation
operators

For differential equations with Bessel operators

du 2v+1du
BVM(X) = E + —_—

, 3.1
x dx G-

we use the following terminology due to Kipriyanov [11].
Equations with Bessel operators of the kind

D Byu(x, . x) = f(2, %) (3.2)
k=1

are called a B-elliptic equations. Sometimes, they are called Laplace—Bessel equations.
B-hyperbolic equations are equations with Bessel operators of the kind

Bou(t, %1, x0) = ) Byt 31, ) + £(2, %), (3.3)
k=1

If the spatial variable is unique, then we obtain the Euler—Poisson—Darboux equation.
B-parabolic equations are equations with Bessel operators of the kind

6 n
PUCEIEAE ; By ult, X1, ..., %) + f(t, %). (3.4)

The same terms are preserved for incomplete equations, where one or several Bessel operators are
reduced to the second derivatives and spectral parameters are added to the equations. We list several
known classes of differential equations with Bessel operators without any claims for this list to be
complete; only main references are provided.

B-elliptic equations of the kind

n 2 .
Z(0u+k,8u):f(x) 35)

‘=1 (9x12 X 8)6,‘
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form a type including the Weinstein equation of the generalized axially symmetric potential theory
(see [12]); equations of this class are profoundly and comprehensively studied in works of Kipriyanov
and his school (see [11] and the above information).

The generalized Euler—Poisson—-Darboux equations are given by

n

Pu  vou Pu  k; Ou
e — =, 3.6
a1 ;(axf Ty 5‘xi) GO

u=u(xy,.,x,1),t>0,x>0vi=1,.,n.

The Euler—Poisson—Darboux equation with the spectral potential is

u vou u

—+-—=-—=+luleR 3.7

orr  tot  0x? ! S
and the generalized Euler—Poisson—Darboux equation with the spectral potential is

o’u  vou Z":(ﬁzu ki Ou

- —— = -+ —
or  tot axr  x; 0x;

) —Pu,1eR. (3.8)
i=1

Further, generalized wave equations with variable potentials of the kind

Fu_ o Pu o P

32 = g PP and —o +q(u = o+ pOou, (3.9)

are generalized to B-hyperbolic equations with variable potentials of the kind
B,u=B,.u+pxu and B,u+q(t)u= B, u+ p(x)u, (3.10)

their multidimensional analogs

B+ q(u =Y By u+ pxou, (3.11)
k=1

and the following B-ultrahyperbolic equations with variable potentials:

m

D (Buju+ qlepu) = > By + p(xu). (3.12)
k=1

J=1

Usually, these equations are solved (explicitly or implicitly) by means of transmutation operators for
Sturm-Liouville operators or perturbed Bessel operators.

Numerous applications of differential equations with Bessel operators are provided in cited papers
as well. Thus, this class of equations is important both for the theory of partial differential equations
and for practical applications.

The following useful Darboux—Weinstein relation (the term is introduced by J. L. Lions) can be
verified intermediately:

B, (™ f»)) = y " B.f(); (3.13)
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this easily reduces the case where Ry < 0 to the case where Rv > 0. This relation helps to reduce
problems connected with Bessel operators with negative parameter to ones with positive one.

Define the class of transmutation operators intertwining the Bessel differential operator with the
second derivative:

il pot ec (3.14)
X dx?

To construct transmutation operators, one can establish relations between solutions of differential
equations. Solutions of equations of the kind B, f = Af are Bessel functions, while solutions of the
equation D?>f = Af are trigonometric or exponential functions. Therefore, transmutation operators of

the kind (3.14) grow from the following relations (Poisson and Sonin):

T (B, f = (Dz)Tf, B, = D* +

X

— 1 2 _ 2 =3 1
J(x) = o Do Of (¥ =) “cos(tydr, Rv> > (3.15)
and
J,(x) = 2% f _V_%sin(t)dt L owy <! (3.16)
(x ,  —= y < —. .
VAl —v) 2 2

Integral (3.15) has been studied since 1769 (Euler). For v = 0, its value was computed by Parseval
in 1805. For integer values of v, relation (3.15) was obtained by Plana in 1821. For half-integer values
of v, Poisson derived it in 1823. For the general case, relation (3.15) was established by Lommel
in 1868. Relation (3.16) was derived by Sonin in 1880.

Definition 3.1. The Poisson transmutation operator is the expression

X

1 v-1 1
Pf=—o—"—"7— T-7) Y fdt, Rv>-—=. 3.17
I =tor e f(x ) o 7T G1D
0
The Sonin transmutation operator is the expression

X

S,f= 2 if(xz_lz)—v—% 2 F (0 dt ‘Rv<l (3.18)
T ey '

Operators (3.17)-(3.18) act as transmutation operators according to the relations
S,B,=D?S, and P,D*=B,P,. (3.19)

They can be defined for all complex values of v.

The idea to study operators of kind (3.17)-(3.18) is attributed to Liouville. Sonin was the first
to use them in the framework of the theory of Bessel functions. Delsarte was the first to use
them as transmutation operators. Further, Delsarte ideas are used to continue the investigation of
these operators (Delsarte and Lions). That is why we call (3.17)-(3.18) Sonin—Poisson—Delsarte
transmutation operators.

It is possible to say that Sonin—Poisson—Delsarte operators (3.17)-(3.18) are the most famous objects
of the theory of transmutation operators; hundreds of papers are devoted to them, their applications,
and their generalizations.
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Definition 3.2. The generalized translation operator is the solution u(x, y) = T f(x) of the problem

0’ 2v+10 0?
(By)yu(x,y) = 9y + c')_y) u(x,y) = E) u(x,y),

u(x,0) = f(x), uy(x,0)=0.

(3.20)

To justify this term, we note that, in the special case v = ~5 the generalized translation operator is

reduced to the operator
1
T = 5 (et + flx=y).

For the generalized translation operator defined by (3.20), the following explicit relation is obtained by
Delsarte:

T(v+ 1)
VAT + 1)

Arbitrary pairs of differential (or even arbitrary) operators can be considered in (3.20) as well. For
example, the following definition yields the classical translation:

T2 f(x) = f F(Nx2+ 32 = 2xycos 1) sin® tdt. (3.21)
0

= Wk 0)= (), TIF) = fx+y)
x dy

However, from the viewpoint of applications to solutions of partial differential equations with
singularities at coefficients, investigated in the present monograph, the specified Sonin—Poisson—
Delsarte operators possess a number of disadvantages preventing their applying in various important
cases. The disadvantages are as follows. First, Sonin—Poisson—Delsarte operators introduced above
are transmutation operators only on the set of even functions; therefore, it is impossible to consider
functions with singularities at the origin. Second, they do not preserve the compactness of the support
and the property to rapidly decrease at infinity. Third, they change the smoothness of transmuted
functions.

This results in the necessity to introduce and study other classes of transmutation operators for
differential equations with Bessel operators.

Fractional powers of Bessel operators

Note that there exists a theory of fractional powers of Bessel operators and their applications to
fractional-order differential equations. This approach allows one to avoid the implicit definition of
fractional powers of Bessel operators in images of the Hankel integral transform; instead, they are
explicitly defined as a particular integral operator with special functions in the kernels (see [13, 14]).

The main definitions and properties of fractional powers of Bessel operators are as follows.

We consider real powers of the singular Bessel differential operator

B, =D+ D,v>0 (3.22)
X
on the real semiaxis (0, 00).
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Definition 3.3. Let f(x) € C?(0,b]. Under the assumption that f?(b) = 0,0 < i <2k -1,k € N,
define the right-hand Bessel fractional integrating operator by the relation

‘ 1 ¥ =2\ v—1 x?
(B,"f)(x) = o) f( 2 ) 2P+ ——. ki 2k 1 - F)f()’) dy

b
1 |
- i [0 ) P (Yo

Definition 3.4. Under the assumption that f?(a) = 0,0 < i < 2k — 1,k € N, define the right-hand
Bessel fractional integrating operator by the relation

vk _ 1 ( X2 =y ke v=1. 5. y?
BENW = top [ (5] 2t 2k - )00 dy

x 1 L 1
= 22’<T\/17E(k) f(xz —y?)(k-2) (g) P;_f (z (g + %)) f(y) dy,

where ,F is the Gauss hypergeometric function and P, (z) is the Legendre function.

It is useful to express Bessel fractional integrals via Legendre functions; it simplifies the original
definition because the Gauss hypergeometric function depends on three parameters, while the Legendre
function depends on two.

4. Theory of Buschman—Erdélyi transmutation operators

In this chapter, the theory of Buschman-Erdélyi transmutation operators are systematically
explained. Special cases of integral operators of this class are considered in the previous chapter.

Note, that, following the tradition of the theory of transmutation operators and the corresponding
literature, we frequently use the term “operators” in cases where the term “differential expressions”
is more exact. In main theorems, the function spaces of their validity are provided. For results
containing explicit relations, if no particular function classes are mentioned, then we assume that
we mean compactly supported on the positive semiaxis functions (infinitely differentiable functions
different from zero on an interval (a, b), where a > 0 and b < o0).

Buschman—Erdélyi integral transmutation operators

The considered class of transmutation operators is very important: under a suitable choice of
parameters, it simultaneously generalizes the Sonin—Poisson—Delsarte transmutation operator and their
adjoints, Riemann—Liouville and Erdélyi—Kober fractional integrodifferentiating operators, and Meler—
Fock integral transforms.

Let us define first-kind Buschman—Erdélyi operators.
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Definition 4.1. The following integral operators are called the first-kind Buschman—Erdélyi operators:

Brf=[(2-2)" Pe(3) @.1)
5

EMf = x(xz—tz)g ( ) fdt, 4.2)
i

B*f = f (P-2)" P/;(;C) Fodt, 4.3)

E"f = f £ - ) P ) Fadt. 4.4)

Here, P, (z) is the first-kind Legendre function (see [31]), P (z) is the same function on the cut
-1 <t <1, and f(x) is a locally summable function satisfying growth restrictions as x — 0 and
x — oo, The parameters u and v are complex numbers such that Ry < 1 and Rv > —1/2.

In the same way, it is possible define the second-kind Buschman-Erdélyi operators with Legendre
functions of the second kind as kernels (see [13-15]).

Now, we present results for Buschman—Erdélyi transmutation operators and their applications to
differential equations with singularities at coefficients.

In what follows, we deal with the semiaxis. Therefore, L, denotes the space L,(0,c0) and L,
denotes the weight space L; (0, o).

First, we extend (4.1)—(4.4) to the case where u = 1 (this case is important, but it was not
investigated earlier).

Definition 4.2. For u = 1, the Buschman—Erdélyi operators of zero-order smoothness are introduced
by the relations

X

Bif= S5 f= ixfp (f)f(t)dt, 4.5)
Ef=\Pf= f df(t) 4.6)
B f=,S"f= f t (—@)d 4.7)
B f =Py f = () f %) rwra, (4.8)

where P,(z) = PY(z) is a Legendre function.
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Under obvious additional conditions on the functions from (4.5)—(4.8), these relations can be
differentiated under the integral sign or integrated by parts.

Theorem 4.1. On suitable functions, the Buschman—Erdélyi can be factorized via fractional Riemann—
Liouville and Buschman—Erdélyi integrals of zero-order smoothness as follows:

B f =11 1Sy, f, B f= P IMf (4.9)
and
ENf =Py 1M f, EYf =177 S f. (4.10)

Definition 4.3. The number p = 1 — Ru is called the smoothness order of the Buschman—Erdélyi
operators defined by (4.5)—(4.8).

Theorem 4.2. The Buschman—Erdélyi operators given by (4.1)~(4.4) are defined if Ru < 1 oru € N
and the following assumptions are satisfied:

v, [

or» We have

(a) for the operator B

f VY 1f() Inyldy < oo
0

1 1
provided that v = ) and u + R while we have

X

ff%mw@<w

0

for all other cases;

(b) for the operator E;, no additional assumptions are imposed,

(c) for the operator E”*, we have

[ee)

ffmmmw<w;

X

(d) for the operator B”*, we have

[e9)

tfy*”“unydﬁmdy<w
: 1 |-
provided that v = ~3 and p # > while we have

[

ffWWUOWW<w

X

for all other cases.
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Apart from the Bessel operator, consider the differential operator

LV:Dz_V(V_J;U:(i_Z)(i+Z):(i+V”)(‘l V”); @.11)
dx dx

X dx «x X X dx X

for v € N, this is the angular momentum operator from quantum mechanics. They are linked by the
following easy verifiable relations.
Let a pair {X,, Y,} of transmutation operators intertwine L, and the second derivative, i.e.,

X,L, = D’X, and Y,D* = L,Y,. (4.12)
Introduce the new pair of transmutation operators as follows:
S, =X,_1pxX" % and P, = x 2y, ). (4.13)
This pair intertwines the Bessel operator and the second derivative:
S,B, = D*S, and P,D* = B,P,. (4.14)

Conversely, the specified relations can be used to pass from transmutation operators for the Bessel
operator to transmutation operators for the angular momentum operator. Namely, if a pair {S,, P,} of
transmutation operators possessing property (4.14) is given, then the pair of transmutation operators
defined by the relations

X, = SV+1/2X_(V+1) and Y, = )CV+1PV+1/2 (415)

satisfy relations (4.12).

Transmutation operators intertwining the second derivative with the angular momentum operator
have the following advantage compared with transmutation operators intertwining the second
derivative with the Bessel operator: Under suitable conditions, they are bounded in a same space
instead of a pair of different spaces. Transmutation operators acting according to relations (4.12) are
still called Sonin-type and Poisson-type transmutation operators, respectively.

Theorem 4.3. If Ry < 1, then the operator B;" is a Sonin-type transmutation operator satisfying
relation (4.12) on functions f(x) € ®(By").

Now, consider various factorizations of Buschman—Erdélyi operators via Erdélyi—Kober operators
and fractional Riemann—Liouville integrals (see definitions in [34]).

Theorem 4.4. The following relations factorizing Buschman—Erdélyi operators via fractional
integrodifferentiating operators and Erdélyi—Kober operators hold:

2 v+1
v, _ pv+l—p—(v+1)

Bt =1t ”10+;;V+;(;) : (4.16)
g (B e 4.17)
0+ — 2 0+;2’_% 0+ s .

2 v+1
Vil —(v+1) gv—u+2
B = (;) o e, (4.18)
and
v o a1 (XY
B = ) (4.19)
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Theorem 4.5.

(1) Buschman—Erdélyi operators of the zero-order smoothness act according to (2.6), i.e., as
multipliers in Mellin images. The following relations hold for their symbols:

F(-3+2+DI(-$ -2+ D)

m;sy () = S S
o L =) -3)
25 T(=5 =3+ 5I(-5+%+1) .
= — 2 1- 4.2
v i) ,Rs <min(2 + Rv, Rv), (4.20)
rd-s5ra-:
m,pr (8) = — (3 A - Q)V — Rs<1, (4.21)
IrE+2+DI@E -2
m,pr(s) = G - S) (ﬁ 2 Rs > max(Rv, -1 — Rv), (4.22)
FGIG +3)
and |
T (2 + =
msv(s) = — (i) (12 i) —, Rs > 0. (4.23)
FG+3+IG -3
(2) The symbols satisfy the relations
m,pr (8) = 1/msy (5), mpr(s) = 1/m,s»(s) (4.24)
and
m,pr(s) = m,sy (1 —5), mp (s)=ms-(1—5s). (4.25)

(3) For Ly-norms of Buschman—Erdélyi operators of the zero-order smoothness, the relations

1S o.ll = P2l = 1/ min(1, V1 - sinzv) (4.26)
and
i Po.ll = IS 2l = max(1, V1 = sin7zv) (4.27)
are valid.
(4) The norms of operators (4.5)—(4.8) are 2-periodic with respect to v, i.e., ||x’|| = ||x"**||, where x*

is any of the operators (4.5)—(4.8).

(5) The norms of the operators |S, and | P’ are not bounded in total with respect to v, and each

norm is not less than 1. If sinty < 0, then these norms are equal to 1. The specified operators are
unbounded in L, if and only if sinnv = 1 (orv = 2k) + 1/2, k € Z).

(6) The norms of the operators P, and \S" are bounded in total with respect to v, and each norm

does not exceed 2. All these operators are bounded in L, for all values of v. If sinzv > 0, then
their Ly-norm is equal to 1. The greatest value of the norm, equal to V2, is achieved if and only
ifsinty = =1 (orv =-1/2 + (2k), k € Z).
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To formulate a special case as a corollary, assume that operators (4.5)—(4.8) are defined on functions
f(x) such that representations for them hold (to achieve this, it suffices to assume that xf(x) — 0 as
x — 0). Then, for v = 1, we have the relations

Py f=U~H)f and \SLf = - Hy)f, (4.28)

where H; and H, are the Hardy operators,

Hyf = f fovdy and Hof = [ £ (yy L (429)

and [ is the identity operator.

Corollary 4.1. The operators (4.28) are unitary and mutually inverse in L,. They intertwine differential
expressions d*/dx* and d* |dx* — 2/ x>

Also, one can show that operators (4.28) are Cayley transforms of symmetric operators +2i(x f(x))
under a suitable choice of domains.

In the unitary case, Buschman—Erdélyi operators of the zero-order smoothness form a pair of
Watson biorthogonal transforms, while their kernels form pairs of nonsymmetric Fourier kernels.

For the theory of integral equations, it is important to study the unitary property. In this case, the
inverse operator is to be sought in the form of an integral such that its integration limits are different
from the ones of the original integral.

Also, consider the case where v = i — 5 a € R, related to the Meler—Fock transform.

1
Theorem 4.6. Let v = ia — 5 a € R. Then, all operators (4.5)—(4.8) are bounded in L, and their

norms satisfy the relations

IS, 2|| = P = 1
5. Constructing of transmutation operators: composition methods

Each class of transmutation operators, investigated above, is constructed by its own method.
This causes a necessity to develop a general scheme to construct transmutation operators. In
the present chapter, we propose such a scheme. This is the factorization (composition) method
based on the representation of transmutation operators by a composition of integral transforms.
The composition methods provides algorithms to construct new transmutation operators. Also,
it includes (as special cases) Sonin—-Poisson—Delsarte, Vekua—Erdélyi—-Lowndes, and Buschman-—
Erdélyi transmutation operators of various types, Sonin—Katrakhov and Poisson—Katrakhov unitary
transmutation operators, generalized Erdélyi—Kober operators, and the classes of elliptic, hyperbolic,
and parabolic transmutation operators introduced in [16—18]. In the present chapter, we generalize
them, and introduce classes of B-elliptic, B-hyperbolic, and B-parabolic transmutation operators.

The composition method to construct transmutation operators is developed in [13, 14]. The initial
idea close to this method is applied by Katrakhov to construct a special class of transmutation operators;
these are called Sonin—Katrakhov and Poisson—Katrakhov transmutation operators.
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In this section, we provide main definitions and some results that can be obtained by means of
the composition method. Since the formulations of the results are quite cumbersome, we omit their
proofs. In the future, it is planned to present the the composition method completely (including some
examples).

The general scheme of the composition method is as follows. The input data is a pair A, B of
operators of an arbitrary type and the related generalized invertible Fourier transforms F4 and Fp
acting by relations

FAA = g(t)F4 and FpB = g(t)F, (5.1)

where ¢ is the dual variable and g(¢) is an arbitrary suitable function (the most obvious choice is g(¢) =
—12, cf. classical integral transforms).

The goal of the composition is to construct (formally) an output pair of mutually inverse
transmutation operators P and S acting according to the relations

1
S =F3'—F, and P = F;'w(t)Fp, 5.2
Tkl 4 W(OFg (5.2)
where w(t) is an arbitrary weight function. Then, P and S are mutually inverse transmutation operators
intertwining the original operators A and B:

SA=BS and PB = AP. (5.3)

The formal verifications is the direct substitution. The main difficulty is to compute the introduced
composition in an explicit integral form and to find the corresponding domains of the operators.
The main merits of the composition method are as follows.

e The composition method is simple: Numerous transmutation operators are constructed from basic
blocks (classical integral transforms) according to a simple rule.

¢ All transmutation operators known earlier in the explicit form can be constructed by means of the
(unified) composition method.

e Using the (unified) composition method, one can construct various new transmutation operators.

e The composition method provides a simple possibility to obtain inverse transforms in the same
composition form.

e The composition method provides a possibility to derive estimates of norms of direct and inverse
transmutation operators, using known estimates of norms for classical integral transforms in
various function spaces.

e The composition method provides a possibility to obtain explicit relations binding solutions of
the intertwined differential equations.

The composition method has a disadvantage as well: Usually, the action of basic blocks (integral
transforms) is known in classical spaces, but, applying them to differential equations or differential
operators for particular problems, we need estimates and the action on functions of other classes, e.g.,
classes of functions vanishing at the origin and/or infinity. In such cases, one can start, applying the
composition method to obtain an explicit form of the transmutation operator, and to extend it to desired
spaces afterwards.
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We emphasize that relations of kind (5.1)-(5.2) are new neither for the theory of integral transforms
nor for applications to differential equations. However, the composition method is new for applications
in the theory of transmutation operators.

Selecting the classical Fourier transform in other problems for integral transforms and related
differential equations, we see that relations (5.2) of the composition method lead to the class of

pseudodifferential operators with symbols w(z) and $ Selecting the classical Fourier transform
w

and the weight function w(¢) = (+it)~* for the operators A = B = D? and F4 = Fg = F, we obtain the
fractional Riemann-Liouville integral on the whole real line. Selecting the weight function w(z) = [¢|™°,
we obtain Riesz potentials. Once w(f) = (1 + 12)~* is selected, relations (5.2) yield Bessel potentials.
For w(?) = (1 £ it)~°, we obtain modified Bessel potentials (see [34]).

If we select the classical Hankel integral transform and the weight functions

A=B=B, F,=Fg=H, g =-, and w(t) = j,(st), (5.4)

then we obtain the Delsarte generalized translation operators (see [21,23,24,35]); recall that the Bessel
operator is denoted by B,, the Hankel transform is denoted by H,, and the normalized (“small””) Bessel
function is denoted by j,(-). In the general case, selecting data A = B, F4 = Fp and arbitrary weight
functions g(¢) and w(t) for the composition method, we obtain transmutation operators commuting with
the operator A (cf. the generalized translation operator commuting with the Bessel operator).

Applying the composition method instead of classical approaches, one can construct various explicit
integral forms of fractional powers of the Bessel operator. Neither semigroup-theory methods nor
spectral methods are able to provide such constructions.

Applying the composition method, one can obtain relations binding solutions of perturbed and
unperturbed differential equations linked by transmutation operators. For example, applying the
composition method to equations with Bessel operators of the kind

Vi Ou )
E A +Au=0, 5.5
k(@xk Xk ka) = ( )

x> 0,A; = const, v, = const, A = const,

we find binding relations for solutions of the unperturbed equation
ZAk— + v = 0. (5.6)

In particular, this class of relations includes binding relations for solutions of equations with Bessel
operators with different parameters; they are called translation operators with respect to the parameter
(see [13,14]). A similar idea called the subordination principle is used in the theory of fractional-order
equations. In fact, it consists of the constructing of transmutation operators performing a translation
with respect to the order of the equation; in particular, this allows one to express solutions of fractional-
order equations via solutions of classical integer-order equations .

Thus, one can conclude that the composition method is efficient for the constructing of
transmutation operators, it is related to a number of other known methods and problems, all known
explicit representations for transmutation operators are obtained by means of it, and numerous new
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classes of transmutation operators can be constructed by means of it as well. The algorithm of the
composition method is applied in the following three stages (steps).

e Step 1. For the given operator pair A, B and related pair F4, F'p of generalized Fourier transforms,
determine and compute the pair P, S of mutually inverse transmutation operators by means of the
main relations of the method, given by (5.1)-(5.2).

e Step 2. Find exact conditions and determine function classes such that the transmutation operators
constructed on Step 1 satisfy the intertwining properties given by (5.3).

e Step 3. On the corresponding function spaces, apply the well-defined transmutation operators in
Steps 1-2 to solve problems for differential equations, e.g., to establish correspondence relations
between solutions of perturbed and unperturbed differential equations.

Further, the composition method is used to construct hyperbolic, elliptic, and parabolic (in the Carroll
sense) transmutation operators, generalized Erdélyi—Kober operators, etc.

We use the classification of transmutation operators, proposed by Carroll; it is related to the type of
the partial differential equation such that the kernel of the said operator satisfies it. In the same way,
we introduce and use natural generalizations of these notions such as B-elliptic, B-hyperbolic, and B-
parabolic transmutation operators. To do that, we use the Kipriyanov definitions of the corresponding
classes of singular partial differential equations. For example, in these terms, the classical Sonin—
Poisson—Delsarte intertwining operators are B-hyperbolic.

5.1. B-hyperbolic transmutation operators

Translation operators with respect to the parameter of the Bessel operator, satisfying the relation
TB, = B,T (5.7
are called B-hyperbolic transmutation operators. Such operators are sought in the factorized form
T) = F,' (e()F,). (5.8)

1 1
Ifv=—-——oru= —5 then such operators are reduced to already studied ones. Assume that ¢(f) = *

and TW = T@,

Theorem 5.1. If
—2-2Ru<Ra <Ry -np),

then the integral representation

X

C a
(T(a)f) 2#+L+2 fyZVH 2 F (,U + 5 +1, = 2 + 1;v+1; )f()’)dy

0

P 2
+C, fy‘zf‘*ZV‘“‘le (,u + % +lLu—-v+ 5 +Lu+1; )f(y) dy, (5.9)
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where
poreiP (et g4 1) 27T (pt g 4 1)

r9)ro+n  T(v- y—-)r(,hul)

and ,F is the Gauss hypergeometric function, holds.

C =

Consider several special cases of operator (5.9).
(@) Leta=-1-2u+v,Rv>—1,and Ru > —1. Then,

N

(T§j,}‘2“”>f)(x)—2“—f 4P — X)) P ;(1— ’y%)f(y)dy

CT(u+i+d)q 7
+ 21—/.tel/J7r ( 2 2)_ ny(XZ _ yZ)%Q}i
Y l) XH 53
2 2 0
(b) Let « = 0 and —1 < Ru < Rv. In this case, we obtain the remarkable operator of “descending”

with respect to the parameter, depending neither on the initial nor on the final values of the parameters
v and y, but only on the value y = v — u of the “descending:”

(2—— 1)f(Y)dy
y?

2 1=(v—p1)
T T —p)

(79.6) ) Y07 = ) F () dy.

The only difference between this integral and the fractional integral I_,> with respect to the function
g(x) = x* is a constant factor. This form of the operator is discovered by Erdélyi; it is a special case of
the Erdélyi—Kober operators or Lowndes operators.

(¢c)Leta =2vand -1 < R(v + u) < 0. Then,

(12 s) o = S eeripy i 1) f Y% = 2 () dy

sin(rv)

_ 2,u+v+lr(v o+ l)f 2V+1 _yZ)—,u—V—lf(y) dy
T

(d) If u = vand —2Rv — 2 < Ra < 0, then we obtain the following family of operators commutative
with B, :

[

Y 2a+2 e i 1 .3 L a4 X2+ 2
(Tf) () = c [y gt (S s,
VD5 -g)aty T

(e)Ifu=-vand 2Rv — 2 < Ra < R2y, then

L(-v+7 +1 242
( (a) )(x) g-2vtatl _\ 2 ) ( fly —x |v -1 v+1 ;_7_1 (2—)}2)f(Y)dy'
r(2v-¢ =y

m|~
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Another approach to the constructing of translation operators with respect to a parameter is as follows.
Consider a Sonin-type operator constructed according to the above relations and such that ¢ = ¢,
and a Poisson-type operator such that v = u and ¢ = ¢,. Then, their composition T = P,S, is the
desired operator. If the Fourier sine transform or the Fourier cosine transform are selected in both

cases, then we obtain (5.8), where ¢ = ﬁ. Therefore, the problem on the boundedness of such an

1
operator in Lebesgue spaces L,,,(0, o) with power weights is reduced to the problem on the possibility
to divide in the spaces of symbols. If different transforms are selected, then we arrive at the following
factorization:

T = F - o(1) - F{} : F{_CI}S%@FV. (5.10)

It is easy to show that the composition of the Fourier transforms is reduced to the so-called semiaxis
Hilbert transforms

[ee)

(F,F.f)(x) = f xz%yzf(y) dy (5.11)
0

and

(F.F,f)() = f Y f()dy. (5.12)

y2_x2
0

where the integral is treated in the principal-value sense; these transforms multiplied by suitable
constants are unitary in L,(0, co). Thus, in the considered case, operator (5.10) is factorized via two
Fourier—Bessel transforms and one of the two-weight transforms

fOo)  dy
2=y ei(x)

(A1 f)(x) = xpa(x) Of o D) dy.

and (A2f)(X) = @2(x) f = JO)
0

In this case, the boundedness problem for (5.10) is reduced to the problem on two-weight estimates for
the semiaxis Hilbert transforms in the corresponding spaces.

To construct other classes of B-hyperbolic transmutation operators, one can use the transform with
the kernel Neumann function Y, (z) instead of the Fourier—Bessel transform F,.

Operators of translations with respect to parameters of Bessel operators have important applications
in the theory of singular differential equations (see [13—15].

5.2. B-elliptic transmutation operators

B-elliptic transmutation operators satisfy the relation
TB, = -D*T. (5.13)

This unusual class of transmutation operators establishes a relation between solutions of B-elliptic and
B-hyperbolic differential equations, expressing their solutions via each other.

To construct such operators, in the previous factorizations, we replace the Fourier sine transform
and cosine transform with the Laplace transform or change the Fourier—Bessel transform with one of

AIMS Mathematics Volume 11, Issue 10, 35005-35046.



35032

the following transforms with the Macdonald function and Neumann function:

0

1
K0 = f YHE)f0) dy (5.14)

0

and

(o8]

1
TP = f VY0 f () d. (5.15)
0

Also, it is possible to use the transform with the Struwe function in the kernel.

Theorem 5.2. Let |Rv| + R(a +v) < 1. Then,
(AYf)(0) = F'rOK, f

is a B-elliptic operator satisfying relation (5.13). Then the integral representation

(o)

al'(l — )
4sin7(1 —a - 2v)
0

a+v—1

yv+1(x2+y2) 3

(A )H(x) =

P + P~

B e

X f()dy.

holds.
Define an operator satisfying relation (5.13) as follows:
(Cy)H(x) = L& F, ),
where L is the Laplace transform.

Theorem 5.3. Let Ra < 1. Then, the integral representation

aty—1

(AT = T(1 - ) f VIR )P
0

fy)dy

( Y - )
X2+ 2
holds.

For |Rv| + R(a + v) < 1, a similar representation holds for the operator L as well:

Also, similar expressions are derived for a broader class of B-elliptic transmutation operators
intertwining B, and (—Bﬂ) .

2 i atv—1
LY, f)(x) = ==T(1 - a) f VG + ) Q:;_V[L)ﬂy)dy.
0
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Consider the above basic operators A and C{ for v = ii' These operators are defined by the

relations

(A4°F) (x) = F{;

c

}tﬂL f and (CPf)(x) = LtﬂF{s} fi
C

where L is the Laplace transform. They intertwine D? and —D?. In this case, it is easier to compute the
kernels of the integral operators directly. This leads to the relation

CHICE \Er(l—m IO~ pran?ay

(2+y)7 (08

where RB<1+dandé§ = {(1)} and

(4%) () = fr(1+5)f( 2f(Y) _ {22} [(1+ﬁ)atan Jay.
X

+y3) 7

where RB > —6 — 1 and ¢ is defined above. In particular, for 8 = 0, we obtain the following pair of
transmutation operators, related to the half-space Poisson integrals:

v/0) 0)
c°f<>—\[f2+2 A°f<>—\[fx2+y

These operators and the operators C# and A? for special positive integer values of 8 are constructed
in [16].

5.3. B-parabolic transmutation operators

This unusual class of transmutation operators allows one to express solutions of parabolic equations
via solutions of hyperbolic ones and vice versa.
We introduce the integral transforms

(FLP) () = (Fof) (Vx), (Fif) (x) = (F,f) (Vx), and (Pf) (x) = [Lgo(t)F{ }] (x).

Then, on compactly supported functions, the operator P intertwines the second and first derivative as
follows:
PD*f = DPY.

Thus, this operator is parabolic in the Carroll sense.
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5.4. Lowndes-type operators of translations with respect to the spectral parameter

Operators of this type arise once solutions of Helmholtz equations are expressed via harmonic
functions. Their study was initiated by Vekua and Erdélyi and was continued by Lowndes. This is the
reason to call them the Vekua—Erdélyi—Lowndes transmutation operators; similar operators are applied

to resolve singular differential equations (see, e. g., [13—15]).
Consider the operator

T\ = F,' (¢(OF}),
where the following transform with the parameter A is introduced:

(o)

1
(F.f) @ = = f YL VE + 2)f(y) dy.

0

The operator T satisfies the relation
T\B, = (B, — A)T\.

Theorem 5.4. If —1 < Ry < Ry and o(x) = (x> + A2)"%, then the integral representation

[>9)

(T1f) () = A f Y02 = ) (AN D)) dy

0
holds.

A number of other operators obtained in the factorized form is provided below.
(a) Let v = 1 and @(x) = ¥*2(x? + 22)1.
Then, the operator T, = F;'¢(t)F ., satisfying the relation

T,B, = (B, — A1) T,

for RA > 0 and Ru > —1 can be represented as follows:

(o) (o)

1 1 p
(N =55 f YL O dy = 555 | ¥07 = X2 LAY = ) f () dy.

x2 A2
0 X

(b) Let ¢(x) = x(x2 + 2%)%, RA >0, T; = F,'@F/, and =1 < Rv < —Ry. Then,

X

(13 () = 20 v f P K (Y =) () dy

0

[e9)

(5.16)

+ f YEI 2 = 2y |SInE) Yyt (AVY2 = 22) = COSE@yapuat (ANY? = 2)| £ () dy.

X

(©) Let p(x) = 21 /(:2 + )2 + 495,
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1
Assign T, = Y, 'oF ., and assume that R4 > 0 and -5 < Rv < 3+ Ru. Then, the following relation
holds:

K [ (A
(Tof)(x) = - T Of)’” J#(%)f(y)dy.

The provided examples demonstrate that it is important to have a freedom to select the function ¢.
Operators 7 satisfying the relation

TB,= (B, + )T (5.17)
are constructed in the same way. For example, there exists a function ¢ such that the operator
Ts = (F,)"'¢F,

is its Lowndes operator:

(o)

fy2v+l(x2 _ yz)H_THJ#_V_l(/l \/}m)f(y) dy

0

v—u+1

(T4 f)(x) =

x2H

The operators contained in relations (5.16)-(5.17) are linear. Therefore, the said relations can be
represented as follows:
T\(B,+4*) =B, T and T(B, - 2*) = B,T.

In all operators, the substitution 4 — i can be justified. For the most general transmutation operators,
the relation
T(By+a)=B,+pT (5.18)

is equivalent for the relation pair
I'B,+a-p8)=B,T, B, +p-a)T =TB,

considered above.
Operators satisfying the previous relations can be obtained intermediately as well. Lowndes-type
B-elliptic operators satisfying the relation

TB,+A)=(-B,+p)T

are considered in the same way.

Selecting the values v = u = ) of the parameters, we obtain operators intertwining D? and D?+ A2,

Also, the composition method can be applied if the quadratic (fractional) Fourier or Hankel
transform is taken as the integral transform. According to the general scheme of the composition
method, we can construct transmutation operators intertwining the differential operators D* and

1
(sin2 %Lv - Ei sina (XD + DX) — X? cos? % ,
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where )
1 v—-1/4 1 v+1
L =—D"— —— 4+ —xX*— ——
4 2 )

with arbitrary parameters @ and v. To do that, one has to assign
1
A= (sin2 %LV - Sisina (XD + DX) - X’ cos’ %) B=D?

F(A)=H®,F(B) = F., and g(t) = -1

(in our terms), where H; is the quadratic Fourier—Fresnel transform and F. is the Fourier cosine-
transform. By X, we denote multiplication on variable x.

Also, the composition method can be successfully applied to the constructing of fractional powers
of the Bessel operator. Using this method, solutions of numerous integrodifferential equations can be
obtained (see [13, 14]).

6. Applications of transmutation operator method to perturbed Bessel equations with variable
potentials

Consider the problem to construct an integral relation for solutions of the differential equation

B,g(x) — q(x)g(x) = 1’g(x) (6.1)

with a given asymptotic behavior, where B, is the Bessel operator; in this section, it is convenient to
define it in the form

2
Bag =g (x) + —g'(x), @ > 0. 6.2)
X

Note that various forms to represent constants in the Bessel operator are used throughout the
monograph. This depends on the problem to be solved and is caused by easier expressions of the
obtained results. No misunderstanding is expected because problems considered at different sections
of the monograph are disjoint.

The above problem is solved by means of the transmutation operator method. It suffices to construct
a pair of mutually inverse transmutation operators such that the first one

(o)

Soh(x) = h(x) + fS(x, Hh(t) dt (6.3)

X

intertwines the operators B, — g(x) and B, by means of the relation
S o(By — q(x))h = B,S .h, (6.4)

while second one is inverse to the first one, is constructed as an integral operator with kernel P(x, t),

[

Pyh(x) = h(x) + fP(x, (1) dt, (6.5)

X
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and acts according to the relation
PyByh = (B, — q(x))P,h

on functions /# € C?(0, o).

As a result, on solutions of Eq (6.1), the function S,u = v is expressed via solutions of the
unperturbed equation, which is Eq (6.1) without the potential term. In fact, it is expressed via Bessel
functions and the function u = P,v is satisfies the original perturbed equation given by (6.1). The
integral representation of the solution, given by (6.5), describes the kernel P(x,?) explicitly. This
technique reflects one of the main utilities of transmutation operators: They express complicated
differential equations via simpler ones (see above). Note that, since linear transmutation operators are
used, it follows that the same pair of mutually inverse transmutation operators yields representations
both for solutions of Eq (6.1) with a spectral parameter and for solutions of the (simpler) case of the
homogeneous equation

B,h(x) — g(x)h(x) = 0.

If we have to represent solutions of the perturbed equation, i.e., Eq (6.1), then constructing of the direct
transmutation operator can be skipped; one can immediately pass to the constructing of an integral
representation of kind (6.5) for the desired solution.

In [36], an original technique to solve such problems is developed. Using it, one can consider
singular potentials satisfying the most exact estimate at the origin: |g(x)| < cx™>/>**, & > 0 where a is
an integer. This technique based on the application of generalized Paley—Wiener theorems is broadly
developed and recognized.

In many problems of mathematics and physics, one has to consider strongly singular potentials,
e.g., potentials admitting arbitrary power singularities at the origin. In the present work, we formulate
results on integral representations of solutions of equations with such singular potentials. The only
requirement for the potential is to be majorized by a function summable at infinity. In particular, the
class of admissible potentials includes the singular potential g = x~2, the strongly singular potential
with the power singularity ¢ = x>, & > 0, Ukawa-type potentials ¢ = e~**/x, Bargmann and Batman—
Chadan potentials and a number of others. No additional assumptions (such as a fast oscillation at the
origin or a constant sign) are imposed on the function g(x), which allows one to use the same method
to study both attracting and repelling potentials.

Special-kind transmutation operators constructed in the present work differ from those known
previously. Earlier, only the cases where the main integral equation for the kernel of the transmutation
operator has the same integration limits (either [0; a] or [a; co] in both integrals). Here, we show that
different limits can be considered. This provides a possibility to cover a broader class of potentials with
singularities at the origin. Also, we improve the classical Levitan scheme of [35], expressing the Green
function (used in the proofs) via the Legendre function (instead of more general Gauss hypergeometric
function) depending on fewer parameters; this allows one to avoid undetermined constants in estimates
of earlier papers.

The resolving of the main integral equation for kernels of transmutation operators

We introduce new variables and functions as follows:

r+x tr—x
é‘:: 77:—,5277>0,
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K(x.0) = (;)a P(x, ), and u(&,n) = K& — 0, +17). 6.6)

We introduce the notation v = @ — 1. Thus, to justify representation (6.5) for solutions of Eq (6.1), it
suffices to define the function u(&, ). It is known that if there exists a twice continuously differentiable
solution u(¢, i) of the integral equation

) ) n

1
ué,n) = ) fRV(s, O;E,n)q(s)ds—fdsfq(s+T)Rv(s,T;§, mu(s, 1) dt
3 3 0
under the assumption that 0 < 7 < n < & < s, then the desired function P(x,?) is defined by

relations (6.6) via this solution u(€,n). Here, R, = R,_; is the Riemann function arising under the
resolving of a Goursat problem for the singular hyperbolic equation

O%u(é, dala — 1
gg(gnn) Zr(za _ nzifn u&,n) = q& +nué,n).

This function is known in its explicit form (see [35]): It is expressed via the Gauss hypergeometric
function , F'; as follows:

2 .2 2 2\ 2 g2 2 .2
e E] s e e ©7)

This expression may be simplified: It is proved that, in the considered case, the Riemann function is
expressed via the Legendre function as follows:

1+A -1 s2-&
RV(S’T’gan):PV(l_A)’A:§2_T2.S2_n2. (68)
The main content of this section is the following assertion.
Theorem 6.1. Let g(r) € C'(0, o) and the conditions
lg(s + )| < |p(s)l, Vs,¥1, 0 <7 <5 and flp(t)ldt < ooVé >0 (6.9)
3

be satisfied. Then there exists an integral representation of kind (6.5) such that its kernel satisfies the
estimate

[Se]

@ 202 2N (42 _ 2
|P(r,t)|§(£) EfPa_l (y U +r2:ry2(t r))lp(y)ldy

+r

—

_ 2042 2\ (42 _ 2
X exp (tzr) Pa—l(y(t + )= -r?)

2y ) lpldy|.

| =

=r
2

The kernel P(x,t) of the transmutation operator and the solution of Eq (6.1) are twice continuously
differentiable on (0, c0) with respect to their independent variables.
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The following classes of potentials satisfy conditions (6.9). If |g(x)| monotonously decreases, then
one can assign p(x) = |g(x)|. If a potential has an arbitrary singularity at the origin, increases for

1
0 < x < M (e.g., the Coulomb potential ¢ = ——), and is truncated by zero at infinity, i.e., g(x) = O for
X

x > M, one can assign p(x) = |g(M)| for x < M and p(x) = 0 for x > M. Potentials with the estimate
q(x + 1) < clg(x)| = |p(x)| satisfy condition (6.9) as well.

In particular, the above conditions are satisfied by the following potentials arising in applications:
strongly singular potentials with power singularities of the kind g(x) = x727%, various Bargmann
potentials

—ax

e Cr Cyq
= —-—---— = —mmmmm—mm— d = —
q1(x) (1 + Be-ary?’ g2(x) (1 + csx)?’ and g3(x) h2(csx)’
and the Ukawa potentials
g(x) = =~ and gs(x) = f e~ de(t).
X

X

Remark 6.1. In fact, the explicit form of the Riemann function, given by (6.8), is not required to
prove the above theorem. Only the existence of the Riemann function, its positivity, and a special
monotonicity property are used. These facts are rather general. Therefore, the obtained results can be
extended to a quite broad class of differential equations.

The estimate from Theorem 6.1 for general-kind potentials can be transformed into a rougher
(though more visible) one.

Theorem 6.2. Let the assumptions of Theorem 6.1 be satisfied. Then, the kernel P(x,t) of the
transmutation operator satisfies the estimate

1 /1\@ 2+ x? r 1/t—x 2+ x2 r
Pt < (1) Pa_l( s ) f POl dy exp E(T)PH( - ) f POy

Note that an exponential singularity as x — 0 is admitted for the kernel of the integral
representation.
For the class of potentials with power singularities of the kind

q(x) = x %D, g >0, (6.10)

the obtained estimates can be simplified such that the precision is preserved. The restriction for S is
caused by the summability condition at infinity.

Theorem 6.3. For potentials of kind (6.10), Theorem 6.1 holds with the estimate

@ T4 PP (ﬁ + xz)exp [(t ;x) L4 PP (ﬂ + x2)

(2 — x2)8 R WY (2 = x2p° e\ 2x

where P,(-) is the Legendre function, the value of B is determined by (6.10), and the value of « is
determined by (6.2).

|P(x,1)| < ()Ec)

2
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This estimate is obtained by means of a long chain of computations using the well-known Slater—
Marichev theorem; it helps to compute the needed integrals (in terms of hypergeometric functions)
once they are reduced to the Mellin convolution.

Also, the obtained estimate can be simplified and expressed via elementary functions for potentials
of the kind g(x) = x™%*D, where the parameters are bound by the relation 8 = a — 1.

Corollary 6.1. If f = a — 1, then the estimate from Theorem 6.3 takes the form

p t)|<(t)ﬁ+l 82[2 4+ 2 (t—x)Zﬁ‘z 2+
(.0l < x B 2w | P\ 2 B 2tr
11, 22 p—x\ (2 + 2\
= )ﬁexp[ 5 (SN |- e

If @ = 0 in relations (6.1)—(6.5), then Theorem 6.1 is reduced to the known estimates of the kernel
of the integral representation of Jost solutions for the Sturm-Liouville equation.

7. Applications of Fourier-Bessel transform to B-parabolic functional-differential equations
Full proofs of the results presented below are provided in [37].

7.1. Singular integrodifferential equations

. 1 )
In what follows, assuming that v > —5 we use the notation

def 1 a ( 2v+12) _ 62 2v + 12

g\ )Tt T Ty o
CTo+1) [ ,
Th déf—f 2 + B2 — 2yhcos ) sin® 6d6,
') W+ D, f(Vy y )

and PT(r 4 1)
) "T'(v +
) = 00)
to define the Bessel operator with respect to y, the corresponding generalized translation operator, and
the corresponding (uniformly) normalized Bessel function of the first kind respectively.
Assuming that uy and f are continuous and bounded, while s € N and a4, ...,ay, hy, ..., h, are real
constants, we investigate the following problem:

ou -

o~ Bt ; aT"u = f(x,1), x> 0,1 >0, (7.1)
P
Ao=0,1>0, (7.2)
ox
x=0

u| = up(x), x> 0. (7.3)

=0
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Note that, in general, any solution of problem (7.1)—(7.3) is defined only in the quarter Rl x Rl of
the plane, while, to apply the generalized translation operator, we need it to be defined for negative
values of the variable x as well. To provide that, we use the even with respect to x extension of
the solution; the specified extension exists by virtue of the evenness condition (7.2). In other words,
we can consider problem (7.1)—(7.3) in the whole half-plane R' x R!, replacing condition (7.2) by
the evenness (with respect to the variable x) requirement imposed on the solution. For differential
B-parabolic equations, such problems are well defined (see, e.g., [38—44] and references therein).

Using the fact that both the Bessel operator and the generalized translation operator act as
multipliers in Fourier—Bessel (Hankel) images, one can explicitly construct integral representations
of classical solutions of the above problem. The following assertion is valid.

Theorem 7.1. Let uy be continuous and bounded in [0, +c0) and f be continuous and bounded in
[0, +00) X (0, +00). Then, the function

1 * oo
00 f N E(E, DT uo(x)dE + f f EIEE DTS f(x, 1 — 1)dédr
0 0 0

is a classical solution of problem (7.1)—(7.3), where
P ey ay jy(h
&, 1) E,u(x,1) = f e B e (7.4)
0

Uniqueness classes and the long-time behavior of solutions are provided below for more general
cases.

7.2. Multidimensional case

Equations of kind (7.1) contain only one spatial (independent) variable. This variable is special,
which means that the investigated equation is singular with respect to it. The above technique and
approach can be used to generalize it substantially: One can consider equations containing both
nonspecial spatial variables (the second-derivative operator and classical translation operators act with
respect to them) and special spatial variables (Bessel operators and generalized translation operators
act with respect to them). Moreover, the amount of spatial variables of both kinds can be arbitrary.
Thus, in the cylinder R7*" X (0, o), where

the following problem is investigated:

ou A |Pu & . <
I R IR t)] - (Bk,,ylu >y bl,T;’;fu) = foy, D), (7.5)
s=1

2
i=1 axi =1

r=1

ou

—  =0(=1,n), >0, (7.6)
dy;

y=0

AIMS Mathematics Volume 11, Issue 10, 35005-35046.



35042

u| = up(x,y), (x,y) € R, (7.7)

=0

where h;; are vectors parallel to the ith coordinate axis of the space R”, i € 1, m, for any s, and a;, b;,,

and g, are real constants for all values of their indices, while the generalized translation operator

is defined as the superposition of the one-dimensional operators: T; = T;’I‘ T;’ The functions
0 0 0 0

o, f. f S Y f

a—xl,...,a,an ayl,...,ayn
f satisfies condition (7.6).

As above, problem (7.5)—(7.7) can be considered in the whole subspace R™*" x (0, +o0) if
condition (7.6) is replaced by the requirement that the function u is even with respect to each variable y;.
The following assertions are valid.

are assumed to be continuous and bounded, and the function

Theorem 7.2. Let uy be a continuous and bounded in Rﬁ'f_*” function. Let f be a continuous and
bounded in R’f_”lx (0, +00) function such that it satisfies condition (7.6) and the functions 3—){1, cees :Tfm
6 of of
5)’1 " Oy

are continuous and bounded in R"!*" X (0, +o0). Then the function

nmlkl

u(x, y, 1) = f ]_[n 'E(&,n, DT uo(x = &, y)dédn
=1

”mnrz (k, + 1)

f f l—[n EE DT f(x =&, y,1 = dédndr |, (1.8)

=1

Rm+n
where N
~(ER-3 Y aiscoshiyé R .
Ei(x, )% f e ( )cos (x £+ zZ Z a;, sin by, -g] de, (7.9)
Rm i=1 s=1
—t - % birjv,(girm1)
&Y f l : Jv, vmp) dn, (7.10)
=1 7%
and

E(x,y,0) & E1(x,y, HE(x, v, 1), (7.11)
satisfies problem (7.5)—(7.7) in the classical sense.

Theorem 7.3. Under the assumptions of Theorem 7.2, function (7.8) is bounded in R''*" X [0, T] for any
positive T and problem (7.5)—(7.7) has no other solutions bounded in R'*" x [0, T] for any positive T.

Remark 7.1. The requirement of the boundedness of the function f and its derivatives can be
weakened: It can be replaced by the requirement of their boundedness in any layer R"*" x [0, T'].

Thus, in the general case of several nonspecial spatial variables xi,...,x, and several special
spatial variables yi,...,y;, the Poissonian kernel & is modified (compared with the prototype
integrodifferential case considered in Section 7.1) from (7.4) to (7.11).
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7.3. Long-time behavior of solutions

To investigate the long-time behavior of the solution of problem (7.5)—(7.7), we introduce the
operator £ acting as follows:

. m azu n
Ly Z 2 + Z By yut + Z asu(x + hig, y, 1) + Z b TS u.
1

i=1 i I= ais<0 b[,<0

Further, without loss of generality, we redenote the vector A;, by (0, ...,0, h;,0,...,0) (note that here

i—1 times

h;s is a scalar parameter).

Now, denote the operator [Z ais + Z blr) I — L by R and consider the real part of its symbol:

a;s<0 blr<0
ReR(EM) = D ai+ Y b+ &P + P = ) aiscoshugi = D burjy, (2
a;s<0 by, <0 ais<0 by, <0

(cf. [8, §8]). We say that R(£,m) is positive definite if there exists a positive C such that
ReR(é,n) > C (I.fl2 + |77|2) for any (&, n) from R*".
Together with Eq (7.5), consider the equation

w 0w S

T =D T 2 B () €RITL 10, (7.12)
-1 O =1

and the initial-value condition

wV| = wo(x,y), (x,y) € R, (7.13)

t=0
where wy is continuous and bounded.
It is known from [38] (see also [39,44]) that problem (7.6),(7.12), and (7.13) has a unique classical
bounded solution w(x, y, ).
The following assertion is valid.

Theorem 7.4. Let f(x,y) = 0 and R(¢, 1) be positive definite. Then, the following limit relation is valid
for any (x,y) from R™" :

mom non
-2 2 aist 2 X b + gt m T gt n —00
e t(i=1s=1 +1=lr=l l)u(x,y,t)—W(XI el ,...,x 9 s 1 by ) ,t)t—> 0, (714)
P1 Pm Pm+1 Pm+n
where
1 m; m;
.= _ . h?2 4. = h., i —
pi = Jl + 2 ;alshis7 qi = ;azshm’ 1= 19m’
1 &
m+l = 1+— l’)rz’lzl”
Pm+i 2(kl+ 1) ; 1r8}y n
and

Wo(X,¥) = uo(P1X1, -« - s PmXms Pms1V1s - - - DmenYn)-
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8. Conclusions

This survey is devoted to recent enhances in transmutation theory and integral transforms, and also
functional differential equations. Methods of differential and functional equations, function theory and
special functions are applied to many related problems. The survey is almost equally consists of known
basic and classical results together with author’s original contribution.
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