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1. Introduction

The class of analytic functions in open unit disk D = {v € C : |[v| < 1} by A, can be typically
expressed as

F(v) = V+Z/va’" (v e D), (1.1)
m=2

with the normalization conditions F(0) = F'(0) — 1 = 0. A univalent function F € A belongs to the
distinguished class S.
The Hankel determinant of F € A, the function for p,m € N, denoted by H,, ,,(F), is defined as
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follows:
Mm Hm+1  * Mm+p-1
l-lm /Jm “ . /‘lm
HyuF)=|""" "
Mm+p-1 Mm+p  *°° Hm+2p-2
Form =1 and p = 2, we obtain
Ho i (F) = pz — 5. (1.2)

The value of H, i (F) is a special case of 3 — Au3 for A = 1. This case is known as the Fekete-Szegd
functional. For specific values of m and p, the second- and third-order Hankel determinants H,,(F)
and H; (F) are given by:

Hoa(F) = popta = 15 (1.3)

and

Hi1(F) = 3 + 2paptspiy — psis + stz — . (1.4)

Determining the upper bound of H,, ,(F) for various subclasses of (A is a fascinating and well-studied
problem in the field of geometric function theory. Several authors [1-3] have studied the determinant
‘H, »(F) for different subclasses of holomorphic functions. Babalola [4] studied the Hankel determinant
H; 1 (F) for some subclasses of analytic functions. Later, several researchers obtained the sharp
bound of the third Hankel determinant for different subclasses of analytic functions. For example,
Zaprawa et al. [5] obtained the third Hankel determinants for non-Bazilevi¢ functions, Nandhini
and Sruthakeerthi [6] investigated the third Hankel determinant for the bounded turning functions
associated with a bean shaped domain, and Khan et al. [7] obtained the sharp bound of the third Hankel
determinant bounded turning functions in the domain of cosine Hyperbolic function. Additionally,
upper bounds for the third Hankel determinant for various subclasses of A were obtained by Raza
et al. [8], Shi and Arif [9], Srivastava et al. [10], and Rath et al. [11].
For F € S, the logarithmic coefficients 7,, are defined by

1og@ =2) 1, (veD) (1.5)
m=1

For a function F € &, as defined in Eq (1.1), differentiating Eq (1.5) allows the logarithmic
coeflicients to be determined:

T = %ﬂz,
Ty = (3 — 3483) (1.6)
T3 = 3(Us — fofiz + 3183),
Ty = 3(Us — S5 + 1315 — Paply — 3H43).
Thus, we have
3T - T = %(—12,“% + 1245014 + 13) (1.7
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and
2 L 2 _ 4 2 1 2.2 3
)Ty — T3 = 288(7 Uspts — O3 + T2opspy + 18uous — 3645
— 36uaps — T2u5 — 120504 + 15). (1.8)

Let G be the inverse function of F € S defined in a neighborhood of the origin with the Taylor series
expansion

Gw) = F'(w)=w + Z D, w", (1.9)
m=2

where we may choose [w| < 1/4 from Koebe’s 1/4-theorem. Because

F(F~'(w) = w,
it follows from Eq (1.9) that
D, = —u,,
D3 = —p3 + 213,
2 . (1.10)
Dy = —pig + Spiops — Sp,
Ds = —pis + 35 — 21 pap + Optapiy + 14485,
From (1.4) and (1.10), we have
H;,(F™") = 2D4,D3D, — D3 + DsDs — DsD3 — D;,
= 3oz + S + 33 + 2piaiapts — 2403 — Uy — i + psis. (1.11)

The notation of the logarithmic coeflicient of inverse of F was introduced by Ponnusamy et al. [12].
As with F, the logarithmic inverse coeflicients I', :=I',,(G), m € N, of G are defined by the equation

log$ = 2ZFm(G)w’” (| < }1). (1.12)
m=1

Differentiating and using (1.10), we obtain

[y = —3u,

T = —1Qus - 31),

I3 = =1 Bus — 12u05 + 101)),

Ty = —3(4us — 20uaptr + 60us5 — 1003 — 3543).

Therefore,

1
[iTs = T3 = o (1 2papta + 13405 = 1243005 = 1248) (1.13)
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and
1
Dol = T3 = S (<7248 + 216pnp13j14 + T2pp5 = 18013 + 19823003
— 33053 + 603y — 108u5us + 14545). (1.14)

Kumar and Verma [13] introduced a set of starlike functions connected to a strip domain that is
given by
vF' (v)
F(v)

S = {F FeA and <®W)=1+arctanv (ve D)},

where ®(v) = 1+arctany is univalent in D. We similarly introduce a class of bounded turning functions
linked with a strip domain, which is given by

RT = {F tFeA and F(v) <®()=1+arctanv (v € D)}' (115

Kumar and Verma [13] investigated the bounds of the initial coefficients w,,, m = 1 to 4 and
established the following:

1
5

1
tm| < (m=2,3,4), |H(F) < T |H;,1(F)| <

m—1

In this paper, for bounded turning functions linked with a strip domain, we obtain the upper bounds
of the second-and third-order Hankel determinants in the second part. In the third to fifth parts, we
investigate the second-order Hankel determinants of logarithmic coefficients, the Hankel determinants
of inverse functions, and the second-order Hankel determinants of inverse logarithmic coefficients, the
upper bounds of which are also sharp. The novelty lies in the systematic treatment of both direct and
inverse coefficient problems for this class, especially the sharp inverse logarithmic Hankel determinant
bound, which cannot be improved within the class.

Let Q be the class of Schwarz functions, that is analytic functions @w: D — D, @w(0) = 0. A function
w € ) can be written as a power series,

TV =Ev+EV +EV +EV (1.16)

The following lemmas will be used in the sequel.
Lemma 1.1. ([14)) If w € Q, then |£,| < 1 (n > 1).
Lemma 1.2. ([15]) Let @w € Q given in (1.16) and »x € C, then,

&, + x&7| < max(1, |x|}. (1.17)

Lemma 1.3. ([16]) Let @ € Q, having the series representation given in (1.16). Then, for any real
numbers ¢ and n such that

4
<=2, E(ILI + 1=+ 1, <p< 1y,

Gmetem W<y -1<n< i Jien:s
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the following inequality holds:
&+ & + gl < 1.
Lemma 1.4. ([17]) Letw € Q, 0 € C, and |0] < 1. Then,
&4 + 206185 + 36°E16, + 065 + P& < 1.
Lemma 1.5. ([18]) If w € Q, then
ol < 1-1aF, &l <1-1aF - &1
Lemma 1.6. ([19]) Letw € Q, then, for x; € C with |x;| < 1(i = 1,2,3,4), we have

&1 = ki,

& = (1= kP,

&= —(1 = kP& + (1 =k P)(L = Ik,

& = (1= k)&’ — (1= ka1 = k) (&3 + 2K1K2K3)

+ (1 = ) = ) = ks )ka.
2. The second- and third-order Hankel determinants

Theorem 2.1. Let F € Rt have the series representation given in (1.1). Then, we have

ol < o < < s sl <
#2_2, ,U3_3, ,U4_4 ﬂs_s-

These inequalities are sharp, and sharpness for y,, is attained by F,,(v), defined as
F.(v) =1+ arctany™ (m € N).
In particular, form = 1,2, 3,4, we have
Fi(v) = f:(l + arctant)dt = v + %vz +--e
F,(v) = Lv(l + arctant®)dt = v + %VS -
Fi(v) = fow(l + arctant’)dt = v + %v‘l + e
Fisv) = Lv(l + arctanth)dt = v + %vs + e
Proof. Let F € Ry. Then, by (1.15), we achieve
F'(v) = 1 + arctan(w(v)),

where @w(v) is known as a Schwarz function.

2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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From (1.1), we have
F'(v) =1+ 2uov + 3uzv* + 4 + Susv* + - - - (2.7)

Using series form of @(v) in the right-hand side of (2.6), we yield

1 + arctan(w(v)) = 1 + Ev + EV + (—%gi +EW + (=EHETHENV + (2.8)

It follows from (2.7) and (2.8), that
1

M2 = E'fl, (2.9)

M3 = lfz, (2.10)
3
1 1

Ha= g6 = ng, (2.11)
1 1

ps = géi = 66, (2.12)

Applying Lemma 1.1 on Eqgs (2.9) and (2.10) leads to

1
< =
|luZ| = 2’ |,Ll3| 3

From Lemma 1.3 and (2.11), we have
1 I, 1
= — —_— < —,
|ptal 4|§3 3fll <7

Similarly, by Lemma 1.5 on Eq (2.12), we have

1 1 1 1
lus| < §(|§4| +1&1171E) < 5[1 — &P = &P + 16 PA =161 = g(l — &P - 141 < 3

This completes the proof. O
Theorem 2.2. If F € Ry, then
|H1(F)I < %
The equality is sharp for the function F,(v).
Proof. LetF € R 1. From Lemma 1.2, Egs (1.2), (2.9), and (2.10), we have

1 3 1
s = 31 = 316~ S < s max(1, 131} = 5.

This completes the proof. O

Theorem 2.3. IfF € Ry, then
|H,(F)| <

©|>—~

The result is sharp for the function given by (2.3).
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Proof. LetF € R 1. From Egs (1.3) and (2.9)—(2.11), we have

1
lopta = 53] = 5196165 = 83 = 3¢l (2.13)
From Lemma 1.6 and (2.13), we obtain
1
lops — 3] = | Ikt (1 = k1P + i (1 = [kiP)(1 = kol k3 — 3k — 8(1 — |1 [P)*i3|.

Setting || = «, || = o7, and upon taking |«3;| < 1, we yield
1 1
oty — 3] < ﬁ[9;<2(1 — )2 + 91 — k)1 = ) + 3c* + 8(1 — kH)*0?] = ﬁ,ol(K, o).
Differentiating p;(k, o) with respect to o, we obtain
0,
Pl Z 20(1 = k)K= 9k + 8) > 0.
oo
Therefore, p;(k, o) attains its maximum value at o = 1. Thus, we achieve
1 1 8 1
S B — D==—=@-7+2*) < —= = —.
s — sl < oot D)= 5@ =T +260) < 5 =

This completes the proof. O

Theorem 2.4. IfF € R, then

1
H;1(F) < —.
[Hz1(F)I < 6
The equality is sharp for the function given by (2.4).

Proof. Let F € Ry. From Eqgs (1.4) and (2.9)—(2.12), we obtain

1
Hs.(F) = M( — 13585 + 180&16285 + 4841, — 808,

+90&¢; — 10867, — 144E185 + 14466, — 1565). (2.14)

From Lemma 1.6 and (2.14), it follows that

1
Hs.1(F) = T60[ = 180(1 = | )1 P15 + 180(1 = |1 )*(1 = kol )1 kaks = 80(1 = ki )3

— 5k° = 144(1 = [P *K765 + 48(1 — |kt + 9(1 = [k [F)2K1 2K — 144(1 = |iaf?)
X (1 = k1P lkalP i3 = 18(1 = [k )2 (1 = ka1 k5K + 144(1 = [ki ) (1 = |kaf?)

X (1 = |ks[)kaka — 135(1 = |k1[*)*(1 = |ka) k5 — 90(1 — |1 )i ki3 — 108(1 — |k [)
X kK12 K5 + 90(1 — ki )1 = [kalPiiis + 108(1 — [k [)(1 = ko |Hkiaks

+216(1 — |ki (1 = |kal )i Rikaks = 108(1 = [k P)(1 = kal*)(1 = |3

Thus, we yield

1
Hs, (F) = Ta)[Ql(KuKz) + 0a2(K1, K2)K3 + 03(K1, K2)K5 + 04(K1, K2, K3)Ks ],
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where
01 (k1,Kk2) = =155 + (1 = |1 ?) [ (981K = 100k i3 — 80K3 — 144K713)(1 = k) + 48K}k
~90k; ki3 — 1084, °k73 .
02 (k1,K2) = (1 = k1) (1 = ko) [(= 18113 + 180k1K2)(1 = ki ) + 216817 k2 + 90K ],
03 (K1, 62) = (1 = al?) (1 = It P)[(=9hal” = 135)(1 = [xr[*) + 1084k} ],
04 (K1, k2, k3) = (1 = ks P)(1 = [ )1 = ko) [144i2(1 = |ir*) = 108k7].

Upon taking |k4| < 1, and setting |k;| = « € [0, 1], |ko| = 0 € [0, 1], |«3] = N € [0, 1], we yield

1
(6.1 F)] < 7 (o1 (1. k)l + 102 (k1. k) R + los (k. k)N + Lo (k1. Ko, K5))

1
< 5701 (k0. N),

= 2160
where
O1 (k, 0, 8) = x1 (K, 0) + x2 (K, D) K + x5 (k, T) N + ya (k,0) (1 = N?),
with
x1 (k) = 1565 + (1 = &) |90 + 100°07 + 8007 + 144i207)(1 = &%) + 48k*r
+90k*c™ + 108k*c” |,
x2 (k,0) = (1= k7) (1 = )[(18k0™ + 180ko)(1 — k) + 216K’ + 90K°],
x3 (k.0) = (1= 02) (1 = K)[(907 + 135)(1 - &) + 1080°47],
xa, o) = (1 = (1 = o?)[1440(1 - k) + 108«7].
Note that

13k, 0) < (1 =) = D[ = k*)(135 + 9572) + 108«%]

= &k, 0).
Taking €; = y; fori =1,2,4 and
61 (k, o, N) = € (k, ) + & (K, )N + & (k, T) N> + €1 (k, ) (1 — 8.

It is not difficult to see that
®1 (K’ g, N') < 51 (K’ g, N)

Differentiating 0, (k, o, N) partially with N, we obtain

% = 6k, 0) + 2N[&(k, o) — &(k, 0)]

=6k, 0) + 18(1 — o)1 — ) (0? = 160 + 15N > 0.
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This shows that ¢ (k, o, 8) is an increasing function for N € [0, 1]. Therefore, we obtain

0O,(k,0,N)) < 01(k, 0, N) < 0;(k, 0, 1)

=€k, 0) + &k, 0) + &k, 0)

= (k% — 18x° = 27k* + 36k + 27k* — 18k — 9o + (=8k% + 36K — 12«* + 1444° — 60>

— 180k + 80)0™ + (54k° + 108k — 216k* — 126k + 288«* + 18k — 126)0% + (—48«°

— 36K + 48k* — 144x° + 180k)0 + 15° — 90Kk° + 27k* + 90k — 162«* + 135

= pa(k, 0).
Consider
)
% = (54K° — 90k* — 108K> + 108«* + 54k — 18)0™* + (—48k° + 180x* — 48k> + 432«* — 120k
K
—180)0 + (324k° + 540«* — 864> — 378k* + 576k + 18)0% + (=288« — 180«* + 192«°
—4324* + 180)0 + 90k° — 450k* + 108x° + 270x2 — 324k = 0,
)
% = (36k° — 72 — 108k* + 144«> + 108k* — T2k — 36)0> + (—24«° + 108x° — 36«* + 432«°
o
—180k? — 540k + 240)02 + (108«° + 216&° — 432«* — 2523 + 576K% + 36k — 252)0
+180k — 144K> + 48«* — 36K — 48«° = 0.

By calculating, we obtain

Kig ~ 1, Kip ~ 1, Kiz ~ 1, Kig ~—1,
o1 = 1.4213, 012 = —1.8953, o3 = —0.5259, 014 = 0.6955,

Ki5 = —1, 91,6 ~ —1, K17 = O, Kig = 13108, K19 = 172105,
J15 = —07601, O16 ® —01576, 017 = O, o138 ~ 116363, 019~ 04263,

K110 = —01343, Ki1 = —07240, Ki,12 = —09075, K113 = —10505,
01,10 ® 09520, 01,11 =~ —427079, J1,12 = 03851, 01,13 = —0.5089.

Thus, there are no optimal points in (0, 1) x (0, 1).

(1) Fork =1,
p2(1,0) = 15.
(2) Fork =0,
0(0,0) = 135 — 12607 + 800 — 90 < 135.
(3)Foro =0,
p2(k,0) = 135 — 162&% + 90> + 27x* — 90k° + 15«° < 135.
@) Foro=1,

pa(k, 1) = 80 + 93«* — 180«* + 22«° = ¢ (k).
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Let
§1(K) = pa(k, 1) = 80 + 93k* — 180k* + 2248, (2.15)
Sl (k) = 132k — 720K° + 186k, (2.16)
¢V (k) = 186 — 2160k* + 660«". (2.17)

For the optimum value of ¢(x), consider ¢|(x) = 0. From Eq (2.16), we obtain k = ¢; = 0 and
Kk = 0y ~ 0.5214. Substituting the value of x = d, in (2.17), we observe that ¢{(6,) ~ —352.4347 < 0.
Thus, by the second derivative test, ¢;(«x) has maximum value at k = ¢, and from (2.15), we obtain
max{¢;(k)} =~ 92.4216.

Therefore, we yield

135 1

< —=—.
Ha1 (P < 2160 16

This completes the proof. O
3. The second-order Hankel determinants of logarithmic coefficients

Theorem 3.1. IfF € R, then

1 1 1
rk 72| < 5’ T3] < 3’ IT4] < 0.100798.
The first three bounds are sharp and obtained by (2.2)—(2.4), respectively.

1| <

Proof. LetF € R 1. From Eqgs (1.6) and (2.9)—(2.12), it follows that

1
T = Zscl, (3.1
3 1 3, 39
7 = (56 + &), (3.2)
1 1 2
T3 = §<—g§f - 366 +6), (3.3)
T = %(755‘; ~ 1608 — 336826, — 3606,&, + ST6ES). (3.4)

From Egs (3.1)—-(3.3), Lemmas 1.1-1.3 (¢ = -2/3,n = —1/6), we obtain

1
71| < 1 72| < G T3] < 3

From (3.4), Lemmas 1.2 and 1.4, we yield

1
74l = —576O|180(—§i‘ + 36,67 — & = 2638 + E) +396€, — 25561(&, — D) + 2085 — 621638
1
< 57go 180+ 396(1 — & — [611%) + 20161 + 2551117 + 62116116 ]
1
= 575376 + (-141 + B21&DIE N - 376161,

AIMS Mathematics Volume 11, Issue 10, 34884-34906.



34894

Setting |£1| = k € [0, 1], |&]| = x € [0, 1], we have

1
IT4] < %‘PI(K, X),
where

o1k, x) = 576 + (=141 + 621x)k*> — 376x°.

Consider
{ % = (=282 + 1242x)x = 0,

%1 = 6214 - 752x = 0.
By calculating, we obtain

{ Kl,] = 0, { K],Z = 0-5244, { K1,3 = —0_5244,

X1,1 = 0, X12 = 02271, X13 = 0.2271.

Thus, there is an optimal point of (k; 2, x;2) in (0,1) X (0, 1 — «?). Therefore, we get max{g;(k, x)} <
(pl(Kl’z,Xl’z) ~ 556.616003.

(5) Fork =0,
¢1(0, x) = 576 — 376x* < 576.
(6) For x =0,
@1(k,0) = 576 — 141«* < 576.
(7) For x = 1 — &2,
@1(k, 1 — k%) = 200 + 1232«* — 997«* = 6,(k).

It is easy to observe that the zero of ¢(k) in [0,1] is k = 63 = 2 V153538/997 and satisfies ¢(93) =
—4927.3. Thus,

2 V153538
62(k) < ¢o(————=—) = 580.5978.
997
Therefore, we obtain
580.5978
< ———— ~0.100798.
Il < =53¢0 ?
This completes the proof. O
Theorem 3.2. IfF € Ry, then
1
TIT3 — T%| < T

The inequality is sharp for (2.3).
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Proof. LetF € R 1. From (1.7) and (2.9)—(2.11), we achieve

1
lriTs -1 = ml72&§3—21§?—64§§|- (3.5)

From (3.5) and Lemma 1.6 , we obtain

173 = 73] = 7201 = k1 Pl i3 + 721 (1 = [ka)(1 = [Pk = 21k7 = 64151 = iy P)?

= 2304

By putting « = |«| € [0, 1], |«2| = o € [0, 1] and taking |«3;| < 1, we achieve

1
IT173 — 73] < m[72(1 — DKo+ 72k(1 = K31 — 02) + 21k* + 640%(1 - Kz)Z]

= m%(l@ o).

Differentiating p;(k, o) with respect to o, we have

3
903 _ 1607(1 — k*)(8 — 9k + K2)] = 0.
oo

Thus, p;(k, o) attains its maximum value at o = 1. Therefore, we achieve

1 64
IT173 — 15 < p3(k, 1) = m[m — 56K + 13«*] < 304

1

36

This completes the proof. O
Theorem 3.3. LetF € Ry. Then,
1
|T2T4 - T%l < 6_4

The equality is sharp for the function given by (2.4).
Proof. LetF € R 1. From (1.8) and (2.9)—(2.12), we obtain

(—4320&7 + 2880&1£263 — 41288765 + 252087 &5 + 648, — 3458

ToTy — T2

37 276480
+ 460888, — 12808, — 1728€7€,). (3.6)

From (3.6) and Lemma 1.6, it follows that

— 345k° + 648(1 — |i1 D)ty — 1280(1 — |k [*)* i3 — 4128(1 — |k ) i35

1
—_ 2 e
7274 =13 = 576480

+ 2880k k2k3(1 — [k [ (1 = [ka|?) + 25206 (1 — ki [)(1 = [k2|P)kz — 2880Iky k3

X (1 = [kil)* = 2520(1 — |ki )i kiK5 — 1728k7(1 = |kal*)(1 = |y [P)(1 = |3k
+3456(1 = [ia)(1 = [k DK R Kok + 1728k7(1 = [ka)(1 = |k [P )aks — 1728k, k7
X k(1 = k1 [?) +4608(1 — ko )(1 = |1 (1 = |3 kaks — 43205(1 — [Kaf?)
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% (1 = k12 = 4608121 = ka1 = Ik P2 + 288524 (1 — [ki P
= 576631 — Ik )AL - |K2|2)K3]-
Hence, we obtain

2 2
T4 =T 0s (K1, k2) + 06 (K1, k2) K3 + 07 (K1, K2) K3 + 08 (K1, K2, K3) K4],

3:NM%[
where
05 (K1, k) = =345k8 + (1 = Jka ) | (288K %K3 — 1600k |k [* — 1280k3 — 4128k3k7)(1 — |k )
+648k,k] — 1728K3K; K> — 25208113 |,
06 (K1, k2) = (1 = |k |*) (1 - |K1|2) [(=576k115 + 2880k k2)(1 — |1 [*) + 3456K,67; + 2520k ],
07 (k1. k) = (1 = [k ) (1 - |K2|2) [(—288ka|* — 4320)(1 — |1 [*) + 1728k ],
08 (K1, k2, &3) = (1 = i P)(A = I P)(1 = o) [4608(1 — [y )k, — 1728k7].

By setting k = |«1|, 0 = |k,|, N = |«3| and using |k| < 1, we yield

|TQT4 - T§| <

1
— 276480

1
< -
> 27648()@2 (K9 g, N)9

where «, 0, N € [0, 1], and

(|Qs (K1, k)| + los (k1, k)N + [o7 (K1, K2 N? + los (k1. k2, K3)|)

©, (k, 0, 8) = x5 (K, 0) + x6 (K, ) N + x7 (K, ) 8 + x5 (k, ) (1 = 8?)
with
xs (k,0) = 3456 + (1 = )| (4128707 + 160070 + 128007 + 288K%0*)(1 — &7) + 648k*r
+25206*0” + 1728x*0” |,
Xo (k) = (1= k%) (1 = 0)[(2880k0r + 576x0>)(1 = &%) + 3456k’ + 2520,
x7 (k.0) = (1= 0?) (1 = kD)[(1 = £#)(28807 + 4320) + 1728,
s (k,0) = (1 = kA1 = H)[4608(1 — K)o + 1728«7].
Note that
xr(k, o)) < (1 = )1 = H[(4320 + 2880%)(1 — k%) + 1728k*] = &(k, o).
Take €; = y; fori =5,6,8 and
8 (k, o, N) = € (k, ) + € (K, )N + € (k, T) N + € (k, ) (1 = 8.
Differentiating 9, («, o, N) with respect to N, we obtain

% = &(k, o) + 2[€1(k, o) — (K, )N = €k, T) + 5T6R(1 — k*)*(1 — 0*)(0* — 160 + 15) > 0.
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Therefore, 0, (k, 0, 8) is an increasing function for N € [0, 1]. Thus, we obtain

0, (k,0,8) < 0, (k,0,N) < 6 (k, 0, 1)

Consider

94
Ok

s _
do

= &(k,0) + €(k,0) + €(k,0)

= 345k° — 2520K° + 2592«* + 2520k — 6912«* + 4320 + (288«°® — 576k° — 864«* + 1152«°
+ 864Kk% — 576k — 288)a* + (—128k° + 576k — 192«* + 2304« — 960«* — 2880« + 1280)c
+ (1608«° + 3096k° — 8040k* — 3672« + 10464k” + 576k — 4032)0” + (—648«° — 576K°

+ 648k* — 2304«° + 2880k)0

= p4(K’ O-)

2070&° — 12600«* + 10368« + 7560k> — 13824k + (1728«° — 2880«* — 3456«° + 3456k*

+1728k — 576)0* + (=768« + 2880k* — 768k> + 6912k> — 1920k — 2880)0 + (9648«
+15480k* — 32160k — 11016* + 20928« + 576)0% + (—3888«> — 2880«* + 259243
—6912«* + 2880)0 = 0,

2880k — 2304k> + 648k* — 576K° — 648«° + (1152«° — 2304«° — 3456k* + 4608« + 3456k>

2304k — 1152)07 + (—384k° + 1728« — 576k* + 6912«° — 2880«* — 8640k + 3840)0>
+(3216k° + 61924° — 16080«* — 7344k> + 20928«> + 1152« — 8064)0 = 0.

By calculating, we obtain

Kig ~ I, Kip ~ 1, K13~ I, Kig4 ~ -1,

{ o1 = —1.7500, { 012 = 1.4719, { o3~ —0.7219, { o014 =~ 0.7391,
k15 =0, 016 = 1.2740, K17 = 6.5641, k1g = —0.4226,

{ 015 =0, { o6 = 6.5737, { o017 = 0.1929, { o3 = 0.9240,
k19 = —0.7314, k110 & —0.9123, k111 = —0.9991,

{ 019 = —21.4745, { o110 = 0.3093, { o111 =~ —0.6874,

and hence there is no solution in (0, 1) x (0, 1).

(8) Fork =1,
pa(1,07) = 345.
(9) For « =0,
04(0,0) = 4320 — 40320 + 12800 — 2880 < 4320.
(10) For o = 0,

pa(k, 0) = 4320 — 6912«% + 2520 + 2592«* — 2520&° + 345«° < 4320.
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(11) Foro =1,
pa(k, 1) = 1280 + 3456k — 5856k* + 1465k = ¢3(k).

Now, ¢%(k) = 0 when k = 64 = 0, and k = 65 ~ 0.5813 in the interval [0, 1] with 64 and 65 as points of
minima and maxima, respectively. Therefore,

pa(k, 1) = ¢3(k) < ¢3(d5) ~ 1835.7.

Thus, we obtain

4320 1
276480 64

2
|To1s — 13| <

For the Schwarz function @(v) = v?, Eqs (2.9)—(2.12) give us = 1/4 and p» = pu3 = ps = 0, and
Eq (1.8) leads to 7,74 — 73 = —1/64. ]

4. The third-order Hankel determinant of inverse function

Theorem 4.1. IfF € Ry, then

2
|H5(F~ HI< 57

The outcome is sharp for the function given by (2.3).
Proof. LetF € R 1. From (1.11) and (2.9)—(2.12), it follows that

Hs (FY) = m(576§2§4 + 144E5E + T20, 6,83 — 6408, — 348E]&, — 4326764 + 360&,43

— 54082 + 75&9). 4.1)

From (4.1) and Lemma 1.6, we obtain

|Hs (F) = 3616587 (1 = K15 = T281165k3(1 = ko)A = [iy ) = 540i5(1 — Jika*)*(1 = |k [H)?

8640
— 576lka(1 = [ka*)(1 = |k1[*)*k3 — 720k P (1 = [ki[*)? + 576(1 = Iks)(1 = kaP)(L = [k [*)?
X Kaky + T20K3K1K2(1 = o) (1 = k1 P)* + 144ic (1 = |k )i + 43265 (1 = kDA = |kaH)iaks
— 640k (1 — |k1I*)’ + 864k3k; K1 k2(1 — K1) (1 = [Kal) — 4325 (1 = ko)A = [y (A = |3 ks
+ 75K — 3481 (1 — iy [P} = 360(1 — |i; )i k145 + 360k k3 (1 = [ia (1 = [y [H)

— 43231k, %(1 - |K1|2)K§].
Therefore, we achieve

[H,(F') =

20 199 (k1K) + 010 (k1. k2) K3 + 011 (k1. k) 15+ 01 (k1. k. K K,
where

09 (k1,Kk2) = 7565 + (1 = Ii1[*) [ (3681%k5 — 80K3 k1> — 640i3 + 144i3K7)(1 — ) — 348Kk
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—4321513 %, 360K1K1K2]
010 (k1. &) = (1 = ko) (1 = k1) [(720k061 = T263R1)(1 = [y ) + 864K21K7 + 3607,
o1 (k1,k2) = (1 = |1 ) (1 = o) [(=540 = 36lkal*)(1 = i ) + 4326742),
012 (K1, k2, k3) = (1 = k1)L = [k3[P)(1 = [ — 43247 + 576(1 — |ki[)k2 ).

By writing |k3] = N, 0 = |«a|, || = k and using |«4| < 1, we obtain

|+, (FH)| < m(mg (k1 k2)| + @10 (k1. kIR + o1 (k1 k)N + 012 (K1, K2, K3)))

<
= 864()@3 (K’ g, N)’

where (k, 0, NX) € [0,1] x [0, 1] x [0, 1], and

®; (k, 0, N) = xo (K, ) + x10 (K, )N + x11 (K, ) N + 12 (k, o) (1 = K?),

with
xo (k) = 756" + (1 = &) [(1 = ©)(144207 + B0 + 64007 + 360°k%) + 348K
+36007 k" + 43207k,
xi0 (&, 0) = (1= 0?) (1 = A[(720k0 + 7257k)(1 = &%) + 8640k’ + 360k ],
xi1 (ko) = (1= k2) (1 = aH[(540 + 3607)(1 — &%) + 43207,
X2 (k,0) = (1 = K)(1 — 0*)[432«* + 576(1 — k*)o].
Note that

xii (ko) < (1=0) (1= &) [432¢ + (1 = K¥)(3607 + 540)| = €1 (k. ).
Taking € = y; fori =9, 10, 12 and
83 (k, 0, N) = € (k, @) + €10 (K, )N + €11 (K, T)N* + €15 (k,0) (1 = 8).

It is easy to see that

0o

5_3.2 = €0k, o) + 2X[€11(k, ) — €12(k, 0)]
= (K, o) +72(15 = 160"+ 0?)(1 - o*)(1 = £)°N
> 0.

Thus, 85 (k, 0, ) is an increasing function on N € [0, 1]. Thus, we obtain

®3 (K’ g, N) < 53 (K’ g, N) < 63 (K’ g, 1) = 69(K’ O-) + GIO(K, 0-) + Ell(K9 O-)
= 540 — 648> + 360> + 108k* — 360> + 75k% + (=36 — 72k + 108> + 144«° — 108«*
— 726 + 3650 + (640 — 720k — 1200&% + 576K + 912«* + 144> — 35250 + (=504
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+ 72k + T20k% — 5041° + 432k — 216k%)0? + (720k — 576k° + 348«* — 144K° — 348k°%)0
= ps(k, o).
Consider

)
5 = —1296k + 1080«” + 432« — 1800«* + 450&° + (=72 + 216k + 432k> — 432« — 360«*

+21667)0* + (=720 — 2400k + 1728«* + 3648«* + 720k* — 21126%)0 + (72 + 1440«
—1512k + 2160k* — 12964°)0% + (720 — 1728k + 1392« — 720x* — 2088k°)0- = 0,

== = _348k° — 144K° + 348k* — 576K + 720k + (=144 — 288k + 432k% + 576x> — 432«* — 288«°

oo
+144«%)03 + (1920 — 2160k — 3600«% + 1728« + 2736k* + 432> — 1056%)0% + (—1008
+144k + 1440k* — 1008&> + 864«° — 432«%)0 = 0.

By calculating, we obtain

kg ~ 1, ki~ 1, IS K4~ —1,
{ o1 = 1.4848, { 012 & —2.0546, { o3~ —0.4302, { o014 =~ 0.6577,

Kis =~ —1, Kie =~ —1 k17 =0, kg = 0.2506 K19 = 3.1709,
{ 015 =~ —0.5565, { o6 = —0.3229, { o7 =0, { o3 = 0.5052, { 019 = 20.4224,
{ k110 ~ —0.7560, { k111 ~ —0.8987, { K112 ~ —1.0065, { K113 ~ —1.5517,

01,10 ® —468467, o111 = 03692, 1,12 ® —04483, 01,13 ® 10.3879.

Therefore, there is an optimal point of (k; 5,07 8) in (0,1) X (0, 1). Thus, we get max{ps(k, o)} <
p5(K1’8, 0-1,8) ~ 526.009022.

(12) For k =1,
ps(l,0) =75.

(13) For k = 0,

p5(0,0) = 540 — 50402 + 6400 — 360" < 640.
(14) For o = 0,

ps(k,0) = 75k° — 360> + 108«* + 360k — 648«* + 540 < 540.

(15) For o =1,

ps(k, 1) = 640 — 1020«% + 1260«* — 805«° < 640.
Thus, we get

\Hs (F7h) < 8664_400 = %

For the Schwarz function @w(v) = v?, Eqs (2.9)—(2.12) give u» = p4 = ps = 0 and u3 = 1/3, and
Eq (1.11) leads to H; (k1) = =2/27. o
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5. The second-order Hankel determinants of inverse logarithmic coefficients

Theorem 5.1. IfF € Ry, then
|
|F I_‘3 - 2| < = 36
The bound is sharp.

Proof. LetF € Rt. From (1.13) and (2.9)—(2.11), it follows that

I\ — T3 = —=—[72&& — 48836, + 156 — 64&. (5.1)

2304

From (5.1) and Lemma 1.6, we obtain

I\ - T3] = = 72(ki P = kil + T2k, (1 = I P)( = ol + 1547

2304'
— 4831 = ki [P)ky — 64(1 — ki)

Putting |k,;| = 0 € [0, 1], « = |k| € [0, 1] and taking |«3| < 1, we obtain

1
I\ T3 — T3] < m[72(/< —ikHo? + 72k — )1 = 0?) + 15" + 48(1* — kYo + 64(1 — k*)*0?

1
© 2304

Differentiating p¢(k, o) with respect to o, we yield

pﬁ(K7 0-)

0
% = 480k — k) + 16(8 — 9k + K2)(1 — KX)o > 0.
o
Therefore, ps(k, o) attains its maximum value at o = 1. Thus, we have
1 64 1
| D B [ 1) = ——[64 — 8«* — 41 —.
ITs = T30 < polk 1) = 5257164 = 86 — 41T < 2 =
The equality holds for y, = 0 and 3 = 1/3. O
Theorem 5.2. IfF € Ry, then
5
Ir,r < —
0,y - T3 < 6

The result is sharp.
Proof. LetF € R 1. From (1.14) and (2.9)—(2.12), we obtain

Dol — T3 = ———— (4608626, + 672E065 + 8640&1£,83 — 6400€3 — 4296 1€, — 5184£34,

276480
+ 4680£3 &3 — 432082 + 1095£0). (5.2)

From (5.2) and Lemma 1.6, it follows that

I, -T3 =

76430 672(1 — k1) i5k7 — 8640k (1 — |k [*) [k |* + 8640k3k1k2(1 — |iy[*)?
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X (1 = |kol?) + 288K5(1 — |k1*)?k1 > — 460831k (1 — ko )(1 = [k1[*)* = 576k3

X k561 (1 = [ki ) (1 = [kal*) + 4608k2(1 = [ka*)(1 = [k *)(1 = k1) ks

— 432001 — Jka)*(1 = K112)*K5 — 468013 (1 — |ki D) &y + 4680k k3(1 — [ka[*)

X (1= k1 *) = 518413(1 — |k ik + 109548 + 5184i53k063 (1 — kol )(1 = |y *)
+10368k3k k7K (1 — Ik1 )1 = [Ka?) = 5184k (1 — |k3[)(1 = [y P)(1 = |kal)

— 42961,(1 — |k [H)} — 6400(1 — [k, 1*)*i3 |
Therefore, we obtain

L, -T5 = 276480 [913 (K1, k2) + 014 (K1, K2) K3 + 015 (K1, K2) K5 + 016 (K1, K2, K3) K4],

where

013 (k1. &) = 1095 + (1 =[xy ) [(288@2@* — 224015k |* — 6400k; + 672i5k1)(1 — |k |*)
—4296KyK] — 5184K3K; K — 468081743 .
014 (K1, k2) = (1 = |k |?) (1 - |K1|2) [(8640k2k1 — 576i561)(1 — |k1|*) + 10368x2k78; + 4608k ],
015 (K1, k2) = (1 = k1 P) (1 = o) [(=4320 — 288l *)(1 — [ki ) + 5184#17],
016 (K1, K2, &3) = (1 = liaP)(1 = i1 P)(1 = lisP)[ = 51844 + 4608(1 — |y *)ra .

Setting o = |k,| € [0, 1], |k3] = N € [0, 1], |«;| = « € [0, 1] and using |k4] < 1, we achieve

|0l - 13 < % (lo1s (k1. k)| + lora (k1. k)| R + lo1s (K1, k)| N + o16 (K1, k2, k3)])
< Z76a50 > )
where
Q4 (k,0,N) = x13 (K, 0) + x14 (K, T) N + )15 (k, o) N? + x16 (K, 0) (1 — N%),
with

Y13 (k, o) = 10954° + (1 - KZ) [(672,202 + 2240607 + 64000 + 2885 k*)(1 — k%) + 4296k o
+468007k* + 518457k,

x1a (k,0) = (1= 07) (1 = D[ (86400 + 57607K)(1 — k) + 103680 + 4680<°],

x1s (k,0) = (1= ) (1 = 0)[(4320 + 28807)(1 — &) + 5184cr],

Xi6 (K, 0) = (1 = K*)(1 = 0)[5184«* + 46080(1 — k%)].

Note that

xis (ko) < (1= 07) (1 - &) 518467 + (1 - k)(28807 + 4320)| = €15(k, ).
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Take y; = ¢ fori = 13,14, 16 and
84 (k, 0, R) = €13 (k, 0) + €14 (k, T) N + €15 (k, ) N + €16 (k, o) (1 = N?),

Differentiating d4 («, o, N) with respect to N, we obtain

00,
—2 = ek, ) + 2[es(k, o) — €€, )N

oN
= €14(k, ) + 5768(0* — 160 + 15)(1 — *)(1 — k*)* > 0.

Therefore, 04 (k, 0, N) is an increasing function for N € [0, 1]. Thus, we obtain

Oy (k,0,8) <04 (k,0,R) <04 (k,0,1) = €13(k, 0) + €14(€,0) + €5(€,0)
= 4320 — 3456k + 4680k’ — 864k* — 4680k° + 1095«° + (288 — 576k + 864K*

+ 1152% — 864k* — 576k° + 2886%)0* + (6400 — 8640k — 10560« + 6912«> + 7104k*

+ 1728k — 2944k%)0 + (=4032 + 576k + 3552k> — 5832«> + 4488k* + 5256«
— 4008k%)0 + (8640k — 6912«> + 4296k* — 1728« — 4296«%)0 = p1(k, o).

Consider

%1
Ok

+(576 + 7104« — 17496k> + 17952« + 26280«* — 24048k°)0% + (8640 — 20736«>
+17184«> — 8640k* — 25776k°)0 = 0,

%1

2 " —4296k° — 1728%° + 4296k* — 6912«> + 8640k + (—1152 — 2304k + 3456K* + 4608«°
g

—3456k* — 2304k + 11524%)0 + (19200 — 25920« — 31680« + 20736« + 21312«*
+5184Kk° — 8832k%)02 + (—8064 + 1152k + 7104«> — 11664k + 8976k* + 10512«°
—-8016«%)0 = 0.

By calculating, we yield

kg~ 1, Kip ~ 1, ki3~ 1, Kig~—1,

{ o1 ~ 1.4835, { o1, ~ —2.0703, { o3~ —0.4132, { 014 ~ 0.6842,
ks =0, K16 ~ 3.0534 k17 ~ —0.0654, Kkig ~ —0.7457,

{ { o6 ~ 21.7586, { o7 = —0.0601, { o8 ~ —68.1509,
k19 = —0.8372, K110 = —0.9796, k111 = —1.6359,

{ 019 ~ 0.3830, { o110  —0.4535, { o~ 12.7029.

o5 =0,

Hence, there is no solution in (0, 1) x (0, 1).

(16) For x =1,

p7(1,0) = 1095.

= —6912« + 14040K* — 3456k — 23400&* + 6570&° + (=576 + 1728« + 3456K> — 3456«
—2880x* + 1728«%)0* + (8640 — 21120k + 20736x% + 284164 + 8640k* — 17664k )0
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(17) Fork = 0,
p7(0,0) = =2880* + 64000 — 403207 + 4320 < 6400.
(18) For oo = 0,
p7(k,0) = 1095«° — 4680«° — 864k* + 4680k — 3456«> + 4320 < 4320.
(19) For o = 1,
p7(k, 1) = 6400 — 9600«> + 14160«* — 9865«° < 6400.

Therefore, we obtain

6400 5
| Y I I =,
Pl = T30 < 522980 = 216

For the Schwarz function @(v) = v?, Eqs (2.9)—(2.12) give u3 = 1/3 and us = up = py = 0, and
Eq (1.14) leads to I,I'y — I3 = —5/216. o

6. Conclusions

In this paper, we studied the class of analytic functions F in the unit disk satisfying F'(v) < 1 +
arctany. We obtained coeflicient estimates for

FO)=v+ ) ",
m=2

upper bounds for the second- and third-order Hankel determinants H,;(F) and H;;(F), a bound
for the second-order Hankel determinant of the logarithmic coefficients, a bound for the third-order
Hankel determinant of the inverse function, and a sharp upper bound for the second-order Hankel
determinant of the inverse logarithmic coefficients. These results describe the initial coefficient and
Hankel determinant behavior of the class. Possible directions for further work include sharpness
of the remaining estimates, higher-order Hankel determinants, generalized subordination, and other
functionals such as the Zalcman functionals and the initial higher-order Schippers-Schwarzian
derivatives.
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