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Abstract: Physics-informed neural networks (PINNs) have become a powerful meshless technique 
for solving partial differential equations (PDEs). However, the network architecture and the selection 
of hyperparameters significantly influence their performance. The majority of existing research works 
are based on heuristic methods for hyperparameter tuning. This often results in lower accuracy and 
unstable convergence, especially for nonlinear stiff PDEs. In this study, we address this limitation by 
introducing a comprehensive and systematic tune-first PINN framework. We employ the tree-
structured Parzen estimator (TPE) within a Bayesian optimization scheme to fine-tune key 
hyperparameters, including network depth, width, collocation points, weights associated with PDE and 
initial conditions, Fourier features, and learning rates. The optimized configuration is subsequently 
used for high-fidelity PINN training. We validate the proposed methodology using challenging one- 
and two-dimensional nonlinear, stiff PDEs. Numerical results indicate that systematic tuning of PINN 
architecture improves performance by up to 85% compared to a standard PINN with manually selected 
hyperparameters. These findings underscore that hyperparameter optimization provides a reliable and 
reproducible approach for improving the accuracy and stability of PINNs, and it is adaptable to higher-
dimensional problems and other stiff nonlinear PDEs. 
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1. Introduction  

Numerous physical systems in science and engineering are represented by partial differential 
equations (PDEs) [1,2]. These equations are often complex, stiff, and nonlinear. This complexity 
makes finding exact solutions challenging. As a result, researchers frequently employ numerical 
techniques, such as finite difference methods [3,4], finite volume methods [5], and finite element 
methods [6], to solve these equations. Although these approaches are effective for approximating 
solutions to complex PDEs, they also have limitations. In particular, solving high-dimensional 
problems with these methods is often time-consuming and computationally expensive [7,8]. 

Recently, deep learning frameworks have emerged as promising alternatives to traditional numerical 
methods [9–11]. This progress is driven by advances in computational power, particularly GPU 
acceleration, and the demonstrated capacity of deep learning to approximate complex, nonlinear, high-
dimensional mappings [11–13]. As a result, deep neural networks (DNNs) have been successfully 
applied across various scientific computing domains, including materials science [9], fluid dynamics 
[11,12], and uncertainty quantification [13]. Deep learning techniques can be classified as supervised 
and unsupervised learning based on labeled and unlabeled data. In supervised learning convolution 
neural networks are commonly used for image detection, and graph-based deep learning techniques 
are used to connect the link between the components [14]. Another category is Physics-Informed 
Neural Networks (PINNs) [15–17], which incorporate physical constraints into neural network loss 
functions to address high-dimensional PDEs. Owing to their simplicity and strong experimental 
performance, PINNs have become a prominent approach in scientific machine learning. Machine-
vision-driven PINNs have been utilized for pantograph catenary state detection, whereas graph-
MDETR has been designed for unmanned aerial vehicle (UAV) based catenary support component 
detection [14]. Several extensions to the PINNs framework demonstrate significant potential for 
addressing challenges such as solving high-dimensional PDEs [18–21], uncertainty quantification [13], 
autonomous driving[10], and inverse problems [15]. PINNs still exhibit notable weaknesses that 
limit their practical applicability [22–24]. Training is often complicated by factors such as a rigid 
optimization landscape, gradient imbalance, and sensitivity to hyperparameters. We may refer to 
hyperparameters as model settings that are not determined by the training data. Instead, they govern 
the learning processes and define the model’s structure. Typically, PINNs inherently possess several 
hyperparameters, including the learning rate, the architecture’s width and depth, the choice of 
activation function, and the weights assigned to the loss function. It is important to recognize that 
additional hyperparameters, including the optimization algorithm, the learning rate (e.g., using a 
learning rate scheduler), and the distribution of collocation points, can be incorporated. This elevated 
dimensionality of the hyperparameter (HP) search space poses challenges for identifying suitable 
configurations—specifically, those that yield satisfactory generalization. The issue of slow training has 
consistently been a significant topic of discussion within the PINNs community [25–27]. 
Hyperparameter optimization (HP-tuning) [25–29], is a valuable approach to address these challenges. 
Various methodologies, including grid search [29] and random search optimization [26], are commonly 
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employed for hyperparameter selection. However, grid search is limited by the curse of dimensionality, 
and random search can be inefficient. Each hyperparameter evaluation requires training a deep neural 
network, underscoring the need to limit the total number of configurations. To overcome these limitations, 
this study introduces a systematic tuning procedure with three primary objectives: (i) Demonstrating that 
properly tuned PINNs exhibit superior accuracy and stability compared to untuned/standard models; (ii) 
Applying proposed methodology to several 0ne- and two-dimensional PDEs to evaluate its effectiveness 
using key performance metric; (iii) Providing insights into parameter sensitivity to inform the design of 
more efficient network architectures for nonlinearm PDEs. 

This work applies tree-structured Parzen estimator (TPE)-based Bayesian optimization for 
hyperparameter tuning to address challenges arising from inadequate PINN training. An exhaustive 
overview is provided for tuning the number of hidden layers, the number of neurons per layer, the 
number of collocation points, and the weight associated with PDE and initial conditions, Fourier’s 
features, and learning rates. The nonlinear, stiff PDEs are considered for implementation, and the 
optimized PINN is compared with the standard PINN to show the effectiveness of the proposed 
methodology. 

The structure of this paper is as follows. Section 2 presents an overview of PINN methodology 
and the fundamental principles of Bayesian optimization, with emphasis on TPE-based Bayesian 
optimization for tuning PINN hyperparameters to improve accuracy in solving the nonlinear PDEs in 
one- and two-dimensions. Section 3 presents the results, and Section 4 concludes the paper and 
discusses directions for future work. 

2. Methodology  

In this section, we first outline the general methodology employed for hyperparameter tuning. 
After that, TPE-based Bayesian hyperparameter optimization is defined along with specific algorithms 
relevant to our research problems using the Optuna library in Python [30]. 

2.1. Problem statement 

Let us consider the general form of an nth-order PDE as follows: 

𝑢௧ + 𝒩[𝑢(𝑥, 𝑡)] = 0,        𝑥 ∈ Ω ⊂ ℝௗ , 𝑡 ∈ (0, 𝑇 ].             (2.1) 

Here, 𝑢(𝑥, 𝑡)  is the unknown solution that we need to determine. 𝒩 (·)  is a differential operator 
having derivatives up to the nth order. The associated boundary and initial conditions are given by 

𝑢(𝑥, 𝑡) =  𝑔(𝑥, 𝑡),     (𝑥, 𝑡) ∈ 𝜕Ω          (2.2) 

𝑢(𝑥, 0) = ℎ(𝑥),            𝑥 ∈ Ω.           (2.3) 

 

 

2.2. Physics-informed neural networks framework (PINNs) 

PINNs integrate physical laws, such as ordinary or partial differential equations, into the training 
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of deep neural networks. These equations are incorporated directly into the loss functions, enabling 
PINNs to adjust network weights, biases, and physics-related parameters during training. Let 𝑢ఏ be 
the neural network approximation, and then the residual of Eq (2.1) can be represented by 

𝑟ఏ =
𝜕𝑢ොఏ

∂t
+ 𝒩[𝑢ොఏ(𝑥, 𝑡)]. 

The loss function typically consists of the following three components: 
• MSE on the residual PDE 

𝐿𝑜𝑠𝑠௣ௗ௘ =
ଵ

௡ೝ
∑ ቚ

డ௨ෝഇ

ப୲
− 𝒩(𝑢ො஘(𝑥௞

௥ , 𝑡௞
௥)ቚ

ଶ
௡ೝ
௞ୀଵ ;       (2.4) 

• MSE on the initial condition 

𝐿𝑜𝑠𝑠௜௖ =
ଵ

௡೔೎
∑ ห𝑢ොఏ(x୧

௜௖ , 0) − h(x୧
௜௖)ห

ଶ
;

௡೔೎
௜ୀଵ         (2.5) 

• MSE on the boundary conditions 

𝐿𝑜𝑠𝑠௕௖ =
ଵ

௡್೎
∑ ห𝑢ොఏ(x୨

௕௖, t୨
ୠୡ) − g(x୨

௕௖, 𝑡௝
௕௖)ห

ଶ௡್೎
௝ୀଵ .      (2.6) 

Consequently, the overall loss function of the standard PINN is obtained by summing all the 
previously defined mean-squared error terms in Eqs (2.4)–(2.6): 

𝐿𝑜𝑠𝑠௧௢௧௔௟(𝜃) =  𝜆௣ௗ௘𝐿𝑜𝑠𝑠௣ௗ௘(𝜃) + 𝜆௜௖𝐿𝑜𝑠𝑠௜௖(𝜃) +  𝜆௕௖𝐿𝑜𝑠𝑠௕௖(𝜃).    (2.7) 

Here, 𝜆௣ௗ௘, 𝜆௜௖, and 𝜆௕௖ denote the weighting coefficients which correspond to the PDE, initial 
condition, and boundary conditions loss terms, respectively. The objective of PINN training is to 

minimize 𝜃∗ = arg min
ఏ

𝐿𝑜𝑠𝑠௧௢௧௔௟(𝜃). 

2.3. Tree-structured Parzen-based Bayesian hyperparameter optimization (TPE-based HPO) 

The performance of PINN depends on the selection of appropriate and suitable hyperparameters. 
A manually selected hyperparameter may perform well for one PDE but may perform poorly when 
applied to another PDE. Consequently, a systematic approach is applied for selecting appropriate 
hyperparameters using TPE-based Bayesian hyperparameter tuning. Let us define a vector of 
hyperparametrs Λ = ൛L, η, λ୮ୢୣ, λ୧ୡ, nୡ୭୪୪, w, … . ൟ,  where, L  is numbers of layers,  w  is number of 
neurons, 𝜂 denotes learning rate, nୡ୭୪୪ are collocation points, λ୮ୢୣ and λ୧ୡ are weights associated to 
pde and initial conditions loss respectively. The objective of Bayesian Optimization (BO) is to identify 
the minimum value of an objective function defined as  

Λ∗ = arg min
ஃ∈஬

𝒥(Λ),          (2.8) 

where ϑ denotes the search space of hyperparameters Λ and 𝒥(Λ) measures the L2-relative error. BO 
is an efficient sequential approach for optimizing functions without requiring any explicit assumption about 
their functional form [25,27,30,31]. In BO, unlike grid search [29] or random search [26], previous 
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evaluation results are used to construct a probabilistic model that relates hyperparameters to the 
likelihood of achieving a given outcome in the objective function. 

We implement BO using the TPE approach presented by [30]. TPE separates the model into a 
favorable set of hyperparameters for which 𝒥 < 𝒥∗and unfavorable set of hyperparameters for which 
𝒥 ≥ 𝒥∗ with 𝒥∗  as a threshold defined on the objective function. The corresponding probability 
densities are defined as ℓ(Λ) = 𝑝 (Λ | 𝒥 < 𝒥∗) and 𝓂(Λ) = 𝑝 (Λ |𝒥 ≥ 𝒥∗.TPE samples candidate 
configurations and favors those having a large ℓ(Λ)/m(Λ) ratio.  

Optuna is a Python library that implements a TPE-based Bayesian HPO tuning framework. Each 
Optuna trial represents a specific set of hyperparameters Λ used to construct a PINN with the chosen 
configuration, which is then trained within computational resources. The resulting error from this 
process is returned as the objective function. The process of TPE-based BO is illustrated in Figure 1 
below: 

 

Figure 1. TPE-based Bayesian optimization architecture. 

 

3. Results 

The results of applying the proposed methodology to a series of test cases involving non-linear 
one-dimensional Burgers’ and Allen-Cahn equations, as well as a nonlinear two-dimensional elliptic 
equation. To ensure a fair comparison, we construct the same neural network architecture for both 
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standard and optimized PINNs, with the only difference being the selection of hyperparameter methods. 
The standard PINN relies on manual selection of hyperparameters based on trial and error, whereas 
the optimized PINN utilizes hyperparameters determined through a tuned TPE-based BO process. Also, 
the hyperparameters search space for all the test cases was selected according to the ranges commonly 
used in PINN studies. These values were further constrained to ensure computational feasibility for 
the current study. All simulations were conducted on T4GPU setup, and code was implemented using 
pytorch library. For Optuna results, the TPE sampler was initialized with a fixed random seed and 
utilized multivariate sampling to capture interactions among hyperparameters. A median pruner was 
implemented to terminate underperforming trials early.  

3.1 Test case 1: One-dimensional Burgers’ equation 

Let us consider the following one-dimensional nonlinear viscous Burgers equation, subject to 
homogeneous Dirichlet boundary conditions and an initial condition defined as below in Eq (3.1) 

𝑢௧  +  𝛼𝑢𝑢௫  −  𝜈𝑢௫௫  =  0, −1 < 𝑥 <  1, 0 < 𝑡 ≤  1 

             𝑢(−1, 𝑡) =  𝑢(1, 𝑡) =  0,          ∀ 𝑡 ∈ (0, 1)        (3.1) 

𝑢(𝑥, 0) =  −𝑠𝑖𝑛(𝜋𝑥).             ∀ 𝑡 ∈ (−1, 1) 

where, α = 1 and ν = 0.01/π is the kinematic viscosity. The Burgers equation describes phenomena such as 
turbulence and the propagation of shock waves in viscous flows. For the reference solution, code [32] is 
employed, utilizing the Hopf-Cole transformation and the Gauss-Hermite quadrature [33] 

The standard and optimized PINNs utilized four fully connected hidden layers with 64 neurons 
each, 𝑡𝑎𝑛ℎ as the activation function, and 0.001 as the learning rate. The number of training points 
for the PDE is 𝑛௣ௗ௘ = 5000 , while the initial and boundary condition training points are 𝑛௜௖ =

500 = 𝑛௕௖.  Initially, the ADAM optimizer is applied for 5000 epochs, followed by the L-BFGS 
optimizer for an additional 500 epochs to achieve further fine-tuning. Total training time for the 
standard PINN was recorded as 6.07 min using an (NVIDIA T4 GPU) setup.  

After that, we employ TPE-based Bayesian HPO to seek the systematic selection of optimal PINN 
configurations. Table 1 shows the range of the network’s width and depth, weights associated with the 
PDE and initial condition, and collocation points for optimization. 

Table 1. Hyperparameters search space for Burgers equation. 

Hyperparameters Symbol Range 
learning rate 𝜂 [5𝑒ିହ, 3𝑒ିଷ] 
width 𝑤 {64, 96, 128} 
depth 𝐿 {4,5 6} 
weight PDE 𝜆௣ௗ௘ [1, 5] 
weight initial condition 𝜆௜௖ [30, 100] 
collocation points 𝑛௙ {5000,6000,8000,10000} 

Figure 2(a) shows the results of 25 trials against the objective function loss value. We have seen 
that as iterations proceed, the objective value decreases gradually and the optimal region for 
hyperparameters lies around trial number 23, where the loss has a minimum value of 0.0921. Figure 2(b) 
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shows the parallel coordinates plots; the optimal values of tuned hyperparameters at trial 23 are 𝜎 =
0.00298, 𝑤 = 64, 𝐿 = 6, 𝑛௙ = 8000, 𝜆௣ௗ௘ = 2.6958, 𝜆௜௖ = 51.7940. The computational time for the 
Optuna trial was recorded as 10.35 min. 

 
(a) 

 

(b) 
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(c) 

Figure 2. Optuna plots: (a) Optimization history plot, (b) Parallel coordinates plot, (c) 
Optimization timeline. 

Figure 3(a)–(c) presents the predicted solution profile for both standard and optimized PINNs, 
alongside the reference solution at 𝑡 = 0, 0.5, and 1.0. Both standard and optimized PINNs’ curves 
exhibit smooth behavior. However, standard PINN deviate from the reference solution as shown in 
Figure 3(c) .  This indicates that systematic selection of hyperparameters with TPE-based HPO 
produces solutions that are more closely aligned with the reference solution. Figure 3(d)–(f) presents 
the heatmaps corresponding to the reference, standard, and optimized PINN solution, respectively. 
Figure 3(g),(h) presents the absolute error plots for the standard and optimized PINN. It can be seen 
that there is a high error value near t=0 due to discontinuity. The maximum error of the optimized 
PINN is 0.0135, compared to 0.63 for the standard PINN which is 0.63. These results indicate that the 
optimized PINN performs better than the standard PINN. 

 

(a)            (b) 
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(c) 

 

(d) 
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(e)           (f) 

  

(g)           (h) 

Figure 3. (a–c) Solution snapshots of the Burgers’ equation at 𝑡 = 0, 0.50, 1.0. Heatmaps 
of (d) Reference solution, (e) Standard PINN solution, and (f) Optimized PINN solution. 
(g) Absolute error of the standard PINN. (h) Absolute error of the optimized PINN. 

Figure 4(a) presents the training loss curves over 3000 epochs for both standard and optimized 
PINN. The loss curve of the optimized PINN remains consistently lower than that of the standard 
PINN. These results show that the hyperparameter tuning using TPE-based HPO enhances the 
accuracy of the solution. Furthermore, Figure 4(b) presents a comparison between reference and 
prediction at various time slots. It can be seen that the predicted solution shows good agreement with 
the reference solution in smooth regions. In contrast, a clear deviation can be seen for the standard 
PINN. The performance metrics of the optimized PINN are compared with those of the standard PINN in 
Figure 4(c). Also, Table 2 presents the root mean square error, mean absolute error, and relative L2 error 
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for both models. The TPE-based optimized PINN demonstrates an 83% improvement in prediction 
accuracy compared to the standard PINN, despite both models utilizing the same neural network 
architecture. 

 

(a) 

 

(b)                  (c) 

Figure 4. (a) Training loss curves of standard and optimized PINN. (b) Prediction vs 
reference solution. (c) Performance metrics. 

Table 2. Model performance metrics. 

Model Root Mean Square 
Error (RMSE) 

Mean Absolute Error 
(MAE) 

Relative L2 Error 

Standard PINN 0.029235424 0.007748274 0.047519289 
Optimized PINN 0.00479796 0.001280711 0.007798611 
Improvement  83.5% 83.4% 83.5% 
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Cumulative ablation study 

The importance of each component within the search space is validated through an ablation 
study as described in Table 3. The effect of incorporating each tuned hyperparameter in TPE-based 
Bayesian optimized PINN training is assessed by calculating the relative L2 error. We observe that 
by choosing tuned hyperparameters, the relative L2 decreases from 0.128 to 0.008. 

Table 3. Ablation study. 

Model 
𝝀𝒑𝒅𝒆 

𝝀𝒊𝒄 
𝒏𝒇 

𝒘 𝜼 𝑳 L2 error 

Standard PINN 1 50 5000 64   0.001 4 0.127565 
 

𝝀𝒑𝒅𝒆 tuning 

 
2.7 

 
50 

 
5000 

 
64 

 
0.001 

 
4 

 
0.018036 

𝐀𝐝𝐝𝐢𝐧𝐠 𝝀𝒊𝒄 tuning 2.7 51.8 5000 64 0.001 4 0.032681 

𝐀𝐝𝐝𝐢𝐧𝐠 𝒏𝒇tuning 
2.7 51.8 8000 64 0.001 4 0.025228 

Adding w tuning 2.7 51.8 6000 128 0.001 4 0.010877 
Adding 𝜼 tuning 2.7 51.8 6000 128 0.002559 4 0.037595 
Adding L= Optimized PINN 2.6958 51.8 6000 128 0.002559 5 0.007799 

 

3.2 Test case 2: One-dimensional Allen-Cahn equation 

In the next example, consider the following one-dimensional nonlinear stiff Allen-Cahn equation, 
subject to periodic boundary conditions and an initial condition defined as below in Eq (3.2). 

𝑢௧ =  0.0001𝑢௫௫  −  5(𝑢ଷ − 𝑢) , −1 < 𝑥 <  1, 0 < 𝑡 ≤  1 

𝑢(−1, 𝑡) =  𝑢(1, 𝑡),    𝑢௫(−1, 𝑡) =  𝑢௫(1, 𝑡) , ∀ 𝑡 ∈ (0, 1]          (3.2) 

𝑢(𝑥, 0) =  𝑥ଶ cos(𝜋𝑥).             ∀ 𝑥 ∈ [−1, 1]. 

The reference solution of Eq (3.2) is obtained by implementing spectral methods in MATLAB 
using the Chebfun package [34]. We have considered the standard PINN to solve the test problem 
given in Eq (3.2). We employ TPE-based Bayesian HPO to seek the optimal PINN configuration. The 
value of interfacial thickness in Eq (3.2) (𝜀ଶ = 0.0001) is very small, so to handle interfacial dynamics 
and multiscale spatial features, Fourier features are incorporated as input in the standard PINN and are 
added to the search space for the optimized PINN. The standard PINN utilized five fully connected 
hidden layers with 128 neurons each and 𝑡𝑎𝑛ℎ as the activation function. The number of training 
points for the PDE is 𝑛௣ௗ௘ = 50000 , while the initial and boundary condition training points are 
𝑛௜௖ = 512 = 𝑛௕௖. Further, the weight associated with PDE is 50 and with the initial condition is 100. 
Initially, the ADAM optimizer is applied for 15000 epochs, followed by the L-BFGS optimizer for an 
additional 1500 epochs to achieve further fine-tuning. Training time for the standard PINN was 
recorded as 32.79 min. 
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We apply TPE-based Bayesian HPO to seek the optimal PINN configuration. Table 4 shows the 
range of these parameters in the tuning process. 

Table 4. Hyperparameters search space for the one-dimensional Allen-Cahn equation. 

Hyperparameters Symbol Range 

Learning rate 𝜂 [5𝑒ିହ, 3𝑒ିଷ] 
width 𝑤 {64, 128, 256} 

Depth 𝐿 {5,6,7,8, 6} 

Weight PDE 𝜆௣ௗ௘ [20, 300] 

Weight initial condition 𝜆௜௖ [50, 500] 

Fourier scale 𝐹௦ [0.5, 5.0] 
 

Figure 5(a) shows the results of 25 trials against the objective function loss value in the 
optimization history plot. We have seen that as iterations proceed, the BO framework balances 
exploration and exploitation, that will give a decrease in the loss value. From Figure 5(a), the optimal 
region for hyperparameters lies around trial number 20, where the loss has a minimum value of 
0.110677. The relationship between selected hyperparameters and objective function loss is illustrated 
in the parallel coordinate plots presented in Figure 5(b). Each line represents a distinct trial. Lower 
loss values are associated at 21 trails with 𝜂 = 0.0008, 𝑤 = 256, 𝐿 = 5, 𝜆௣ௗ௘ = 23.77, 𝜆௜௖ =

269.77 𝑎𝑛𝑑 𝐹௦ = 1.35, as shown in Figure 5(b). Optuna trials took 102.29 min to choose the optimal 
values, as shown in the optimization timeline plots in Figure 5(c). 

 

(a) 
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(b) 

 

(c) 

Figure 5. Optuna plots for one-dimensional Allen-Cahn equation: (a) Optimization history 
plot, (b) Hyperparameter importance plot, (c) Optuna completed and pruned timeline plot. 
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Figure 6(a) presents the solution plots of the Allen-Cahn equation using a standard PINN 
compared to the reference solution at 𝑡 =  0, 0.25, 0.50, 0.75, 1 .0. The standard PINN fails to 
accurately predict the solution, exhibiting oscillatory behavior at t=0, and degenerating completely for 
𝑡 > 0. Both standard and optimized PINN models employ the same network architecture, differing 
only in hyperparameter tuning. However, the standard PINN does not develop the expected phase 
separation or sharp interfaces, as reflected in the absolute error plot shown in Figure 6(d). Figure 
6(b),(c) show the heatmaps of the reference and standard PINN solutions.  

Figure 7(a) represents the solution plots of the Allen-Cahn equation for the optimized PINN 
compared to the reference solution at t= 0, 0.25, 0.50, 0.75, 1.0. The proposed method demonstrates 
substantially improved accuracy. This indicates that TPE-based BO enabled the model to solve the Allen-
Cahn equation with high numerical accuracy, effectively capturing the spatial and temporal evolution of 
the order parameter while satisfying all physical, boundary, and initial conditions. Figure 7(d) 
demonstrates that our model achieved substantially lower errors than standard PINNs, indicating 
improved predictive performance. Figure 7(b),(c) demonstrate solution accuracy by presenting the 
heatmaps of both the reference solution and optimized PINN. 

 

(a) 
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(b) Reference solution.                  (c) Standard PINN solution. 

 

(d) AE standard PINN. 

Figure 6. (a) Standard PINN solution at t= 0, 0.25, 0.5, 0.75, 1.0. (b) Heatmaps of the reference 
solution. (c) Heatmaps of the standard PINN solution. (d) Absolute error standard PINN. 
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(a) 

   

(b) Reference solution.      (c) Optimized PINN solution.    (d) AE optimized PINN. 

Figure 7. (a) Optimized PINN solution at t= 0, 0.25, 0.5, 0.75, 1.0. (b) Heatmaps of the 
reference solution. (c) Heatmaps of the optimized PINN solution. (d) Absolute error 
optimized PINN. 

The training loss curves in Figure 8(a) reveal more stable, accelerated training resulting from 
automatic hyperparameter tuning, which minimized loss to 10ିସ. Figure 8(b) and Table 5 demonstrate 
the performance metrics of standard and optimized PINNs. It can be seen that by choosing a suitable 
network architecture, the error is minimized and the performance is optimized.  

PINN increases by 98%. Collectively, these results demonstrate that TPE-based BO enhances 
PINNs’ performance by improving accuracy, stability, and convergence efficiency for the Allen-
Cahn equation. 
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(a)            (b) 

Figure 8. (a) Training loss curves of standard and optimized PINN. (b) Performance metrics. 

Table 5. Model performance metrics. 

Model Root Mean Square Error 
(RMSE) 

Mean Absolute Error 
(MAE) 

Relative L2 
Error 

Standard PINN 0.568974 0.483915 0.7968067 

Optimized 
PINN 

0.013090 0.004754 0.015730 

Improvement 97.7% 99% 98% 

3.3 Test case 3: Two-dimensional elliptic equation  

In our last test case, we consider a two-dimensional nonlinear elliptic equation, subject to 
boundary conditions defined as below in Eq (3.3) 

𝑢௫௫ + 𝑢௬௬ =  𝑓(𝑥, 𝑦) + 𝛽𝑢ଷ , 0 < 𝑥 <  1, 0 < 𝑦 ≤  1 

 𝑢(𝑥, 0) = 0 = 𝑢(𝑥, 1), 𝑢(0, 𝑦) = 0 =  𝑢(1, 𝑦), ∀ 𝑥 ∈ [0,1].     (3.3) 

Where, 

𝑓(𝑥, 𝑦) = −2𝜋ଶ sin(𝜋𝑥) sin(𝜋𝑦)

− 64𝜋ଶ sin(4𝜋𝑥) sin(4𝜋𝑦) − 𝛽[sin(𝜋𝑥) sin(𝜋𝑦) + 2 sin(4𝜋𝑥) sin(4𝜋𝑦)]ଷ. 

We have constructed 𝑓(𝑥, 𝑦) from the exact solution for Eq (3.3) given below 

𝑢(𝑥, 𝑦) = sin(𝜋𝑥) sin(𝜋𝑦) + 2 sin(4𝜋𝑥) sin(𝜋𝑦). 
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Here 𝛽 = 20 controls the degree of nonlinearity. Since the exact solution contain high frequency 
term so we took Fourier frequencies as inputs in training. Also, we enforced boundary conditions by 
using hard constraints, so there is no need for a separate boundary loss term for this specific problem.  
In this example, we implement a standard PINN with five hidden layers, having 28 neurons per layer 
and 𝑡𝑎𝑛ℎ as an activation function. The learning rate is 0.001, the number of training samples for the 
PDE is 5000, and for the boundary condition is 512, respectively. We initially use the ADAM optimizer 
for 3000 epochs and then use the LBFGS optimizer for finer tuning with 300 epochs. The standard 
PINN training time is 15.8 min. The TPE-based Bayesian HPO is used to optimize five PINN 
hyperparameters along with the search space as shown in Table 6.  

Table 6. Hyperparameters search space for two-dimensional elliptic equation. 

Hyperparameters Symbol Range 

Learning rate 𝜂 [𝑒ିହ, 3𝑒ିଷ] 

Network width 𝑤 {64, 128, 256, 512} 

Network depth 𝐿 {4,5,6,7,8} 

Weight PDE 𝜆௣ௗ௘ [20, 300] 

Collocation points 𝑛௙ {10000,20000,50000,100000} 

Fourier frequencies 𝐹௙ {3, 4, 6, 8,10} 

Optuna trials took 41.16 min, as shown in Figure 9(c). Figure 9(a) shows the results of 20 trials 
against the objective function loss value. We have seen that as iterations proceed, the BO framework 
balances exploration and exploitation and gives the optimal region for hyperparameters, which lies 
around trial number 9, where the loss has a minimum value of 0.29762.  

The tuned hyperparameters from Figure 9(b) at trial 9 are 𝜂 = 0.003959, 𝑤 = 256, 𝐿 = 8, 𝑛௙ =

10000, 𝐹௦ = 4.  

 
(a) 



34799 

AIMS Mathematics  Volume 11, Issue 10, 34780–34804. 

 

(b) 

 

(c) 

Figure 9. Optuna plots for 2D elliptic equation (a) Optimization history plot (b) Parallel 
coordinate plot (c) Optimization timeline. 

Figure 10(a)–(c) present the contour plots of the predicted solution profile for the nonlinear 
elliptic equation in two dimensions by using both standard and optimized PINN, alongside the 
reference solution. Both the reference and optimized PINN solutions closely match each other, whereas 
the standard PINN shows deviation in the region where the nonlinearity is high. Figure 10(d),(e) present 
the absolute error plots for the standard and optimized PINN. The performance metrics of the 
optimized PINN with the standard PINN are shown in Figure 11(a). Table 7 shows that the TPE-based 
optimized PINN improves the prediction by 83% as compared to the standard PINN, although we 
apply the same neural network architecture on both models. Figure 11(b) presents the training loss 
curve of the standard and optimized PINN, indicating that TPE-based Bayesian HPO provides us with 
a systematic way of tuning hyperparameters. 
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(a)           (b)       (c) 

 

(d)        (e) 

Figure 10. Nonlinear elliptic two-dimensional equation: (a) Reference solution, (b) 
Standard PINN solution, (c) Optimized PINN solution, (d) Absolute error standard PINN, 
(e) Absolute error optimized PINN. 

  

(a)                                       (b) 

Figure 11. (a) Performance metrics of standard and optimized PINN (b) Training loss 
curves of standard and optimized PINN. 
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Table 7. Model performance metrics. 

Model Root mean square 
error (RMSE) 

Mean absolute 
error (MAE) 

Relative L2 error 

Standard PINN 0.0021959 0.001878 0.003332 
Optimized PINN 0.0003689 0.000298 0.000559 

Improvement 83.2% 84.1% 83.2% 

4. Conclusions 

In this work, we employed a TPE-based Bayesian HPO technique. The objective was to improve 
the ability of PINNs to solve nonlinear, stiff PDEs, thereby increasing the effectiveness of their training. 
Instead of relying on manual hyperparameter selection, an automated TPE-based Bayesian HPO search 
was utilized to identify optimal settings for hyperparameters like network width, depth, learning rate, 
weight associated with PDE and initial condition loss, and Fourier features scale. The result indicates 
that the systematically tuned PINNs demonstrate greater accuracy and stability, compared to untuned 
models. Hyperparameter optimization also facilitates the identification of the most influential 
parameters, thereby informing the design of improved network architectures for nonlinear PDEs. 
These findings underscore the significance of systematic hyperparameter optimization when applying 
PINNs to stiff and nonlinear systems. In our future research, we want to extend this approach to 
evaluate hybrid optimization methods such as combining TPE with early stopping or multi-fidelity 
search and to compare the current approach with other optimization strategies to reduce the 
computational cost of repeated training. 
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