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Abstract: We introduce and investigate linear codes over a new finite commutative non-unital ring
R=IT+ul, =0,

where
T ={a,b|2a=2b=0, a* =b, ab = 0).

The ring R has characteristic 2, order 16, and a rich nilpotent structure, providing a new algebraic
setting for coding theory beyond finite fields and Frobenius rings. We establish a comprehensive
framework for linear codes over R by describing the module structure of R over F,+ulF, and introducing
residue and torsion codes. Using this residue-torsion framework, we derive characterizations of self-
orthogonal, quasi-self-dual, self-dual, and free codes together with explicit descriptions of their duals.
Furthermore, we construct an F, + ulF,-linear Gray map and prove that it is a Lee-weight-preserving
isometry from R" to (F,+ulF,)*". We also develop the theory of Hamming and Lee weights, establish the
corresponding weight enumerators, and investigate their structural properties. Finally, several explicit
examples are constructed and verified using the computational algebra system MAGMA, illustrating
the existence of quasi-self-dual, self-dual, and Type IV codes together with their weight distributions.
These results demonstrate that the ring R provides a natural and effective framework for constructing
and studying new families of linear codes over finite non-unital rings, thereby enriching the algebraic
foundations of coding theory.
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1. Introduction

The theory of linear codes has traditionally been rooted in finite fields, forming the backbone of
modern digital communication and error correction. Over the past few decades, this foundation has
been significantly broadened by the study of codes over finite rings. Notably, the realization that many
exceptional nonlinear binary codes, such as the Kerdock and Preparata codes, can be described as
linear codes over Z4 [1-3] sparked a major shift in the field. This insight opened new directions in
algebraic coding theory, leading to extensive research into codes over more general ring structures.

In particular, Frobenius rings, Galois rings, and chain rings have attracted substantial attention due
to their rich algebraic structure, well-behaved duality theory, and close connections to classical results
over fields. More recently, research has expanded into less conventional algebraic systems, including
non-Frobenius and non-unital rings—rings that lack a multiplicative identity and exhibit nontrivial
annihilator structures. These rings challenge many of the standard assumptions in coding theory but
offer fresh opportunities for discovering new classes of codes with unusual symmetry, duality behavior,
and weight distributions.

The classification and algebraic properties of non-unital rings have been studied in [4], while
their applications in coding theory have gained traction through several recent works [5, 6]; see
also [7,8]. These studies have demonstrated that even without a multiplicative identity, non-unital rings
can support robust module structures and meaningful duality theories—especially when enhanced with
Gray maps, residue torsion frameworks, and specialized trace functions.

In this work, we introduce and investigate a new finite commutative ring of characteristic 2 and
order 16, constructed as R = 7 + u I, where u?> = 0. The extension by the nilpotent element u results
in a layered ring structure that is non-unital and algebraically rich. To our knowledge, this specific ring
structure has not been previously studied in the context of coding theory.

We develop a complete framework for studying linear codes over this ring R. Our approach includes
the following:

o A residue-torsion framework for codes.

e A trace function compatible with the coefficient map ax.

e A detailed analysis of duality, including self-orthogonal, self-dual, and quasi-self-dual codes.
e The construction of Gray map preserving Lee weight and supporting binary image analysis.

In support of the theoretical development, we provide explicit examples and classifications of
linear codes over R for small lengths. These constructions demonstrate the viability of the ring for
producing quasi-self-dual and self-dual codes and reveal structural phenomena not observable in more
conventional settings.

This paper is organized as follows. Section 2 presents necessary background on modules over rings,
duality, and weight enumerators. Section 3 develops the algebraic structure of the ring R, the theory
of linear codes over it, and the associated trace and weight frameworks. Section 4 concludes with a
summary of our findings and outlines future directions, including the study of cyclic and quasi-cyclic
codes over non-unital rings.
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2. Preliminaries

This section provides the foundational concepts necessary for our development of linear codes over
the ring R. We begin by recalling basic definitions from module theory, which serve as the algebraic
framework for coding theory over rings.

Definition 2.1. Let R be a ring. A left R-module is a set K equipped with the following:

(i) An abelian group structure under addition.

(i1) A scalar multiplication R X K — K, denoted by ax, satisfying the following axioms for all a,b € R
and x,y € K:

(1) (a+b)x =ax+ bx

(2) a(x+y) =ax+ay

3) (ab)x = a(bx)

If R is unital (i.e., contains a multiplicative identity 1), we also require the following:

4) 1-x=x,forall xe K

A right R-module is defined similarly, with scalar multiplication on the right.

Remark 2.1. If R is a commutative ring, then any left R-module can naturally be regarded as a right
R-module by defining xa = ax for all a € R, x € K. In this case, we simply refer to K as an R-module.

Definition 2.2. Let K be an R-module. A subset S C K is called an R-submodule if:
e S is a subgroup of the additive group K.
e Foralla € Rand s € S, we have as € S.

Definition 2.3. We define an inner product on R" by

n

(Xa)’) = inyi, for-x = (XI,...,Xn), y = (yl’-- -»)’n) € Rn'

i=1

Definition 2.4 ([9]). Let C C R" be a linear code. The dual code of C is the submodule
C*={yeR"|(x,y)=0forall x € C}.

We say that C is
e self-orthogonal if C C C*+
e self-dual if C = C*+

Definition 2.5. A linear code C C R" is called quasi-self-dual (QSD) if it is self-orthogonal and has
size |C| = 4".

Definition 2.6. A Type IV code over R is a quasi-self-dual code in which all complete weights (in a
suitable symbolic sense) are even.

Definition 2.7. A quasi-Type IV code over R is a quasi-self-dual code whose torsion code
Tor(C) C (F, + ul,)"

is even, that is, every codeword in Tor(C) has even Hamming weight.
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Definition 2.8. Let x = (x,...,x,) € R" be a codeword. The Hamming weight of x, denoted by
wty(x), is defined as the number of components x; that are nonzero, that is,

wtg(x) ={i|x#0, 1 <i<n}.

Definition 2.9. Let C be a code of length n over R. The minimum Hamming distance of C, denoted by
dy(C), is the smallest Hamming distance between any two distinct codewords of C. More precisely,

dy(C) = mircl du(x,y),
x,y€
XZy

where
du(x,y) = wty(x — y).

Rings of order 4

For a prime p, the classification of rings of order p? was first established by Raghavendran [10]. An
explicit list and a self-contained proof can be found in [4]. Specializing to the case p = 2, the eleven
rings of order 4 can be presented by generators and relations as follows:

A = Ly,

B={(a|4a=0, a* = 2a),

C=(al|4a=0,a*=0),

D={a,b|2a=2b=0, a* =a, b*> =b, ab = ba = 0),
E=(a,b|2a=2b=0, a*>=a, b*> =b, ab = a, ba = b),
F =(a,b|2a=2b=0, a*>=a, b* =b, ab =D, ba = a),
G = B[x]/(x"),

H=(a,b|2a=2b=0,a*=0, b*> =b, ab = ba = 0),
T ={a,b|2a=2b=0, a* =b, ab = 0),
J=(a,b|2a=2b=0, a* =b*=0),

K = F,.

The rings A, D, G, and K are the only unital rings. Rings & and ¥ are non-commutative, while the
remaining rings are commutative.
We now focus on the ring 7, which plays a central role in our construction. It is defined by

I ={(a,b|2a=2b=0, a* =b, ab = 0).
This ring is commutative, of characteristic 2, and consists of exactly four elements:
I =10, a, b, a+ b}.

The following tables describe the addition and multiplication operations in 7.
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Addition table:
+ 0 a b a+b
0 0 a b |a+b
a a 0 a+b b
b b a+b 0 a
a+bla+b b a 0
Multiplication table:
X |0lal|bla+b
0O [0l0|O] O
a |0[/b|0] b
b [0/0|0] O
a+b|0|b|0]| b

We observe the following key properties:
ea’=b, b*=0, ab=0.
e (a+b)Y=a’>+ab+ba+b>=b+0+0+0=0b.
e The ring has no multiplicative identity.

The ring I provides a foundational algebraic structure for the extension R = I + uZ, where u> = 0.
Understanding the properties of 7 is essential before analyzing the more complex structure and code-
theoretic behavior of R, which we explore in the next section.

3. Main results

In the current section, we build up the ring R and provide structure and results related to linear
codes, including residue-torsion structure and duality, as well as special properties of codes and weight
enumerators over R. Finally, we provide numerical examples using R.

3.1. Construction of the ring R

Consider the ring 7 as presented above. Now we define the natural structure of aring R = 7 + ul
constructed by extending the ring 7 with an indeterminate u that commutes with elements of 7 and
satisfies #> = 0. Notice that R is a finite ring of characteristic 2 and of order 16. Explicitly, the elements

of R are
0, a, b, c=a+b, wua, ub, uc,

a+ua, a+ub, a-+uc,
b+ua, b+ub, b+ uc,
c+ua, c+ub, c+uc.

(Note: u0 = 0, so it is not listed separately.)
Therefore, we can concisely write the elements of R as

R={x+uyl|x,yel}
For two elements x; + uyy, x, + uy, € R, the addition is defined component-wise as follows:

(x1 +uyy) + (2 + uyr) = (x1 + x2) + u(y; +y2),
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while the multiplication uses the distributive property along with the rules for 7 and u* = 0:

(x1 + uy)(x2 + uyz) = x1x2 + u(x1y2 + y1x2).

The multiplication table is as follows:

X 0 a b c ua | ub | uc |a+ua | a+ub | a+uc | b+ua | b+ub | b+uc| c+ua | c+ub | c+uc

0 0 0 0 0 0[01]0 0 0 0 0 0 0 0 0 0

a 0 b 0 b ub | 0 | ub | b+ub b b+ ub ub 0 ub b+ ub b b+ ub

b 0 0 0 0 0[01]0 0 0 0 0 0 0 0 0 0

c 0 b 0 b ub | O | ub | b+ub b b+ ub ub 0 ub b+ ub b b+ ub

ua 0 ub 0 ub 0|00 ub ub ub 0 0 0 ub ub ub

ub 0 0 0 0 0[01]0 0 0 0 0 0 0 0 0 0

uc 0 ub 0 ub 0|00 ub ub ub 0 0 0 ub ub ub
a+ua |0 | b+ub |0 |b+ub|ub| O | ub b b+ ub b ub 0 ub b b+ ub b
a+ub | 0 b 0 b ub | O | ub | b+ ub b b+ ub ub 0 ub b+ ub b b+ ub
a+uc |0 | b+ub | 0| b+ub |ub| O | ub b b+ ub b ub 0 ub b b+ ub b
b+ua |0 ub 0 ub 0|00 ub ub ub 0 0 0 ub ub ub
b+ub |0 0 0 0 0[01]O0 0 0 0 0 0 0 0 0 0
b+uc |0 ub 0 ub 0]01]O0 ub ub ub 0 0 0 ub ub ub
c+ua |0 | b+ub |0 |b+ub |ub| O | ub b b+ ub b ub 0 ub b b+ ub b
c+ub | 0 b 0 b ub | O | ub | b+ ub b b+ ub ub 0 ub b+ ub b b+ ub
c+uc |0 | b+ub | O |b+ub|ub| 0 | ub b b+ ub b ub 0 ub b b+ ub b

From the multiplication structure, we observe that R is a finite commutative non-unital ring of
characteristic 2 and order 16. Let

S=F,+uF,={0,1,u, 1 +u}, u*=0.
Every element r € R can be uniquely expressed in the form
r = (as; + bty) + u(as, + bty) = a(s; + usy) + b(t; + uty),

where
S1,t1, 82,1 € By,

Consequently, every element of R has a unique representation
r=ad+ bu, AueS.

Hence, as an S-module,
R=aSdbS.

We define the coefficient map
ag. R— S

by
agladl +bu)y =4, A,ueS.

The map ag extends componentwise to
ag: R' — S".
This map will be used to associate an S-linear residue code with every linear code over R.
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3.2. Linear codes over R

A linear R-code C of length n is an S-submodule of R" satisfying
rC cC forallreR.
To each linear R-code C, we associate an additive code
Y(C) C (Fy + uFy)"

via the following alphabet substitution:

00, aB w, b1, P W,
ub - u, ua - uw, uc - uw?,

b+ubw— 1+u, b+ua 1+ uw, b+ ucr 1+ uw?,

a+ua— w+ uw, a+ub w+u, c+ub— W +u,

a+uc - -+ uw?, ¢+ ua - * + uw, C+ uc - w* + uw?.

Here, w € Fy satisfies w? +w+ 1 = 0 and ¢ extends coordinatewise to R". Codes over the ring Fy + ulFy,
u? = 0, were studied in [11].
For a linear R-code C, define the residue and torsion codes, respectively, by

Res(C) = {ag(c) | c € C}, Tor(C) = {x € S" | bx € C},

where
ag(@ad+bu) =21, A,ucs.

Both Res(C) and Tor(C) are S-submodules of §". Moreover,
Res(C) € Tor(C),

since av + bw € C implies
a(av + bw) = bv € C.

Assume that Res(C) and Tor(C) are free S-modules. If
ranks(Res(C)) = kq, ranks(Tor(C)) = ky + ks,
then C is said to be of type (k, k»), with
|Res(C)l = 4", | Tor(C)| = 441*%.

Let
Tr(x + uy) = Tr(x) + u Tr(y), x,y € Fy4,

where Tr(z) = z + Z° is the usual trace from F, to F,. Since

Tr(y(r)) = ar(r),

it follows that
Res(C) = Tr(y(C)).
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Finally, for

dc = ag|e»

we have
Res(C) = Im(ac), ker(ac) = b Tor(C).

Since x — bx is a bijection from S" onto bS", the first isomorphism theorem gives
|C] = [Res(C)| [Tor(C)|.

Therefore, for a code of type (ki, k),
|C| — 42k1+k2'

3.3. Decomposition, duality, and special code properties over R

Theorem 3.1. Let C C R" be a linear code. Then,
(i) Every codeword c € C can be expressed as ¢ = av + bw, if and only if v € Res(C), and w € S".
(i1) C is self-orthogonal if and only if Res(C) is self-orthogonal.

Proof.
(i) It is well-known that every codeword ¢ € C can be written as ¢ = av + bw, where v,w € §". Since

ac(c)=v and Res(C) = Im(ac),

it follows that
v € Res(C).

Conversely, for any v € Res(C), there exists ¢ € C such that ac(c) = v. Writing ¢ = ax + bw for some
x,w € 8", we have ac(c) = x. Hence, x = v, and so av + bw € C.
(i1) Let v{,v, € Res(C). Then, there exist codewords

c1 = avy + bwy, Ccy = avy + bw,,

where wi, w, € 8". If C is self-orthogonal, then 0 = (cy, ¢;). Using the bilinearity of the inner product
together with the multiplication rules a*> = b and ab = b* = 0, we obtain

(c1,¢2) = (avy + bwy, avy + bwy) = b(vy, vy).

Hence, b(vy, v,) = 0, which implies that (v, v,) = 0. Therefore, Res(C) is self-orthogonal.

Theorem 3.2. A linear code C C R" is QSD if and only if the following conditions hold:
(i) Res(C) is self-orthogonal with ranks(Res(C)) = k.
(i1) rankg(Tor(C)) = n — k.

Proof. According to Theorem 3.1, the inclusion C C C* holds if and only if Res(C) € Res(C)*.
Furthermore, since
IC| = [Res(C)| - [Tor(C)| = 4% - 4"F1 = 47,

it follows that
ranks(Tor(C)) = n — ki,

completing the proof. O
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Remark 3.1. The residue code of every self-orthogonal code over R is an even code. Therefore, no
such code can have a residue containing vectors of odd weight.

Theorem 3.3. A code C C R" is free precisely when Tor(C) = Res(C); equivalently, k, = 0.

Proof. Since
ranks(Res(C)) = k; and rankg(Tor(C)) = ki + ks,

we have Tor(C) = Res(C) precisely when k, = 0. O
Corollary 3.1. Let C be a free QSD code over R. Then, C is quasi Type 1V.

Proof. Since C is free, we have Res(C) = Tor(C). Moreover, as C is QSD, it is self-orthogonal.
Therefore, by Theorem 3.2, the residue code Res(C) is even. Since Res(C) = Tor(C), it follows that
Tor(C) is also even. Hence, C is quasi Type IV. O

We now examine how duality interacts with the residue and torsion codes of linear codes over the
ring R.

Theorem 3.4. For a linear code C C R", the following properties are satisfied:
(1) The residue of the dual code coincides with the dual of the residue code; namely,

Res(C*) = Res(C)™.

(2) The torsion of the dual code is the entire space, that is, Tor(C+) = S".

Proof.
(1) Let v € Res(C*). By Theorem 3.1, there exists a codeword such that (av + bw) € C*+. For any
x € Res, there exists a codeword (ax + by) € C. Since

(ax + by,av + bw) = b(x,v) = 0,

we conclude v € Res(C)*, so Res(C+) € Res(C)*.
Conversely, if v € Res(C)*, then for every codeword ax + by € C, we have

(av,ax + by) = b(v,x) = 0.

Hence, av € C*, and therefore v € Res(C+). Consequently, Res(C+) = Res(C)*.
(2) Let v € §". For any codeword ¢ = ax + by € C, we compute

(bv,c) =0,

because ab = b*> = 0 in R. Therefore, bv € C*, implying v € Tor(C*). Since v was arbitrary, we
conclude Tor(C*) = S8". O

Theorem 3.5. For a linear code C C R", one has the following.

C*=a-Res(C)y*ob-S".
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Proof. We prove
Ct=a-Res(O)* +b-S".

Each ¢ € C* can be written as ¢ = ax + by, where x € Res(C*) and y € 8". Since
Res(CH) = Res(C)™,
from Theorem 3.4, it follows that
C*Ca-Res(C)* +b-S".
To prove the reverse inclusion, let
c=ax+byeca-Res(C)" +b-S".
For any ¢’ € C, ¢’ = ax’ + by’ where x’ € Res(C) and y’ € S". Notice that since ab = b*> = 0, we have
(c,c") = b(x,x")=0.
Hence, c is orthogonal to every codeword of C, which implies that ¢ € C*. Therefore,
a-Res(C)* +b-8"c C*.
Combining the two inclusions, we conclude that
Ct=a-Res(O)* +b-S".

Moreover, by Theorem 3.4,
|C*| = [Res(C)*]1S"].

This completes the proof. O

Theorem 3.6. A linear code C C R" is self-dual precisely when:
(1) The residue code Res(C) is self-dual.
(2) The torsion code Tor(C) = S".

Proof. Assume C = C*. Then, by Theorem 3.4, we have Res(C) = Res(C)*, so Res(C) is self-dual.
Also, Tor(C) = Tor(C*) = S".
Conversely, suppose both conditions hold. Applying Theorem 3.5, we obtain

C'=a-Res(C)*db-S8"=a-Res(C)®b-S" =C,

where the second equality follows from the self-duality of Res(C). Therefore, C is self-dual. O

Corollary 3.2. A linear code C C R" cannot be both self-dual and quasi-self-dual.
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Proof. Assume that C is self-dual. By Theorem 3.6,

Res(C) = Res(C)*+ and Tor(C) = S".

Hence,
n
rankg(Res(C)) = 3 rankg (Tor(C)) = n.
Using
IC| = [Res| [Tor(C)l,
we obtain

|C| — 4n/2 . 4n — 43n/2.

On the other hand, if C were quasi-self-dual, then by definition |C|= 4". Since 4*'/? > 4" for n > 0, this
is impossible. Therefore, C cannot be both self-dual and quasi-self-dual. O

Proposition 3.1. Let C C R" be a nonzero code. Then, C N C*+ # {0}.
Proof. Since C is nonzero, there exists a nonzero codeword
x=a(s+uv)+b(t+uw) € C.

If s + uv = 0, then
x = b(t + uw),

which belongs to C*. Hence, x € C N C*, and x # 0.
Now suppose s + uv # 0. Multiplying x by a, we obtain

ax = a*(s + uv) + ab(t + uw) = b(s + uv),

where we use the identities a> = b and ab = 0. Since C is an R-submodule, ax € C. Moreover,
b(s + uv) € C*+. Because s + uv # 0, we have ax # 0. Therefore,

axe CNC*.
Thus, in either case, the intersection C N C* contains a nonzero element, and consequently

CNC*#{0}.

3.4. Lee weight and Gray map
For any r = aa + bB € R, where a, 8 € S, define the Gray map

O:R—- S, Oaa + bB) = (B,a + p).
The Lee weight of (aa + bB) € R is defined by

Wi ee(aa + bB) = wty(®(aa + b))
= WtH(ﬁa a+ ﬁ)
= wty(B) + wtg(a + B),
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where wty denotes the ordinary Hamming weight on S?. That is for an element x € S,

0, x=0,
wig(x) =
1, x#0.
The Gray map @ extends coordinatewise to
®: R"— S,

for every n € N.

The following Table 1 illustrates the decomposition of elements r = aa + bB in R, their images
under the Gray map ®, and the corresponding Lee weights. This provides a clear overview of the

weight structure fundamental to analyzing codes over R.

Table 1. Gray images and Lee weights of all elements in R, using ®(aa + bB) = (B, a + ).

r r=aa+ bp a B D(r) Wi ee(7)
0 0 0 0 (0,0) 0
a all+u-0)+b0+u-0) 1 0 O, 1
b aO+u-0)+b(1+u-0) 0 1 (1,1) 2
c all+u-0)+b(l+u-0) 1 1 (1,0) 1
ua aO+u-1)+bO0+u-0) u 0 (0, u) 1
ub a0+u-0)+bO0+u-1) 0 u (u, u) 2
uc aO+u-1)+bO0+u-1) u u (u,0) 1
a+ ua al+u-1)+b0+u-0) 1 +u 0 O,1+u) 1
a+ub al+u-0)+bO0+u-1) 1 u (u,1 +u) 2
a+ uc al+u-1)+bO0+u-1) 1+u u (u, 1) 2
b+ ua aO+u-1)+b(1+u-0) u 1 (1,1 +u 2
b+ ub aO+u-0)+b(1+u-1) 0 1+u (I +ul+u) 2
b+ uc aO+u-D)+b(1+u-1) u 1+u (1+ul) 2
c+ua al+u-1)+b(1+u-0) 1+u 1 (1,u) 2
c+ub al+u-0)+b(1+u-1) 1 1+u (1 +u,u) 2
¢+ uc al+u-1)+b(1l+u-1) 1+u 1+u (1+u0) 1
For any linear code C € R”" and a codeword ¢ = (¢y,¢3,:- -, ¢,) € C we have:

e The Lee weight )
Wipee(C) = Z Wipee(C)-
i=1
e The Lee distance between two different codewords, say ¢, ¢’ € C is defined as
dree(c, ¢) = Wiree(c = ¢').
e The Lee distance of the code C is defined by
deo(C) = min dc(c,c’).
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Theorem 3.7. The Gray map ® is S-linear, weight-preserving map from (R", Wtz,.) to (S, wty).
Moreover, @ is an isometry from (R", dr..) to (S*, dp).

Proof. 1t is straightforward to verify that ® is S-linear. Notice that each ¢ € R" can be written as
q=(q1,92, " ,qn), where q; = aa; + bB;, and 1 < i < n. By the definition of the Lee weight,

WtLee(Q) = Z WtLee(qi)
i=1

= > Win(®(g)
i=1

= WtH((D(QI), cees (D(qn))
= wig(D(q)).

Thus, Wty e.(q) = wtg(D(q)), for every g € R". Furthermore, for any ¢,¢’ € R",

diee(q,q') = Wiree(q — q')
= wty(P(g - ¢))
= wta(P(g) — ©(¢"))
= du(®(q), ©(¢)).

Hence, @ is an isometry. O

Definition 3.1. Let C be a code of length n over R. The Lee weight enumerator associated with C is
the polynomial
LWE((X,Y) = Z in_WtLee(c)YWtLee(C),
ceC

where wt ..(c) denotes the Lee weight of the codeword c.
Example 3.1. Let C C R? be the code generated by

G = (a a).
There are 16 codewords in C specifically,

(0,0), (a,a), (b,b), (c,c),

(ua, ua), (ub,ub), (uc,uc), (a + ua,a + ua),

(b + ub,b + ub), (¢ + uc,c+uc), (b+ua,b+ua), (c+ua,c+ua),
(a+ub,a+ ub), (¢ +ub,c+ub), (a+uc,a+uc), (b+uc,b+ uc)

We now compute the Lee weights of the codewords in C, which are listed in Table 2, and the Lee
weight enumerator of C.
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Table 2. Lee weights of codewords in the code C C R.

c Wipee(C) = ;1:1 WiLee(C)

(e

0,0)
(a,a)

(ua, ua)
(a+ua,a+ ua)
(b, D)
(c,0)

(ub, ub)
(uc, uc)

(b + ub,b + ub)
(¢ + ua,c + ua)
(¢ + uc,c + uc)
(a + ub,a + ub)
(¢ + ub, c + ub)
(a + uc,a + uc)

(b + uc,b + uc)

I S R = T " I S S \O R = ST N \ R \C R )

(b +ua,b + ua)

Thus, by Table 2, the Lee weight enumerator is
LWEc(X,Y) = X* + 6X*Y* + 9Y*,

3.5. Examples

In this subsection, we present a collection of representative linear codes over the ring R. All
examples were generated and their parameters were verified using the computational algebra system
MAGMA [12]. For each code, we list a generator matrix, identify its type, and present its Hamming

weight distribution.

Example 3.2. The code generated by
G =(b)

is a quasi-self-dual code with parameters (1,4, 1). Its Hamming weight distribution is given in Table 3.

Table 3. Weight distribution of Example 3.2.

Weight Frequency
0 1
1 3

Example 3.3. Let C; and C, be the S -submodules of R? generated by the rows of

a da Cc a
Gl_(b b)’ Gz_(b b)’
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respectively, where ¢ = a + b.
Both C; and C, are Type IV codes with parameters (2,42, 2). Their Hamming weight distribution is
shown in Table 4.

Table 4. Weight distribution of Example 3.3.

Weight Frequency
0 1
2 15

Example 3.4. Consider the code generated by
a a
G=(5 1)
This is a self-dual code with parameters (2,4, 1). Its Hamming weight distribution is listed in Table 5.

Table 5. Weight distribution of Example 3.4.

Weight Frequency
0 1
1 6
2 57

Example 3.5. Consider the code generated by

a 0 c
G=|b 0 b]|.
0 ub b
This is a quasi-self-dual code with parameters (3,43, 1). Its Hamming weight distribution is listed in

Table 6.
Table 6. Weight distribution of Example 3.5.

Weight Frequency
0 1
1 2
2 33
3 28

4. Conclusions

This paper has introduced a new family of linear codes over the finite commutative non-unital ring

R=T+ul u> =0,
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and established the first systematic study of their algebraic and combinatorial properties. Despite
the absence of a multiplicative identity, the ring admits a rich module structure that allows many
fundamental concepts of coding theory to be developed in a natural way.

The residue-torsion framework provides a simple and effective approach for describing the structure
of linear codes over R, leading to characterizations of self-orthogonal, quasi-self-dual, self-dual, and
free codes. Moreover, the Gray map constructed in this work maps codes over R into (F, + ulF,)*"
while preserving Lee distance, making it possible to study their metric properties through their Gray
images. The examples computed with the aid of MAGMA demonstrate that the ring R supports several
interesting families of codes, including quasi-self-dual, self-dual, and Type IV codes, illustrating both
the applicability of the theoretical results and the richness of the underlying algebraic structure.

The results presented here show that finite commutative non-unital rings of higher order provide
a promising setting for algebraic coding theory. They also open several directions for future
investigation, including the study of cyclic and constacyclic codes, classification of optimal self-dual
codes, automorphism groups, MacWilliams-type identities, decoding algorithms, and applications to
quantum error-correcting codes.
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