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Abstract: This paper develops a curvature-aware specular-reflection inverse-geometry model for
camera-assisted millimeter-wave non-line-of-sight localization with an unknown curved reflector and
a hidden target. In a calibrated two-dimensional setting, a finite-dimensional C? regular curve, a locally
selected nondegenerate Fermat branch, radar range/azimuth measurements, and camera-derived
reflector constraints form a whitened augmented forward operator. Implicit differentiation yields a
reduced Jacobian for analyses of local identifiability, Fisher-Schur information, and small-perturbation
stability. The tangent-plane approximation induces a second-order range bias, but the azimuth and
generic localization biases remain first order. A scaled Levenberg-Marquardt solver is evaluated using
400 paired synthetic trials. Under nominal noise, the curved fusion model attains a localization root-
mean-square error (RMSE) of 0.145 m versus 0.199 m for the planar model; the paired 95% bootstrap
improvement interval is [0.0444, 0.0625] m. Initialization-scale tests and a deterministic 12-geometry,
two-level Plackett-Burman screen further characterize empirical local recovery and within-design
geometric sensitivity. These synthetic results are limited to calibrated two-dimensional geometry, a
finite-dimensional reflector, known single-bounce association, a nongrazing local branch, and branch-
valid initialization; they do not establish global path uniqueness, convergence from arbitrary initial
values, or vehicle-mounted experimental validity.
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1. Introduction

When autonomous vehicles operate at urban intersections, buildings, parked vehicles, and
roadside infrastructure often create line-of-sight occlusions, preventing cameras and direct-line-of-
sight radar from observing crossing vehicles or pedestrians in a timely manner. Edge-assisted Internet-
of-Vehicles cooperation can reduce risk through multisource sensing, but its effectiveness remains
constrained by communication quality, sensing uncertainty, and traffic-flow stability [1,2].
Accordingly, extracting positional information from interpretable physical propagation paths without
requiring direct visibility of the target has become an important problem in safety-critical perception
for cooperative autonomous driving.

Frequency-modulated continuous-wave (FMCW) millimeter-wave (mmWave) radar provides
range and azimuth information from beat frequencies and array phases, while offering all-weather
operation and stable ranging performance. Existing studies have applied deep learning to non-line-of-
sight (NLoS) echo reconstruction and angle estimation around urban street corners and have developed
multichannel echo-separation and preceding-vehicle ranging methods [3—5]. These results demonstrate
that interference suppression and feature extraction can improve observation quality. However, when
echoes are produced by an unknown reflecting vehicle body or curved surface, measurement precision
alone does not ensure that the target position can be recovered uniquely and stably.

Around-the-corner radar studies have demonstrated that multipath reflections from building walls
can be used to detect occluded moving targets and perform single-sensor localization [6—8]. Subsequent
work has developed multipath imaging, joint detection—localization algorithms, and geometric models
of L-shaped street corners [9-11]. Beyond single-target formulations, methods for multitarget
localization, single-channel imaging, and driver-assistance radar have also been proposed [12-14],
establishing the practical feasibility of NLoS localization with automotive mmWave radar [15].
Nevertheless, most methods either assume that the reflecting wall is a known plane or focus primarily
on echo detection and image focusing; the inverse-problem structure that arises when the reflector
geometry is both unknown and curved has received limited attention.

Cameras and radar provide complementary information: A camera can supply priors on the contour,
position, and orientation of the reflector, whereas radar provides propagation-range information
associated with the occluded target. Camera-radar fusion and camera-assisted mmWave imaging have
shown that pose constraints can improve the robustness of localization and phase calibration [16,17].
Meanwhile, multipath-assisted simultaneous localization and mapping (SLAM) and the fusion of
propagation-path data have treated the reflective environment as a set of estimable parameters [18—20].
These studies indicate that reflection paths need not be uniformly discarded as noise and can instead
provide exploitable geometric information. Whether such information resolves the coupling between
target and reflector parameters, however, must be determined from the Jacobian rank and the effective
information matrix.

Localization theory commonly uses Fisher information and the Cramér-Rao lower bound to
quantify the effects of geometric configuration and noise on estimation accuracy [21,22], while optical
NLoS imaging has likewise shown that an accurate propagation model is essential for successful
inversion [23]. In the present problem, the reflection point is implicitly determined by the Fermat
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stationarity condition, and the forward mapping can lose regularity because of surface curvature, branch
switching, or grazing incidence. Even when a Levenberg-Marquardt method is used to solve the
nonlinear least-squares problem [24,25], numerical convergence alone is insufficient evidence of
solution uniqueness or reliability unless conditions for local identifiability and stability have first been
established.

Recent studies [26—28] have investigated real-time tracking of microwave scattering matrices,
two-dimensional inverse-scattering imaging, and the identification of small anomalies in unknown
backgrounds. Other works [29,30] have used synthetic and experimental data for small-target detection
and combined linear sampling with neural networks to reconstruct the shapes of acoustic obstacles.
Collectively, these studies highlight the shared importance of an accurate forward model, finite
observations, and robust inversion, but they do not address camera-constrained automotive-radar
localization based on specular reflection from curved surfaces.

In addition, array-based direction-of-arrival estimation and cross-view street-scene data fusion
have demonstrated the respective values of angular information and heterogeneous data for traffic
perception [31,32]. Modified and inexact Levenberg-Marquardt methods, together with inverse studies
of time-varying reaction coefficients, provide mathematical context for local iterative methods,
regularization, and discrete stability [33—35]. Plackett-Burman designs enable efficient multifactor
screening [36]. Overall, the literature still lacks an analytical framework that simultaneously
accommodates curvature, implicitly defined specular points, camera priors, joint range/azimuth
observations, and an explicit distinction among local identifiability, stability, and model bias.

Table 1 clarifies the contribution relative to the closest method families. The novelty lies in
implicitly differentiating the branch-selected specular point on a finite-dimensional curved reflector
and using the resulting reduced derivatives to analyze joint target-reflector recovery, local stability,
and tangent-plane bias. The Levenberg-Marquardt method and Fisher information are established tools
used, respectively, for numerical inversion and local information assessment; neither is claimed as a
standalone contribution.

Table 1. Comparison with representative NLoS localization and sensor-fusion frameworks.

Unknown Camera Reflection-point .

Framework Reflector model . Theoretical guarantee
parameters constraint treatment

Around-the-  Known planar Tarcet Fixed or derived  Detection/localization

arge

corner radar  wall or L-shaped g . None from planar formulations; no joint
position(s) .

[6-15] corner geometry curved-reflector analysis

Camera-radar Target/scene . Not jointly

. Vehicle pose . .. .

fusion and geometry or L estimated on an ~ Empirical fusion and

. . ) or calibration Yes ; ]

imaging calibrated . unknown curved calibration performance

. . variables
[16,17] imaging model reflector
Multipath ) .\ :
L. Virtual anchors  Position and Information or SLAM
positioning ) No camera  Mapped paths or .
or estimable map/path . . formulations; no curvature-
and SLAM ) contour prior virtual anchors .
[18-20] propagation map states bias order

Continued on next page
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Unknown Camera Reflection-point .
Framework Reflector model . Theoretical guarantee
parameters constraint treatment
. . Target
Virtual-station ~ External o o o
. Planar position; Eliminated by WLS localization; no joint
weighted least . camera-map . .
image/virtual-  mapped ) .. virtual-station branch-local curved
squares . i input in this i )
station geometry stations representation analysis
(WLS) [37] . study
supplied
Implicit Fermat ) ) I
o Target . Joint local identifiability;
Finite- . point on a . .
. . position and Fisher-Schur position
Present study dimensional C? Yes selected . . .
reflector information; local stability;
curved reflector nondegenerate i
parameters tangent-plane bias orders

branch

To address these gaps, this study proposes a curvature-aware specular-reflection inverse-
geometry framework for camera-assisted mmWave NLoS localization. In a calibrated two-dimensional
setting, the reflector is represented by a finite-dimensional C* regular curve. For each radar pose, one
associated and nondegenerate single-bounce Fermat branch is fixed, and radar range/azimuth
observations are combined with camera constraints on the reflector parameters to jointly estimate the
position of the occluded target and the reflector geometry.

In this study, a model is termed curvature-aware if its range/azimuth predictions and Jacobian are
evaluated using the local curved-reflector geometry at the selected Fermat point, without substituting
the reference-point tangent line; curvature-induced changes in the reflection point and local normal are
therefore retained.

In contrast to planar-reflector and virtual-station formulations, the proposed curvature-aware
inverse model evaluates and differentiates both range and azimuth on the curved reflector at the
selected Fermat point. It therefore retains curvature-induced changes in the reflection point and local
normal while jointly estimating the target and the camera-constrained reflector parameters.

The main contributions of this study are as follows:

(1) A curvature-aware reduced forward model is established that explicitly distinguishes globally
multivalued reflections from a locally selected branch. Accordingly, this study neither assumes that an
arbitrary curved surface can be reconstructed completely from finite observations nor claims global
path uniqueness.

(2) The sensitivities of range and azimuth to the unknown state are derived through implicit
differentiation, and a whitened augmented Jacobian, Fisher information matrix, and Schur-
complement effective position information matrix are used to formulate conditions for regular local
identifiability and small-perturbation stability.

(3) The distinct bias orders of the tangent-plane approximation are identified: The range bias is
O(H?), whereas the azimuth bias and the bias in generic joint range-azimuth localization are O(H). In
400 paired synthetic trials, the localization RMSEs of the curved and planar fusion models are 0.145
m and 0.199 m, respectively; however, these results provide only synthetic numerical evidence.

Section 2 establishes the geometric and measurement models. Section 3 analyzes local
identifiability, Fisher-Schur information, and local stability. Section 4 describes the numerical
algorithm and experimental design; Section 5 presents the results and discussion; and Section 6
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summarizes the limitations and directions for future work. The conclusions are restricted to a calibrated
two-dimensional setting, known single-bounce reflection associations, a finite-dimensional family of
regular curves, nongrazing local branches, and initializations within a small-perturbation regime.
Unknown multipath associations, diffuse reflection, three-dimensional free-form surfaces, and
validation using vehicle-mounted hardware are beyond the scope of this study.

2. Curvature-aware specular-reflection forward model and inverse problem

This section formulates camera-assisted NLoS localization as a finite-dimensional curved-
reflector inverse problem on a locally selected Fermat branch; globally multivalued reflection paths
are identified without undertaking a global analysis. Figure 1 illustrates the single-bounce geometry
and its tangent-plane comparator.
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Figure 1. Curvature-aware single-bounce specular-reflection NLoS geometry. Four radar
poses observe the occluded target via a curved reflector; the gray dashed line denotes the
tangent-plane approximation at the reference point, and the dotted lines indicate direct
paths blocked by the occluder.

2.1. Geometric configuration and unknown variables

Consider a two-dimensional ground-plane domain 2 c R?. Let
a; €1, i=1,...m (2.1)

denote the known equivalent monostatic radar phase center associated with measurement i. Distinct
a; may represent different radar poses, motion-compensated scan locations, or virtual sensing

locations.
Let

X = [2] EXci (2.2)
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denote the position of the occluded target, where X is a prescribed compact search region. All
measurements used in a single inversion are assumed to correspond to the same target position or to
have been compensated to a common reference time.

The reflector boundary of the parked vehicle is represented by the regular parametric curve

I, ={r(s;0):s€l}, I=[—hnh], (2.3)

where 8 € O c RP is a finite-dimensional parameter vector and h > 0 is the half-width of the
candidate reflecting segment. The joint unknown state is

z= [g] € R, (2.4)

The finite-dimensional assumption is essential. The measurements considered here cannot
uniquely reconstruct an arbitrary C3 curve. Instead, camera observations provide geometric priors
that constrain the reflector to a low-dimensional family of curves.

In practice, calibrated contour or depth landmarks, such as those represented in Eq (2.62),
constrain the reflector reference point, orientation, and selected shape coefficients. The inversion
therefore searches over a finite-dimensional family rather than arbitrary C3 curves, while C3
regularity supplies the smooth tangent, curvature, and branch sensitivities required by the subsequent
analysis.

2.1.1.  Gauge-fixed curve representation

A convenient parameterization is

r(s;0) =q+QWy(s;B), 6 =(q1,9,%, BN, (2.5)

where g € R? is a reference point, 1 is the reflector orientation angle, 8 € R¥ contains the shape
parameters, and p = k + 3. The rotation matrix is

_ [cosyp —siny
Q(d))—[simp cost | (2.6)

The following normalization conditions fix the reference point, tangent direction, and local
parameter scale, thereby removing the corresponding local gauge redundancies:

yop =0, Fo:p = @)

Consequently, g = r(0;60) is the actual physical reference point, whereas Q(y)e; is the
tangent direction at s = 0. The shape parameters f therefore describe curvature variations only and
do not duplicate the rigid position and orientation variables.

Assume that the curve satisfies

r(5;0) € C3(LR?),  lr(s;0)ll=vy >0 (2.8)

and that this condition holds for all (s,8) in the admissible neighborhood.
Define

v(s; 0) = 1,(s; 0), w(s; 0) = 1,(s; 0) (2.9
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and define the unit tangent and unit normal vectors by

. _ v(s;0) . _ .
t(sl 8) - ||U(S;9)||' n(S, 9) _]t(sr 9)3 (210)
where
_[0 -1
J= [ L ] @2.11)
The signed curvature is
) _ det(v(s;0),w(s;0))
re(s;0) = v (s;0)13 (2.12)
When s is an arc-length parameter, || v |[= 1, and
15s(5;0) = Kk(s; 0)n(s; 9), Il v(s;0) lI= 1. (2.13)
2.1.2.  Reflector models
The primary analytical example is a circular arc with constant signed curvature k:
sin(ks) 1—cos(ks) T
Vare(53 1) = ™ 2, k=0 (2.14)
[s 0]T, K =0.

As Kk — 0, this parameterization converges continuously to the planar model and remains a unit-
speed curve with constant curvature k.
A local polynomial model can be written as

s
Ypoly(s; B) = [Z§=2 By W(S)]’ (2.15)
where £=2,...,K, the shape-parameter dimension is k=K—1, and the basis functions satisfy

®0(0) = ¢,'(0) = 0. (2.16)

For example, setting ¢,(s) = s2/2 yields the quadratic approximation

S
Yquad(s; k) = [K_szl (2.17)
2

A cubic B-spline curve may also be used in the numerical experiments:
Vspi(s; B) = Xj=1 Bj 3 ()P (B), (2.18)
subject to the normalization constraints in Eq (2.7). The theoretical results below apply to any finite-

dimensional family of C3 curves satisfying the regularity assumptions and are independent of the
chosen curve basis.
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2.2. Fermat paths and specular reflection

For radar location i, define the distance from the reflector to the radar as
dgi(s;0) = lla; —r(s; O)Il. (2.19)
The distance from the reflector to the target is
dyi(s;x,0) = llx —r(s; 0)Il. (2.20)
The corresponding one-way equivalent broken-ray path length is
Li(s;x,0) =dg;(s;0) +d,;(s; x,0). (2.21)

For a candidate reciprocal monostatic propagation path, the round-trip path length and delay are,
respectively,
=21, 1= % (2.22)
where ¢, isthe propagation speed. Because a conventional monostatic radar reports the range c¢,t;/2,
its range output is equal to L;. Accordingly, L; is used throughout this paper as the radar range
quantity.
Define the unit vectors directed from the candidate reflection point toward the radar and the target,
respectively:

. __a;-r(s;0)
eqi(s;0) = 6 (2.23)
-7(s;6)
exi(s;x,0) = — . (2.24)
Differentiating Eq (2.21) with respect to s gives the Fermat stationarity function
Fi(s;%,0) = 05L;(s;x,0) = —(eq; + ex) v, (2.25)
A candidate specular reflection point is therefore a solution of
F;(s;x,0) = 0. (2.26)
Because v =|| v || t, Eq (2.26) is equivalent to
tT(eq; +ex;) = 0. (2.27)
Assume that the radar and target lie on the same reflective side of the local surface, i.e.,
T T
eqin >0, e, in > 0. (2.28)
Then Eq (2.27), together with the unit-norm constraints on e, ; and e, ;, implies
exi = —€q;t+ Z(e;l-n)n. (2.29)
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Equation (2.29) expresses the standard law of specular reflection: A ray incident on the surface
from a; is reflected toward x, with the angle of incidence equal to the angle of reflection.
For either propagation segment, differentiation gives 0d;d,; = —e] v and Oseqi =

a,i
T
— (I —eqie5;)v/dg;.
2
Ivll2—(eqv
Consequently, dg5dg; = %
al

summing the two second derivatives yields Eq (2.30).
The second derivative of the path length is

— e;iw. Applying the same calculation to d,; and then

IvI2—(el v)? | IWI2—(ey ;v)?
assLl' = 1 .' " — (ea,i + ex'i)TW. (230)
al X,
For a unit-speed curve, Eq (2.30) simplifies to
T .32 T..\2
DLy = oty CT o be )n, llvi= 1 2.31)

da,i dx,i

Equation (2.31) explicitly shows how curvature affects the local convexity of a Fermat path. A
small d¢L; indicates a nearly degenerate Fermat branch, making the reflection point highly sensitive
to geometric perturbations.

Global stationary set:
For a given state z = (x, 8), define the physically admissible stationary set

Si(z) ={s €int(I):F;(s;z) =0, 0,,L;(s;z) >0, V;(s;2z) = 1}, (2.32)

where V; is a visibility indicator. Its value is 1 if and only if all of the following conditions hold:

(1) Neither propagation segment is occluded, except by the designated reflector.

(2) Both the radar and the target lie on the reflective side of the surface.

(3) The reflection is not at grazing incidence.

(4) The path conforms to the assumed single-bounce reflection topology.

The mapping z + S;(z) may be multivalued globally. Consequently, in the absence of a path-
association rule, the complete forward problem is set-valued.

This study assumes that preprocessing or temporal association has identified a reference interval

I =[si_si ] el (2.33)

that contains the Fermat branch of interest. At the true state z,, let

Six € lnt(ll) (234)
satisfy
Fi(5ix2:) =0, OssLi(six2.) > 0. (2.35)
Denote this local branch by
s =s7(x,0). (2.36)

Section 3 shows that the nondegeneracy condition in Eq (2.35) yields a locally unique and
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differentiable branch. This study does not assume global uniqueness over all possible specular-
reflection paths.

2.3. Radar measurement model

Let
17 (x,0) =r(s{(x,0);6) (2.37)
denote the selected specular reflection point. The reduced equivalent range is
pi(x,80) = Li(s{ (x,0);x,0). (2.38)

If the raw round-trip path length is used instead of the monostatic radar range, the corresponding
observable is 2p;.
The radar direction of arrival associated with the reflection point is

i (x,0)-q;
P 0) = G ad (239
and the local azimuth angle is
¢i(x,0) = atan2(p; 2, pi1)- (2.40)

This angle is evaluated on a locally unwrapped branch so that it is differentiable in a neighborhood
of the true state. Depending on the available radar output, the measurement function i may contain
range only:

hi(x,8) = p;(x,0) (2.41)
or both range and azimuth:
hi(x,0) = [5)2 ((’; g)) . (2.42)
Stacking all scalar radar observations gives
h,.(x,0) € R™r. (2.43)
The radar data are modeled as
Vr = hy(x,,0,) + & + 6, (2.44)

where &, denotes measurement noise, and &, represents forward-model errors caused by reflector-
model mismatch, unmodeled calibration errors, or weak propagation effects not captured by the
idealized single-bounce reflection model.

For the probabilistic analysis, the nominal radar noise is assumed to satisfy

g ~N(0,%), X >0, (2.45)

The covariance matrix may include distinct range and angular variances and correlations between
them. Because range and angle have different physical units, whitening is required.
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2.4. Differential form of the reduced radar mapping

The derivatives obtained in this subsection are used to construct the reduced Jacobian needed to
analyze identifiability, stability, and numerical convergence.
Let

P(e) =1, —ee' (2.46)

denote the orthogonal projection operator onto the subspace perpendicular to the unit vector e.
Differentiating Eq (2.25) at the selected reflection point gives

T .
Frp = — 2o (2.47)
and
. . T
Fi,@ = 'UT I:%:;) + % T — (ea,i + ex‘i) Tso- (248)

All quantities in Eqs (2.47) and (2.48) are evaluated at s = s/ (x, 6). If
05sLi(s7;x,0) # 0, (2.49)
then implicit differentiation of F;(s;;x,0) = 0 yields

Fix Fig
D,s; = : :
X

* —
t dssLi(sFx,0)’ Dosi =

t - dssLi(sx,0) "

(2.50)

Thus, the sensitivity of the reflection point is inversely proportional to the local Fermat curvature 0 L;.
For the reduced range, the envelope property eliminates derivatives of s;":

Dyp; = ey, (2.51)
T
Dop; = —(eq + ex:) To- (2.52)
Indeed,
szi = azLi + asLi DZSL'* = aZLl' (253)

because dsL; = 0 holds at the specular reflection point.
By contrast, the azimuth derivative explicitly depends on the displacement of the reflection point.
Define

pi =Jp:. (2.54)
Then
@)Y o
Dyy =13 Dy (2.55)
and
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_ et .
D9¢i = W (1"9 + UDQSL- ) (256)

Equations (2.50), (2.55), and (2.56) show that azimuth observations become increasingly
sensitive as the Fermat branch approaches degeneracy. The denominator dssL; does not appear in the
first derivative of the reduced range, but it enters the azimuth derivative directly.

Let

H,(x,0) = D, h,(x,0), Hy(x,0) = Dgh,.(x,0). (2.57)
Then the full radar Jacobian matrix is

J-(x,0) = [Hy(x,0) Hg(x,6)]. (2.58)
2.5. Camera-derived reflector observations

Assume that the camera can observe the vehicle serving as the reflector but not necessarily the
occluded target. Its output is represented as

ye = 9(0,) + &, (2.59)
where the camera-geometry mapping
g:0 - R™e (2.60)

is continuously differentiable.
Direct parameter observations can be written as

g@) =06, y.=06.+e¢. (2.61)

More generally, suppose that the camera extracts N, contour or depth landmarks from the
vehicle. Then

g(8) = vec [nc(r(ul; 0)), ..., . (r(u,\,c; 6))], (2.62)

where m, denotes a calibrated ground-plane or image projection and u; is the associated curve
coordinate.
The nominal camera error is modeled as

e, ~N(0,2), X >0. (2.63)

Depth uncertainty, contour-extraction errors, and small camera-to-radar extrinsic calibration
errors can be incorporated into X.. If these extrinsic parameters are estimated jointly rather than
absorbed into the error term, they must be included explicitly in 6.

Define the camera Jacobian matrix

Gg(8) = Dgg(6). (2.64)

The camera need not independently identify all reflector parameters. Rank deficiency in Gy is
permitted, provided that the joint radar-camera mapping contains sufficient independent information.
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2.6. Augmented forward operator

Let
W, =21, w, =21 (2.65)

The whitened augmented forward operator is

W,"*h,.(x, 6)

€ R™Mrtme, (2.66)
w2 g(6)

H(x,0) =l

The corresponding whitened observation vector is

1/2
Wr/yrl

1/2

d= .
W ye

(2.67)

The forward operator’s Jacobian matrix has the following block structure:

IVVrl/ZHx VI/rl/ZHBl
0

DH (x,0) = (2.68)

VVCl/ZGg '

This matrix is central to the subsequent analysis of regular local identifiability. A necessary
dimensional condition is
m,.+m,=>2+p. (2.69)

Equation (2.69) is necessary but not sufficient; the columns in Eq (2.68) must also be linearly
independent.
Under the Gaussian model, the local Fisher information matrix is

9(z) = DH (z) ' DH (2). (2.70)

Partitioning according to z = (x,0) gives

_ gxx gx@]
T=15 ) (2.71)

When 6 is treated as a nuisance parameter, the Schur complement further quantifies its effect on
the position information:

7)?“ = TJox — 7x9759179x- (2.72)
This expression applies provided that Jyg is nonsingular. If it is singular, the Moore-Penrose
pseudoinverse should be used, and the corresponding expression should be interpreted on the
identifiable subspace.
2.7. Inverse problem

In the ideal noiseless setting, the inverse problem seeks, from
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H(z,) = d, (2.73)

to recover z, = (x,,0,).
For noisy observations, the unregularized weighted least-squares estimator is

Z € argmin®,(z), (2.74)

ZEZad

where the objective function is defined as

2 2
0o (x,0) = S [[W (e G, 0) = v +5 W2 (9 (0) = o)l (2.75)

The admissible state set is

(x,0) eX x0, i=1,...m,
Zad = da,i(S;; 9) = dO' dx,l'(sik; X, 6) = dO' ) (276)
s; € int(l;), Vi(sf;x,0) =1
where dy > 0 excludes collisions among the target, radar, and reflector.

When the camera geometry is poorly conditioned or a higher-dimensional spline model is used,
the regularized problem can be written as

) € argmin {(2) + S IR0 — DI} 2.77)

ZEZ,q

where O..¢ 1s a camera-derived reference estimate, R penalizes implausible shape variations, and
A = 0 is the regularization parameter. The numerical solution of Eq (2.77) is described in Section 4.
To characterize reflector-model mismatch, let the true reflector boundary be

Terue (8) = 7(s; 0,) + Ar(s). (2.78)

Its local discrepancy is measured by

Il A7 llcay= sup(ll Ar(s) Il +1 Arg(s) 1D. (2.79)
SEI

To preserve a nondegenerate Fermat branch, the C? perturbation is also assumed to be
sufficiently small. The C! discrepancy in Eq (2.79) is the principal geometric-error term in the
stability bound of Section 3.

2.8. Basic assumptions

The theoretical results that follow require the following assumptions.
Assumption 2.1. Calibrated two-dimensional geometry.

The radar poses and the camera-to-radar coordinate transformation are known. Any extrinsic
parameters not treated as known are included in 6.
Assumption 2.2. Finite-dimensional regular reflector.

The reflector belongs to a gauge-fixed finite-dimensional €3 family of curves satisfying Eqs (2.7)
and (2.8). The parameter set @ is locally bounded.
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Assumption 2.3. Positive separation distance.

There exists d, > 0 such that, throughout the neighborhood under consideration, all radar-to-
reflector and target-to-reflector distances are no smaller than d,.

Assumption 2.4. Known single-bounce reflection associations.

Each radar observation is associated with a specified reflector and a reference interval I;.
Multiple reflections, diffuse scattering, and unknown path associations are excluded from the core
theory.

Assumption 2.5. Interior visible reflection.

The true specular reflection point lies in the interior of I;, satisfies the same-side condition in
Eq (2.28), and has two unobstructed propagation segments.

Assumption 2.6. Nongrazing incidence.

There exists vy > 0 such that, at the true reflection point,

ea,i(si,*; 9*)Tn(si,*; 9*) =V,

. (2.80)
ex,i(si,*; Xsr 9*) n(si,*; 9*) = Vo, i=1,..,m

The two inner products are the normal-direction cosines of the incident and outgoing rays. The
bound vy > 0 keeps both rays uniformly away from tangency, a regime in which small geometric
perturbations can cause large bearing changes or switches between reflection branches.

Assumption 2.7. Nondegenerate Fermat branch.

There exists py > 0 such that

0ssLi(Six520) = Mo, i=1,..,m. (2.81)

This condition establishes the local uniqueness and differentiability of the selected Fermat branch.
Assumption 2.8. Regular observation mappings.

The radar and camera observation mappings are at least C? on a locally admissible
neighborhood, and X, and X, are positive definite.

Assumption 2.9. Small local perturbations.

The measurement noise, camera error, and reflector-model mismatch are all sufficiently small
that the selected Fermat branch neither leaves its assigned interval nor switches to another stationary
path.

Assumption 2.10. Local scope.

All identifiability, stability, and convergence conclusions apply only within a neighborhood of the
true state. No claim is made regarding the global injectivity of H, the global uniqueness of specular
reflection paths, or convergence from arbitrary initial values.

2.9. Mathematical scope
The proposed formulation is a high-frequency, single-bounce geometric-optics model rather than
a full-wave electromagnetic scattering model. It represents one detected and correctly associated

specular component as a broken ray whose reflection point satisfies the Fermat stationarity condition,;
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the modeled radar observables are determined by the corresponding geometric path length and arrival
bearing. The formulation does not solve Maxwell’s equations or explicitly predict material-dependent
reflection coefficients, radar cross section, complex field amplitude and phase, polarization response,
diffraction, surface-roughness effects, diffuse scattering, coherent interference, or additional multiple-
bounce paths. Accordingly, the estimated reflector is a geometric boundary within the prescribed curve
family, rather than an electromagnetic reconstruction of the reflecting material.
Small omitted propagation effects may be represented by the forward-model discrepancy term in
Eq (2.44) only when they remain perturbative and preserve the selected reflection branch and path
association. Effects that create, suppress, or switch propagation paths cannot generally be treated as
small measurement errors and fall outside the local theory. The geometric-optics approximation is
therefore most applicable when the wavelength is small relative to the relevant surface scale and a
dominant specular component from a smooth reflector can be isolated.
Sections 3—5 address:
(1) selected-branch existence and local uniqueness;
(2) joint identifiability of the target and reflector;
(3) propagation of sensing and reflector-model errors;
(4) tangent-plane bias in the data and recovered position; and
(5) local convergence of curvature-aware iteration.
These analyses remain local under Assumptions 2.1-2.10.

3. Local identifiability, stability, and curvature-model bias

This section develops a local theory for the selected Fermat branches introduced in Section 2. This
analysis does not claim uniqueness for every possible reflection path. Under Assumptions 2.1-2.10, it
instead determines whether an associated, nondegenerate, and nongrazing local branch admits regular
recovery from radar and camera observations and quantifies how measurement perturbations and
reflector-model errors affect the estimate.

3.1. Selected Fermat branches and regular local identifiability

For each true reflection coordinate s; ,, Eq (2.81) shows that the partial derivative of the Fermat
stationarity equation with respect to s is nonzero. By the implicit function theorem, there exists a
neighborhood of the true state z, in which s;(z), selected by Eq (2.32), is a unique continuously
differentiable local branch. Consequently, the augmented forward operator in Eq (2.66) can be treated
as an ordinary finite-dimensional smooth mapping in that neighborhood.

To account for the different physical units of position, orientation, and curvature on the singular
values, let S > 0 be a positive definite diagonal state-scaling matrix, and define the normalized
perturbation u = S™1(z — z,) and the scaled Jacobian matrix at the true state as

J. = DH(z,)S, a = opmin(J). (3.1)

Theorem 3.1 (Regular local identifiability). Suppose Assumptions 2.1-2.10 hold, every selected
Fermat branch satisfies Eq (2.81), and a > 0. Then the Jacobian of H has full column rank in a
neighborhood of z,, and z, is locally identifiable in the regular sense on that branch. That is, there
exists a neighborhood U such that ' (z) = H(z,) and z € U together imply z = z,.
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Proof. Let n =2+ p. Equation (2.81) and the implicit function theorem establish a common
neighborhood in which all selected reflection branches, and hence ', are continuously differentiable.
Because S is nonsingular, @ > 0 implies rankDH (z,) = n. Therefore, some n X n minor of
DH (z,) has a nonzero determinant. Continuity of DJ allows the neighborhood to be shrunk so that
this determinant remains nonzero; thus, rankDH (z) = n throughout that neighborhood. The rank is
therefore constant in that neighborhood. The constant-rank theorem provides local coordinates in
which #H has the normal form u +~ (u,0), which is injective. Hence, after possibly shrinking the
neighborhood U, H(z) = H(z,) with z € U implies z = z,. This argument is branch-local and
does not exclude remote stationary paths with identical data.

The role of camera observations in establishing full rank can be expressed directly in terms of
nullspaces. When the weighting matrices are positive definite, the augmented Jacobian matrix has full
column rank if and only if

ker(J,) N (R? x ker(Gy)) = {0}. (3.2)

This condition shows that the camera need not identify all reflector parameters independently. If
the geometric information retained by the camera eliminates the residual nullspace of the radar
Jacobian matrix, the joint radar-camera observations establish regular local identifiability.

3.2. Fisher-Schur effective position information and accuracy lower bound

In Egs (2.70)—(2.72), the reflector parameters are treated as nuisance parameters, and the Schur
complement isolates the Fisher-Schur effective position information. If ¢ > 0, every locally
unbiased position estimator satisfies the corresponding Cramér-Rao lower bound, and the root-mean-
square lower bound for two-dimensional position can be written as

RMSEcpip = [tr [Gamt (3.3)

The reported Cramér-Rao lower bound (CRLB) is a local theoretical lower bound for locally
unbiased estimators under the stated Gaussian noise model and Assumptions 2.1-2.10. It does not
guarantee a practical error level for arbitrary geometries, biased estimators, or branch-changing
regimes.

As the camera-noise level decreases, the information in the reflector-parameter block increases,
thereby reducing the coupling penalty between the target position and the reflector. Conversely, if the
radar poses are collocated or the measurement directions are repeated, the radar measurements may
still fail to provide sufficiently independent geometric directions for identifying the target position,
even when the camera accurately constrains the reflector. Thus, camera-geometric accuracy and radar
spatial baselines are complementary rather than interchangeable.

3.3. Small-perturbation stability and model mismatch
Let J(u) = DH (z, + Su)S. Suppose that, within a normalized neighborhood of radius 7, the

scaled Jacobian matrix satisfies
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sup [IJ(w) = Jill, <= (3.4)

llull=r

For u = S71(z — z,), let z(t) = z, + tSu and J(tu) = D?—[(z(t))S. The fundamental theorem
of calculus gives H(z) — H(z,) = Ju + fol [J(tu) — J,Judt . Equation (3.4) therefore implies
|3 (2) — H(z)l; = a/2 |[ull;, which is Eq (3.5):

17 (2) = H ()N, 2 S1S7(z = 2l (3.5)

Write the whitened observation as d = H(z,) +n+ by and set § =n + by. If the local
estimate Z remains in this neighborhood and its data residual does not exceed the residual at z,, then
the triangle inequality gives ||H (2) —H (z )|, < 2||6]], < 2(||77||2 + CF||Ar||C1(1)). Combining
this inequality with Eq (3.5) yields Eq (3.6):

—17a 4
15712 = zJll, < = (17 llz+ Cr 1 A7 llgagy). (3.6)

Corollary 3.1 (Local Lipschitz stability). Under the preceding conditions, the recovery error varies
to first order with the whitened measurement perturbation and the small reflector-model error. The
factor 4/a = (2/a) X 2 combines the inverse lower slope in Eq (3.5) with the factor of two from the
residual comparison; the local bound ceases to apply when the Jacobian approaches rank deficiency,
the Fermat branch switches, or the geometry approaches grazing incidence.

These results establish a sequence of distinct local implications. First, the nondegeneracy condition
in Assumption 2.7 permits the implicit function theorem to be applied, ensuring that each selected
reflection coordinate varies smoothly with the state and that the reduced forward operator is locally well
defined. Second, full column rank of the augmented Jacobian, equivalently a > 0 in Eq (3.1), provides
regular local identifiability on the selected branch, but not global uniqueness. Third, the Fisher-Schur
complement in Eq (2.72) quantifies the local positional information remaining after the reflector
parameters are treated as nuisance variables and yields the corresponding CRLB under the stated
Gaussian and local-unbiasedness assumptions. Local stability requires the additional Jacobian-
variation condition in Eq (3.4) and sufficiently small perturbations that preserve the selected branch,
leading to the error bound in Eq (3.6). These rank, information, and stability results do not by
themselves guarantee convergence of the Levenberg-Marquardt solver, which also depends on
initialization, damping and step acceptance, and continued satisfaction of the branch-admissibility
conditions.

3.4. Bias orders of the tangent-plane approximation

For the circular-arc model in Eq (2.14), when |s| < H and |k|H « 1, the difference from the
reference-point tangent-plane parameterization y,(s) = [s,0]" has the Taylor expansion

—KZS3/6] N [0 (k*s%)

ks?/2 0(x3sH)I (3.7)

Yarc($; €) — ¥o(s) = [
For a bounded-curvature family, Eq (3.7) gives an O(s?) position discrepancy and an O(s)
tangent-direction discrepancy relative to the tangent line. To define the limit H — 0 and pair the

curved and planar reflection branches, consider the following uniform small-footprint construction.
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Let n index a sequence of admissible scenes with true states z,, a fixed number m of radar
poses, fixed state and observation dimensions, and uniformly bounded state-scaling and whitening
operators. For 0 < A < 1, define the circular-arc homotopy

T/Ln(s) =qu+ Q(d’n)yarc(S; AKn): 0<1A<1,

so that 1 = 1 gives the curved reflector and A = 0 gives its tangent line. For radar pose i, let si’}n
be the stationary point obtained by continuous continuation of the selected branch and define

H, = max sup |s? H, — 0.
n 1sism05151| Ll n

Uniformly bounded curvature and Eq (3.7) give constants C,, C; independent of i, A, and n
such that, for |s| < H,, and writing 7, for the tangent-line model,

” r/l,n(s) - rO,n(S) "S COH%' ” asr/Ln(S) - aer,n(S) ”S ClHn'

Theorem 3.2 (Uniform small-footprint bias orders of the tangent-plane approximation). Assume
that, for every n, pose i, and 0 < A < 1, the paired stationary points remain on a common interior,
visible, single-bounce branch with a uniform endpoint margin; the propagation distances are bounded
below by d, > 0; the normal-direction cosines are bounded below by v, > 0; and assLﬁn(s{}n) >

Uo > 0. Use a common local azimuth unwrap. Then, writing H = H,,, the curved and tangent-plane
radar data satisfy the first two estimates in Eq (3.8). For the localization estimate, let H} ,, denote the

whitened augmented map with the same state, camera mapping, weights, and observation dimension,
and let d, = H;,(zy) and b, = dy — Hon(z3). If @y = Oin(DHo(23)S) = ay > 0, the planar
analogue of Eq (3.4) holds uniformly, and an unregularized local planar least-squares estimate Zj,
remains in that neighborhood with residual no larger than that at z;, then its position component
satisfies the final estimate in Eq (3.8):

Ap = 0(H?), A¢ = O(H), ”fplane - x*”2 = O(H). (3.8)
Proof- Set 13, = 0313, Equation (3.7), bounded curvature, and |s| < H,, imply uniformly

I Fan 1= 0CHZ), Nl Os¥an 1= O(Hy).

Let F;;,(s) = GSL’}_n (s). The uniform nondegeneracy condition and the implicit function theorem
yield a differentiable paired branch with

A
dsi,n - aAFi,/l,n — O(H )
di 8sFiin nsp

because 0,F;;, contains terms of order O(H,) from 0,7, and terms of order O(H7) divided by
distances bounded below by d,,, whereas the denominator is at least p,. Let eii and e,’}_i denote the
unit vectors from the reflection point toward the radar and target. Along the stationary branch, Fermat
stationarity gives the envelope identity

d T.
al‘/il,n(si)}n) = a/lL/},n = _(ec/},i + e;},i) n = O(H%)-

Integration over 0 < A <1 proves the O(H2) range bound. For azimuth, let pfn = r,'lln(sfn) -
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a;, and (10{},1)l = (—(p{}n)z, (p{}n)l)T. On the common unwrap,

INT
dot, ((h))
i |l pf, II2

. dsi’}n
Mn T 6srl,n al = O(Hn)-

The positive-distance bound and integration in A give the O(H,) azimuth estimate. Because m, the
observation dimension, and the whitening operators are fixed or uniformly bounded, the augmented
data discrepancy satisfies || b, ll,= O(H,,). Applying the planar local lower-slope and residual-
comparison argument used for Eq (3.6) yields

1l . 4
I 57 (Zon = 22) 12 — Il by o= O(Hy).
n

Projection onto the position components proves the final estimate in Eq (3.8).

The range result is an envelope consequence of Fermat stationarity: Although the paired reflection
coordinate changes by O(H), that branch displacement does not enter the first variation of the
stationary path length. By contrast, the O(H) tangent-direction perturbation changes the stationarity
equation and moves the reflection point by O(H), which enters the arrival bearing at first order.
Equation (3.8) states uniform upper-order bounds; special symmetries may yield higher-order
cancellation. These conclusions remain branch-local and asymptotic and do not imply global branch
uniqueness or convergence from arbitrary initial values.

4. Numerical solution method and numerical experiment design

This section describes how the forward model is evaluated within the admissible set defined in
Section 2, how the prescribed reflection branch is tracked, and how the curvature-aware inverse
problem is solved using a scaled Levenberg-Marquardt method. Figure 2 summarizes the complete
workflow from multimodal observations to localization outputs and theoretical diagnostics.

e )
Radar observations
Multiple-pose phase centers —
Range and azimuth
Measurement covariance
L ) Curvature-aware forward model Augmented inversion Outputs and diagnostics
Finite-dimensional regular curve r(s; 6) Whitened residuals and Jacobian Target and reflector estimates
Fermat stationary reflection points Scaled LM updates Identifiability / stability
( ) Visibility and nondegenerate-branch checks Projection onto the admissible set Bias and Monte Carlo analysis
Camera geometric priors
Reflector position and orientation —‘ : :
Contour / curvature parameters 1 |
Geometric-error covariance i . . e . gl
Fixed, associated Separate numerical termination, physical validity,
~ ~ single-specular-reflection branches and local-recovery criteria

Figure 2. Branch-aware inversion and numerical validation workflow for curvature-aware
radar-camera NLoS localization.
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4.1. Branch-aware forward evaluation

For each candidate state and radar pose, the algorithm first solves the Fermat stationarity equation
over the prescribed interval I; and selects the continuous local branch using a reference reflection
coordinate. A candidate point must simultaneously satisfy the interior-point, same-side reflection, path-
visibility, positive separation-distance, and positive Fermat-second-derivative conditions; if any
condition fails, the state is deemed not to belong to the current admissible branch. After these checks
are passed, the radar range and azimuth are assembled according to Eqs (2.38) and (2.40), and the
reduced Jacobian is constructed using the implicit derivatives in Eqs (2.50)—(2.56). This procedure
prevents arbitrary switching to another stationary point after each state update. An initial state is termed
an admissible start if every radar pose passes these checks on its prescribed branch before LM iteration.
Admissibility is a geometric pre-solver condition and does not imply numerical termination or
recovery below the error threshold.

4.2. Scaled Levenberg-Marquardt inversion

At iteration k, let the whitened residual and scaled Jacobian be, respectively,
" = }[(Zk) - d, ]k = D}[(ZR)S (41)

The Levenberg-Marquardt step Auy, is obtained from
Utk + Dy ) Ay, = —Jimy, D, = diag[max(diag(/{/,),107%)], w >0. (4.2
The candidate state is
zf = M, (2 + SAwy), 4.3)

where Il . denotes projection onto the search domain and the physically admissible set, with an

additional branch-validity check. If the candidate state remains on the prescribed reflection branch and
yields a lower objective value, the step is accepted and the damping parameter is reduced; otherwise, the
step is rejected and the damping parameter is increased. Numerical termination is determined by the
gradient infinity norm, the normalized step length, and the maximum number of iterations. This
procedure is a local solver and provides no guarantee of global convergence from arbitrary initial values.

4.3. Simulation design, comparison methods, and performance metrics

The baseline scenario comprises four effective radar poses, a single circular-arc reflector, and one
fixed occluded target. The random seed, ground-truth geometry, sensor standard deviations, state scales,
solver tolerances, and numbers of trials are listed in Table 2. All results were generated by the same
computational pipeline; no plotting values were entered manually.

The baseline ground truth consists of a target position of (4.00, 4.20) m, a reflector orientation
of 4°, and a curvature of 0.060 m™'. All prescribed reflection points lie within the parameter interval.
The minimum Fermat second derivative along the baseline paths is 0.063736 m™', and the minimum
same-side reflection indicator is 0.63095; thus, all four paths satisfy the nondegeneracy and same-side
reflection checks in this local scenario.
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Table 2. Simulation, sensor, and numerical-solver parameters.

Parameter Symbol Value Unit
Random seed Srng 20260724 —
Number of radar poses m 4 —
Reflector half-width h 3.00 m
Target position Xy (4.00, 4.20) m
Reflector reference point g« (0.00, 0.00) m
Reflector orientation P, 4.00 °
Reflector curvature K, 0.060 m!
Radar range standard deviation 0 0.040 m
Radar azimuth standard deviation Og 0.40 °
Camera position standard deviation gy 0.040 m
Camera orientation standard o
deviation v 0.60

Camera curvature standard deviation gy 0.0080 m™!
deviaton oftarge position (020,0.18) m
Loc.al-.initialization stand'c.lr.d o 0.060 m
deviation of reflector position .0

Loc.al-'initializa.tion §tandard o 1.00 o
deviation of orientation .0

deviation of crvature 0.0060 m
State-scaling vector diag(S) [1,1,0.4,0.4,0.0873, 0.04] Mixed
Noise standard-deviation multiplier n 0.5,1.0,1.5,2.0,3.0 —
Local-recovery error threshold Cloc 1.0 m
Monte Carlo LM gradient tolerance  g;; 2.0x107¢ —
Monte Carlo LM step tolerance Xtol 2.0x107° —
Max'imurr.l number of Monte Carlo K 78 o
LM iterations max

E;rsneb;ru(l)tfirl)\lllizﬁte Carlo trials per Nyye 400 o
Number of bootstrap resamples Npoot 1,200 —

Note: The state-scaling vector contains scale factors for quantities with different physical dimensions: position, orientation,
and curvature. The tabulated values define a representative synthetic scenario and are not calibration results for any specific

radar or camera hardware. Figure 5 uses a curvature of 0.040 m™! for the asymptotic-order experiment.
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The local-identifiability experiment varies the horizontal radar-pose baseline and the camera-
noise multiplier. The stability experiment uses 7 perturbation levels and 64 recovery trials per level,
with 25 points sampled along each line segment joining the ground truth and the estimate. The tangent-
plane bias experiment performs deterministic log—log regression over a small-footprint range. The
noise-free trajectory is used solely to verify consistency among the forward model, Jacobian, and
solver implementation.

The Monte Carlo comparison includes four estimators: curved radar-camera, planar radar-camera,
curved range-only+camera, and an oracle reflector with known geometry. At each noise multiplier, 400
paired trials are performed. For a given trial index, all methods share the same standardized radar noise,
camera noise, and local initial value; different noise multipliers are also obtained by scaling the same
standardized noise realizations, thereby reducing the sampling variance of the estimated differences
between methods.

Candidate initial states for the principal paired comparison were generated as z; =
clip(z, + Dyé,¢,u) , where &~ N(0,I;) has independent components and D, =
diag(0.20,0.18,0.060,0.060,/180,0.0060) in the state order (xq,x5,qq,q2 Y, k) . Of 430
sequentially generated candidates, the first 400 satisfying the prescribed curved- and planar-branch
validity checks were retained. Neither measurement noise nor any solver outcome was used in this
screening; the main paired comparison is therefore conditional on initial branch validity.

Initialization sensitivity was assessed with 400 common, unclipped starts at each initialization-
scale multiplier cjp;; € {0.5,1,2,4,8} under noiseless and nominal-noise observations. No start was
resampled or removed; branch-invalid states remained in the unconditional denominator and were not
passed to the local solver.

A nominal-noise cross-scenario screen used 12 geometries from a six-factor, two-level Plackett-
Burman design [36]: x; € {3.7,4.3}m, x, € {3.9,45}m, g, € {—0.1,0.1}m, Y € {3°,9°}, Kk €
{0.040,0.075} m™1, and baseline B € {1.6,2.7} m. All passed the interior, nondegeneracy, same-side,
and full-rank checks; 100 trials per geometry compared the two radar-camera models with a camera-
map VS-WLS reference adapted from [37]. VS-WLS used equal-weight ranges, a linear LS start, and
bounded TRF. Common-start RMSE retained IDs admitted by both joint solvers; recovery retained all
starts. Timings exclude data generation and I/O; interactions are not identified. All runtimes were
measured within the same implementation and computing environment and are reported only for
relative within-pipeline comparison, not as hardware-independent benchmarks.

For N trials, the positional root-mean-square error is defined as

1 A~ 2
RMSE = \/Ezyﬂnxj —xl 4.4)

Pointwise 95% intervals for the RMSE and paired between-method differences are constructed
from the 2.5th and 97.5th percentiles of 1,200 bootstrap resamples; pointwise Wilson intervals are used
for the solver failure rate. Strict solver success requires numerical termination under either the gradient
or step criterion, a finite estimate, positive values of both the Fermat second derivative and the same-
side indicator on the prescribed reflection branch, and no state component lying within an absolute
tolerance of 1078 of a search boundary. Local recovery additionally requires a position error below
1 m. The all-trial RMSE includes every finite output within the prescribed search bounds. Numerical
termination, local recovery, and estimation error are therefore reported separately, so solver failures
are neither interpreted directly as localization errors nor discarded.

Individual RMSE intervals are obtained by resampling trial IDs within each estimator. For
comparisons between estimators, the same trial IDs are resampled jointly, and the resulting interval
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is computed from the paired RMSE difference; it is not an RMSE interval for either individual
estimator.

5. Numerical results and discussion

Using the same curvature-aware forward model throughout, this section examines geometric
nondegeneracy, regular local identifiability, local stability under measurement perturbations, tangent-
plane approximation bias, consistency of the local solver, and localization performance under different
observation and geometric models. All figures and tables were generated using a fixed random seed
and a single simulation pipeline, and no plotting values were entered manually. The analysis is
restricted to the selected and associated single-specular-reflection branch and makes no claim of global
path uniqueness.

5.1. Local identifiability and sensor complementarity

Figure 3 uses the range-only+camera configuration to illustrate how the horizontal radar-pose
baseline B and the camera-noise multiplier jointly affect the regularity of the augmented observation
model and the effective positional information. To ensure that a zero baseline represents genuinely
colocated geometry, all four radar poses coincide exactly when B=0. In this case, the corresponding
rows of the range Jacobian are repeated, the full Jacobian has rank 5 for every camera-noise multiplier,
and the positional CRLB diverges. When B>0, pose diversity restores full local column rank in this
scenario. Increasing the baseline or reducing the camera noise generally increases the minimum
singular value and lowers the positional CRLB.

(a) Regularity: 10910 Gminl/) (b) Effective position-information limit .
1
xact rank deficiency
ltB=0
1074 1074 1.5

= 0 o E
QL L /_—_———_ Lo o
= = g 2
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Horizontal radar-pose baseline, B (m) Horizontal radar-pose baseline, B (m)

Figure 3. Effects of the horizontal radar-pose baseline and camera noise on local
identifiability. (a) Phase diagram of the minimum singular value of the whitened
augmented Jacobian; B=0 is exactly rank deficient. (b) CRLB RMSE associated with the
effective positional information.

Figure 3 samples 41 equally spaced baselines over 0 < B < 3m, with 4B = 0.075 m. At each
B, the four phase centers are generated about (—4.02,3.06) m using normalized horizontal offsets
(-1/2,-1/6,1/6,1/2) and asmall B-scaled vertical dither. This range includes exact colocation,
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the nominal horizontal aperture of 2.15 m, and a modest wider-aperture regime; it is a geometry-
sensitivity range rather than a hardware requirement.

This trend demonstrates how the radar spatial aperture and camera geometric accuracy
complement one another: Camera observations provide independent constraints along the reflector-
parameter directions, whereas a nonzero radar baseline increases the geometric diversity of the target-
dependent measurement directions. Nevertheless, the absolute magnitude of the minimum singular
value depends on the whitening scheme and the choice of state scales. The contours in the figure are
therefore conditional diagnostics for the present setting and should not be interpreted as universal
physical thresholds.

To compare discrete observation configurations, Table 3 summarizes the number of scalar
observations, full-state Jacobian rank, positional-information rank, minimum singular value, condition
number, and positional-information diagnostic.

Table 3. Local-identifiability and information diagnostics for different observation

configurations.

: . Position- e Positional
Observation Scalar Jacobian c Condition :
configuration observations rank ;gﬁ)lzmatlon Imin  pumber g{gg‘ﬁl?&%ﬂ/ L
Range-only (one pose) 1 1 0 0 ) 0
Range-only (four poses) 4 4 1 0 ) o
Range+azimuth (four

) 5 2 0 0 34.6717
poses
Range-only+camera 8 6 2 3.691 15.376 0.269
Range+azimuth+camera 12 6 2 5.683 13.727 0.142

+ This finite entry is a local positional-information diagnostic, not a full-state CRLB. As specified after Eq (2.72), a singular
nuisance-information block is handled using the Moore-Penrose pseudoinverse, with interpretation restricted to the
identifiable subspace; Eq (3.3) applies only when the corresponding positional information is nonsingular. The rank-5

Jacobian does not establish identifiability or a finite unconstrained CRLB for all six target-reflector parameters.

The discrete-configuration comparison shows that the Jacobian rank is only 1 for a single-pose
range observation. Even when four poses are used, the rank of the range-only configuration remains 4.
After radar azimuth is added, the effective positional-information rank reaches 2, but the full-state
Jacobian rank remains 5, indicating one reflector-parameter direction that cannot be identified from
radar data alone. Adding the camera yields a full column rank of 6 for the range-only+camera
configuration, with a minimum singular value of 3.691 and a positional CRLB RMSE of 0.269 m.
Adding azimuth further increases the minimum singular value to 5.683, reduces the condition number
to 13.727, and lowers the positional CRLB RMSE to 0.142 m, an improvement of approximately
47.0% over the range-only+camera configuration. Thus, the camera primarily resolves the local
coupling ambiguity between reflector geometry and target position, whereas azimuth further
strengthens the positional information.

Four poses are sufficient only for the present six-parameter, camera-constrained configurations
because the augmented Jacobian has full column rank. There is no geometry-independent pose-count
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guarantee: Additional nonredundant poses may improve conditioning and robustness, whereas
coincident or repeated poses do not increase rank.

5.2. Numerical evidence of local stability

Figure 4 examines the local scaling relationship between whitened measurement perturbations
and inversion error. The simulation uses 7 perturbation levels and 64 trials at each level; for every trial,
it samples 25 points along the line segment between the ground truth and the estimate to assess
Jacobian variation. The empirical slope of the normalized state error with respect to perturbation
magnitude is 0.9995, close to the first-order relationship expected under local Lipschitz stability.

(a) Empirical local scaling, slope = 1.00 (b) Sampled local conditions (empirical check)
10°1 —a— Median normalized-state error e 12
= 95th-percentile normalized error e ' = bl bl L bl .
. -
= ==+ Local bound 46/a - u
('3 E 10 == e e e e e e e — - ————
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= o
e 1071 B 0.8 =&~ Maximum error / bound
5 © Maximum [J —J ., |/a
o v == Minimum normalized chord ratio
] U
® = 0.61 —=— Bound equality
i = ++ Local-condition threshold
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Figure 4. Finite-sample assessment of local stability. (a) Empirical scaling of normalized
state error with whitened perturbation magnitude and the conservative local upper bound.
(b) Local-condition diagnostics based on the error-to-bound ratio, Jacobian-variation ratio,
and normalized chord ratio.

Using a = oyin(J,) = 5.6827, the conservative bound constant 4/a is 0.7039, and the maximum
ratio of normalized state error to the upper bound over all trials is 0.1613. The maximum Jacobian-
variation ratio within the sampled region is

max||] — [l /a = 0.4335,

which is below the adopted local-condition threshold of 0.5. The minimum segmentwise singular-
value ratio and minimum mean-Jacobian singular-value ratio are 0.9965 and 0.9982, respectively, and
the minimum normalized chord ratio is 1.1765. These results show that, within the sampled small-
perturbation neighborhood, the finite samples are consistent with the theoretically derived local-
stability bound. The coefficient 4/a, the normalized error-to-bound ratio, and the Jacobian-variation
ratio are sufficient, neighborhood-dependent diagnostics under the selected branch, state scaling, and
whitening; they are neither necessary conditions nor universal thresholds across geometries or sensors.
Likewise, the positional CRLB is a local lower bound under the stated Gaussian model and local-
unbiasedness assumptions, rather than a universal error threshold. These numerical results therefore
provide only empirical evidence of local stability; they neither replace a theoretical proof nor
extrapolate to arbitrarily large perturbations, grazing geometries, or reflection-branch switching.
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5.3. Scaling order of tangent-plane approximation bias

Figure 5 compares the forward-data and localization biases induced by replacing the true circular-
arc reflector with its tangent-plane approximation at the reference point. Because Figure 5 is an
asymptotic order test rather than a repetition of the nominal scenario, k¥ = 0.040m~! was used so
that the dimensionless expansion parameter satisfies |k|H < 0.020 over the fitted interval H <
0.50 m, thereby suppressing higher-order terms in Eq (3.7); the performance experiments retain the
nominal k = 0.060 m~1. For H<0.50 m, the log-log ordinary-least-squares regression orders for the
range discrepancy, azimuth discrepancy, and joint localization bias are, respectively,

p, =2.0047, p,=09940, p, = 09881

(a) OLS slope interval [2.00, 2.01], R?=1.0000 (b) OLS slope interval [0.99, 1.00], R?=1.0000 (c) OLS slope interval [0.99, 0.99], R?=1.0000
—8— Measured slope = 2.00 Measured slope = 0.99 y_ —#— Measured slope = 0.99
— = 0O(H?) reference _ == O(H!) reference ’t’ == O(H!) reference 4
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Figure 5. Scaling order of tangent-plane approximation bias. (a) The range discrepancy is
approximately second order; (b) the azimuth discrepancy is approximately first order; and
(c) the joint range-azimuth localization bias is approximately first order. The shaded region
denotes the small-footprint range used to estimate the slopes. The slopes are fitted over
H < 0.50m using k = 0.040m™1.

The coefficients of determination for the three regressions are 0.999999, 0.999996, and 0.999982,
respectively. These values support the following local scaling relations:

Ap = 0(H?), Ap = O(H), iifplane — x.||. = O(H).

2

This distinction shows that the first-order geometric term in the range measurement can cancel
under the Fermat stationarity condition, causing the tangent-plane range bias to exhibit approximately
second-order scaling. By contrast, azimuth remains directly affected by changes in the surface normal;
consequently, a first-order term ultimately dominates the general joint range-azimuth localization bias.
Comparing range residuals alone may therefore underestimate the effect of curvature-model mismatch
on final localization. The slope intervals shown in the figure are regression intervals for deterministic
numerical points, not confidence intervals from repeated measurements or Monte Carlo trials. The
inferred orders are also restricted to small H, a fixed nondegenerate reflection branch, and nongrazing
geometry.
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5.4. Local-solver consistency and initialization sensitivity

Figure 6 presents a Levenberg-Marquardt (LM) solution trajectory for noise-free, perfectly
model-matched data when the initial value lies on the prescribed local reflection branch. The objective
function, normalized state error, and gradient infinity norm all decrease over the accepted iterations.
After 7 accepted iterations, the algorithm yields

IS71(2 — z)ll, = 4.85 x 10712,

The final gradient infinity norm is 1.15%107'°. This trajectory confirms the numerical consistency
of the forward model, Jacobian, and local solver for this test case.

(a) One noiseless local trajectory (b) State recovery (<) First-order residual and damping
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Figure 6. A local LM trajectory for noise-free, model-matched data. (a) Objective function;
(b) normalized state-recovery error; and (c) gradient infinity norm and damping parameter.
This figure serves only as a local numerical correctness check.

A single noise-free trajectory is insufficient to establish a general convergence order, a global
basin of attraction, or robustness to arbitrary initial values. Figure 6 therefore provides a local
numerical check on the code and derivative implementation; it is not an experimental substitute for a
general theory of convergence.

Figure 7 shows that unconditional recovery falls from 100% to 8% as cjp;; increases, whereas
all initially admissible starts converge with nearly unchanged strict-success RMSE; the experiment
therefore characterizes a local admissible region rather than a global basin of attraction.

Table 4 summarizes the principal theoretical and numerical diagnostics corresponding to
Figures 1 and 3-6.

Table 4 presents mutually consistent results across geometric nondegeneracy, local information,
compatibility with the stability bound, tangent-plane model bias, and solver implementation. Its
primary value lies in providing cross-checks based on a common forward model: a positive Fermat
second derivative ensures local nondegeneracy of the selected branch; a positive minimum singular
value of the scaled augmented Jacobian provides a diagnostic of regular local identifiability; the near-
first-order stability scaling and the error-to-bound ratio below unity support the local perturbation
analysis; and the bias orders clarify that range and azimuth errors induced by planarization do not have
the same scaling.
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Figure 7. Empirical initialization-sensitivity region as cj;; varies. (a) Unconditional
local recovery; (b) strict-success RMSE and 95th-percentile error; and (c) mutually
exclusive outcomes.

Table 4. Principal theoretical and numerical diagnostics.

Diagnostic metric Symbol Value Unit

Minimum Fermat second derivative

) min;dgsL; 0.063736 m!
along the baseline paths
Minimum singular value of the scaled -
. a = omin(J,) 5.682686 —
augmented Jacobian
Jacobian rank in the zero-baseline phase -
. rank(/,)|p=0 5 —
diagram
Maximum sampled Jacobian-variation - .
: max||/ — Jull,/« 0.433507 —
ratio
Empirical stability-scaling order Dstab 0.999545 —

Continued on next page
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Diagnostic metric Symbol Value Unit
Maximum normalized state-error-

to-bound ratio max|lull,/(4l6ll,/a) 0.161270 —
Order of tangent-plane range bias Pp 2.004726 —
Qrder of tangent-plane azimuth Ps 0.993966 B
bias

Qrder of joint planar-localization - 0.088131 B
bias

Final normalized state error of LM~ [IS71(2 — z)Il, 4.85 x 10712

Note: The stability indices are numerical diagnostics based on finite local sampling. The bias orders are slope estimates

obtained by deterministic log—log ordinary least squares over H<0.50 m.

5.5. Localization performance in paired Monte Carlo trials

Figure 8 compares four estimators: joint curved radar-camera estimation, joint planar radar-
camera estimation, a curved range-only+camera ablation, and an oracle reflector with known geometry.
The Jacobian rank of the full-state radar-only configuration is 5, so the state is not uniquely identifiable
without an added prior; this configuration is therefore excluded from the RMSE ranking. By contrast,
the curved range-only+camera configuration is a full-rank, identifiable ablation rather than a radar-

only method.
(a) Paired noise sensitivity (95% bootstrap Cl) (b) Numerical reliability (95% Wilson CI) (c) Nominal noise, 400 paired trials
—8— Curved radar-camera 60 1 Lo
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Figure 8. Overall localization results for four estimators. (a) Sensitivity to paired noise
with 95% bootstrap intervals; (b) strict solver failure rate with 95% Wilson intervals; and
(c) empirical cumulative distributions of position error for 400 paired trials at the nominal

noise level.

At each noise multiplier, the experiment includes 400 paired trials. For each trial index, all
methods share the same standardized radar noise, camera noise, and local initial value; the different
noise multipliers are generated by scaling the same standardized noise realizations. The 400 initial
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values were selected from 430 candidates according to local branch-validity conditions common to the
curved and planar models, giving an acceptance rate of approximately 93.0%. This screening used
neither measurement errors nor method outcomes.

Figure 8(a) shows that the all-trial RMSE of every method increases with the noise multiplier.
For the curved radar—camera method, the RMSE increases from 0.072 m at 0.5% noise to 0.434 m at
3% noise. At 3% noise, the RMSE values for planar radar—camera, curved range-only + camera, and the
oracle reflector are 0.477, 0.521, and 0.085 m, respectively. With common random numbers and nested
noise multipliers, the oracle error also increases monotonically with noise, eliminating the small-
sample artifact in which performance could appear to improve at a higher noise level.

In terms of numerical reliability, the strict solver failure rate of the curved radar—camera method
does not exceed 0.25% at any noise multiplier. By contrast, the failure rate of the curved range-only +
camera method rises to 18.0%, 35.25%, and 56.75% at noise multipliers of 1.5, 2.0, and 3.0,
respectively. Thus, although the camera information gives the range-only configuration a full-rank
Jacobian near the ground truth, radar azimuth remains important for numerical stability at high noise
levels. At nominal noise, the empirical cumulative distributions also show that the curved radar-camera
error distribution lies generally to the left of those for the planar and range-only ablation methods. The
oracle reflector provides an ideal reference with completely known reflector geometry and is not
directly deployable. The strict solver failure rate and local recovery rate are not equivalent. For
example, at 3x noise, the planar method has a solver failure rate of 0% but a local recovery rate of
96.25%; numerical termination must therefore not be equated with successful localization.

Localization errors, interval estimates, and numerical reliability at the nominal noise level are
reported in Table 5.

Table 5. Localization performance at the nominal noise level (400 paired trials).

All-trial ..
Conditional RMSE q Solver Local

Method N }gl;’{)/SECI] over converged 1(\1/Ine)d1an 5193 failure recovery

) ¢ trials (m) (%) rate (%)
Curved radar- 0.145[0.137,
camera 400 0.153] 0.145 0.112 0.266 0.0 100.0
Planar radar- 0.199 [0.187,
camera 400 0211] 0.199 0.145 0.368 0.5 99.5
Curved range- 0.262 [0.246,
only-+camera 400 0.279] 0.261 0.187 0479 3.0 97.0
Oracle reflector 400 0-028 [0-027. ¢ 57g 0.024  0.047 0.0 100.0

0.030]

Note: The all-trial RMSE includes all finite outputs within the search bounds; the conditional RMSE over converged trials
includes only runs that terminate numerically, remain on a physically valid branch, and do not reach a boundary. Local
recovery additionally requires a position error below 1 m. Solver failures are therefore neither discarded nor conflated with

estimation error.

At the nominal noise level, the all-trial RMSE for the curved radar-camera method is 0.145 m,
with a 95% bootstrap interval of [0.137, 0.153] m. Its median and 95th-percentile errors are 0.112 and
0.266 m, respectively; the solver failure rate is 0%, and the local recovery rate is 100%. The
corresponding RMSE for the planar radar—camera method is 0.199 [0.187, 0.211] m, with median and
95th-percentile errors of 0.145 and 0.368 m. Thus, relative to the planar model, the curved model
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reduces the RMSE, median error, and 95th-percentile error by approximately 27.0%, 22.9%, and
27.7%, respectively.

The paired planar-minus-curved RMSE difference is 0.0537 m, with a 95% bootstrap interval of
[0.0444, 0.0625] m; the difference is positive in all 1,200 resamples. The RMSE of curved range-
only+camera is 0.262 [0.246, 0.279] m. Adding azimuth further reduces the RMSE by 0.1170 m, with
a paired interval of [0.1002, 0.1328] m. The oracle reflector RMSE is 0.028 [0.027, 0.030] m. The
approximately 0.117 m gap between curved joint estimation and the oracle reflector reflects the
performance cost of uncertainty in the reflector estimate and its coupling with the target position.

5.6. Cross-scenario robustness and computational cost

Within the deterministic 12-geometry, two-level Plackett-Burman screen, the curvature-aware
method gave the lowest common-start RMSE in every tested geometry: a scenario median of 0.145 m
versus 0.364 m for tangent-plane radar-camera and 0.754 m for camera-map VS-WLS (Table 6). This
result is descriptive of the tested design points; interactions are confounded, and no extrapolation
beyond the tested factor levels is intended.

All 1,023 branch-admissible starts for the curvature-aware method converged to errors below 1
m; thus, the method’s recovery range chiefly reflects branch admissibility. Tangent-plane minima of
0% in S1 and S12 arose when finite-difference Jacobians left the branch despite finite estimates below
I m. VS-WLS omits azimuth; timing is implementation-specific.

Table 6. Cross-scenario localization accuracy, recovery, and computational cost over 12
fixed geometries under nominal noise (100 attempted trials per geometry).

Method Ezi)t};ed RMSE Recovery (%)* gll:;;;ime/attempt sAtzlc)esgted LM
arreawareradat- - M se o seop 180.6 [149.4,212.6] 5.0 [5.0,6.0]
Langent plane radar- Tos > Teed 121.0[106.7, 151.8] 4.0 [4.0, 5.0]
Camera-map VS-WLS  0.754[0374, 805 [16.0, 0376 116] B

Note: * Scenario median [minimum, maximum]; 1 pooled median [IQR]. RMSE uses common trial IDs per geometry;
recovery uses all starts and requires numerical termination, a finite physical solution off the boundary, and error below 1
m. Runtime is implementation-specific and is reported only for relative comparison within the present research
implementation, not as a hardware-independent benchmark. Accepted steps apply only to LM; VS-WLS used TRF with 12
[10, 15] residual evaluations (median [IQR]), so ‘—’ denotes not applicable. { Matched-input comparator using the same
observations, trial IDs, noise realizations, and initial values as the proposed method; this comparison isolates curvature. §
Literature-aligned external reference with a different reflector representation and numerical procedure; it provides an end-

to-end reference and does not isolate curvature.
5.7. Overall discussion and scope of applicability

Together, the results support three local conclusions. First, the transition from exact rank
deficiency at zero baseline to full rank at a positive baseline shows that repeated measurements cannot
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replace geometric diversity among poses; camera-based geometric observations and the radar spatial
aperture must complement one another to resolve the local ambiguity between target position and
reflector parameters. Second, the second-order cancellation of tangent-plane range bias does not
automatically extend to azimuth or final localization. The main benefit of curvature modeling therefore
extends beyond reducing path-length residuals to suppressing first-order systematic mismatch in
directional information. Third, by reporting both estimation error and solver failure rate, the paired
Monte Carlo results show that the curved radar-camera estimator provides lower localization error and
greater numerical reliability in the synthetic setting considered here.

The sensitivity assessment covers several complementary directions. Figure 3 varies the
horizontal radar-pose baseline B together with the camera-noise multiplier and reports their effects
on the regularity of the augmented Jacobian and the positional CRLB. Here, B denotes the spatial
aperture spanned by the four effective radar phase centers; it is not the physical mounting separation
between the radar and camera, whose coordinate transformation is assumed calibrated and fixed under
Assumption Al. Figure 7 evaluates initialization sensitivity under both noise-free and nominal-noise
observations, whereas Figure 8 varies the common sensor-noise multiplier from 0.5 to 3.0 using 400
paired trials at each level. Table 6 extends the assessment to 12 fixed Plackett-Burman geometries,
including two levels of reflector curvature, target position, reflector position and orientation, and radar-
pose baseline. These experiments provide local synthetic sensitivity evidence only within the tested
ranges. The two-level screen does not separately identify interaction effects, and the physical radar-
camera mounting baseline and extrinsic-calibration error are not varied in the present study.

The assumptions delimit both the class of recoverable scenes and the validity of the theoretical
conclusions. The calibrated two-dimensional formulation represents a ground-plane cross-section and
therefore excludes elevation, out-of-plane propagation, and general three-dimensional surface
geometry. The finite-dimensional reflector assumption restricts recovery to the prescribed curve family;
it does not imply reconstruction of an arbitrary free-form or nonsmooth vehicle body, and adding shape
parameters may alter identifiability and conditioning. Discrepancy between the actual surface and the
selected basis instead appears as model bias. Known single-bounce association makes the inversion
conditional on successful path preprocessing and excludes unknown associations, additional
reflections, diffuse returns, and ghost paths; an incorrect association may change the branch or
propagation topology and cannot generally be treated as a small measurement perturbation.

Nongrazing incidence and Fermat-branch nondegeneracy ensure that the selected reflection point
is locally well defined and differentiable. Near grazing incidence, branch degeneracy, a segment
endpoint, or a visibility transition, the reflection-point sensitivity may become large, and branch
switching may invalidate the smooth reduced mapping and its local identifiability and stability bounds.
The principal LM comparison is also conditional on branch-valid local initializations. Figure 7
characterizes this dependence but describes a local admissible region rather than a global basin of
attraction; branch validity alone does not guarantee numerical convergence.

The 12-scene, six-factor Plackett-Burman screen remains local: Interactions are confounded and
extrapolation beyond the tested region is unsupported. The paired-method comparison uses 400
screened starts, whereas the initialization-sensitivity experiment retains all generated starts in its
unconditional denominator. Accordingly, this study is a local synthetic geometric benchmark under
Assumptions 2.1-2.10, not a general guarantee for unrestricted road scenes, proof of global
identifiability, or vehicle-mounted experimental validation.

The comparison methods address different sources of performance gain. The matched-input
tangent-plane radar-camera estimator uses the same observations, paired noise realizations, and initial
values as the curvature-aware estimator and therefore provides the closest controlled comparison for
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isolating the effect of replacing the curved reflector with its tangent-plane approximation. The curved
range-only+camera configuration quantifies the contribution of radar azimuth, whereas the oracle-
reflector estimator indicates the accuracy attainable when reflector geometry is known and is not
directly deployable. Table 6 additionally evaluates a camera-map virtual-station weighted least-squares
method adapted from [37] as a literature-aligned NLoS reference. Because VS-WLS omits azimuth
and differs in reflector representation and numerical procedure, this comparison assesses end-to-end
performance under common scenarios rather than the effect of curvature alone.

The curvature-aware method achieved the lowest common-start RMSE in all 12 tested geometries,
but this result does not establish superiority over all NLoS localization methods. In particular, the
numerical experiments instantiate circular-arc reflectors only. Although the theoretical formulation in
Section 2.1.2 permits other finite-dimensional regular curve families, including local polynomials and
constrained B-splines, no empirical superiority over alternative curved-reflector parameterizations is
claimed. Systematic comparisons involving different curve bases, model dimensions, regularization
strategies, camera observability, and basis mismatch remain subjects for future work.

Practical three-dimensional deployment requires three extensions:

(1) Geometry and regularity: The two-dimensional curve and target state must become local
surface patches and a three-dimensional state in a calibrated, time-aligned sensor frame; Fermat
stationarity then has two tangential equations, and branch regularity and local identifiability require a
positive-definite 2 X 2 surface Hessian and a full-rank three-dimensional augmented Jacobian [38].

(i1) Path association: Known single-bounce association must be replaced by a multi-hypothesis
front end combining camera contours or depth with radar range, angle, Doppler, visibility, and
temporal consistency [14,16,18-20,39].

(iii) Nonsmooth surfaces and multipath: C3 regularity applies only patch-wise to smooth
surfaces; edges, rough or diffuse regions, multiple reflections, and branch changes require piecewise
models or rejection.

These extensions are not implemented in the present study. Accordingly, this study is a local
geometric benchmark, not a deployable system. Randomized three-dimensional simulations and
synchronized vehicle tests should next quantify association, calibration/timing sensitivity, localization,
failure coverage, and latency.

6. Conclusions

This study developed a curvature-aware inverse-geometric framework for camera-assisted
mmWave NLoS localization under a high-frequency, single-bounce specular-reflection model. Its
principal methodological contribution is the implicit differentiation of branch-selected reflection
points on a finite-dimensional curved reflector and the use of the resulting reduced derivatives to
analyze joint target-reflector recovery. The Levenberg-Marquardt algorithm and Fisher information
are established tools used for numerical inversion and local information assessment, respectively, and
are not claimed as independent innovations. Fermat-branch nondegeneracy makes the reduced map
locally smooth; full column rank of its augmented Jacobian gives regular local identifiability; Fisher-
Schur information quantifies local position information after eliminating reflector nuisance directions;
and local stability additionally requires bounded Jacobian variation and small branch-preserving
perturbations. These implications neither establish global uniqueness nor guarantee solver
convergence.

The strengthened tangent-plane analysis defines a uniform small-footprint family with paired
curved and planar branches and proves an O(H?) range discrepancy together with O(H) azimuth
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and generic localization-bias upper bounds; the localization statement is conditional on local inverse
stability. The numerical study examines radar-pose aperture, camera accuracy, initialization scale,
sensor-noise level, observation ablations, and 12 fixed geometries. Across 400 paired synthetic trials
at nominal noise, curved radar-camera localization attained an RMSE of 0.145 m versus 0.199 m for
the planar model, and it had the lowest common-start RMSE in all 12 screened geometries. These
findings support explicit curvature modeling within the prescribed local synthetic setting, but they do
not establish superiority over every NLoS method or curved-reflector basis, arbitrary-initialization
convergence, full electromagnetic validity, or road-vehicle performance.

These conclusions are limited to calibrated two-dimensional geometry, finite-dimensional
circular-arc curves, known association of a single reflection, 12 deterministic two-level screening
geometries, a nongrazing local branch, and local initial values screened for branch validity. The study
does not address full electromagnetic scattering, material and polarization effects, diffuse reflection,
multiple reflections, unknown data association, three-dimensional free-form surfaces, dynamic
synchronization errors, or non-Gaussian correlated noise. Accordingly, the cross-scenario ranking is
descriptive of the tested design points and does not support extrapolation to untested geometries or
interaction effects.

Operational validation will require a three-dimensional surface formulation, explicit multipath
association, analysis of calibration and timing errors, and synchronized vehicle-mounted camera—radar
experiments.
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