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Abstract: This paper introduced a modified version of the classical Bernstein operators that involved
a nonnegative mixing parameter denoted by . We also demonstrated that these operators satisfy
important mathematical properties, such as linearity and positivity. By applying the Bohman-
Korovkin theorem, we established conditions under which the operators uniformly approximated a
given continuous function. Based on this, we derived formulas that described the rate of convergence.
Additionally, we proved a Voronovskaya type theorem, which provided an asymptotic description of
the approximation error. We also provided estimates related to the smoothness of the function. By
using the classical modulus of continuity, we explained how the error behaved when the function had
local variations, and expressed this in terms of first-order properties like monotonicity and convexity.
Finally, we showed that our operators preserved these shape-related features, which gave theoretical
strength to the results and highlighted the practical value of the operator.
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1. Introduction

Linear positive operators play a central and essential role in approximation theory. Their common
properties, such as stability and positivity, along with their ability to reproduce basic test functions,
make them very useful. A careful study of these operators has greatly influenced the development of
approximation processes and provided an important path to the classical Weierstrass approximation
theorem [1]. The simplest proof of this classical result was first introduced by Bernstein [2] using
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binomial distribution as follows:

B(h,u) = Zrlw{(u)h(}%), (1.1)

/=0

where w{(u) = (;)uf (1—u)/ and h € C[0,1]. In the last twenty years, this field has grown
rapidly. This growth is due to the development of computational mathematics and the increasing need
for unified and high-performance approximation methods. These advances have allowed for better
control over convergence behavior, approximation rates, and the geometric shapes of the resulting
operators, largely through the use of parameter-dependent generalizations. This changing approach
has led to many important generalizations of classical operators, e.g., Nasir et al. investigated the
approximation properties of generalized g-Szasz [3], a-Bernstein-Schurer [4], and Szdsz-Mirakjan [5]
operators through wavelet-based, Kantorovich, and Stancu-type modifications. His research focused on
convergence behavior, rates of approximation, and Voronovskaja-type asymptotic results using moduli
of continuity and Ditzian-Totik functionals, supported by numerical and graphical analyses. Rao et al.
contributions to approximation theory include the construction and analysis of modified Szasz-
Beta [6] and Szédsz-Integral operators [7] based on general Appell polynomials, alongside Stancu-
type generalized Baskakov operators [8]. These investigations provide quantitative approximation
estimates, weighted and statistical convergence results, and Voronovskaja-type asymptotic formulas
through various smoothness measures and functional techniques. Berrera et al. [9] developed
a normalized B-spline-like basis for C? cubic splines and super-convergent quasi-interpolation
operators. Bouhiri et al. [10] developed polynomial and spline quasi-interpolants based on the
Bernstein basis, utilizing polar forms and symmetric polynomials to achieve effective approximation.
Cai et al. [11] introduced generalized («, g)-Bernstein operators and established their convergence
rates, monotonicity, and convexity-preserving properties. Walczak et al. [12] investigated the
convergence rates of modified Baskakov operators for polynomial-type functions, emphasizing their
computational applicability. Aktuglu et al. [13] introduced y-Baskakov-Kantorovich operators,
establishing improved approximation, weighted convergence rates, and shape-preserving properties.
Ayman-Mursaleen et al. [14] investigated shifted-knot a-Bernstein operators, deriving approximation
error bounds, direct estimates, and shape-preserving properties, and Baytung et al. [15] developed
Riemann-Liouville fractional Bernstein-Kantorovich operators, establishing convergence rates, affine
function preservation, and bivariate approximation results.

In 2012, 1zgi [16] defined a class of new Bernstein-type operators on a moving interval as
: (j(r+a)) 0 (r+a)

Fra h, = ra h <u< )
ap(lt,0) ;U”b(”) H(r+ b) “=0Th)

(1.2)

r ; r=j . . . .
where v, , (1) = (;j:—;j) (;)ul (::_Z - u) , 0 < a < b, and he studied some approximation properties of

this new type of operators for one and two variable functions.

Remark 1.1. For a = b, the sequence of modified Bernstein operators given in (1.2) reduces to the
classical Bernstein operators introduced in (1.1).

In 2020, Usta [17] defined a new modification of Bernstein operators as

Bi(h,u) = % Z(; (;)h(%)(] P (1 =y 0 <u <, (13)
=
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and he showed some approximation properties of these operators.

In [18], a new family of generalized Bernstein operators has been studied as

Toth = Y wih(2), 0<u <,
=0

(1.4)
where
) -2 _ .
w, (u) = [(1 - a)(r ) )u +(1- a/)(r‘ )(1 —u) + au(l — u)(r) X (r,)u’_l (1 —u),
’ J j—2 J J
r>2,wiyu) =1-u, and wi (u) = u. For @ = 1, (1.4) reduces to (1.1).
2. Construction of new generalized Bernstein operators
Motivated by the above literature, we construct a new modification of Bernstein operators as
Foi) = S vy, 0 < < E50 2.1)
,U) = v (wh;, 0<u< R .
r,a,b = r,j,a,b J (l"+ b)
where h; = h (420, ve () = 154 —u, 0, () = u, and

r+afr-2 r+afr=2\(r+a
(1—a/)r+b(j)u+(1—a) ( )(

r+a r
—_ + —_
r+b\j-2)\r¥b ”) Cm(r+b ”)(])]
L (r+a r=j-1
xuf_l( —u) ,
r+b

where r > 2 and the binomial coefficients (;) are given by

r!
_—, if 0<j<r,
(5): pe—pr L OsIE
J 0, else.
The calculations lead directly to the following low-degree formulas:

r+b reb 7!
@ =|1- 1- ,
Ur,O,a,b(u) ( ar n au) ( u)

r+a
+b +b !
vfmb(u):(l—a+ar u)(r u) .
r+a J\r+a
For example,
2+b 2+b
5 =|1- 1-
Y205() ( Y55 au)( 2 +au)’
2+b 2+b
2 =2 1- ,
V21.06(1) a/2+au( 2 +au)
«w =1 N 2+b \2+b
Y2240 = R I
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and 2
3+b 3+b

a =11- 1-
V3 0,05 (1) a3+au)( 3+au) ’
. 3+b \3+b 3+b
U3 1.ap@) = 1+2cy—3a/3 +au) 3 +au(1 ~3 +au)’
N 3+4b \3+b 3+b
%&MWF:1_a+&%+aﬁ3+au0_3+aﬁ’
O PR R AT R ?
U uy=|l-a+a u uj -
33.ab 3+a 3+a

: rooa - r+a
These formulas satisfy ), =0 vr,j,a’b(u) =lon0<u<=3.

(02

@ (s u) defined in (2.1) is positive under the parameter restrictions.

Remark 2.1. The operator F
3. Novelty and contributions

The primary novelty of this work lies in the introduction of a new family of generalized Bernstein
operators, denoted by F' jfa’b(h, u) and defined in Eq (2.1). This construction unifies and extends several
existing approximation operators through the incorporation of three independent parameters: a non-
negative mixing parameter , and two domain parameters a and b that shift the approximation interval.

Generalization of known operators
The proposed operators satisfy the following reduction properties:

e For « = 1, the operators reduce to the modified Bernstein operators on a moving interval
introduced by Izgi [16] (Eq (1.2)).

e For a = b = 0, they coincide with the family of generalized Bernstein operators studied by
Chen et al. [18] (Eq (1.4)).

e When o = 1 and a = b, the classical Bernstein operators (Eq (1.1)) are recovered.

Thus, the new operators serve as a unifying framework that encompasses these important
special cases.

Shape parameter a

The parameter « acts as a shape parameter influencing the approximation behavior. For0 < a < =7,
the operators are positive linear operators that reproduce constants and linear functions. Numerical
experiments (see Figures 1-3) show that varying « produces moderate changes in the approximation
curves, particularly in regions of higher curvature, whereas the parameter r plays the principal role in

the convergence process.

Key theoretical properties
Beyond the unifying structure, the paper establishes several new theoretical results for this family:

¢ A Voronovskaya-type asymptotic formula (Theorem 4.9) that quantifies the rate of convergence
for twice differentiable functions.

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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e A uniform error estimate in terms of the modulus of continuity (Theorem 4.12), which provides
a constructive bound on the approximation error.

e Shape-preserving properties (Theorem 5.1) showing that the operators preserve both
monotonicity and convexity, which describe the shape-preserving behavior of the proposed
operators.

These results are not direct corollaries of the earlier special cases; they are derived specifically for
the a-Bernstein structure blended and demonstrate the robustness of the new operators.

Practical relevance

The flexible interval [0, 2] and the parameter a provide a parameter-dependent extension of
the corresponding Bernstein-type construction. In the present paper, we restrict our claims to
the approximation-theoretic and shape-preserving properties that are established analytically and

numerically. We now investigate several properties of the family of operators constructed in (2.1).
Lemma 3.1. For all r > 2, independent of a:
(i) (End point interpolation) The F7 ,(.,u) a-Bernstein operator for h(u) interpolates h(u) at both

endpoints of the interval [0, =71, namely,

F(l/

r,a,b

r+a r+a
n:0) = h(0) and F° (h;—):h( )
( ) () an r.a,b I"+b l’-l-b

(ii) (Linearity) The F ;fa’b(., u) a-Bernstein operator is linear, that is,

Fy ,(mh+ng,u) = mF;

ra,b

(h,u) + nF? (g, u),

ra,b

for all functions h and g defined on [0, =51, and all real m and n.

We can express (2.1) as follows to discuss some other properties of this operator:

@ r+b\" r+b\ ~ (r\ .(r+a r=j
A

r+a =\ r+b

where

. r=2\ .(r+a r=j-1 - r=2\ . ,(r+a r=
— , J _ = , j-1 —
= Zh]( J )M (r+b u) ’ = Zh}(i—Z)u (r+b u) '

J=0

It is imperative to recall that both terms corresponding to j = rin f; and j = 0 in f, are equivalent to
zero. Therefore, the following expressions can be used to represent f; and f:

r—1 ; r i
r—=2\ .(r+a r-j-1 r—=2\ ., (r+a r=
- , J - = , j-1 —
fl_zoh’( j )“ (r+b ”) ’ fz_zhf(j—z)” (r+b ”) ’
]:

=

where (::%) =0in f; and ('__12) = 0in f;. Replacing j with j+ 1 in the summation indicated by f, yields
the ensuing result
= r=2\ .(r+a r=i-l
= Sn, j ( _ ) .
S JZ:;J ’“(j—l)u r+b "
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Consequently, the following result can be obtained:

r—1 ) ) ) r—j-1
f‘+fzzz[(rj )h”(;—l)h“‘]”’(:;j‘”) -

j=0

Since
(r—.z):(l_ J )(r_.l) and ('f_z): J (r_.l),
J r—1 J j=1) r=1\ j
as a result
S (r—1 r+a r=j-1
+fH=)>F; f( —) ,
fl f2 ; J( ] ) l"+b
where . .
Fo=(1-—L\n+-—Ln 3.1
p=\ Ty )t T e (3.1)

It has been demonstrated that F; is a linear combination of 4; and h ;.
Therefore, there exist alternative representations of the operator Fy' .

Theorem 3.2. The newly defined modified a-Bernstein operator for h(u) can be expressed as follows:

re b\ 'S (r=1\ (r+a r=j-1
@ _ _ . J —
R

. (3.2)
r+b r r+a rJ
+a h; u’( b u) ,
r+al S\ r+
where
i = (1 = 1)hf+ i
Lemma 3.3. The following identities hold:
0 Fr(Lw=1, (3.3)
@) Fy,,(u,u) = u. (3.4)

Proof. (i) It follows from (3.1) and the representation (3.2) that, if #; = 1, then F; = 1 and

r+ b\ S (r=1\ (r+a r—j-1 r+b\" o (r\ ;(r+a rej
a — _ J — J —_ =
Fr,a,b(l’u) (1 a)(r+a) JZ( ] )I/l (r+b I/t) +Q(r+a) JZ(])M (r+b u) 1’

=0 =0

by the binomial theorem.
(i1) For the linear function A(f) = t, we have

_Jjr+a Eo= Jj(r+a)

Substitution into (3.2), followed by the standard first-moment identity for the binomial basis on [0, ::—Z],
gives
F(tuw) = (1 —au+au = u.

Thus, the operator reproduces both constants and linear functions.

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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4. Approximation by F ,(h,u) operators

Definition 4.1. Let I be a compact subset of R, let h : I — R be a real-valued function, and let m > 0.
The forward difference operator is defined as

Anh(uw) = h(u + m) — h(u).
The higher-order forward difference is further defined as

Al h(u) = AP AR h(w).

m

The closed form is

A h(u) = Z(—l)"*f'(’f)h(u + jm).
=0 J
These higher-order forward differences will be employed to reformulate the operator and to streamline
the computation of its moments. In particular, only the fourth-order forward difference is required for
the evaluation of the fourth moment of the operator. So, let us take m = =% and the polynomial

r(r+b)
function of degree kh(u) = u*, where r > m. Then, we have
A'h(0) =0 for m>t

and
(r+a)* k!
(r + byk 1k’

H(&) =

i r+a) )\ (r + a)k
Ah(r(r+b)J)_ rk(r + b)k

(r+a) » (r+a) -
where ¢; € ((;+Z)]’ (:+Z)(] + k)).

We consider now the following result.

Lemma 4.2. In the context of the present framework, the higher-order forward difference of F ; admits
the representation

J
r—1

i+ k
)Akhj + i_—lAkth, 4.1)

N = (1=
where . .
F,= (1 - 1)hj+ .

Now, from Theorem 3.1 in the work of Chen et al. [18], and consistently with the
representation (3.2), we obtain the following theorem:

Theorem 4.3. The new blending-type modification of the a-Bernstein polynomials can be represented
in terms of difference operators as follows:
(r +b )"
ul .
r+a

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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Furthermore, Theorem 4.3 and Lemma 4.2 prove that the new modification of the a-Bernstein
operator is degree-preserving. In the particular case, for h(u) = u* and j > k + 1, it follows that

r+b \' r+b \' r+b
rab(u U) = ¢y ul +ciy u + ...+ ul+ cop, 4.2)
r+a r+a

r+a

where
1\ '
= (1- a)(] r )AJFO + a(r,)Afho.
J

Lemma 4.4. The following identities hold:

(0)
r+2(1—a/) r+a
r“b(u u) = 72 u(r+b_u)’
(if)
" _ P [r+2(1-a)] , r+a r+6(l —a r+a r+a
F”b(u u) = r? M(r+b u)+ r M(r+b u)(r+b 2u),
(iii)
3 6[r+2(1—a)] s(r+a Alr+6(1 —a)] ,(r+a r+a
’“b(u u) = u* r? ! (r+b u)+ r? ! (r+b_u)(r+b_2u)
[3r(r —2) + 12(r — 6)(1 — @)]u (”—”—u)[r+14(l—a)] rta
" r4 u(r+b_u)'

Proof. With h(u) = u?, we have

hO)=0,  AhO) = (2 * a;;, A%h(0) = ‘%’
o) s et i) e
() - ) s
(R st
and
Fo=0, &F0 = Aa(0)+ ri lh(i’(:r-:-cg)) - :t?r22r++al)9;2’
RO T g1
AIMS Mathematics
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for n > 3. Thus, it follows from (4.2) that
(1- )(r— 1) r+a? r+2 +a/(r) (r+a)? | (r+b)

1 [P+ r—1 U+ rra”
(r+a)2 r+1 r (r+a)2 (r+b)2 5
(1_a)( ) rz(r+b)2r—1+“(2)2'r2(r+b)2 r+ap”
(r+a)2 (r+b) (r+a)2 (r+b)2 s 9
= rz(,,+b)2-(r+a)u-(r+2(1 - a)) + P v an” (P =r=2(1-a)).

Thus, when h(u) = u?, F®

r/a

ra b(u Lt) -

b(uz, u) 1s the quadratic polynomial

21 -
Fo Gl =+ (rz aOu(iiZ—u). 4.3)

Similarly, we can prove (i) and (iii).

The following lemma introduces a concise yet highly effective criterion for characterizing the
convergence of a linear positive operator to the identity operator.

Lemma 4.5. [19, 20] For any nonnegative integer r, let {L,h;r = 0,1, ...} be a sequence of linear
positive operators from C[c,d] to C[c,d]. If the sequence {L.h;r = 0, 1, ...} converges uniformly to h(u)
for the functions h(u) = 1,u,u® on [c,d] and u € [c,d],

lim L,(h; u) = h(u)
uniformly on [c,d].

This cornerstone result in the theory of uniform approximation by linear positive operators is known
as the Bohman-Korovkin theorem. Relation (4.3) implies the uniform convergence of the @-Bernstein
operators to u” for all real @. In view of the Bohman-Korovkin theorem, the convergence statements
below follow directly from (3.3), (3.4), and (4.3).

Theorem 4.6. (Bohman-Korovkin type convergence) Let h(u) be a continuous function on the interval

[0 ’”‘] If the F? ,(h,u), new modification a-Bernstein operators satisfy the Bohman-Korovkin test

r+b r,a,b

conditions on this interval, then for every a € [(), ’:Z] the sequence of a-Bernstein operators converges
uniformly to h(u) on [0 ’”]

> r+b
We next examine the error term F ;’,m, »(M(u), w)—h(u) and, for this purpose, introduce the two lemmas
below.
Lemma 4.7. Let
My, w) = F7 (0= w)", u), m=1,23,4,

where ¢, = (r + a)/(r + b). Then,

1 (W) = 0, (4.4)
i = 20 D, ), (4.5)

i = 0D e, e~ 2w, “6)
184 (u) = %{[Mr =2)+12(r = 6)(1 — )lulc, — u) + [r + 14(1 — )]c?}. (4.7)

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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Proof. The identities follow by expanding (r — )™ and using Lemma 3.3 together with Lemma 4.4.
The use of the actual sampling nodes ¢,.; = jc./r removes the scale mismatch present in the previous
formulation.

Lemma 4.8. There exists a constant C > 0, independent of r, such that for u € [0, c,] and A € (0,1/4),

402 JCr
> v <Cr f =",

|tr’j—u\2r

Indeed, Markov’s inequality together with (4.7) gives

Z Uf, j,a,b(bt) < fad ,uf,4(u) — 0(’,4/1—2).

[t j—ul>r4

We establish two theorems devoted to the estimation of the approximation error ¥ ;fa’b(h(u), u)—h(u).
For functions possessing continuous second derivatives, the first theorem establishes an asymptotic
representation of the error associated with the new a-Bernstein polynomials. A new variant of the
Voronovskaja theorem [21], applicable to a wide class of linear positive operators, is established in the
following theorem.

Theorem 4.9. (Voronovskaja theorem) Let h(u) be bounded on [0 ’”] Then, for any u € [O ’”]

> r+b r+b
which h (u) exists,

lim r |72, (), u) = h(u)| = %u (1 —u) " (u),

where 0 < a < ’:Z

Proof. For j < r, we have by Taylor’s formula

h(r) = h(u) + (t — wh (u) + %(r —u)?h () + s@)(t — u)?,

where lim,_,, s(¢) = 0. In this setting, if one chooses t = ig—:;’
Jjr+a) jr+a) J(r+ a) 2 " jir+a)\(jr+a) 2
h(r(r+b)) h(u) + ((r+b) ) @+ (( b)) )h(u)+s(r(r+b))(r(r+b)_u) '

Consequently, we obtain

- o [ (j(r+a)
r[Fe,p0hu) = hw)| = rZ V2 (10) »h(r o b))—h(u)]

[(j(r +a) L1 (jor+a Vo
rZ v,’j’a’b(u) ( - u)h (u) + 3 ( - u) h (u)

P \r(r +b) r(r+b)
jir+a)\(j(r+a) 2
s r(r +b) r(r+b)_u
1 a jir+a)\(jr+a) o
= H,(uw)h () + —Hz(u)h ‘(u) + r; (r(r . b)) (r(r b u) O]

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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Then, use of (4.4) and (4.5) gives

r [Fﬁfa’b(h, u) — h(u)] = (% + ! ; a/) u (: iz — u) h (w) + rK,(u),

where

4 jir+a)\(jr+a) 2 o
K =), S(r(r ¥ b)) (r(r ¥b) ”) Vrsas ()
j=0

When 0 < a < 24, one can derive the following inequality:
r+b

jr+a)
Kawls Y | |s(r(r ' b))
ot

jr+a) )
r(r + b) TH) Urjantt

Jor+a)\[(j(r+a) o
+ - : .
2 ‘s (r(r ¥ b)) (r(r b)) Ve
=T
Let any € > 0 be given. We can find r sufficiently large such that Iﬁl < rs implies 's (%) < €.
Hence,
€
K )] < —Hau) +N - 3 vl (0.
L2
where N = SUP( /< r2a s(t)(t — u)*. By (4.5) and Lemma 4.8 (when A = %),
2(1 - + NC
rK.(w)| < e|l + ( a)]u(r a—u)+ —.
r+b rz
As the choice of € is arbitrary, the argument concludes the proof.
In the ensuing analysis, we will examine the function defined by
1 1
h(u) 4.8)

JEC 1+120(u- 1) 14120(u—2)

approximating it with the a-Bernstein operator for various values of the parameters a, b, r, and a.
Figure 1 illustrates the approximation behavior of the operators F'¢ , (h, u), defined for the special
case a = b, with respect to the test function A(u). In Figure 1(a), the f)élrameter a is fixed at @ = 0.5,
while the parameter r varies. It is clearly observed that, as r increases, the corresponding operator
curves converge uniformly to the target function A(u), indicating an improvement in the approximation
quality. In Figure 1(b), the parameter r is fixed at r = 20, and the influence of different values of «
is examined. The results show that increasing « significantly enhances the approximation accuracy,
particularly in regions where the test function exhibits higher curvature. These observations confirm
that the proposed operator family possesses both asymptotic convergence properties and a flexible,
parameter-dependent structure that allows effective control over the approximation behavior.

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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a=b,a=0.5 a=b,r=20

0.04 0.04

0.02 -

0.02 A1

—0.02 A

—0.02 A

—0.04 A —0.04 A

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
u u

(a) @ = 0.5 constant and r = 10, 20, 30 (b) r = 20 constant and @ = 0.1,0.5,0.9

Figure 1. Approximation of h(u) for a = b using Fy ,(h, u) operators.

Figure 2 illustrates the approximation of the test function /(u) by the operators F; , (h, u) fora = 2,
b =5, and a@ = 0.4, while r varies as r = 10, 20, 30.

a=2,b=5a=04

0.04

0.02 A

0.00 -

—0.02

—0.04 A

0.0 0.2 0.4 0.6 0.8
u

Figure 2. Approximation to h(u) fora = 2, b = 5, « = 0.4, and r = 10, 20, 30 using
F ;fa’b(h, u) operators.

Figure 3 illustrates the approximation behavior of the operators F; ,(h,u) for different pairs
a,b with the parameter r fixed at r = 20. In Figure 3(a), the values a = 2, b = 5, and
a = 0.088, 0.440, 0.792 are considered, whereas in Figure 3(b), a = 5, b = 12 with @ =
0.078, 0.391, 0.703 are used. In both cases, it is observed that the approximation improves as «
increases, with the operator curves approaching /4(u) more closely, particularly in regions of higher
curvature. These results indicate that the parameters a, b indirectly influence the approximation process
by determining the admissible range of the parameter a.

The a-Bernstein operators yield explicit approximations for a given continuous function. It has
been established that the sequence F ,(h,u) converges uniformly to the target function /s (u) on the
interval [0, Z7]. A natural subsequent problem is the quantitative assessment of the approximation
error, for which the modulus of continuity serves as an effective analytical tool.

AIMS Mathematics Volume 11, Issue 10, 34615-34634.
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a=2,b=5,r=20 a=5,b=12,r=20

0.04 0.04
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—0.04 A —0.04 A
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u u
(@)a=2,b=>5and o =0.088,0.440,0.792 (b)a=5,b=12and a = 0.078,0.391,0.703

Figure 3. Approximation to /(u) for r = 20 using F! , (h, u) operators.

Definition 4.10. [22] Let h be a function defined on the interval [c,d]. For 6 > 0, the modulus of
continuity of h on [c, d], denoted by w(9), is defined as follows:

w(6) = sup |h(ur) — h(uz)|.

up,uz€le,d]
|u1—u2|56

We need some properties of the modulus of continuity.

Lemma 4.11. [22] The modulus of continuity of h(u) on the interval [c,d] satisfies the following
properties:

(i) If 0 < 6y < 0y, then w(61) < wW(67).
(ii) The function h(u) is uniformly continuous on [c, d] if, and only if, lims_,o w(9) = O.
(iii) For A > 0, the inequality w(19) < (1 + ) w(0) holds.

We consider an estimate for the approximation error measured in the uniform norm, namely,

r,a,b ra,b

Ih(u) = F2, (s w)ll = max |h(u) - F2, ,(h,u)|,
O<u<4

where || - || denotes the uniform norm on the interval [0, ;:—Z]. The following theorem gives an upper
bound.

Theorem 4.12. Assume that h € C[0,=3]. Then, for each a satisfying 0 < a < =3, the following
assertion holds:

r,a,b

3
1) = Fryh )] < 5 (8ra)

r(r+a)?+2(1-a)(r+a)?
where 6,, = v D)
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Proof. The linearity of the F operator and (3.3), for 0 < a < =%,

) = F2,,(h,u)| =

Now, by invoking Lemma 4.11, we obtain

r

2,

J=0

U(:,j,a,b(”) (h(u) - h(

< h(u) — h(
=0

-
< w(‘u -
=0

Jj(r+a)
r(r+b)

|

jr+a)ll ,
Ur,j,a,b(u)

r(r+b)

|

) vffj,a’b(u).

j(r+a)
r(r +b)

Jj(r+a) 1 j(r+a) 1 Jj(r+a)
- = - 6ra <1 - 6ra/
“’('” o+ b) ) “’((sm ST M et EUCEY
so that
. - Jj(r+a)
|h(”) - F,,,(h, ”)| < jZo (1 + Sra U= r(r + b) )w(ér") Urjab(u)
1 ](r +a)
< 1
- w(ér,a)[ + 5r’a J:O (r + b) r,gb( ))
By an application of the Cauchy-Schwarz inequality, it follows that
. jr+a) B ‘ Jj(r + a) -
JZ:(; ‘u r(r + b) ”“b( u = Z r(r +b) ’j’“’b(u) \/vr’j’“’b(u)
11 1
r ](}" + a) N 2 r N 2
| & jr+a)\ w I
= u— u
= r(r + b) Urjab
In view of (4.5), we obtain
. Jjir+a) r+2(1-a) (r+a ) r+2(1—a)(r+a)2
_ H = —ul < .
;(H r(r+b)) Vrjas () = () = r? “Grr YT 4r? r+b
Thus,
1 [r+2(1—-a) (r+a\?
LOREMUD E “’(5’“)[ 5ra \/ 472 (r n b) )
1 \Jr(r+ a2 +2(1 — a)(r + a)?
= 5ra 1
(n )[ T 27(r + D)

Vr(r+apP+2(1-a)(r+a)?
r(r+b)

with the choice 6,, =

AIMS Mathematics

3
Ew(dr,a) )

, and the proof of the theorem is complete.
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The preceding theorem provides an estimate for the approximation error

h(u) — F¢  (h,u)

ra,b

expressed in terms of the modulus of continuity. On the other hand, assuming that the function A(u) is
continuous on the interval [0, 1], it follows from Lemma 4.11 that

_— Vrir+a)? +2(1 —a)(r + a)2} o
r—00 r(r + b)

Consequently, this observation yields an alternative proof of Theorem 4.6.
5. Shape preserving properties of F' , (h, u)

This section is devoted to the study of shape-preserving properties, where it is shown that the a-
Bernstein operator preserves monotonicity as well as convexity. The following theorem establishes
that the a-Bernstein operator F'' , (h, u) preserves monotonicity.

Theorem 5.1. Suppose that h € C[0, =7]. For any a with 0 < a < =, if h(u) is monotone increasing
(respectively, monotone decreasing) on [0, =], then each a-Bernstein operator associated with h

retains the same monotonic behavior on [0,

r+a

> r+b
rta

r+b-"

Proof. We write the @-Bernstein operator in the form
reb\ 'S (r=1\ (r+a r=j-1
FC (hou)=(1— F. y ( _ )
r,a,b( I/l) ( a)(r+a) ]Z:(; ]( ] )I/t r+ b u

r+b\' o, (r\ (r+a \
ISR
+a(r+a) Z j(j)u r+b "

j=0

where

J(r+a) ( J ) J
hi=h F=(1- h B,
! (r(r+b))’ ! F—1) T

By computing the derivative of the a-Bernstein operator F\' ,(h, u), we obtain

(Fe,,) () = (1 - )Ty +aT>,
where
reb\ T S (r-1 L (r+a r=j-1 (r+a r-j=2
e Sl e
! (r+a) Z:: j( J )[]u r+b " (r=J=Du r+b "
and
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The term T, can be written in the form

reb\ T S [r-1 r+a r=i-1
T, = ‘ F; f‘l(—— )
! (r+a) JZ:(;J( J )Ju r+b "

r—-1 r—1 il
() S of otz

Observe that the term associated with j = 0 in the first summation and the term corresponding to
Jj = r—11in the second summation both vanish. Hence, after shifting the index in the first sum,

brer r—isD
n=(r) ool (g

brer r—i D
(2 Sl (e
,1r—1_ 1r—2_ ,1r—l
Gl )=o) e )
r—-1 r-2

:(r_l)(::Z) ZAF( ,)uj(:::z_u)r_j—%

where A denotes the forward difference operator. Consequently, by Lemma 4.2,

Since

we have

j+1
-1

AFJ-:(l— J )Ah

]"—1 Ah]+la

and, therefore,

r=1 r=2 r—j—
le(r”’) Z[(r—j—I)Ahj+(j+1)Ahj+1](r;2)u (”“ u) "

r+a _ r+b
j=0

By an analogous argument, one can show that

r+b\ S r—1\ .(r+a r=j-1
T, = Ah J( _ ) .
2 r(r+a) Z j( Jj )u r+b “

J=0

Consequently, the derivative of the a-Bernstein operator Fy' , (h, u) takes the form

r+ b\ S r—=2\ .(r+a r-j=2
houy = (1 - — = 1)AR; + (j+ DAR;, J( —)
(Fep) (o = ( a)( a) FZOW j = DAR; +(j+1) ,1]( ; )u ol
rb) & r—1\ .(r+a r=j-1
VY ) M I o
+ar(r+a)jz hj( j )u r+b .
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The monotonic character of the a@-Bernstein operator is dictated by the sign of the forward
differences Ah;. Indeed, when h(u) is monotone increasing, all forward differences are nonnegative,
which ensures that the derivative of F ;fa’b(h, u) is nonnegative for every u € [0, ::—Z]. Hence, F' ‘rfa’b
inherits the increasing nature of the function 4. In a similar manner, if 4(x) is monotone decreasing on

[0, =%], then the a-Bernstein operator likewise preserves this decreasing behavior.
The following theorem establishes that the a-Bernstein operator F'* , (h; u) possesses the convexity-
preserving property.

Theorem 5.2. Let h € C[0, =]. If h(u) is convex on the interval [0, =], then for every a satisfying

r+b-" +b
0 < @ < =3, all corresponding a-Bernstein operators preserve the convexity of h.

Proof. It follows from (3.2) that
reb\ " S (r=1\ . (r+a r=j-1
@ —(1— ) j _
=022 Sl (-
+b\ < (T r=j
+a(r ) hj(r')u](r a_ u) ,
r+al 4 J r+b

J(r+a) ( J ) J
hy=h F=(1- h B,
! (r(r+b))’ ! F—1)b T

Following the same line of reasoning adopted in the derivation of the first derivative in the proof of
Theorem 5.1, we arrive at the equation

r—=1 r=3 e
R B I R TGS

where

r+a

rr=2
-2 r—k-2
) Z Azhk(r )uk (r a4 u) .
e k r+b

r+b
r+a

+0/r(r—1)( "

In accordance with (4.1), we have

k k+2
APF, = (1 - I)Ath + r+—1A2hk+1.

Since the function A(u) is convex on the interval [0, ::—Z], all of its second-order divided differences

are nonnegative. By exploiting the well-known relationship between finite differences and divided
differences at equidistant nodes, it follows that

k(r+a) (k+1D(r+a) (k+2)(r+a) S
r(r+b)  r(r+b) °  r(r+b) -7

2
r+a )

A’h =2
I (r(r + b)

and A%F, > 0. Hence, ;
(Fe,,) (hw) 20,

which establishes the convexity of Fy ,(h,u) and thereby completes the proof.
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The results established in Theorems 5.1 and 5.2 demonstrate the shape-preserving nature of
the operator. More precisely, if the function 4(x) is monotone increasing (respectively, monotone
decreasing) on the interval [0, 7], then the associated operator preserves the same monotonic behavior
on [0, ::—Z]. Likewise, whenever h(u) is convex (or concave) on [0, :j:—‘b‘], the operator retains this
convexity (or concavity). These results show that the corrected a-Bernstein polynomials 5 ,(1) retain

the monotonicity and convexity properties of the approximated function on the prescribed interval.
6. Conclusions

This study introduced a new family of generalized a@-Bernstein operators that preserve fundamental
properties analogous to those of the classical Bernstein operators (1.1) as well as the Izgi
operators (1.2). As discussed earlier, the @-Bernstein operators under consideration admit the following

representation:
" r+afr—-2 r+afr=2\(r+a
hi|(1- 1 - ( - )
)JZ:(; "[( a)r+b( Jj )u+( a)r+b(j—2) r+b !
(e (-
+au —ul|l J|W|———u
r+b j r+b

3 - PN L A AW r+b \'
_;[(1 a/)( R )AFO+a(k)Aho (r+au).

The generalized blending-type Bernstein operators possess the following properties:

o r+b
Pt~ (2

(i) For @ = 1, Eq (2.1) reduces to izgi operator (1.2).

(i1) If a = b = 0, then Eq (2.1) coincides with (1.4) by Chen et al. [18].

(ii1)) Moreover, when @ = 1 and a = b, Eq (2.1) reduces to the classical Bernstein operator given
in (1.1).

(iv) The new «-Bernstein operators constitute a class of positive linear operators that exactly
reproduce linear polynomials and exhibit shape-preserving characteristics.

(v) For every a € [0, Z%], the newly introduced operators converge uniformly to any continuous
function on the interval [0, 23], and this convergence is independent of the parameter a.

(vi) For any a with 0 < a < =7, the operator F ;’,j,mb(h, u) preserves both monotonicity and convexity.

Accordingly, the parameter @ may be interpreted as a shape parameter of the newly introduced
operators, since the form of the approximation curve produced by the operator can be effectively
controlled by varying @ within the interval [0, Z]. This flexibility renders the a-Bernstein operator
significant from both theoretical and practical perspectives.
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