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Abstract: In this paper, the Lie symmetry analysis method is extended to investigate the space–
time fractional Gerdjikov–Ivanov equation, a generalized derivative nonlinear Schrödinger equation
that arises in various branches of nonlinear physics, including nonlinear optics, fluid mechanics, and
plasma physics. By applying the Lie symmetry approach, we derive the corresponding symmetry
groups for both the space–time fractional equation and its special cases—the time-fractional and
the integer-order Gerdjikov–Ivanov equations. The obtained Lie symmetries are then utilized to
reduce the fractional partial differential equations with Riemann–Liouville fractional derivative to
systems of fractional ordinary differential equations involving the Erdélyi–Kober fractional derivative.
Subsequently, the power series method is employed to construct explicit power series solutions for
the reduced systems, and the convergence of these solutions is rigorously analyzed with numerical
simulations provided to support the analytical results. Furthermore, the conservation laws for the
studied equations are systematically established by developing a generalized version of Noether’s
operators and applying the new conservation theorem. The results presented in this work not only
extend the existing Lie symmetry analysis of derivative nonlinear Schrödinger-type equations but also
provide a comprehensive analytical framework for studying fractional nonlinear evolution equations.
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1. Introduction

The Gerdjikov–Ivanov equation is one of nonlinear Schrödinger equations (NLSEs), also known
as derivative nonlinear Schrödinger equation type III (DNLSIII), in which the derivative items
are nonlinear. As we all know, the NLSEs are widely used in the fields of nonlinear optics,
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nonlinear quantum field theory, fluid mechanics, solid physics, nuclear physics, plasma physics,
thermodynamics, chemistry, and so on. Recently, various generalizations of the Gerdjikov–Ivanov
equation have attracted considerable attention. For instance, Yan et al. [1] investigated quasiperiodic
type optical solitons in the fully nonlinear complex structured perturbed Gerdjikov–Ivanov equation,
and Liu and Zeng [2] examined the discontinuous initial value problem and Whitham modulation for
the generalized Gerdjikov–Ivanov equation. These studies demonstrate the ongoing interest in this
equation and motivate further investigation into its fractional extensions.

As a generalization of the classical calculus, fractional calculus can be traced back to the letter
written by l’Hôspital to Leibniz in 1695. Since then, it has gradually gained the attention of
mathematicians. Especially in recent decades, it has developed rapidly and been successfully applied
in many fields of science and technology [3–6]. Among the various approaches to fractional differential
equations, both analytical and numerical methods have attracted considerable interest. On the
analytical side, various techniques have been developed to construct exact solutions of fractional
equations, including truncated M-fractional and conformable derivative approaches [7, 8]; on the
numerical side, effective schemes such as Chebyshev collocation methods and adaptive finite element
methods have been proposed for solving fractional partial differential equations (PDEs) and interface
problems [9–11]. In addition, fractional models have been widely applied in fluid dynamics, heat
transfer, nonlinear wave propagation, and other complex dynamical systems [12–15]. These diverse
methodologies and applications highlight the richness and challenge of studying fractional differential
equations. As a generalization of the NLSEs, the space–time fractional Schrödinger equations
(STFSEs) have more extensive applications. Among them, Yu and Feng in [16] studied the space–
time fractional cubic Schrödinger equation (STFCSE) by using Lie symmetry analysis method.

Lie symmetry analysis method was founded by Norwegian mathematician Sophus Lie at the
end of the nineteenth century and then further developed by some other mathematicians, such as
Ovsiannikov [17], Olver [18], Ibragimov [19–21] and so on. As a modern method among many analytic
techniques, Lie symmetry analysis has been extended to fractional differential equations (FDEs) by
Gazizov et al. [22] in 2007. It was then effectively applied to various models of the FDEs occurring in
different areas of applied science (see [23–25]).

In this paper, Lie symmetry analysis method is extended to the following space–time fractional
Gerdjikov–Ivanov equation (STFGIE):

iDα
t z + D2β

x z − iz2Dβ
xz +

1
2
|z|4 z = 0, (1.1)

where z(t, x) = u(t, x) + iv(t, x), 0 < α, β ≤ 1, and Dβ
xz is a complex conjugate of Dβ

xz.
When β = 1, Eq (1.1) becomes time fractional Gerdjikov–Ivanov equation as follows:

iDα
t z + zxx − iz2zx +

1
2
|z|4 z = 0. (1.2)

When α = β = 1, Eq (1.1) becomes an integer-order Gerdjikov–Ivanov equation as follows:

izt + zxx − iz2zx +
1
2
|z|4 z = 0, (1.3)

which is studied by Vinita and Ray in [26] with the Lie symmetry analysis method.
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Although the classical integer-order Gerdjikov–Ivanov equation has been widely applied to
describe nonlinear wave propagation in various physical media, it is fundamentally based on the
assumption of local, homogeneous, and ideal conditions. In reality, many physical systems exhibit
anomalous diffusion, long-range interactions, and memory effects, which cannot be adequately
captured by integer-order derivatives. In such systems, fractional calculus provides a more accurate
description of the underlying dynamics. The introduction of time-fractional derivatives accounts for
memory effects and nonlocal temporal responses, and space-fractional derivatives describe long-range
spatial interactions and anomalous diffusion. The space–time fractional Gerdjikov–Ivanov equation
considered in this paper therefore offers a more realistic model for wave propagation in complex
media, such as inhomogeneous optical fibers, turbulent plasmas, and non-Newtonian fluids, where
both temporal memory and spatial nonlocality play significant roles.

The main work of this paper is the extension of the classical integer-order Gerdjikov–Ivanov
equation to the space–time fractional setting, building upon the foundation established in [26]. By
adopting and adapting the methodological framework developed in our previous work [16] for the
space–time fractional cubic Schrödinger equation, this paper investigates the more complex fractional
Gerdjikov–Ivanov equation with derivative-type nonlinearities. Specifically, this paper presents all
Lie symmetries of Eqs (1.1)–(1.3) and derives the reduced equations, power series solutions, and
conservation laws for Eqs (1.1) and (1.2). In addition, for some power series solutions, the convergence
analysis and numerical simulation are given in this paper.

It should be noted that this paper adopts the Riemann–Liouville fractional derivative defined by [3–
6],

aDα
t f (t, x) = Dn

t aIn−α
t f (t, x) =

 1
Γ(n−α)

dn

dtn

∫ t

a
f (s,x)

(t−s)α−n+1 ds, n − 1 < α < n, n ∈ N,
Dn

t f (t, x), α = n ∈ N

for t > a. We denote the operator 0Dα
t as Dα

t throughout this paper.
This paper is organized as follows. In Sections 2 and 3, Lie symmetry analysis and power series

solutions of Eqs (1.1) and (1.2) are studied, respectively. In Section 4, a Lie symmetry analysis of
Eq (1.3) is presented. The conservation laws of Eqs (1.1) and (1.2) are obtained in Section 5 and the
conclusion is given in the last section.

2. Lie symmetry analysis and power series solutions of Eq (1.1)

Consider the space–time fractional Gerdjikov–Ivanov Eq (1.1). Because of z(t, x) = u(t, x)+ iv(t, x),
it becomes {

Dα
t u + D2β

x v − (u2 − v2)Dβ
xu − 2uvDβ

xv + 1
2v(u2 + v2)2 = 0,

Dα
t v − D2β

x u + (u2 − v2)Dβ
xv − 2uvDβ

xu − 1
2u(u2 + v2)2 = 0.

(2.1)

We assume that the system (2.1) is invariant under the one-parameter (ϵ) Lie group of continuous
point transformations, that is,

t∗ = t + ϵτ(t, x, u, v) + o(ϵ),

x∗ = x + ϵξ(t, x, u, v) + o(ϵ),

u∗ = u + ϵη(t, x, u, v) + o(ϵ),

v∗ = v + ϵζ(t, x, u, v) + o(ϵ),
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Dα
t∗u
∗ = Dα

t u + ϵηα,t + o(ϵ),

Dα
t∗v
∗ = Dα

t v + ϵζα,t + o(ϵ), (2.2)

Dβ
x∗u
∗ = Dβ

xu + ϵη
β,x + o(ϵ),

Dβ
x∗v
∗ = Dβ

xv + ϵζ
β,x + o(ϵ),

D2β
x∗u
∗ = D2β

x u + ϵη2β,x + o(ϵ),

D2β
x∗ v
∗ = D2β

x v + ϵζ2β,x + o(ϵ),

where τ, ξ, η, and ζ are infinitesimals, and ηα,t, ζα,t, ηβ,x, ζβ,x, η2β,x, and ζ2β,x are the corresponding
prolongations of orders α, β, and 2β, respectively.

The corresponding group generator is defined by

X = τ(t, x, u, v)
∂

∂t
+ ξ(t, x, u, v)

∂

∂x
+ η(t, x, u, v)

∂

∂u
+ ζ(t, x, u, v)

∂

∂v
. (2.3)

Therefore, the prolongation of the above group generator X has the form

Pr(α,2β)X = X + ηα,t
∂

∂uαt
+ ζα,t

∂

∂vαt
+ ηβ,x

∂

∂uβx
+ ζβ,x

∂

∂vβx
+ η2β,x ∂

∂u2β
x

+ ζ2β,x ∂

∂v2β
x

, (2.4)

where

ηα,t =Dα
t (η) + τDα

t (ut) − Dα
t (τut) + ξDα

t (ux) − Dα
t (ξux)

=
∂αη

∂tα
+ (ηu − αDt(τ))

∂αu
∂tα
− u

∂αηu

∂tα
+ (ηv

∂αv
∂tα
− v

∂αηv

∂tα
)

+

∞∑
n=1

[
(
α

n

)
∂nηu

∂tn −

(
α

n + 1

)
Dn+1

t (τ)]Dα−n
t (u) + µ1 + µ2

+

∞∑
n=1

(
α

n

)
∂nηv

∂tn Dα−n
t (v) −

∞∑
n=1

(
α

n

)
Dn

t (ξ)Dα−n
t (ux),

(2.5)

with

µ1 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n
m

)(
k
r

)
tn−α(−u)r

k!Γ(n + 1 − α)
∂muk−r

∂tm

∂n−m+kη

∂tn−m∂uk ,

µ2 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n
m

)(
k
r

)
tn−α(−v)r

k!Γ(n + 1 − α)
∂mvk−r

∂tm

∂n−m+kη

∂tn−m∂vk ;

ζα,t =
∂αζ

∂tα
+ (ζv − αDt(τ))

∂αv
∂tα
− v

∂αζv

∂tα
+ (ζu

∂αu
∂tα
− u

∂αζu

∂tα
)

+

∞∑
n=1

[
(
α

n

)
∂nζv

∂tn −

(
α

n + 1

)
Dn+1

t (τ)]Dα−n
t (v) + µ3 + µ4

+

∞∑
n=1

(
α

n

)
∂nζu

∂tn Dα−n
t (u) −

∞∑
n=1

(
α

n

)
Dn

t (ξ)Dα−n
t (vx),

(2.6)
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with

µ3 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n
m

)(
k
r

)
tn−α(−u)r

k!Γ(n + 1 − α)
∂muk−r

∂tm

∂n−m+kζ

∂tn−m∂uk ,

µ4 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n
m

)(
k
r

)
tn−α(−v)r

k!Γ(n + 1 − α)
∂mvk−r

∂tm

∂n−m+kζ

∂tn−m∂vk ;

ηiβ,x =Diβ
x (η) + τDiβ

x (ut) − Diβ
x (τut) + ξDiβ

x (ux) − Diβ
x (ξux)

=
∂iβη

∂xiβ + (ηu − iβDx(ξ))
∂iβu
∂xiβ − u

∂iβηu

∂xiβ + (ηv
∂iβv
∂xiβ − v

∂iβηv

∂xiβ )

+

∞∑
n=1

[
(
iβ
n

)
∂nηu

∂xn −

(
iβ

n + 1

)
Dn+1

x (ξ)]Diβ−n
x (u) + µ5 + µ6

+

∞∑
n=1

(
iβ
n

)
∂nηv

∂xn Diβ−n
x (v) −

∞∑
n=1

(
iβ
n

)
Dn

x(τ)Diβ−n
x (ut), (i = 1, 2)

(2.7)

with

µ5 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
iβ
n

)(
n
m

)(
k
r

)
xn−iβ(−u)r

k!Γ(n + 1 − iβ)
∂muk−r

∂xm

∂n−m+kη

∂xn−m∂uk ,

µ6 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
iβ
n

)(
n
m

)(
k
r

)
xn−iβ(−v)r

k!Γ(n + 1 − iβ)
∂mvk−r

∂xm

∂n−m+kη

∂xn−m∂vk ;

and

ζ iβ,x =
∂iβζ

∂xiβ + (ζv − iβDx(ξ))
∂iβv
∂xiβ − v

∂iβζv

∂xiβ + (ζu
∂iβu
∂xiβ − u

∂iβζu

∂xiβ )

+

∞∑
n=1

[
(
iβ
n

)
∂nζv

∂xn −

(
iβ

n + 1

)
Dn+1

x (ξ)]Diβ−n
x (v) + µ7 + µ8

+

∞∑
n=1

(
iβ
n

)
∂nζu

∂xn Diβ−n
x (u) −

∞∑
n=1

(
iβ
n

)
Dn

x(τ)Diβ−n
x (vt), (i = 1, 2)

(2.8)

with

µ7 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
iβ
n

)(
n
m

)(
k
r

)
xn−iβ(−u)r

k!Γ(n + 1 − iβ)
∂muk−r

∂xm

∂n−m+kζ

∂xn−m∂uk ,

µ8 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
iβ
n

)(
n
m

)(
k
r

)
xn−iβ(−v)r

k!Γ(n + 1 − iβ)
∂mvk−r

∂xm

∂n−m+kζ

∂xn−m∂vk .

When α = 1, the prolongation operators (2.5) and (2.6) coincide with the one-order formulas as
follows:

ηt =Dt(η) − utDt(τ) − uxDt(ξ)
=ηt + (ηu − τt)ut + ηvvt − τuu2

t − τvvtut − ξtux − ξuutux − ξvvtux,
(2.9)
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ζ t =Dt(ζ) − vtDt(τ) − vxDt(ξ)
=ζt + (ζv − τt)vt + ζuut − τuutvt − τvv2

t − ξtvx − ξuutvx − ξvvtvx.
(2.10)

When β = 1, the prolongation operators (2.7) and (2.8) coincide with the one- and two-order formulas
as follows:

ηx =Dx(η) − utDx(τ) − uxDx(ξ)
=ηx + (ηu − ξx)ux + ηvvx − ξuu2

x − ξvvxux − τxut − τuutux − τvvxut,
(2.11)

ζ x =Dx(ζ) − vtDx(τ) − vxDx(ξ)
=ζx + (ζv − ξx)vx + ζuux − ξuuxvx − ξvv2

x − τxvt − τuuxvt − τvvtvx,
(2.12)

and

ηxx =D2
x(η) − utD2

x(τ) − 2uxtDx(τ) − uxD2
x(ξ) − 2uxxDx(ξ)

=ηxx + (2ηux − ξxx)ux + 2ηvxvx + (ηuu − 2ξux)u2
x + ηvvv2

x + 2(ηuv − ξvx)uxvx

+ (ηu − 2ξx)uxx + ηvvxx − ξvvxxux − 2ξvuxxvx − 3ξuuxxux − ξvvuxv2
x

− ξuuu3
x − 2ξuvu2

xvx − 2τxutx − 2τuuxutx − 2τvvxutx − τuuxxut − τvvxxut

− τxxut − 2τuxuxut − 2τvxvxut − τuuu2
xut − τvvv2

xut − 2τuvuxvxut,

(2.13)

ζ xx =D2
x(ζ) − vtD2

x(τ) − 2vxtDx(τ) − vxD2
x(ξ) − 2vxxDx(ξ)

=ζxx + 2ζuxux + (2ζvx − ξxx)vx + ζuuu2
x + (ζvv − 2ξvx)v2

x + 2(ζuv − ξux)uxvx

+ ζuuxx + (ζv − 2ξx)vxx − ξuuxxvx − 2ξuuxvxx − 3ξvvxxvx − ξuuu2
xvx

− ξvvv3
x − 2ξuvuxv2

x − 2τxvtx − 2τuuxvtx − 2τvvxvtx − τuuxxvt − τvvxxvt

− τxxvt − 2τuxuxvt − 2τvxvxvt − τuuu2
xvt − τvvv2

xvt − 2τuvuxvxvt.

(2.14)

Remark 1. The infinitesimal transformations (2.2) should conserve the structure of the Riemann–
Liouville fractional derivative operator, of which the lower limit in the integral is fixed. Therefore,
the manifold t = 0, x = 0 should be invariant with respect to such transformations. The invariance
condition arrives at

τ(t, x, u, v)|t=0 = ξ(t, x, u, v)|x=0 = 0. (2.15)

Remark 2. From the expressions of µ1, µ2, ... , µ8, if the infinitesimals η, ζ are linear with respect to
the variables u and v, then µ1 = µ2 = ... = µ8 = 0; that is,

∂2η

∂u2 =
∂2η

∂v2 =
∂2ζ

∂u2 =
∂2ζ

∂v2 = 0. (2.16)

The one-parameter Lie symmetry transformations (2.2) are admitted by the system (2.1); if the
following invariance criterion holds:{

Pr(α,2β)X
(
Dα

t u + D2β
x v − (u2 − v2)Dβ

xu − 2uvDβ
xv + 1

2v(u2 + v2)2)|(2.1) = 0,
Pr(α,2β)X

(
Dα

t v − D2β
x u + (u2 − v2)Dβ

xv − 2uvDβ
xu − 1

2u(u2 + v2)2)|(2.1) = 0,
(2.17)

which can be rewritten as
(
ηα,t + ζ2β,x − (u2 − v2)ηβ,x − 2uvζβ,x − 2(uDβ

xu + vDβ
xv − u3v − uv3)η

+(2vDβ
xu − 2uDβ

xv + 1
2 (u4 + 6u2v2 + 5v4))ζ

)
|(2.1) = 0,(

ζα,t − η2β,x + (u2 − v2)ζβ,x − 2uvηβ,x − 2(uDβ
xu + vDβ

xv + u3v + uv3)ζ
+(2uDβ

xv − 2vDβ
xu − 1

2 (v4 + 6u2v2 + 5u4))η
)
|(2.1) = 0.

(2.18)
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Putting ηα,t, ζα,t, ηβ,x, ζβ,x, η2β,x, ζ2β,x into (2.18) and letting coefficients of various derivatives of u and
v to be zero, we can obtain the over-determined system of differential equations as follows:

τx = τu = τv = ξt = ξu = ξv = 0, (2.19)

ηvx = ηvt = ζux = ζut = 0, (2.20)

ζu + ηv = 0, (2.21)

ζv − ηu + ατt − 2βξx = 0, (2.22)

ζv − ηu − ατt + 2βξx = 0, (2.23)(
α

n

)
∂nηu

∂tn −

(
α

n + 1

)
Dn+1

t (τ) = 0, n ∈ N, (2.24)(
α

n

)
∂nζv

∂tn −

(
α

n + 1

)
Dn+1

t (τ) = 0, n ∈ N, (2.25)(
iβ
n

)
∂nηu

∂xn −

(
iβ

n + 1

)
Dn+1

x (ξ) = 0, n ∈ N, i = 1, 2, (2.26)(
iβ
n

)
∂nζv

∂xn −

(
iβ

n + 1

)
Dn+1

x (ξ) = 0, n ∈ N, i = 1, 2, (2.27)

(u2 − v2)(βξx − ατt) + 2uv(ηv − ζu) − 2uη + 2vζ = 0, (2.28)

−(u2 − v2)ηv + 2uv(ηu − ζv + βξx − ατt) − 2vη − 2uζ = 0, (2.29)

(u2 − v2)ζu + 2uv(ζv − ηu + βξx − ατt) − 2vη − 2uζ = 0, (2.30)

(
∂αη

∂tα
− u

∂αηu

∂tα
− v

∂αηv

∂tα
) + (

∂2βζ

∂x2β − u
∂2βζu

∂x2β − v
∂2βζv

∂x2β ) − (u2 − v2)(
∂βη

∂xβ
−

u
∂βηu

∂xβ
− v

∂βηv

∂xβ
) − 2uv(

∂βζ

∂xβ
− u

∂βζu

∂xβ
− v

∂βζv

∂xβ
) −

1
2

v(u2 + v2)2(ηu − ατt)

+
1
2

u(u2 + v2)2ηv + 2(u3v + uv3)η +
1
2

(u4 + 6u2v2 + 5v4)ζ = 0.

(2.31)

(
∂αζ

∂tα
− u

∂αζu

∂tα
− v

∂αζv

∂tα
) − (

∂2βη

∂x2β − u
∂2βηu

∂x2β − v
∂2βηv

∂x2β ) + (u2 − v2)(
∂βζ

∂xβ
−

u
∂βζu

∂xβ
− v

∂βζv

∂xβ
) − 2uv(

∂βη

∂xβ
− u

∂βηu

∂xβ
− v

∂βηv

∂xβ
) +

1
2

u(u2 + v2)2(ζv − ατt)

−
1
2

v(u2 + v2)2ζu − 2(u3v + uv3)ζ −
1
2

(v4 + 6u2v2 + 5u4)η = 0.

(2.32)

Solving these equations altogether, with the conditions (2.15) and (2.16), we can obtain infinitesimals
as follows:

ξ = c1x, τ =
2β
α

c1t, η = −
β

2
c1u + c2v, ζ = −

β

2
c1v − c2u, (2.33)

where c1 and c2 are arbitrary constants.
Therefore, System (2.1) admitted the two-dimensional Lie algebra spanned by

X1 = x
∂

∂x
+

2β
α

t
∂

∂t
−
β

2
u
∂

∂u
−
β

2
v
∂

∂v
, X2 = v

∂

∂u
− u

∂

∂v
, (2.34)
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with [X1, X2] = 0.
The characteristic equation corresponding to the group generator X1 is

dx
x
=
αdt
2βt
=

2du
−βu

=
2dv
−βv

, (2.35)

from which, we obtain the similarity variables xt−
α
2β , ut

α
4 and vt

α
4 . Therefore, we get the invariant

solutions of the system (2.1) as follows:

u(t, x) = t−
α
4 f (ω), v(t, x) = t−

α
4 g(ω), (2.36)

with ω = xt−
α
2β .

Theorem 2.1. The similarity transformations u(t, x) = t−
α
4 f (ω), v(t, x) = t−

α
4 g(ω) with the similarity

variable ω = xt−
α
2β reduce System (2.1) to the system of fractional ordinary differential equations given

by 
(P1− 5α

4 ,α
2β
α

f )(ω) = −ω−2β(D−2β,2β
1 g)(ω) + ω−β( f 2(ω) − g2(ω))(D−β,β1 f )(ω)

+2ω−β f (ω)g(ω)(D−β,β1 g)(ω) − 1
2g(ω)( f 2(ω) + g2(ω))2,

(P1− 5α
4 ,α

2β
α

g)(ω) = ω−2β(D−2β,2β
1 f )(ω) − ω−β( f 2(ω) − g2(ω))(D−β,β1 g)(ω)

+2ω−β f (ω)g(ω)(D−β,β1 f )(ω) + 1
2 f (ω)( f 2(ω) + g2(ω))2,

(2.37)

where (Pι,κδ ) is the left-hand Erdélyi–Kober fractional differential operator defined by

(Pι,κδ ψ)(ω) :=
m−1∏
j=0

(ι + j −
1
δ
ω

d
dω

)(K ι+κ,m−κ
δ ψ)(ω), ω > 0, δ > 0, κ > 0, (2.38)

m =
{

[κ] + 1, i f κ < N,
κ, i f κ ∈ N,

where

(K ι,κ
δ ψ)(ω) :=

{ 1
Γ(κ)

∫ ∞
1

(s − 1)κ−1s−(ι+κ)ψ(ωs
1
δ )ds, i f κ > 0,

ψ(ω), i f κ = 0,
(2.39)

is the left-hand Erdélyi–Kober fractional integral operator. Furthermore, (Dι,κ
δ ) is the right-hand

Erdélyi–Kober fractional differential operator defined as follows:

(Dι,κ
δ ψ)(ω) :=

m∏
j=1

(ι + j +
1
δ
ω

d
dω

)(Iι+κ,m−κδ ψ)(ω), ω > 0, δ > 0, κ > 0, (2.40)

m =
{

[κ] + 1, i f κ < N,
κ, i f κ ∈ N,

where

(Iι,κδ ψ)(ω) :=

 1
Γ(κ)

∫ 1

0
(1 − s)κ−1sιψ(ωs

1
δ )ds, i f κ > 0,

ψ(ω), i f κ = 0,
(2.41)

is the right-hand Erdélyi–Kober fractional integral operator.
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Proof: For 0 < α < 1, the Riemann–Liouville time fractional derivative of u(t, x) can be obtained as
follows:

∂αu
∂tα
=
∂α

∂tα
(t−

α
4 f (ω)) =

∂

∂t

[ 1
Γ(1 − α)

∫ t

0
(t − s)−αs

−α
4 f (xs−

α
2β )ds

]
.

Assuming r = t/s, we have

∂αu
∂tα
=
∂

∂t

[ t1− 5α
4

Γ(1 − α)

∫ ∞

1
(r − 1)−αr

5α
4 −2 f (ωr

α
2β )dr

]
=
∂

∂t

[
t1− 5α

4 (K1− α4 ,1−α
2β
α

f )(ω)
]
.

Because of ω = xt−
α
2β , the following relation holds:

t
∂

∂t
ψ(ω) = tx(−

α

2β
)t−

α
2β−1ψ′(ω) = −

α

2β
ω

d
dω

ψ(ω).

Hence, we arrive at

∂

∂t

[
t1− 5α

4 (K1− α4 ,1−α
2β
α

f )(ω)
]
= t−

5α
4
[
(1 −

5α
4
−
α

2β
ω

d
dω

)(K1− α4 ,1−α
2β
α

f )(ω)
]
= t−

5α
4 (P1− 5α

4 ,α
2β
α

f )(ω).

Similarly, the Riemann–Liouville time fractional derivative of v(t, x) is

∂αv
∂tα
= t−

5α
4 (P1− 5α

4 ,α
2β
α

g)(ω).

For 0 < β < 1 and β , 1/2, the Riemann–Liouville space fractional derivative of u(t, x) becomes

∂2βu
∂x2β =

∂n

∂xn

[ 1
Γ(n − 2β)

∫ x

0
(x − s)n−2β−1t

−α
4 f (st−

α
2β )ds

]
, n − 1 < 2β < n (n = 1, 2).

Letting r = s/x, we get

∂2βu
∂x2β = t

−α
4
∂n

∂xn

[ xn−2β

Γ(n − 2β)

∫ 1

0
(1 − r)n−2β−1 f (ωr)dr

]
= t

−α
4
∂n

∂xn

[
xn−2β(I0,n−2β

1 f )(ω)
]
.

Because of (Iι,01 ψ)(ω) = ψ(ω), if 2β = n = 1, 2, the above equation still holds. Taking into account the
relation

x
∂

∂x
ψ(ω) = xt−

α
2βψ′(ω) = ω

d
dω

ψ(ω),

we arrive at

t
−α
4
∂n

∂xn

[
xn−2β(I0,n−2β

1 f )(ω)
]
=t

−α
4
∂n−1

∂xn−1

[
xn−2β−1(n − 2β + ω

d
dω

)(I0,n−2β
1 f )(ω)

]
= · · · = t

−α
4 x−2β

n∏
j=1

[
(−2β + j + ω

d
dω

)(I0,n−2β
1 f )(ω)

]
=t

−α
4 x−2β(D−2β,2β

1 f )(ω) = t
−5α

4 ω−2β(D−2β,2β
1 f )(ω).

Similarly, we can get

∂2βv
∂x2β = t

−5α
4 ω−2β(D−2β,2β

1 g)(ω),
∂βu
∂xβ
= t

−3α
4 ω−β(D−β,β1 f )(ω),

∂βv
∂xβ
= t

−3α
4 ω−β(D−β,β1 g)(ω).
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Then,

(u2 − v2)
∂βu
∂xβ
= t

−5α
4 ω−β( f 2(ω) − g2(ω))(D−β,β1 f )(ω),

(u2 − v2)
∂βv
∂xβ
= t

−5α
4 ω−β( f 2(ω) − g2(ω))(D−β,β1 g)(ω),

uv
∂βu
∂xβ
= t

−5α
4 ω−β f (ω)g(ω))(D−β,β1 f )(ω), uv

∂βv
∂xβ
= t

−5α
4 ω−β f (ω)g(ω))(D−β,β1 g)(ω),

u(u2 + v2)2 = t
−5α

4 f (ω)( f 2(ω) + g2(ω))2, v(u2 + v2)2 = t
−5α

4 g(ω)( f 2(ω) + g2(ω))2.

This completes the proof. □

Next, we use the power series method to derive the power series solutions of the reduced Eq (2.37).
Let us assume that the solutions have the following form:

f (ω) =
∞∑

k=0

akω
k, g(ω) =

∞∑
k=0

bkω
k, (2.42)

where ak and bk are determined later. Then,

f ′(ω) =
∞∑

k=0

(k + 1)ak+1ω
k, f ′′(ω) =

∞∑
k=0

(k + 2)(k + 1)ak+2ω
k. (2.43)

g′(ω) =
∞∑

k=0

(k + 1)bk+1ω
k, g′′(ω) =

∞∑
k=0

(k + 2)(k + 1)bk+2ω
k. (2.44)

From the definition of the left-hand Erdélyi–Kober fractional integral operator, we get

(K1− α4 ,m−α
2β
α

f )(ω) =
1

Γ(m − α)

∫ ∞

1
(s − 1)m−α−1s−(1− 5α

4 +m) f (ωs
α
2β )ds

=
1

Γ(m − α)

∫ ∞

1
(s − 1)m−α−1s−(1− 5α

4 +m)
∞∑

k=0

(akω
ks

kα
2β )ds

=

∞∑
k=0

akω
k
[ 1
Γ(m − α)

∫ ∞

1
(s − 1)m−α−1s−(1− 5α

4 −
kα
2β+m)ds

]
.

Because of the beta function B(p, q) =
∫ 1

0
xp−1(1 − x)q−1ds, assuming t = 1/x, we have

B(p, q) =
∫ 1

0
xp−1(1 − x)q−1dx =

∫ ∞

1
(t − 1)q−1t−(p+q)dt.

Therefore,

(K1− α4 ,m−α
2β
α

f )(ω) =
∞∑

k=0

akω
k
B(1 − α

4 −
kα
2β ,m − α)

Γ(m − α)
=

∞∑
k=0

Γ(1 − α
4 −

kα
2β )

Γ(1 − 5α
4 −

kα
2β + m)

akω
k.
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With m = [α] + 1 = 1, we get

(P1− 5α
4 ,α

2β
α

f )(ω) =
m−1∏
j=0

(1 −
5α
4
+ j −

α

2β
ω

d
dω

)(K1− α4 ,m−α
2β
α

f )(ω)

=(1 −
5α
4
−
α

2β
ω

d
dω

)(
∞∑

k=0

Γ(1 − α
4 −

kα
2β )

Γ(2 − 5α
4 −

kα
2β )

akω
k)

=

∞∑
k=0

Γ(1 − α
4 −

kα
2β )

Γ(1 − 5α
4 −

kα
2β )

akω
k.

(2.45)

Similarly,

(P1− 5α
4 ,α

2β
α

g)(ω) =
∞∑

k=0

Γ(1 − α
4 −

kα
2β )

Γ(1 − 5α
4 −

kα
2β )

bkω
k. (2.46)

It should be noted that the gamma functions appearing in Eqs (2.45) and (2.46) may have poles when
their arguments are nonpositive integers. To ensure the validity of the power series solution, we require
that

α

4
+

kα
2β
< Z+,

5α
4
+

kα
2β
< Z+,

where Z+ denotes the set of positive integers.
From the definition of the right-hand Erdélyi–Kober fractional integral operator, we get

(I0,n−2β
1 f )(ω) =

1
Γ(n − 2β)

∫ 1

0
(1 − s)n−2β−1 f (ωs)ds

=
1

Γ(n − 2β)

∫ 1

0
(1 − s)n−2β−1

∞∑
k=0

(akω
ksk)ds

=

∞∑
k=0

akω
k
[ 1
Γ(n − 2β)

∫ 1

0
(1 − s)n−2β−1skds

]
=

∞∑
k=0

akω
k B(k + 1, n − 2β)
Γ(n − 2β)

=

∞∑
k=0

Γ(k + 1)
Γ(k + 1 + n − 2β)

akω
k.

With n = [2β] + 1 = 1, 2, assuming n = 1, we get

(D−2β,2β
1 f )(ω) =

n∏
j=1

(−2β + j + ω
d

dω
)(I0,n−2β

1 f )(ω)

=(−2β + 1 + ω
d

dω
)(
∞∑

k=0

Γ(k + 1)
Γ(k + 2 − 2β)

akω
k)

=

∞∑
k=0

Γ(k + 1)
Γ(k + 1 − 2β)

akω
k.

(2.47)

Similarly,

(D−2β,2β
1 g)(ω) =

∞∑
k=0

Γ(k + 1)
Γ(k + 1 − 2β)

bkω
k, (2.48)
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and

(D−β,β1 g)(ω) =
∞∑

k=0

Γ(k + 1)
Γ(k + 1 − β)

akω
k, (D−β,β1 g)(ω) =

∞∑
k=0

Γ(k + 1)
Γ(k + 1 − β)

bkω
k. (2.49)

Substituting (2.42)–(2.49) into the system (2.37) arrives at the following equations:

∞∑
k=0

Γ(1 − α
4 −

kα
2β )

Γ(1 − 5α
4 −

kα
2β )

akω
k = −ω−2β

∞∑
k=0

Γ(k + 1)
Γ(k + 1 − 2β)

bkω
k + ω−β

∞∑
k=0

ωk[ ∑
l+m+n=k

Γ(n + 1)
Γ(n + 1 − β)

(alaman − blbman + 2albmbn) −
1
2

∑
l+m+n+p+q=k

(alamanapbq + 2alambnbpbq + blbmbnbpbq)
]
,

∞∑
k=0

Γ(1 − α
4 −

kα
2β )

Γ(1 − 5α
4 −

kα
2β )

bkω
k = ω−2β

∞∑
k=0

Γ(k + 1)
Γ(k + 1 − 2β)

akω
k − ω−β

∞∑
k=0

ωk[ ∑
l+m+n=k

Γ(n + 1)
Γ(n + 1 − β)

(alambn − blbmbn − 2albman) +
1
2

∑
l+m+n+p+q=k

(alamanapaq + 2alamanbpbq + albmbnbpbq)
]
.

Therefore, ak and bk satisfy the following expressions:

Γ(1− α4−
kα
2β )

Γ(1− 5α
4 −

kα
2β )

ak = −ω
−2β Γ(k+1)
Γ(k+1−2β)bk + ω

−β(∑
l+m+n=k

Γ(n+1)
Γ(n+1−β) (alaman − blbman

+2albmbn)
)
− 1

2

∑
l+m+n+p+q=k

(
alamanapbq + 2alambnbpbq + blbmbnbpbq

)
,

Γ(1− α4−
kα
2β )

Γ(1− 5α
4 −

kα
2β )

bk = ω
−2β Γ(k+1)
Γ(k+1−2β)ak − ω

−β(∑
l+m+n=k

Γ(n+1)
Γ(n+1−β) (alambn − blbmbn

−2albman)
)
+ 1

2

∑
l+m+n+p+q=k

(
alamanapaq + 2alamanbpbq + albmbnbpbq

)
,

(2.50)

from which, however, it is hard to obtain the explicit expressions of ak and bk.

3. Lie symmetry analysis and power series solutions of Eq (1.2)

The time-fractional Gerdjikov–Ivanov equation (1.2) can be rewritten as the following system:{
Dα

t u + vxx − (u2 − v2)ux − 2uvvx +
1
2v(u2 + v2)2 = 0,

Dα
t v − uxx + (u2 − v2)vx − 2uvux −

1
2u(u2 + v2)2 = 0.

(3.1)

The corresponding invariance criterion of System (3.1) under the group of transformations (2.2) is{
Pr(α,2)X

(
Dα

t u + vxx − (u2 − v2)ux − 2uvvx +
1
2v(u2 + v2)2)|(3.1) = 0,

Pr(α,2)X
(
Dα

t v − uxx + (u2 − v2)vx − 2uvux −
1
2u(u2 + v2)2)|(3.1) = 0,

(3.2)

where
Pr(α,2)X = X + ηα,t

∂

∂uαt
+ ζα,t

∂

∂vαt
+ ηxx ∂

∂uxx
+ ζ xx ∂

∂vxx
+ ηx ∂

∂ux
+ ζ x ∂

∂vx
. (3.3)

Therefore, the system (3.2) can be rewritten as
(
ηα,t + ζ xx − (u2 − v2)ηx − 2uvζ x − 2(uux + vvx − u3v − uv3)η
+(2vux − 2uvx +

1
2 (u4 + 6u2v2 + 5v4))ζ

)
|(3.1) = 0,(

ζα,t − ηxx + (u2 − v2)ζ x − 2uvηx − 2(uux + vvx + u3v + uv3)ζ
+(2uvx − 2vux −

1
2 (v4 + 6u2v2 + 5u4))η

)
|(3.1) = 0.

(3.4)
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Putting ηα,t, ζα,t, ηxx, ζ xx, ηx, ζ x into (3.4) and solving the obtained determining equations, we can get
the infinitesimals as follows:

ξ = c1x + c3, τ =
2
α

c1t, η = −
1
2

c1u + c2v, ζ = −
1
2

c1v − c2u, (3.5)

where c1, c2, and c3 are arbitrary constants. The system (3.1) then admits the three-dimensional Lie
algebra spanned by

X1 = x
∂

∂x
+

2
α

t
∂

∂t
−

1
2

u
∂

∂u
−

1
2

v
∂

∂v
, X2 = v

∂

∂u
− u

∂

∂v
, X3 =

∂

∂x
, (3.6)

with [X1, X2] = [X2, X3] = 0, [X1, X3] = −X3.

Case 1: X1

From the characteristic equation corresponding to the group generator X1, that is,

dx
x
=
αdt
2t
=

2du
−u
=

2dv
−v

, (3.7)

we obtain the similarity variables xt−
α
2 , ut

α
4 and vt

α
4 . Therefore, we get the invariant solutions of the

system (3.1) as follows:
u(t, x) = t−

α
4 f (ω), v(t, x) = t−

α
4 g(ω), (3.8)

with ω = xt−
α
2 .

Theorem 3.1. The similarity transformations u(t, x) = t−
α
4 f (ω), v(t, x) = t−

α
4 g(ω) with the similarity

variable ω = xt−
α
2 reduce the system (3.1) to the system of fractional ordinary differential equations

given by 
(P1− 5α

4 ,α
2
α

f )(ω) = −g′′(ω) + ( f 2(ω) − g2(ω)) f ′(ω)

+2 f (ω)g(ω)g′(ω) − 1
2g(ω)( f 2(ω) + g2(ω))2,

(P1− 5α
4 ,α

2
α

g)(ω) = f ′′(ω) − ( f 2(ω) − g2(ω))g′(ω)

+2 f (ω)g(ω) f ′(ω) + 1
2 f (ω)( f 2(ω) + g2(ω))2.

(3.9)

Proof: Similar to the proof of Theorem (2.1). □
The system (3.9) is consistent with (2.37) when β approaches 1. Following the same procedure as

in (2.37), the power series solutions of (3.9) are derived as follows.
Substituting (2.42)–(2.46) into the system (3.9) and equating the coefficients of different powers of

ω arrives at the following system:

Γ(1− (2k+1)α
4 )

Γ(1− (2k+5)α
4 )

ak = −(k + 2)(k + 1)bk+2 +
∑

l+m+n=k(n + 1)(alaman+1 − blbman+1

+2albmbn+1) − 1
2

∑
l+m+n+p+q=k(alamanapbq + 2alambnbpbq + blbmbnbpbq),

Γ(1− (2k+1)α
4 )

Γ(1− (2k+5)α
4 )

bk = (k + 2)(k + 1)ak+2 +
∑

l+m+n=k(n + 1)(blbmbn+1 − alambn+1

+2albman+1) + 1
2

∑
l+m+n+p+q=k(alamanapaq + 2alamanbpbq + albmbnbpbq),

(3.10)

from which, we can obtain the explicit expressions of ak and bk. For k = 0, we have a2 =
1
2

[
Γ(1− α4 )
Γ(1− 5α

4 )
b0 − (b2

0b1 − a2
0b1 + 2a0b0a1) − 1

2 (a5
0 + 2a3

0b2
0 + a0b4

0)
]
,

b2 = −
1
2

[
Γ(1− α4 )
Γ(1− 5α

4 )
a0 − (a2

0a1 − b2
0a1 + 2a0b0b1) + 1

2 (b5
0 + 2b3

0a2
0 + b0a4

0)
]
.

(3.11)
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For k = 1, we have 

a3 =
1
6

[
Γ(1− 3α

4 )
Γ(1− 7α

4 )
b1 − 2(b0b2

1 + b2
0b2 − a2

0b2 + b0a2
1 + a0b0a2)

−1
2 (4b1b3

0a0 + b4
0a1 + 4b1b0a3

0 + 6a2
0b2

0a1 + 5a4
0a1)

]
,

b3 = −
1
6

[
Γ(1− 3α

4 )
Γ(1− 7α

4 )
a1 − 2(a0a2

1 + a2
0a2 − b2

0a2 + a0b2
1 + a0b0b2)

+1
2 (4a1a3

0b0 + a4
0b1 + 4a1a0b3

0 + 6a2
0b2

0b1 + 5b4
0b1)

]
.

(3.12)

For k ≥ 2, we have

ak+2 =
1

(k+2)(k+1)

[
Γ(1− (2k+1)α

4 )

Γ(1− (2k+5)α
4 )

bk −
∑

l+m+n=k(n + 1)(blbmbn+1 − alambn+1

+2albman+1) − 1
2

∑
l+m+n+p+q=k(alamanapaq + 2alamanbpbq + albmbnbpbq)

]
,

bk+2 =
−1

(k+2)(k+1)

[
Γ(1− (2k+1)α

4 )

Γ(1− (2k+5)α
4 )

ak −
∑

l+m+n=k(n + 1)(alaman+1 − blbman+1

+2albmbn+1) + 1
2

∑
l+m+n+p+q=k(alamanapbq + 2alambnbpbq + blbmbnbpbq)

]
.

(3.13)

Next, the convergence analysis of the power series solutions for the system (3.9) is presented by
using the method in [26]. From (3.11)–(3.13), we get

|ak+2| ≤ 2
[
|bk| +

∑
l+m+n=k(|bl||bm||bn+1| + |al||am||bn+1| + 2|al||bm||an+1|)

+
∑

l+m+n+p+q=k(|al||am||an||ap||aq| + 2|al||am||an||bp||bq| + |al||bm||bn||bp||bq|)
]
,

|bk+2| ≤ 2
[
|ak| +

∑
l+m+n=k(|al||am||an+1| + |bl||bm||an+1| + 2|al||bm||bn+1|)

+
∑

l+m+n+p+q=k(|al||am||an||ap||bq| + 2|al||am||bn||bp||bq| + |bl||bm||bn||bp||bq|)
]
.

(3.14)

Assuming

C(θ) =
∞∑

k=0

ckθ
k, D(θ) =

∞∑
k=0

dkθ
k, (3.15)

where c0 = |a0|, d0 = |b0|, c1 = |a1|, d1 = |b1|, and
ck+2 = 2

[
dk +

∑
l+m+n=k(dldmdn+1 + clcmdn+1 + 2cldmcn+1)

+
∑

l+m+n+p+q=k(clcmcncpcq + 2clcmcndpdq + cldmdndpdq)
]
, k = 0, 1, 2 · · · ,

dk+2 = 2
[
ck +

∑
l+m+n=k(clcmcn+1 + dldmcn+1 + 2cldmdn+1)

+
∑

l+m+n+p+q=k(clcmcncpdq + 2clcmdndpdq + dldmdndpdq)
]
, k = 0, 1, 2 · · · ,

(3.16)

that is, |ak| ≤ ck, |bk| ≤ dk, k = 0, 1, 2 · · · , we can get

C(θ) = c0 + c1θ +

∞∑
k=0

ck+2θ
k+2 = c0 + c1θ + 2

∞∑
k=0

[
dk +

∑
l+m+n=k

(dldmdn+1 + clcmdn+1

+ 2cldmcn+1) +
∑

l+m+n+p+q=k

(clcmcncpcq + 2clcmcndpdq + cldmdndpdq)
]
θk+2

= c0 + c1θ + 2
[
D(θ) +C5(θ) + 2C3(θ)D2(θ) +C(θ)D4(θ)

+

∞∑
k=0

∑
l+m+n=k

(dldmdn+1 + clcmdn+1 + 2cldmcn+1)θk
]
θ2,

(3.17)
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D(θ) = d0 + d1θ +

∞∑
k=0

dk+2θ
k+2 = d0 + d1θ + 2

∞∑
k=0

[
ck +

∑
l+m+n=k

(clcmcn+1 + dldmcn+1

+ 2cldmdn+1) +
∑

l+m+n+p+q=k

(clcmcncpdq + 2clcmdndpdq + dldmdndpdq)
]
θk+2

= d0 + d1θ + 2
[
C(θ) + D5(θ) + 2C2(θ)D3(θ) +C4(θ)D(θ)

+

∞∑
k=0

∑
l+m+n=k

(clcmcn+1 + dldmcn+1 + 2cldmdn+1)θk
]
θ2.

(3.18)

Consider the implicit functional system with respect to the independent variable θ,

H(θ,C,D) = C − c0 − c1θ − 2
[
D +C5 + 2C3D2 +CD4

+

∞∑
k=0

∑
l+m+n=k

(dldmdn+1 + clcmdn+1 + 2cldmcn+1)θk
]
θ2,

(3.19)

I(θ,C,D) = D − d0 − d1θ − 2
[
C + D5 + 2C2D3 +C4D

+

∞∑
k=0

∑
l+m+n=k

(clcmcn+1 + dldmcn+1 + 2cldmdn+1)θk
]
θ2,

(3.20)

from which, H and I are analytic in the neighborhood of point (0, c0, d0) and H(0, c0, d0) = 0,
I(0, c0, d0) = 0. The Jacobian determinant is

J =
∂(H, I)
∂(C,D)

= 1 , 0. (3.21)

Then, the two series C = C(θ) and D = D(θ) are analytic in the neighborhood of (0, c0, d0) with
positive radius by implicit function theorem; that is, the series f (ω) and g(ω) are convergent in the
neighborhood of (0, c0, d0).

Therefore, the power series solutions of time-fractional Gerdjikov–Ivanov equation (1.2) have the
form

u(t, x) = t−
α
4 f (ω) =

∞∑
k=0

akxkt−
(2k+1)α

4 , v(t, x) = t−
α
4 g(ω) =

∞∑
k=0

bkxkt−
(2k+1)α

4 , (3.22)

where ak and bk are defined by (3.11)–(3.13) with the initial conditions f (0) = a0, g(0) = b0, f ′(0) = a1,
and g′(0) = b1.

Figures 1 and 2 illustrate the power series solutions u(t, x) and v(t, x) with different fractional orders.
As shown in Figure 1 (α = 0.4), both components exhibit smooth and localized wave profiles. In
Figure 2 (α = 0.8), the wave structures become more oscillatory and spread over a wider domain. This
indicates that smaller values of α correspond to stronger memory effects, leading to more confined
waveforms, whereas larger α yields weaker nonlocal effects and more extended patterns.
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(a) (b)

Figure 1. Numerical simulation of the power series solutions (3.22) with a0 = b0 = a1 =

b1 = 1, a2 = −1.698545409, b2 = 0.3014545912, a3 = −1.694834108, b3 = −0.9718325579,
and α = 0.4.

(a) (b)

Figure 2. Numerical simulation of the power series solutions (3.22) with a0 = b0 = a1 =

b1 = 1, a2 = −2, b2 = 0, a3 = −1.765967011, b3 = −0.9006996558, and α = 0.8.

Case 2: X2 + X3

From the characteristic equation corresponding to the group generator X2 + X3, that is,

dx
1
=
αdt
0
=

du
v
=

dv
−u

, (3.23)
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we obtain the similarity variables t and zeix. Therefore, the invariant solutions of Eq (1.2) are

z(t, x) =
(
f (t) + ig(t)

)
e−ix, (3.24)

where f (t) and g(t) are differentiable functions to be determined. Substituting (3.24) into Eq (1.2), we
can obtain the following reduced system of time fractional ordinary differential equations:{

Dα
t f (t) = g(t) − g(t)( f 2(t) + g2(t)) − 1

2g(t)( f 2(t) + g2(t))2,

Dα
t g(t) = − f (t) + f (t)( f 2(t) + g2(t)) + 1

2 f (t)( f 2(t) + g2(t))2.
(3.25)

4. Lie symmetry analysis of Eq (1.3)

The integer-order Gerdjikov–Ivanov equation (1.3) can be rewritten as the following system:{
ut + vxx − (u2 − v2)ux − 2uvvx +

1
2v(u2 + v2)2 = 0,

vt − uxx + (u2 − v2)vx − 2uvux −
1
2u(u2 + v2)2 = 0.

(4.1)

Similar to the above discussions, we can obtain the corresponding determining equations as follows:
(
ηt + ζ xx − (u2 − v2)ηx − 2uvζ x − 2(uux + vvx − u3v − uv3)η
+(2vux − 2uvx +

1
2 (u4 + 6u2v2 + 5v4))ζ

)
|(4.1) = 0,(

ζ t − ηxx + (u2 − v2)ζ x − 2uvηx − 2(uux + vvx + u3v + uv3)ζ
+(2uvx − 2vux −

1
2 (v4 + 6u2v2 + 5u4))η

)
|(4.1) = 0.

(4.2)

Putting ηt, ζ t, ηxx, ζ xx, ηx, ζ x into (4.2) and solving the obtained determining equations, we can get the
infinitesimals as follows:

ξ = c1x + c3, τ = 2c1t + c4, η = −
1
2

c1u + c2v, ζ = −
1
2

c1v − c2u, (4.3)

where c1, c2, c3, and c4 are arbitrary constants.
System (4.1) then admits the four-dimensional Lie algebra spanned by

X1 = x
∂

∂x
+ 2t

∂

∂t
−

1
2

u
∂

∂u
−

1
2

v
∂

∂v
, X2 = v

∂

∂u
− u

∂

∂v
, X3 =

∂

∂x
, X4 =

∂

∂t
, (4.4)

with [X1, X2] = [X2, X3] = [X2, X4] = [X3, X4] = 0, [X1, X3] = −X3, [X1, X4] = −2X4.
Note: The four group generators are consistent with those in [26], where the authors have obtained Lie
symmetry reductions, power series solutions, and conservation laws of the integer-order Gerdjikov–
Ivanov equation (1.3).

5. Conservation laws of Eqs (1.1) and (1.2)

In this section, the conservation laws of Eqs (1.1) and (1.2) are constructed by using the
generalization of the Noether operators and the new conservation theorem [27, 28].
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5.1. Conservation laws of Eq (1.1)

The system (2.1) is denoted as{
F1 = Dα

t u + D2β
x v − (u2 − v2)Dβ

xu − 2uvDβ
xv + 1

2v(u2 + v2)2 = 0,
F2 = Dα

t v − D2β
x u + (u2 − v2)Dβ

xv − 2uvDβ
xu − 1

2u(u2 + v2)2 = 0,
(5.1)

of which the formal Lagrangian is given by

L = p(t, x)F1 + q(t, x)F2

= p(t, x)
(
Dα

t u + D2β
x v − (u2 − v2)Dβ

xu − 2uvDβ
xv +

1
2

v(u2 + v2)2)
+ q(t, x)

(
Dα

t v − D2β
x u + (u2 − v2)Dβ

xv − 2uvDβ
xu −

1
2

u(u2 + v2)2),
(5.2)

where p(t, x) and q(t, x) are new dependent variables. The Euler–Lagrange operators are

δ

δu
=

∂

∂u
+ (Dα

t )∗
∂

∂(Dα
t u)
+ (Dβ

x)
∗ ∂

∂(Dβ
xu)
+ (D2β

x )∗
∂

∂(D2β
x u)
+

∞∑
s=1

(−1)sDi1 · · ·Dis

∂

∂ui1···is

,

δ

δv
=

∂

∂v
+ (Dα

t )∗
∂

∂(Dα
t v)
+ (Dβ

x)
∗ ∂

∂(Dβ
xv)
+ (D2β

x )∗
∂

∂(D2β
x v)
+

∞∑
s=1

(−1)sDi1 · · ·Dis

∂

∂vi1···is

,

where (Dα
t )∗, (Dβ

x)∗, and (D2β
x )∗ are the adjoint operators of Dα

t , Dβ
x, and D2β

x , respectively. They are
defined by

(Dα
t )∗ ≡ c

t Dα
T , (Dβ

x)
∗ ≡ c

xDβ
X, (D2β

x )∗ ≡ c
xD2β

X , (5.3)

where c
t Dα

T , c
xDβ

X, and c
xD2β

X are the right-sides of the Caputo fractional derivative. The system of adjoint
equations to (2.1) is given by

F∗1 =
δL
δu = (Dα

t )∗p − (D2β
x )∗q − (Dβ

x)∗((u2 − v2)p + 2uvq) − 2(up + vq)
·Dβ

xu − 2(vp − uq)Dβ
xv + 2uv(u2 + v2)p − 1

2 (u2 + v2)(5u2 + v2) = 0,
F∗2 =

δL
δv = (Dα

t )∗q + (D2β
x )∗p + (Dβ

x)∗((u2 − v2)q − 2uvp) − 2(up + vq)
·Dβ

xv + 2(vp − uq)Dβ
xu − 2uv(u2 + v2)q + 1

2 (u2 + v2)(u2 + 5v2) = 0.

(5.4)

Next, we use the above adjoint equation and the new conservation theorem to construct conservation
laws of Eq (1.1). From the classical definition of the conservation laws, a vector C = (Ct,Cx) is
called a conserved vector for the governing equation if it satisfies the conservation equation [DtCt +

DxCx]F1,F2=0 = 0. By using Noether theorem, the components of a conserved vector can be obtained.
To begin, from the fundamental operator identity, that is,

Pr(α,2β)X + Dtτ · I + Dxξ · I = Wu ·
δ

δu
+Wv ·

δ

δv
+ DtN

t + DxN
x, (5.5)

where Pr(α,2β)X is mentioned in (2.4), I is the identity operator, and Wu = η−τut−ξux, Wv = ζ−τvt−ξvx

are the characteristics for group generator X, we can get the Noether operators as follows:

N t = τI +

n−1∑
k=0

(−1)kDα−1−k
t (Wu)Dk

t
∂

∂(Dα
t u)
− (−1)nJ1(Wu,Dn

t
∂

∂(Dα
t u)

)

+

n−1∑
k=0

(−1)kDα−1−k
t (Wv)Dk

t
∂

∂(Dα
t v)
− (−1)nJ1(Wv,Dn

t
∂

∂(Dα
t v)

),

(5.6)
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N x = ξI +

m−1∑
k=0

(−1)kD2β−1−k
x (Wu)Dk

x
∂

∂(D2β
x u)
− (−1)mJ2(Wu,Dm

x
∂

∂(D2β
x u)

)

+

m−1∑
k=0

(−1)kD2β−1−k
x (Wv)Dk

x
∂

∂(D2β
x v)
− (−1)mJ2(Wv,Dm

x
∂

∂(D2β
x v)

)

+

l−1∑
k=0

(−1)kDβ−1−k
x (Wu)Dk

x
∂

∂(Dβ
xu)
− (−1)lJ3(Wu,Dl

x
∂

∂(Dβ
xu)

)

+

l−1∑
k=0

(−1)kDβ−1−k
x (Wv)Dk

x
∂

∂(Dβ
xv)
− (−1)lJ3(Wv,Dl

x
∂

∂(Dβ
xv)

),

(5.7)

where n = [α] + 1, m = [2β] + 1, l = [β] + 1, and J1, J2, J3 are given by

J1( f , g) =
1

Γ(n − α)

∫ t

0

∫ T

t

f (τ, x)g(θ, x)
(θ − τ)α+1−n dθdτ, (5.8)

J2( f , g) =
1

Γ(m − 2β)

∫ x

0

∫ X

x

f (t, ξ)g(t, θ)
(θ − ξ)2β+1−m dθdξ. (5.9)

J3( f , g) =
1

Γ(m − β)

∫ x

0

∫ X

x

f (t, ξ)g(t, θ)
(θ − ξ)β+1−m dθdξ. (5.10)

The components of conserved vector are defined by Ct = N tL, Cx = N xL.

Case 1: X1 = x ∂
∂x +

2β
α

t ∂
∂t −

β

2u ∂
∂u −

β

2v ∂
∂v

The characteristics of X1 are

Wu = −
β

2
u −

2β
α

tut − xux, Wv = −
β

2
v −

2β
α

tvt − xvx. (5.11)

Therefore, for 0 < α < 1,

Ct = pDα−1
t (Wu) + J1(Wu, pt) + qDα−1

t (Wv) + J1(Wv, qt). (5.12)

For 0 < β < 1/2,

Cx = − qD2β−1
x (Wu) − J2(Wu, qx) + pD2β−1

x (Wv) + J2(Wv, px)
− ((u2 − v2)p + 2uvq)Dβ−1

x (Wu) − J3(Wu, ((u2 − v2)p + 2uvq)x)
+ ((u2 − v2)q − 2uvp)Dβ−1

x (Wv) + J3(Wv, ((u2 − v2)q − 2uvp)x).
(5.13)

For 1/2 ≤ β < 1,

Cx = − qD2β−1
x (Wu) + qxD2β−2

x (Wu) + J2(Wu, qxx)
+ pD2β−1

x (Wv) − pxD2β−2
x (Wv) − J2(Wv, pxx)

− ((u2 − v2)p + 2uvq)Dβ−1
x (Wu) − J3(Wu, ((u2 − v2)p + 2uvq)x)

+ ((u2 − v2)q − 2uvp)Dβ−1
x (Wv) + J3(Wv, ((u2 − v2)q − 2uvp)x).

(5.14)
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Case 2: X2 = v ∂
∂u − u ∂

∂v

The characteristics of X2 are
Wu = v, Wv = −u. (5.15)

Therefore, for 0 < α < 1,

Ct = pDα−1
t v + J1(v, pt) − qDα−1

t u − J1(u, qt). (5.16)

For 0 < β < 1/2,

Cx = − qD2β−1
x v − J2(v, qx) − pD2β−1

x u − J2(u, px)
− ((u2 − v2)p + 2uvq)Dβ−1

x v − J3(v, ((u2 − v2)p + 2uvq)x)
− ((u2 − v2)q − 2uvp)Dβ−1

x u − J3(u, ((u2 − v2)q − 2uvp)x).
(5.17)

For 1/2 ≤ β < 1,

Cx = − qD2β−1
x v + qxD2β−2

x v + J2(v, qxx)
− pD2β−1

x u + pxD2β−2
x u + J2(u, pxx)

− ((u2 − v2)p + 2uvq)Dβ−1
x v − J3(v, ((u2 − v2)p + 2uvq)x)

− ((u2 − v2)q − 2uvp)Dβ−1
x u − J3(u, ((u2 − v2)q − 2uvp)x).

(5.18)

5.2. Conservation laws of Eq (1.2)

The system (3.1) is denoted as{
F1 = Dα

t u + vxx − (u2 − v2)ux − 2uvvx +
1
2v(u2 + v2)2 = 0,

F2 = Dα
t v − uxx + (u2 − v2)vx − 2uvux −

1
2u(u2 + v2)2 = 0,

(5.19)

of which the formal Lagrangian is given by

L = p(t, x)F1 + q(t, x)F2

= p(t, x)
(
Dα

t u + vxx − (u2 − v2)ux − 2uvvx +
1
2

v(u2 + v2)2)
+ q(t, x)

(
Dα

t v − uxx + (u2 − v2)vx − 2uvux −
1
2

u(u2 + v2)2),
(5.20)

The system of adjoint equations to (5.19) is therefore given by
F∗1 =

δL
δu = (Dα

t )∗p − qxx + ((u2 − v2)p + 2uvq)x − 2(up + vq)ux

−2(vp − uq)vx + 2uv(u2 + v2)p − 1
2 (u2 + v2)(5u2 + v2) = 0,

F∗2 =
δL
δv = (Dα

t )∗q + pxx − ((u2 − v2)q − 2uvp)x − 2(up + vq)vx

+2(vp − uq)ux − 2uv(u2 + v2)q + 1
2 (u2 + v2)(u2 + 5v2) = 0.

(5.21)

Similar to the discussion for Eq (1.1), the components of the conserved vector for Eq (1.2) can be
obtained as follows:

Ct = Dα−1
t (Wu)Dt

∂L

∂(Dα
t u)
+ J1(Wu,Dt

∂L

∂(Dα
t u)

) + Dα−1
t (Wv)Dt

∂L

∂(Dα
t v)
+ J1(Wv,Dt

∂L

∂(Dα
t v)

),
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Cx = Wu(
∂L

∂ux
− Dx

∂L

∂uxx
) + Dx(Wu)

∂L

∂uxx
+Wv(

∂L

∂vx
− Dx

∂L

∂vxx
) + Dx(Wv)

∂L

∂vxx
.

Case 1: X1 = x ∂
∂x +

2
α
t ∂
∂t −

1
2u ∂

∂u −
1
2v ∂

∂v

The characteristics of X1 are

Wu = −
1
2

u −
2
α

tut − xux, Wv = −
1
2

v −
2
α

tvt − xvx. (5.22)

Therefore, for 0 < α < 1,

Ct = pDα−1
t (Wu) + J1(Wu, pt) + qDα−1

t (Wv) + J1(Wv, qt), (5.23)

Cx = −(((u2 − v2)p + 2uvq) − qx)Wu − qDx(Wu) + (((u2 − v2)q − 2uvp) − px)Wv + pDx(Wv). (5.24)

Case 2: X2 = v ∂
∂u − u ∂

∂v

The characteristics of X2 are
Wu = v, Wv = −u. (5.25)

Therefore, for 0 < α < 1,

Ct = pDα−1
t v + J1(v, pt) − qDα−1

t u − J1(u, qt), (5.26)

Cx = −(((u2 − v2)p + 2uvq) − qx)v − qvx − (((u2 − v2)q − 2uvp) − px)u − pux. (5.27)

Case 3: X3 =
∂
∂x

The characteristics of X3 are
Wu = −ux, Wv = −vx. (5.28)

Therefore, for 0 < α < 1,

Ct = −pDα−1
t (ux) − J1(ux, pt) − qDα−1

t (vx) − J1(vx, qt), (5.29)

Cx = (((u2 − v2)p + 2uvq) − qx)ux + quxx − (((u2 − v2)q − 2uvp) − px)vx − pvxx. (5.30)

6. Conclusions

This paper manifests the effectiveness of the Lie symmetry analysis method in studying an important
model in mathematical physics, namely the space–time fractional Gerdjikov–Ivanov equation:

iDα
t z + D2β

x z − iz2Dβ
xz +

1
2
|z|4z = 0.

For 0 < α, β ≤ 1, all Lie symmetries of the equation are obtained, and the corresponding system
of fractional partial differential equations is reduced to a system of fractional ordinary differential
equations. The power series solutions for the reduced systems are derived, and the conservation laws
for every Lie symmetry are established. The results show that the Lie symmetry analysis method,
together with the power series method, constitutes a direct and powerful mathematical framework
applicable to other fractional differential equations in mathematical physics.
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