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1. Introduction

Let D = {z € C : |z < 1} be the open unit disc, and let H(ID) denote the space of all analytic
functions on D. For 0 < p < oo, let H” denote the Hardy space consisting of those functions f € H(D)

for which )

1 )
A5 = OSUP1 o |f(re")|P d < oo, 0<p < oo,
<r< 0

and || f|lz~ = sup,ep |f(2)] < co. The space H* is also called the bounded analytic function space. For
0 < @ < oo, the Korenblum space H,, also called weighted type space, consists of those f € H(D)
such that

flge = Su§(1 — 2P f(2)| < 0.

Each H is a Banach space. For 0 < a < g, the inclusion Hy' C H’ holds with contractive embedding.
For 0 < @ < o0, the @-Bloch space B* consists of all f € H(ID) with

Iz = 1FO)] + Sug(l ~ 1z )] < co.
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The space B! is the classical Bloch space B. For more results on these spaces mentioned above, we
refer to [20].

For x > 0 and y > 0, the Beta function is defined by B(x,y) = fol 11—ty tdt. ForO<a < 1, we
use the following identity frequently:

arTt

Bl+a,1-a)=aB(a,1 —a) = — .
sin(ra)

The classical Hilbert matrix H = (ﬁ) o0 induces an operator on H(D) by its action on the
n,Kk=

Taylor coefficients as follows:

[ee) (o8]

‘7’(f(Z) = Z(Z n_i_aﬁ)zn,

n=0 k=0
where f(z) = Y10 a;Z*. Diamantopoulos and Siskakis [8] showed that for f € H!,
0

0 — Iz

In 2000, Diamantopoulos and Siskakis [8] initiated the study of the Hilbert operator { on Hardy
spaces. They proved that H is not bounded on H', nor on H*, whereas H : H”? — HP is bounded for
1 < p < 0. In 2008, Dostani¢, Jevti¢, and Vukoti¢ [7] computed the exact norm of H acting on H?:

||'H||HP—>HP =

nﬁ'

Diamantopoulos [5] studied the boundedness of H on the Bergman spaces A”. Dostani¢, Jevti¢, and

Vukoti¢ [7] proved that
T

2

||7‘{||AP—>AP =
S1

for all p > 4. Bozin and Karapetrovi¢ [1] extended this formula to the range 2 < p < 4 (see also [2,
6, 16] for norm estimates on Bergman spaces). The exact norm of H on H’ was first obtained by
Lindstrom, Miihkinen, and Wikman [13] for 0 < @ < 2/3, and subsequently extended by Dai [4] to
0 < @ < ay, where @y ~ 0.7125258 is determined by 22~ B(1,1 - ap) = 1.

In this paper, we study the differential Hilbert operator >, obtained by replacing the kernel (1—1z)~!

in (1.1) with its square, where

1
f@)
H = dt. 1.2
2 f(2) fo T (1.2)
For f(z) = Y100 axz*, a straightforward expansion yields
sz(z)—nzz(;(n+l)(kzz(; K (1.3)

The term “differential” shows the relation (1 — z)™2 = ¢! d%(l —t7)~!. It is easy to check that
Hof = 2(Hf) +Hf.
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Indeed,

I A (05
(Hf) (2) = fo T

and therefore,

) (Y =z 1 (N fo _
Y@+ HI@) = | ((1_tz)z+1_tz)f(’)d“ [ Ear=rre.

The operator H, also arises naturally in the following contexts.
First, H, is a special case of the derivative-Hilbert operator /,,, introduced by Ye and Zhou [18],

s
1 f(2) = f T duto

where y is a positive Borel measure on the interval [0, 1). If @ = 8 + 1 and du(?) = (1 — t)°dt, then 1,
reduces to the generalized Hilbert operator Hj, which was introduced in [10, 12]. See [3] for related
results. Further results on derivative-Hilbert operators and on generalized Hilbert operators may be
foundin [11,17,19].

Second, H, is a special case of the general Hilbert-type operator H,, corresponding to the symbol
g(z) = z/(1 — z). For g € H(D), Galanopoulos et al. [9] introduced the operator

1
H, () = fo fOgud, e HD).

The classical Hilbert operator H is recovered by taking g(z) = log 1+z Choosing 3(z) = 1 2 gives
-2z
2'(z) = (1 — 2)72, and therefore,

1
_ f(@) _
Hf(2) = f(; 1-12 dt = H f(2).

In [9], the boundedness of H, was studied on the Hardy spaces H”, on the weighted Bergman spaces
AP, and on the Dirichlet-type spaces D%. Further results on ‘H, are shown in [14, 15].

Third, H, is related to the Bergman projection. The Bergman kernel on D takes the form K(z, w) =
and the Bergman projection is defined as

_ fw)
Pf(z) = fD—(l — Wz)sz(w)'

It is clear that the operator #, and the Bergman projection P share the same kernel function (1 — -z)~2,
differing only in the integration domain ([0, 1] with Lebesgue measure vs D with normalized area
measure).

Finally, the behavior of H, differs from that of the classical Hilbert operator in several respects, as
the boundedness and norm results below will make explicit; we return to this comparison at the end of
the paper.

S
(1-wz)??
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Motivated by the above mentioned results, in this paper, we mainly study the exact norm of the
differential Hilbert operator H, on some function spaces, such as H*, Korenblum spaces H_’, and
a-Bloch spaces B8%. Let 0 < @, 8 < co. Set

L=+

— _ —1-a
Gop(r) =1 +rf(1 -rf N ps————, dt, 0<r<l1. (1.4)

Our main results are stated as follows:

Theorem 1.1. Let 0 < @, < oo. The operator H,: HY — Hp is bounded if and only if 0 < & <'1
and B > 1 + a. Moreover,
Hollng—mz = sup Gap(r). (1.5)

P o<r<t

Theorem 1.2. Let 0 < a < 1 satisfy that G, 1.4(r) is increasing on (0, 1). Then

2arm

1Ho g rr, (1.6)

e T sin(ra)’
Theorem 1.3. ForO < a < 1,

da(a + D

1.1
0 _ pat+2 — _B ~° 1 - + 3
|2 61| PR 7B 1-a) sin(ar)

Theorem 1.4. The operator H, maps H* boundedly into H® and B2. Moreover;
||7_{2”H°°—>H‘I’° = 2, ”7'(2”1100_,32 = 5.

Two remarks are given as follows:

Remark 1.1. The boundedness assertion in Theorem 1.1 can be deduced by specializing [15,
Theorem 4.10] to the symbol g(z) = z/(1 — z). For completeness, we present an independent self-
contained proof here. The key point is that in this proof, we obtain the norm formula (1.5). Here, we
need to emphasize that our main purpose of this paper is to study norms. Tang [15] provided a full
characterization for boundedness and compactness, but the operator norms are not covered. Passing
from such a criterion to an exact numerical value requires a different, quantitative analysis, which
is carried out in the present paper. Consequently, using formula (1.5), Theorems 1.2—-1.4 cannot be
deduced from the results established in [15].

Remark 1.2. The monotonicity hypothesis on G, ., in Theorem 1.2 is used only to identify the
supremum in (1.5) with the limit as r — 17. In Corollary 3.1 below, we need the hypothesis for
% <a <1 For0 < a < % the monotonicity of G, 1+, on (0, 1) is not known. The argument
of Corollary 3.1 breaks down in this range, because the exponent 2ac — 1 becomes negative, and the
integrand in the formula for G/, |, .(r) no longer has a fixed sign. Deciding whether G+, 1s increasing

on (0,1)for0 < a < % is an interesting open question.

The paper is organized as follows: In Section 2, we establish necessary and sufficient conditions for
the boundedness of H,: H' — H and the corresponding norm formula. In Section 3, we determine
the exact norm of H, in the borderline case 8 = 1 + a. In Section 4, we compute the norm of
H, : HY — B**2. In Section 5, we compute the norm of H,: H® — H{® and H,: H® — B2

In this paper, we write X < Y if there exists a constant C > 0 satisfying X < CY and Y < CX.
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2. Boundedness criterion

In this section, we prove Theorem 1.1, establishing necessary and sufficient conditions for the
boundedness of H,: H — Hp and give the exact norm of (| Ho| HY—HS-

Proof of Theorem 1.1. Necessity. Consider the test function
fo@=(1-2)"  zeD.

A standard computation shows that ||f,|lz= = 1. Suppose H,: HY — H/‘;" is bounded. Then there
exists a constant C > 0 such that

(1 - P Hfo(P)] < C, 0<r<l.

By using a change of variable, we obtain

1 1
Haf(2) = 1T— fo fle(2)) dt, (2.1)

where ¢,(z) = t/(1 — (1 — t)z). Restricting (2.1) to z = r € [0, 1), we get

1 1
(Hofunl = T fo (1 = @) d.

A direct computation gives

I N ) o it
ey = o ™ a2

_ A= =-0n)-dq[d-0-0r) +1]

(1-(1-0r)?
A== +1—r+1r)
(1 -r+1tr)? ’
which implies that
Hafo()] = — fl A= ro+ oy dr (2.2)
o\ = . .
2 1—rJy Q=01 =r) (1 +t—r+1r)y
Now we assume a@ > 1. FixzeDD. Ast— 17,
2O 1 ~ 1

U=~ =P =Py JI=2P2r (-0
Since

1
f(l—t)“’dt:oo fora > 1,
0

the integral in (1.2) defining H, f,(z) fails to converge absolutely at any point z € D. Hence, H,f, is
not defined for a function f, € H. of norm 1, and consequently, H, cannot be a bounded operator
from H; into Hg’. Thus, a < 1 is necessary, and from now on, we assume 0 < @ < 1.

AIMS Mathematics Volume 11, Issue 10, 34531-34545.
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Asr— 17,
toz
1 _ 2 - = .
( (Pt(r) ) 2a(l _ t)a,(l _ r)a/
Therefore,
1 B B(l+a,1-a)
o = dt =
Ho ol = e — e fo TG 20(1 = )i+
Consequently,

B(l+a,1-0a)
201

(1 = PP | Hofo(r)] < (1 —r)ft-. 28, r— 1. (2.3)

Ifg<1+a,thenB —1-a < 0, and the right-hand side of (2.3) diverges as r — 17, contradicting
boundedness. Hence, S > 1 + a is necessary.
Sufficiency. Assume O <a < landB > 1+ a. Let f € H with ||f||z> < 1. Then

lf@l <1 -z  zeD. (2.4)

For any z € D, by (2.1) and (2.4), we have

1 1
|H, f(2)] < m‘[; (1 = |2 dt.

It suffices to estimate the supremum along the radius z = r € [0, 1), since for z = re®, one has
1 — | (2)]* > 1 — ¢,(r)?, so the radial case provides the largest contribution.
Forr € [0, 1),

(1 —r+1tr)
-1 +t—r+tr)e

1
(1= PP IHL() < (L+rP(1 - r)ﬁ—l—af !
0

It suffices to prove that sup,_,.; G, p(r) < co.

For r € [0, %], the factor (1 — r)#~!=% is bounded by 1 when 8 > 1 + a. The integral is bounded
uniformly on this interval: For 0 < r < % andO0<tr<1l,onehasl—r+tr<land l+r—r+tr > %, so the
integrand is dominated by 2%(1 — 7)™, which is integrable since @ < 1. Hence, supy.,;/, Gap(r) < oo.

Forr € [%, 1), set s = 1 — ¢ in the integral of (1.4),

1 2a
1 (1-=rs)
Gops(r) = (1 1 —rpte d
)=+ =y 0 SY2—=s—r+rs) *
Lo —re™

o 2 —s(1+rye ™

=(1+rf(Q-rf'

a

Now, we split the integral at s = 1. On [0, %], the integrand is bounded by s~ and

2

0o S22 -=s(1+r)e " J, T l-a’
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which is finite uniformly in r because 0 < @ < 1. On [%, I),putA=1-rs,B=2-s(1+r). Since
B=A+(1-5s)>A, it follows that

_ 2a 2\ a
(1 =rs) _I(A)<A_S2a, %gsl.

s?[2 = s(1 + P s

B

SQ’

On [O, %], one has B > 1, and hence the integrand is bounded by s7*, which is integrable because
0 < a < 1. This gives the required estimate uniformly in r and completes the sufficiency argument.

It remains to establish the norm formula. The upper bound is contained in the estimate just proved.
For the lower bound, we evaluate H, on the test function f,. Since || f,|lz= = 1, identity (2.2) gives, for
every r € [0, 1),

1Hollty—uy 2 Fofollay = (1 - P YIHo fo(r)] = Gap(r).

Taking the supremum over r yields the reverse inequality in (1.5). The proof is complete.
3. Norm in the borderline case 5 =1 + «

Throughout this section, we assume 0 < @ < 1 and 8 = 1 + @. Then function G, ., from (1.4)
simplifies to

1 2
(1—-r+tr)™
Goira(r) = (L+ 1) dt. 3.1
) = (147) fo(l—z)a(1+t—r+tr)a -1
u(l —r) ) ) )
Sett = . A direct computation yields
—ru
1-r 1—u l1-r
dt = ——du, I-t= , l—r+tr= )
(1 —ru)? " 1—ru re —ru

w. Substituting these into the integrand of (3.1), we obtain

and 1 +¢t—r+1tr= ;

du
(1 —u?)*(1 — ru)®

1
Gorsa(r) = (1 =) f (3.2)
0

The integral G, 1..(r) converges for each fixed r € (0,1). Near u = 1, the asymptotic relation (1 —
u*)™@ =< (1 — u)™ holds, and the integrability follows from @ < 1. Moreover, (1 — ru)™ < (1 —r)~2
remains bounded away from this singularity. Thus, G, ;.. 1s well-defined on (0, 1).

Proof of Theorem 1.2. By (1.5) and the assumption that G, ;., is increasing in (0, 1),

[Hollge—n= = sup Garralr) = lm G 10(1). (3.3)

0<r<1
Now we need to only prove that

2arm

Iim Gy 140(r) = — .
rg?- 1+a(r) sin(ra)

Setu =1-y(1-r). Then, du = —(1-r)dy, 1 —u?> = y(1-=r)2-y(1=r)),and 1 —ru = (1 =r)(1 +ry).
We have

1

G(1,1+(t(r) = (1 + r)1+(l f]_r dy

o Y2 =yl =)l +ry)? (3.4)
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Using the form (3.4) with s = 1 —r,

1/s d
_ _ 1+a Y
Ga,l+(l(r) - (2 S) L y“(2 — ys)”(l + (1 - s)y)2 '

As r — 17, the integrand converges pointwise to y™*27%(1 + y)~2. For r € [%, 1), the integrand
in (3.4) is bounded by
1 4

< )
yoole (L4 52 7 ¥ Q2 +y)

which is integrable on (0, o) for 0 < @ < 1. We obtain

® d 2
lim G 140(r) = 2t 2_af 2 = - ar .
ol o (1 +y)? sin(na)

This completes the proof of Theorem 1.2.

Corollary 3.1. For1/2 <a <1,
2arm

IHollag—m, =

e sin(mar)’

Proof. By Theorem 1.2, we need to only prove that G, 1.,(7) 1s strictly increasing on (0, 1).
Split the integral at u = r and apply the substitutions

u-—r 2
. _ . v+r _ _1-r
on[r,1]: v= T Y= 1o du = e dv,
r—u _ 2
on[0,r]: v= , u=1Y du=-Ldv.
1—=7ru 1-vr (1-vr)

We arrive at
r 1
Go14a(r) = f (1 —-rm)* (1 —v*)%dv + f (1 +m)*(1 —v*) % dv.
0 0

After a calculation,

G;,1+a(”) =(1-r)"+ ZCZf V[(l +rv)2el (1 - rv)z"‘l](l V) dy
0

1
+2a f V(1 +rv)** (1= v) ™ dv.

By the assumption that & > 1

> 2,Weget2af—120. ForO<v<r,wehave 1 +rv > 1 — rv, and hence

A+ ) > (1 =y

Consequently, G, ,(r) > 0 for all r € (0, 1), which implies that G, ., is strictly increasing on (0, 1).
This completes the proof.

AIMS Mathematics Volume 11, Issue 10, 34531-34545.
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4. Norm of H, from H to B+

In this section, we compute the exact norm of H, from H;’ to B2,

Lemma 4.1. For every 0 < a < 1, the function

1
1 2va2 tdi
Foy == [ oera .1

is strictly increasing on (0, 1).

Proof. The integrand is nonnegative, and the integral converges. It is clear that

c D +2
(1—n~)-3zz(”+)++)(m", 0<r<1,0<t<l.
n=0

For each fixed r < 1, it gives

(o)

Fir)= (=P 20, o) =) cr,

n=0

where

n+Dn+2) (", W, (+Dn+2) n+2
cnzfﬁt A =2)dt = 7 B( > ,1—a)>0. (4.2)

After a calculation, we get
F'(r)= (1= @ ()1 = ) = 2a + 9r ()] = (1 = A" (),

where
Y(r)=d'(r)(1 - r2) = 2(a + 2)rd(r).

Since (1 — r?)**! > 0, it suffices to prove ¥(r) > 0. Write

¥(r) = i dpr™,

m=0

where d() =y, dl = 2C2 - 2(0,’ + 2)C(), and
dy = (m + 1)cm+l - (m +2a + 3)Cm—l (WL > 2)

We claim that d,, > O for every m > 0. It is easy to check that dy > 0 and d; > 0. Finally, let m > 2.
Again by the Beta recurrence,

B(m+3

+1 +1
2 m (I’I’l

’1_“):m+3—2a 2

1= a),
and consequently,

dm =

m+lB(m+1 | )(m+1)(m+2)(m+3)—m(m+20/+3)(m+3—2a/)
1 —a .
m+3-2a
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It is easy to see that
(m+ D)(m+2)(m+3) —m@m + 2a + 3)(m + 3 —2a) = 2m(l +2a%)+6 > 0.

Hence, d,, > 0 for all m > 2. Thus, ¥(r) > 0 for r € (0, 1). It follows that F’(r) > 0 on (0, 1), and F is
strictly increasing.

Proof of Theorem 1.3. Upper bound. Let f € H; with ||f||z~ = 1. From the definition (1.2), it is easy
to see that

I 10
(7—[2](‘) (Z) =2 0 (1 _ tZ)3 ’ Z¢€ D’ (43)

and 1
H,f(0) = f f(Hdt. 4.4)

0
By (2.4) and (4.4),
— : : dt _ 1 ! -1/2 -« _ 1 1
|%f(0>|—\f0 f(t)drjsfo T ’ifo w0 = )y du = 5B 1 - )

Using (4.3) and the pointwise estimate |f(¢)| < (1 — %)™,

) ! t dt
|(7_(2f) (Z)| < ZL (1 _ t|Z|)3 ) (1 _ t2)a

! tdt
=2 =1z,
fo A-mpd—me ' °H

Hence,

1
d
sup(l = )" H @) < 2 sup (1= ) [ 45)

zeD 0<r<l1 I - tz)a

Set £ =1 —rand substitute s =1 —1%,sot =1 —s. Then

j“ tdt e 1-s J
o A—mpd-2y ), e+ -e)sp2s—sy "

Set s = eu. Then

fl tdt _ f”g 1-eu p
o A—mpd—)y  °), (E+ed —ompQeu- sup)y "
lfe 1-¢u
_ 2«
- ¢ L (1+ 1 - e)u)’Qu - su?)® du.

As & — 0%, the integrand converges pointwise to u™*27% (1 + u)~> for each fixed u > 0. When
0<e<1/2and 0 < u < 1/¢, one has

2u—su® > u, 1+(1—s)u21+g.
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Thus, the integrand is bounded by Cu~*(1 + u)~3, which belongs to L'(0,00) for 0 < a < 1. The
dominated convergence theorem gives

lim 2% fl tdt _ o f‘x’ u du = (o + Dan
£—0* o (1=1r)3(1 = ) o (1 +u)3 20+ gin(ar)’

Returning to (4.5), multiply by 2(1 — 2)¥*2, We get

1

. tdt 4a(a + D
1 2(1 = 2 a+2f — )
am 2= | A=y~ sinten)

By Lemma 4.1, F(r) is increasing on [0, 1). Thus, the supremum equals the limit. This yields
" , 4a(a +
sup(l = [z)"?(Hof Y (@) € —————
2€D sin(ar)

Therefore,
da(a + D
sin(ar)

1.1
|H: fllgos2 < EB(E’ l-a)+

Lower bound. Set f,(z) = (1 — z*)™®. Then I follae = 1. We have

dt 11

1
H> f.(0) = j(; (1-p) = EB(E -

and

1
, _ t
(Wm»@_zl:a—mﬁu—ﬂwm'

Taking z = r and letting r — 17, the limit computed in the above proof gives

da(a + D

1 1
“Ngerz = =B(=,1 — -
1H: follgor 3 (2 a) + sin(an)

The proof of this theorem is complete.
5. Norm of H, : H® — HY and H, : H® — 8

Proof of Theorem 1.4. We first consider ||H,|| Ho—H-
Upper bound. Let f € H* with || f||g~ = 1. From (2.1),

1 ! 1
wwwu——ifmmes |
1 -1z Jo 1-|7|

Hence,
(1 - 2PHf @) < (A +]2l) <2,
which gives [|H: fllu= < 2.
Lower bound. Take f(z) = 1. Then by (1.3) with @y = 1 and @, = 0 for k > 1, we obtain

H()E) = )7 =1/(1-2).
n=0
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Consequently,
b 1 1-72
IH(Dllgg = sup(l — o) —— = sup

= = 2.
zeD |1 - Zl 0<r<1 I-r

Since ||1]||g~ = 1, we obtain ||7‘(2||H°°—>H;>° > 2, as desired.
Next we compute ||H;||go_ 5.
Upper bound. Let f € H* with || f]|z~ = 1. By (4.4),

1 1
|¢{2f(0)|:jf0 f(t)dt\sfo di=1.

For the derivative, using (4.3),

1
’ t
(Haf) @) < 2[0 T

Setting r = |z| and substituting u = tr, t = u/r, dt = du/r,

1 r
t 1 u
dt = — du.
fo (- tr) rzfo a—up ™

r 1 1
u v—1
du = dv = 2 —v7)d
st (1—14)3 ! fl—r v ' l—r(v Y ) '
B 1 1 1 1 1

Setting v = 1 — u,

1
=5+l =3 1= 2(-rp
r2
= m
Therefore,
fl t gr= L. r? B 1
o =t~ 72 2(0=r2  2(1-r72
and {
I(Hof) (2)] < m
Thus, -
1=
(1 - LPYIHY ) < ﬁ S (L4 <4

Combining the two estimates, we obtain
1Hofllge < 1+4=5.

Lower bound. Take f(z) = 1, which satisfies || f||z~ = 1. As noted above, H>(1)(z) = 1/(1 — z). Then
1
1)(0) =1, 1)) = ——.
H>(1)(0) (Hx(1)) (2) a=27
Hence,

IH>(Dllg2 = 1 + sup(1 — |z]*)? s=1+sup(l+r’=1+4=5.
z€D 11—z 0<r<l1

Therefore, ||H:||g~_g > 5, and the desired result follows. The proof is complete.
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Remark 5.1. The constant 5 in Theorem 1.4 is the limit, as « — 0%, of the norm occurring in
Theorem 1.3. Indeed,

1.1 1.1
im ~B(=,1-a)= ~B(=,1) = 1
lim (2, @) 2(2,)

a—0t 2
and
. dala+ Drm . dar
Iim ————— = lim — =4
a—0*  sin(am) =0 am

give the desired result.

We conclude this paper by comparing H, with HH on Korenblum spaces. The operator H is bounded
on H; precisely when 0 < @ < 1, while H, : H? — Hp requires 8 > 1 + . The exact norm of H
acting on H;’ has been investigated by several authors. Among others, Dai [4] proved the following
results:

(1) If 0 < @ < ay, then ||H||gep> = 7/ sin(na).

(i) If @p < @ < 1, then
V4

<Hllus—ue < [1+Qa - 12" - 1)]

sin(ma) sin(ra)”
From these, we see that

2am
||7’[2||H2°—>H;’°+a = sin(ﬂa) = 20’”7‘{”1-130_”.130

when 1/2 < @ < . Thus, H, and H differ on Korenblum spaces in the range of boundedness and in
the size of their norms.

6. Conclusions

We studied the differential Hilbert operator H, on Korenblum spaces and related spaces of analytic
functions, with particular emphasis on its exact norms. For positive @ and 3, we proved that H, : HY —
Hp is bounded if and only if 0 < @ < T and 8 > 1 + @, and obtained an exact representation of its norm
as the supremum of G, 4. The integral representation of the operator, together with radial estimates
and the test function £,(z) = (1 — z?)7¢, provides upper and lower bounds. In the case 8 = 1 + a, we
established the monotonicity of G, 14, for 1/2 < @ < 1 and consequently obtained

2am

IHol - s

e sin(ra)

We also determined the exact norm of H, : HY — B2+2 for the full range 0 < @ < 1, as well as the
norms ||H||lg~—p> = 2 and [[Hallg=—s> = 5.
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