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Abstract: The Delta and Omicron variants drove the two most consequential COVID-19 waves in the
region, yet no existing multi-strain compartmental model combines rigorous stability analysis with
modern, uncertainty-quantified parameter estimation for this pair. We addressed this gap through
four contributions. First, we formulated a deterministic two-strain SVE;A;LJHR model with eleven
compartments and established positivity, boundedness, closed-form variant-specific reproduction
numbers R, (evaluated under the baseline intervention configuration), and the local stability and
a conditional global-stability result for the disease-free equilibrium via a Castillo-Chavez-Song
decomposition, together with the existence of the single-variant endemic equilibria and their local
stability under explicit Routh-Hurwitz and invasion conditions, together with a numerical threshold-
branch analysis illustrating the forward exchange of stability at the epidemic threshold. Second,
we introduced a three-stage hybrid estimation pipeline—Isqnonlin, a deterministic physics-informed
neural network (PINN) embedding the full eleven ordinary differential equation (ODE) residual,
and a long short-term memory (LSTM) residual-correction module—calibrated against Delta- and
Omicron-wave surveillance data. Third, we extended the physics-informed neural network (PINN)
to a Bayesian PINN via Hamiltonian Monte Carlo simulation, yielding 95% credible intervals for all
six learned parameters and for Ry; (Ry; = 1.87, Rpy = 1.64), providing uncertainty quantification
absent from prior multi-strain COVID-19 models for this setting. Propagating literature uncertainty
in the fixed parameters a,n; jointly with the learned parameters widens these credible intervals
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substantially and can bring them below unity. Fourth, local and global sensitivity analyses and a
counterfactual efficacy-coverage scenario analysis showed that vaccine efficacy is the single most
influential controllable parameter and that, under the proportional intervention scenario, Delta is the
more restrictive variant, with a conditional proportional-intervention benchmark of 59.6% (posterior-
based 95% interval: [56.0%,64.6%]) at the reported operating efficacies. This benchmark is not a
full-model herd-immunity threshold. The hybrid PINN-LSTM framework reduces 30-day forecast
root mean square error (RMSE) by about 23% over PINN-only and 40% over 1sqnonlin.

Keywords: two-strain COVID-19 model; physics-informed neural network (PINN); Bayesian PINN;
hybrid PINN-LSTM forecasting; uncertainty quantification; herd-immunity threshold
Mathematics Subject Classification: 92D30, 34D20, 37N25, 49J15, 93A30

1. Introduction

The COVID-19 pandemic, caused by SARS-CoV-2, has reshaped global public-health priorities
since its emergence in late 2019. As of April 13, 2024, Worldometer recorded 704,753,890
confirmed cases and 7,010,681 associated fatalities worldwide [1], with India alone contributing
45,035,393 confirmed cases and 533,570 deaths over the same period. The trajectory of the pandemic
has been governed not by a single homogeneous pathogen but by a sequence of antigenically
and epidemiologically distinct variants, whose differing transmissibility, severity, and immune-
escape properties have repeatedly forced the recalibration of pharmaceutical and non-pharmaceutical
interventions [2]. The World Health Organization classifies these variants into two principal
categories [3]:

(1) Variants of concern (VOC): Variants exhibiting higher transmissibility, increased disease severity,
reduced antibody neutralization from prior infection or vaccination, or diminished effectiveness of
treatments and vaccines. The VOCs include Alpha (B.1.1.7), Beta (B.1.351), Gamma (P.1), Delta
(B.1.617.2), and Omicron (B.1.1.529).

(2) Variants of interest (VOI): Variants whose genetic features may foreseeably alter transmissibility,
severity, antibody neutralization, immune escape, or therapeutic efficacy, including Epsilon
(B.1.427/B.1.429), Zeta (P.2), Eta (B.1.525), Theta (P.3), Iota (B.1.526), Kappa (B.1.617.1), Lambda
(C.37), and Mu (B.1.621).

In India, two of these VOCs proved decisive. The Delta variant drove the catastrophic second
wave of April-June 2021, characterized by high hospitalization and mortality rates, while the
Omicron variant produced the explosive third wave of December 2021-February 2022, marked by
a much higher transmission rate but a milder clinical profile. India’s vaccination program relied
on COVAXIN (BBV152) and COVISHIELD (ChAdOx1 nCoV-19), authorized under emergency-
use provisions. By December 2021, COVAXIN accounted for 117 million doses with 46.7% of
adults fully vaccinated [4], while COVISHIELD—produced by the Serum Institute of India under
licence from Oxford-AstraZeneca—represented 88% of all doses, exhibiting 67% efficacy against
symptomatic disease and nearly 100% efficacy against severe outcomes in Phase IV trials. Real-
world meta-analyses subsequently confirmed reduced but non-negligible vaccine effectiveness against
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the Delta and Omicron variants, with marked waning over time [5, 6]. Mechanistic compartmental
modeling has been a central tool for quantifying these dynamics, and multi-variant frameworks
have been developed in several directions. Massard et al. [7] extended the multi-strain paradigm to
a calibrated susceptible-exposed-infectious-recovered (SEIR)-type model fitted to French hospital-
admission data covering the simultaneous circulation of the historical, Alpha, and Delta variants,
estimating variant-specific transmission advantages and quantifying how the progressive replacement
of one variant by another shifted the effective reproduction number, with numerical experiments
highlighting the disproportionate impact that even a modest transmissibility advantage exerts on
healthcare-system strain.

The role of vaccination has been explicitly modeled in two-strain settings by De Leon et al. [8],
who derived the minimum vaccinated population fraction required to drive the joint reproduction
number below unity. Tchoumi et al. [9] showed that vaccination targeted at only the dominant variant
can paradoxically allow the non-targeted variant to grow, arguing for broad-spectrum immunization.
Otunuga [10] obtained explicit herd-immunity thresholds as functions of vaccine coverage and
efficacy, including conditions under which elimination is unattainable through vaccination alone.
Saha and Saha [11] examined Delta-Omicron co-circulation under combined vaccination and non-
pharmaceutical interventions, showing high-efficacy vaccination is necessary but not sufficient without
behavioral measures. Ambalarajan et al. [12] demonstrated how variant-specific vaccine coverage
requirements shift as new strains emerge. Yunus and Olayiwola [13] formulated a fractional-order
susceptible-exposed-vaccinated-infectious-asymptomatic-recovered (SEVIAR) model with herd-
immunity thresholds analogous in spirit to p*(&;) below, but without a multi-strain reproduction-number
structure, competitive-exclusion analysis, or physics-informed parameter estimation.

Venkatesh et al. [14] applied incremental cost-effectiveness analysis to a sixteen-compartment
multi-variant model, finding joint vaccination-plus-treatment outperforms either lever alone.
Bandekar [15] formulated an optimal-control approach for COVID-19 testing strategies, deriving time-
varying testing-rate policies that minimize cumulative infections subject to a fixed testing-capacity
budget. Ambalarajan et al. [16] fitted a compact six-compartment model to surveillance data; Ghosh
and Ghosh [17] performed a sensitivity analysis on a vaccination-augmented Omicron-wave model;
Ankamma Rao et al. [18] incorporated pulmonary aspergillosis co-infection; and Rao et al. [19]
coupled susceptible-exposed-asymptomatic infected-ymptomatic infected-quarantined-hospitalized-
recovered-deceased (SEAIQHRD) with Gaussian process regression (GPR) for improved short-term
forecasting. Khan and Atangana [20] showed a fractional-order Caputo-Fabrizio Omicron model
yields closer agreement with case data than its integer-order counterpart. Two studies are especially
close in scope. Ngonghala et al. [21] showed, for the United States, that Omicron displaced Delta
once its control reproduction number exceeded Delta’s—a mechanism analogous to Definition 1(b)
below—but without a Bayesian uncertainty-quantified pipeline, an identifiability assessment, or a herd-
immunity threshold surface. Negi et al. [22] introduced a four-variant Indian model with reinfection
and optimal control, calibrated by classical least squares, without global stability analysis, threshold-
branch analysis, or uncertainty-quantified estimation. The present work is complementary to both:
it supplies the rigorous stability theory and the threshold-branch analysis that [21] does not pursue
and the uncertainty-quantified hybrid estimation pipeline that neither provides, applied to the Indian
Delta-Omicron pair.

The next-generation matrix method used throughout follows van den Driessche and Watmough [23],
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who introduced the standard FV~! construction of R, and its threshold property, and
Diekmann et al. [24], who formalized the next-generation operator more generally. Global-stability
arguments rely on the Castillo-Chavez-Song decomposition [25], which promotes local to global
asymptotic stability of the disease-free equilibrium without an explicit Lyapunov function.

Despite this literature, two limitations remain pervasive. First, classical nonlinear least squares
(e.g., Isgqnonlin) is sensitive to initial guesses, returns only point estimates without uncertainty
quantification, and ignores the ODE’s structural constraints during fitting. Second, purely mechanistic
models often fail to capture fine-scale unexplained variance in reported case data, degrading short-term
forecasts. Raissi et al. [26] introduced physics-informed neural networks (PINNs), embedding ODE
residuals as soft physics constraints for joint forward/inverse solving, and Yazdani et al. [27] recovered
hidden parameters from sparse, noisy biological time series. The Bayesian PINN framework was
formalized by Yang et al. [28] and applied by Linka et al. [29], with posterior sampling via Hamiltonian
Monte Carlo/No-U-Turn sampler (NUTS) [30]. Hybrid mechanistic-data-driven approaches coupling
compartmental ODEs with LSTM networks [31] achieve superior forecasting accuracy over either
component alone. Millevoi et al. [32] benchmarked PINN-based calibration against classical methods
for single-strain models, and Aghdaoui et al. [33] extended PINNs to a fractional-order model
with simultaneous order estimation; neither addresses a multi-strain system, Bayesian uncertainty
propagation onto Ry;, or a hybrid PINN-LSTM cascade.

1.1. Contributions of this work

Building on these mechanistic and machine-learning advances, the present study makes the
following novel contributions:
(1) We formulate a deterministic two-strain SVE;A;[[JJHR compartmental model with eleven
epidemiological compartments tailored to the Delta-Omicron pair—the two VOCs that dominated the
Indian pandemic landscape and that exemplify two contrasting variant profiles. (Ry; ~ 1.87, severe;
Ry, = 1.64, highly transmissible but milder.)
(2) We establish positivity, ultimate boundedness, and the closed-form variant-specific reproduction
numbers R;, and we establish local stability and a conditional global asymptotic-stability result for the
disease-free equilibrium together with the existence and stability of single-variant endemic equilibria
(the coexistence case is treated as a conjecture supported by a monotonicity argument, see Section 3.5).
(3) We propose a three-stage hybrid physics-informed parameter estimation framework: a classical
Isgnonlin baseline, a deterministic physics-informed neural network that simultaneously learns the six
variant-specific parameters (8;, k;, 0;);=1» and the full state trajectories, and a coupled LSTM residual-
correction module producing a hybrid PINN-LSTM forecaster that outperforms the purely mechanistic
approach. The estimates are supported by practical identifiability evidence and a formal structural-
identifiability analysis using Structuralldentifiability.jl [34], showing global identifiability of the three
fitted parameters within each separately calibrated single-variant sub-model (see Section 4.2).
(4) We extend the deterministic PINN to a Bayesian PINN and use Hamiltonian Monte Carlo sampling
to deliver 95% credible intervals on every learned parameter and on Ry, providing rigorous uncertainty
quantification absent from the existing literature on multi-strain Indian COVID-19 models.
(5) We perform local normalized sensitivity index (NSI) analysis and global sensitivity analysis
using the partial rank correlation coefficient (PRCC) with Latin hypercube sampling, together
with a numerical threshold-branch analysis around R, = 1, and a counterfactual efficacy-coverage

AIMS Mathematics Volume 11, Issue 10, 34468-34530.



34472

scenario analysis, translating the analytical and PINN-driven findings into conditional public-health
implications for India.

1.2. Relation to prior PINN/LSTM work

The PINN loss of [26] and the LSTM cell of [31] are established methods; we claim no
architectural novelty. The contribution lies in the estimation pipeline: (a) a three-stage cascade
(Isgnonlin — PINN — PINN-LSTM) in which each stage cross-checks the previous one, unlike the
single-stage fits of [27,29]; (b) the LSTM is restricted to a bounded, held-out-validated post-hoc
correction of the scalar observable C(7), applied on top of a state trajectory and parameters already fixed
by the PINN (Section 4.4) rather than joint end-to-end training, so the eleven-dimensional solution
stays exactly ODE-consistent by construction; and (c) this cascade is, to our knowledge, applied here
for the first time to a rigorously analyzed two-strain model with Bayesian uncertainty propagated onto
Ry; itself. The LSTM performs one scalar regression task—the one-step-ahead residual C-C ()
on a fixed 14-day window—applied after, not instead of, the PINN fit. This scalar target is the
only quantity the LSTM ever sees or corrects: It cannot alter any of the other ten state variables of
system (2.10)—(2.17), which remain exactly the Stage-2 PINN’s output.

1.3. On the locus of novelty

None of the individual components used here—PINNs [26], LSTM residual correction, or B-
PINN uncertainty quantification [28]—is itself a new architecture, and an ~ 23% RMSE reduction
alone is not sufficient evidence of methodological novelty; we claim no architectural novelty. The
contribution is a rigorously validated integration of four elements not previously combined for a multi-
strain compartmental model: (i) closed-form stability and competitive-exclusion theory, together with a
numerical threshold-branch analysis (Theorems 3.1-3.5, Definition 1), letting the B-PINN’s parameter
uncertainty propagate into decision-relevant quantities—R; and p*—rather than stopping at parameter
credible intervals as in [28,29]; (ii) an estimation cascade in which each stage independently cross-
checks the previous stage, together with the identifiability diagnostics of Section 4.2 and the noise-
injection robustness check of Section 4.4 characterizing when the hybrid helps (largest under low-
to-moderate noise, vanishing as noise increases, see Figure 5); (iii) an application to a rigorously
analyzed two-strain system with Indian surveillance data, distinguishing this work from the two
closest recent studies, Ngonghala et al. [21] and Negi et al. [22], neither of which combines global
stability analysis with an uncertainty-quantified pipeline; and (iv) a formal structural-identifiability
analysis of the estimation problem (see Section 4.2 and Table 2) via differential-algebra-based
elimination—moving the identifiability question from an empirical characterization of when the
estimator is trustworthy to a proof of whether the six-parameter inverse problem is well-posed at all,
a step toward structural identifiability analysis “remaining underutilized” in [35], and (v) two formal
propositions (Propositions 4.1 and 4.2, Section 4.4) that provide a theoretical characterization of the
hybrid correction, including a derived bound on its departure from ODE-consistency and a stated,
checkable condition under which the LSTM correction is expected to reduce, rather than increase, the
expected forecast error. These results complement the empirical ~ 23% RMSE reduction by providing
a theoretical account of the conditions under which the hybrid approach can improve forecasting
performance. We describe the pipeline as a validated application and cross-validation framework
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rather than a novel learning method; points (iv) and (v) provide analytical contributions that support
the interpretation and validation of the proposed model.

The remainder of this article is organized as follows. Section 2 formulates the two-strain
compartmental model and describes its epidemiological compartments. Section 3 establishes positivity,
boundedness, the next-generation reproduction numbers, the local stability and conditional global
stability of the disease-free equilibrium, and the local stability of the endemic equilibria. Section 4
presents the numerical workflow: It introduces the deterministic PINN (Section 4.2), the Bayesian
PINN with uncertainty quantification (Section 4.3), the model calibration and short-term forecasting
against the Indian data (Section 4.4), the local and global sensitivity analyses (Section 4.5), and
the threshold-branch, vaccine-efficacy/coverage, and intervention-comparison analyses (Section 4.6).
Section 5 synthesizes the analytical and computational findings into a results-and-discussion summary,
and Section 6 concludes the paper.

2. Mathematical model formulation

In this study, we develop a deterministic compartmental model to describe the transmission
dynamics of two COVID-19 variants, namely, Delta (i = 1) and Omicron (i = 2). We assume
that individuals can be infected by at most one variant at a time (no simultaneous co-infection),
consistent with the sequential wave structure observed in India [11]. Isolated (J) and hospitalized (H)
individuals are assumed to have negligible onward transmission owing to strict infection-control
measures; this is a standard simplifying assumption in compartmental models [36] whose effect
is examined in the sensitivity analysis of Section 4.5. The total population N(¢) is divided into
eleven epidemiological compartments: susceptible S (), vaccinated V(7), exposed E;(¢), asymptomatic
infectious A;(¢), symptomatic infectious /;(¢) for each variant i = 1,2, and three shared compartments
comprising isolated J(), hospitalized H(¢), and recovered R(t). Thus,

2
NtH=S@®+ V() + Z(E,-(t) + Ai(0) + (D) + J(©) + H(t) + R(7). 2.1

i=1

Figure 1 illustrates the compartmental flow diagram of the two-strain model, showing the transitions
between compartments and the epidemiological pathways linking susceptible, vaccinated, exposed,
asymptomatic, symptomatic, isolated, hospitalized, and recovered individuals for each variant. All
parameters are non-negative; their biological descriptions and baseline values are collected in
Table 1, which displays each parameter’s symbol, biological description, baseline numerical value,
and literature source used throughout the manuscript. The epidemiological interpretation of each
compartment and its governing equation are described below.
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Figure 1. Compartmental flow diagram of the two-strain (Delta-Omicron) epidemic model.

Susceptible individuals (S). The susceptible class S(7) consists of individuals who are at risk of
acquiring infection from either variant. The population is augmented by recruitment at a constant rate
A, representing births and net immigration, and by individuals who lose immunity from vaccination
and from prior infection at waning rates wy and wg, respectively.

Susceptible individuals acquire infection through effective contact with infectious individuals. The
transmission rate (; is the effective per-contact infection probability for variant i. The dimensionless
modification factors ; € (0, 1) and € > 0 scale the relative infectiousness of asymptomatic (A;) and
symptomatic (/;) individuals, respectively, relative to a reference level encoded in §;. Values {; < 1
reflect the empirically lower infectiousness of asymptomatic carriers [37], and ¢; is calibrated from
data (Table 1); both are strictly positive. Susceptible individuals are vaccinated at per-capita rate v and
die naturally at rate u. The governing equation is

ds

— =A+wyV +wgR -

S
dr Bi(GA; + Eili)ﬁ - (v+ps. (2.2)

2
i=1

Vaccinated individuals (V). The vaccinated class V(¢) consists of individuals who have received
vaccination at rate v. The vaccine efficacy parameter & € [0, 1] quantifies the fractional reduction in
susceptibility to variant i conferred by vaccination, with & = 1 corresponding to perfect sterilizing
immunity and & = 0 to no protection. Due to imperfect efficacy, vaccinated individuals remain
susceptible to breakthrough infection at a reduced force of infection
(1 = &)BIGA; + &1))
N )
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consistent with real-world observations of breakthrough infections for both Delta and Omicron [5].
Vaccinated individuals lose immunity at rate wy and return to the susceptible class, and die naturally
at rate u. The governing equation is

av
dr

2

\%
VS — Z(l — &BiIiA: + Eili)ﬁ — (wy + V. (2.3)

i=1

Exposed individuals (E;). The exposed class E;(¢) represents individuals infected with variant i who
are in the latent (pre-infectious) stage. New exposures arise from both susceptible and vaccinated
individuals through their respective forces of infection. The per-capita rate of progression from
exposed to infectious is @, the inverse of the mean incubation period, so that a larger @ implies faster
progression. Exposed individuals die naturally at rate . The governing equation is

U = B+ el + (- EBGA +al)y — @+ wE, =12 @4
Remark. Both terms on the right-hand side of (2.4) are positive: The first represents new infections in
the susceptible class and the second represents breakthrough infections in the vaccinated class. This
formulation is consistent with the full system (2.10)—(2.17) below.

Asymptomatic infectious individuals (A;). A proportion 7; € [0, 1] of exposed individuals develop
subclinical (asymptomatic) infection upon leaving the latent stage and enter A;(f). Asymptomatic
individuals may progress to symptomatic disease at per-capita rate ¢;, recover naturally at rate y,.,
die from disease at rate uy,, or die naturally at rate . The undocumented nature of asymptomatic
infection is a primary driver of sustained transmission [37]. The governing equation is

dA;
— = meki- (6i +ya, +pa, + WA, i=1,2. (2.5)

Symptomatic infectious individuals (/;). The symptomatic class /;(f) consists of individuals with
clinically apparent infection. Inflow arises from two sources: exposed individuals who progress
directly to symptoms at rate (1 — n;)a, and asymptomatic individuals who develop symptoms at
rate ¢;. Symptomatic individuals are isolated at per-capita rate k; (representing detection, testing, and
quarantine), require hospitalization at rate 7; reflecting disease severity, die from disease at rate y;,, and
die naturally at rate u. The governing equation is

% = —m)aE; + A — (ki + i+, + ), i=1,2. (2.6)
Isolated individuals (J). The isolated compartment J(¢) represents confirmed cases removed from
the general population through detection, testing, or quarantine. Inflow arises from symptomatic
individuals of both variants at rates «; and k,. Isolated individuals recover at rate 7y;, deteriorate
clinically and require hospitalization at rate &, die from disease at rate u;, and die naturally at rate
. Consistent with the assumption stated above, isolated individuals do not contribute to the force of
infection. The governing equation is

ar _
dr

2
Z kli — (m+y; + i+ p)J. 2.7)

i=1
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Hospitalized individuals (H). The hospitalized class H(#) consists of individuals with severe
infection requiring inpatient medical care. Inflow arrives from symptomatic individuals at rate 7; and
from isolated individuals at rate 7. Hospitalized individuals recover at rate y;, die from disease at rate
Uy, and die naturally at rate u. Hospitalized individuals are assumed non-infectious (see above). The

governing equation is
2

dH
= = Z 1, + nJ — (v, + wy, + w)H. (2.8)
i=1

Recovered individuals (R). The recovered class R(f) comprises individuals who have cleared
infection and acquired temporary immunity. Recovery inflows arise from asymptomatic individuals
at rate y,,, from isolated individuals at rate y;, and from hospitalized individuals at rate y;,. Consistent
with empirical evidence of waning post-infection immunity to SARS-CoV-2 [17], immunity decays at
rate wg and individuals return to the susceptible class. Natural mortality occurs at rate u. The governing
equation is
2

dR

— = Ai+vyiJ +yH — (wg + WR. 29

7 ;’}’A, Yil +viH — (wp + ) 2.9)

Combining Egs (2.2)—(2.9), the complete autonomous system of nonlinear ordinary differential

equations governing the transmission dynamics is:

d 2 S

E = A+wVV+a)RR—;ﬁ,-(§,~A,~+E,-I,-)N —(V+/.I)S, (210)

dv 2 1%

o VS — izzl(l — EBi(GA; + Eili)ﬁ —(wy + WV, (2.11)

dE; S \%

E = Bi(LA; + GiIi)N + (1 - &)Bi(GA; + GiIi)N —(a + Wk, (2.12)

dA;

- MaE; — (6; + ya, + U, + WA;, (2.13)

dl;

E = (1 — ni)aEi + 6,'14,' - (K,’ + T+ M, + /J)Ii, (214)

dl <

— = D= (WY b+ ) (2.15)
i=1

dH &

E :ZTiIi+7TJ_(7h + Up +,U)H, (216)
i=1

dR <

o Z YaAi +y;J + vl — (wg + PR, 2.17)
i=1

where Eqs (2.12)—(2.14) hold for i = 1, 2, so that system (2.10)—(2.17) comprises eleven coupled scalar
ODEs. The system is complemented with biologically feasible non-negative initial conditions

$(0), V(0), E«(0), A;(0), 1,(0), J(0), H©O), R(0) >0, i=1,2. (2.18)
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A complete list of all state variables and parameters, together with their biological interpretations,
units, baseline values, and sources, is provided in Table 1.

Table 1. Baseline parameter values of the two-strain SVE;A;;JHR COVID-19 model.

Parameter Description Value References
A Recruitment rate into susceptible population  varies

1% Conversion rate from exposed to infectious 0.071[0.071,0.33)/day  [37,38]

v Vaccination rate of susceptible individuals 0.0033/day [39]

n Transfer rate from isolation to hospitalization 0.025/day [17]

o Disease transmission rate (Delta) 0.8946/day Estimated
B2 Disease transmission rate (Omicron) 0.8686/day Estimated
m Asymptomatic proportion (Delta) 0.15[0.15,0.7] [37,40]
1 Asymptomatic proportion (Omicron) 0.16[0.15,0.7] [37,40]

K1 Isolation rate (Delta symptomatic) 0.132/day Estimated
K2 Isolation rate (Omicron symptomatic) 0.178/day Estimated
T1 Hospitalization rate (Delta) 0.184/day [41]

T Hospitalization rate (Omicron) 0.106/day [42]

& Vaccine efficacy against infection (Delta) 0.78 [5]

& Vaccine efficacy against infection (Omicron)  0.70 [6]

V4, Recovery rate (Delta asymptomatic) 0.0066/day [43]

Ya, Recovery rate (Omicron asymptomatic) 0.034/day [17]

4| Asymptomatic infectivity factor (Delta) 0.3063 [36,44]
O Asymptomatic infectivity factor (Omicron) 0.5908 [36,44]
Yj Recovery rate (isolated) 0.017/day [17]

Vi Recovery rate (hospitalized) 0.017/day [17]

€ Symptomatic infectivity factor (Delta) 0.4231 [36,45]

& Symptomatic infectivity factor (Omicron) 0.4711 [36,45]

01 Asymptomatic-to-symptomatic (Delta) 0.021/day Estimated
02 Asymptomatic-to-symptomatic (Omicron) 0.061/day Estimated
Ha, Disease mortality (Delta asymptomatic) 0.00016/day [15,45]
Ha, Disease mortality (Omicron asymptomatic) 0.00019/day [15,45]
Ui, Disease mortality (Delta symptomatic) 0.0013/day [14]

M, Disease mortality (Omicron symptomatic) 0.0015/day [20]

M Disease mortality (isolated) 0.00037/day [43]

Uy Disease mortality (hospitalized) 0.0014/day [14]

u Natural per-capita death rate 0.0000391/day [39]

Wy Waning rate of vaccine-induced immunity 1/180 (i.e., 0.0055/day) [17]

Wr Waning rate of natural immunity (faster) 1/60 (i.e., 0.0167/day)  [17]

The baseline vaccine efficacy values used in all analyses are & = 0.78 for Delta and &, = 0.70 for
Omicron, consistent with the meta-analytic estimates of [5, 6] for the vaccines deployed in India; all
six variant-specific transmission parameters (8;, k;, 0;);=1 » are estimated from Indian surveillance data

in Section 4.4.

AIMS Mathematics

Volume 11, Issue 10, 34468—-34530.



34478

Biological interpretation of the model

The compartmental structure directly encodes the clinical course of COVID-19: § and V
distinguish unvaccinated and partially (non-sterilizingly) protected individuals, with waning terms
wy,wy reflecting the transient nature of both vaccine- and infection-acquired immunity [5]; E;
represents the latent incubation period [38]; the split into A; and I; reflects the well-documented
contribution of undocumented, subclinical carriers to transmission [37], with {; < 1 encoding their
lower viral shedding; J and H represent the two levels of clinical/public-health response (isolation and
inpatient care) and are treated as non-infectious owing to effective infection control; and R aggregates
recovery from all infectious and clinical routes. Modeling Delta and Omicron as two parallel, non-
co-infecting strain sub-systems is likewise biologically motivated, since the two variants co-circulated
over largely non-overlapping periods in India with markedly different transmissibility, incubation, and
severity profiles (see Section 1), which a single-strain model cannot represent.

3. Model analysis

3.1. Positivity and boundedness of solutions

Theorem 3.1. All solutions of models (2.10)—(2.17) with non-negative initial conditions (2.18) are
non-negative for all t > 0 and ultimately bounded, remaining in the positively invariant and
attracting region

Q={(S.V.E1,E2, A1, Ay, Iy, L, JH.R) € R} :
A
0<S +V+E1+E2+A1+A2+11+IZ+J+H+RS—}.
o)

Proof.
Non-negativity. We verify each state variable in turn.

Susceptible class S (t). Define the integrating factor

2
1
P(r) = (GA; + €1;)— + + > 0.
0) ;ﬁ(é )5 + O+ )
Since wyV + wgR > 0, the S -equation of (2.10) satisfies

S
= >_P@Ss.
2 (0

Multiplying by exp( fot P(s) ds) > 0 and integrating gives

S() > S0)exp (—f P(s) a’s) > 0.
0

Vaccinated class V(t). Define
2
20 = (1= £B(GA + el + @y + ) > 0.
i=1 N
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Since v§ > 0, Eq (2.11) gives dV/dt > —Z(t)V, where

V() > V(0)exp (—f Z(s) a’s) > 0.
0

Exposed classes Ei(t), i = 1,2. Both force-of-infection terms in Eq (2.12) are non-negative (the
susceptible inflow 5;(- - - )S /N > 0 and the vaccinated breakthrough inflow (1 — &)B;(---)V/N > 0), so

dE;
— = —(a+pE;,
72 (@+p)
giving E;(t) > E;(0)e” @' > (.

Remaining classes. Analogous lower-bound arguments applied to Eqs (2.13)—(2.17) yield A;(¢) > 0,
Ii(t) > 0, J(t) = 0, H(t) = 0, and R(r) > O for all + > 0. Hence all eleven state variables remain
non-negative for all 7 > 0.

Boundedness. Summing all equations of system (2.10)—(2.17) and using

N=S+V+ > (E+A+1)+J+H+R,

all disease-induced mortality rates are non-negative, so

dN

2 2
— =A-uN - A; - I —u,J —upH < A — uN.
7 Jz ;,UA, ;uz, pid = 7

The comparison principle applied to dN/dt < A — uN yields
A A
N() < —+(N(O)— —)e“”, t>0.
Ju Ju

If N(O) < A/u, then N(t) < A/u for all t > 0, so the solution remains in Q. If N(0) > A/u, then N(t)
decreases monotonically and approaches A /u asymptotically as t — oo; by the continuity of solutions,
the trajectory enters Q and remains there for all subsequent time. Hence Q is positively invariant and
attracting, and every solution with initial conditions satisfying (2.18) lies in Q for all # > 0. O

3.2. Disease-free equilibrium and basic reproduction number

Setting the right-hand side of system (2.10)—(2.17) equal to zero under the assumptions E; = A; =
I; =0 (@G =1,2)and J = H = 0 yields the unique disease-free equilibrium (DFE), denoted by F°:

FO Alwy + W) Av

= , ,0,0,0,0,0,0,0,00|=:(5% v° 0). (3.1)
pv+wy + ) v+ wy + p) ( )

We use the term “DFE” consistently throughout; the notation F° is reserved for this state.

Next-generation matrix construction. The basic reproduction number R, is derived via
the next-generation matrix (NGM) method [23, 24]. We order the infected compartments as
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(E1, Ay, 1, Ey, Ay, 1) and partition the right-hand sides into new-infection terms ¥ and net-transition
terms V:

Bi(L1A, +6111)% + (1 =&)Bi(GiA +flll)% (@ + WE,
0 —-makE, +aA,
F - S 0 ol = —dlEza—+511?;+ b1, ’
Ba(LHAr + lez)ﬁ + (1 = £)B2(LHAs + ezlz)ﬁ HE2
0 —haE, + aA;
0 —d>E, — 0,A, + b1,

where the shorthand parameters (used consistently throughout this section) are

e=a+pu,

a; = 6; +ya; + pa; + 1o

bi =k +71i+u, + 1, 3.2)
¢ = amn;,

di = a(l =),

for i = 1,2. The Jacobian matrices F = DF (F°) and V = DV(F"), evaluated at the DFE using the
effective transmission parameters

wy +p+ (1 =&)v

X; = Bidi Yt oyt p
(3.3)
wy+u+A-86)v
Vi = Bi€i )
V+wy+u
are obtained from x; = B;£i(S° + (1 — &)V°)/N° (and analogously for y;) using the DFE (3.1)
g0 _Awvtp o___ N A
u(v + wy + p)’ p(v + wy +p)’ Iz

Thus, the vaccine-waning rate wy enters the effective transmission factors (3.3) through the DFE.
These matrices are

O xx y» 0 0 O e 0 O 0 0 O
0 0 00 0 O -c1 a 0 0 0 O
P 0 0 00 O O Ve -d; -0, b 0 0 O
0 0 00 x3 y/ 0 0 O e 0 of
0 0 00 0 O 0 0 0 = a O
0 0 00 O O 0 0 0 -d» -6 by

The next-generation matrix FV~! has block-diagonal structure and its non-zero eigenvalues are Ry,
and Ry, (with 0 of multiplicity 4). The spectral radius therefore yields Ry = max{Ro;, Ro»}, where for
i =1 (Delta) and i = 2 (Omicron):

CYT][ﬁ,{,‘((J)V +u+ (1 - f,')V) + ﬁ,‘E,‘((,l)V +u+ (1 - f,‘)V)(a,‘di + Ciéi)

R,‘:
0 aie(v+wy+pu) aibje(v+ wy +

(3.4)
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Using the identity a,d; + ¢;6; = a(a; — ni(ya, + pa, + 1)), Eq (3.4) can be written in fully expanded

form as
an; Bili(wy + u+ (1 = &)v)

@) v+ @y + ) (6 + Y+ i + )
asymptomatic pathway
apie(wy + p+ (1 = EW)(6; + ya, + pa, + = 0i(ya, + ta, + Q)
(@+)(v+wy +p) (6 +ya +pa +p) (K + T+, +p)

symptomatic pathway

0i

(3.5)

The two terms in (3.5) represent the contributions to variant-i secondary infections via the
asymptomatic and symptomatic infectious pathways, respectively. The factor u + (1 — &;)v in the
numerator captures the combined effect of unvaccinated and vaccinated (breakthrough) susceptibility:
when &; = 1 (perfect vaccine), this factor reduces to y and Ry; attains its minimum over all & € [0, 1]
for fixed remaining parameters. The overall basic reproduction number is

Ro = max{Ro;, Roo}- (3.6)

Remark on terminology. The quantity Ry derived in (3.4) and (3.5) is evaluated at the disease-free
equilibrium (3.1), which already incorporates an ongoing baseline vaccination program (v, &;) and
case-isolation regime (k;, 7;). It is therefore, in the terminology of [23], a controlled (intervention-
adjusted) reproduction number, not the classical basic reproduction number of an entirely susceptible,
unmitigated population—for which published Delta estimates typically range from 4 to 9 [46]. We
retain the symbol Ry; and name for consistency with the next-generation-matrix construction and the
stability results of Sections 3.1-3.5, which hold regardless of parameterization; the value Ry; = 1.87
should be read as the reproduction number under baseline Indian intervention conditions, not as Delta’s
unmitigated Ry.

Numerical verification. Equation (3.5) is independent of A, consistent with R, being a dimensionless
per-generation quantity, and matches the equivalent, independently derived expression

Ro1 = Mia®(u+ (1 = &)v)/[earbi(v + wy + p)]

of Section 3.5 (Eq (3.10)), providing an internal cross-check. Concretely, India administered on the
order of 4-5 million first doses per day at the peak of the 2021 campaign against a susceptible pool on
the order of 1.3—1.4 billion [39,47], giving a per-capita rate v ~ (4-5 x 10%)/(1.3-1.4 x 10°) ~ 0.003—
0.004/day, i.e., = 0.3-0.4% of susceptibles vaccinated per day—consistent with, and slightly above,
the commonly cited 0.1-0.3%/day range for India’s peak rollout. Guided by this empirically grounded
range, we adopt v = 0.0033/day throughout (Table 1), taken directly from the daily vaccination
throughput reported for India [39]. As an independent numerical check, direct substitution of the
baseline values in Table 1 into (3.5) gives Ry = 1.87 and Ry, = 1.64 (rounded to three decimal places).

3.3. Local stability of the disease-free equilibrium

Theorem 3.2. The disease-free equilibrium F° of model (2.10)—(2.17) is locally asymptotically stable
(LAS) whenever Ry < 1, and is unstable whenever Ry > 1.
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Proof. Linearizing system (2.10)—(2.17) about F° = (%, V°,0) yields an 11 x 11 Jacobian Jo. Using
the notation of (3.2) and (3.3) and setting

0 0
pP=T+Yyi+ Ui+ u, q="7yn+tHt U fz‘:(l—fz‘)xi@, )71':(1—51'))’1'@,

the Jacobian in state ordering (S,V, E, Ay, I}, E;, Ay, I, J,H,R) is

-(v+p) wy 0 —xi =y1 0 =xp =y, 0 O WR
v —(wy+u) 0 =% -1 0 -% -5, 0 O 0
0 0 - x3 y1 0 0 O O O 0
0 0 ci, —ag 0 0 O O O O 0
0 0 d 6 -bp 0 0 0 0 O 0
Jpo = 0 0 0 0 0 — x» y» 0 O 0
0 0 0 0 0 Cry —ap 0 0 0 0
0 0 0O 0 0 d 6, -b, 0 O 0
0 0 0 0 x 0 O x —-p O 0
0 0 0O 0 o 0 0 7 m —q 0
0 0 0 74 0 0 v, O v v —(wr+p

The matrix Jro is block lower-triangular in the natural partition of infected and uninfected states, so its
eigenvalues are the union of those of the following diagonal blocks.

Uninfected block Msy. The 2 X 2 block

-(v+p) wy

Msv=\ ", Loy +p

has tr(Mgy) = =(v + 2u + wy) < 0 and det(Mgy) = u(v + wy + @) > 0, so both its eigenvalues have
strictly negative real parts.

Scalar blocks. The blocks for J, H, R yield eigenvalues 1; = —p < 0, Ay = —q < 0, Ag = —(wg+u) < O.
Five of the eleven eigenvalues are therefore stable.

Infection blocks J;,i = 1,2. The remaining six eigenvalues arise from

—e X i
J,' =1¢ —a; 0 , i = 1,2
dl' 5,‘ —b,'

The characteristic polynomial of J; is 2° + p(z")/l2 + p(li)/l + pg) = 0 with Routh-Hurwitz coefficients

P =e+a+b >0, (3.7
P\ = aib; + (a; + be — cix; — diyy, (3.8)
Py = aibie(1 = Roy), 39)

where
_ bicix; + yi(aid; + ¢;6))

Roi
aibie

AIMS Mathematics Volume 11, Issue 10, 34468—-34530.



34483

is the variant-i reproduction number derived in Section 3.2.

Case Ry < 1. Assume Ry; < 1 fori = 1,2. Then p}’ > 0 and py’ = aibie(1 — Ry;) > 0 from (3.9). For
p(ll), observe that

bicix; + a;d;y; aibie Ro;
cix; +diy; < - < — < (a; + b))e,
4 min(a;, b;) min(a;, b;) ( )

so p” > a;b; > 0. The discriminant of the Routh-Hurwitz table is A? = p{"p'” — p'. Using c;x; <

a;eRo; and d;y; < b;eRy;, the negative contribution —pg) to AY is dominated by the positive terms
azb; + a;b? + 2a;b;e + ¢;6;y; arising from pg) p(li), yielding A” > 0. By the Routh-Hurwitz criterion,
all three roots of each cubic have strictly negative real parts. Combined with the five trivially stable
eigenvalues, F is LAS.

Case Ry > 1. If Ry, > 1 for some k € {1,2}, then p\’ < 0 while p{’ > 0. By Descartes’ rule of signs,

the characteristic polynomial of J; has at least one positive real root, so F is unstable. O

3.4. Conditional global stability of the disease-free equilibrium

Theorem 3.3. The disease-free equilibrium F° of model (2.10)—(2.17) is globally asymptotically stable
(GAS) in Q whenever Ry <1 and the Castillo-Chavez-Song domination condition (C2) below holds.

Proof. We apply the Castillo-Chavez-Song decomposition [25]. We partition the state vector into
uninfected and infected components,

P=(S,V,R)e R}, Q= (E\,A,I|,Ey,As, I, J,H) € R®,

so that system (2.10)—(2.17) takes the standard form

dpP d
L_mro. L-wero. weo-=o
dt dt
with disease-free equilibrium P* = (S, V°, 0), as given in (3.1), of the uninfected sub-system. Global

stability of F° follows once the two Castillo-Chavez-Song conditions are verified.

(C1) Global stability of the disease-free sub-system.
Setting Q = 0 in the P-equations yields the linear system

S=A-+uS +wyV + wgR, V=vS§S—(wy+p)V, R = —(wg + 1R.

This system is not an uncoupled cascade: The waning-immunity terms wy V and wgR in the S -equation,
inherited from the full model (2.10), couple S to V and R even when Q = 0. Writing the system as
P = AP + b with

-(v+ wy Wg A
A= % —(wy + W) 0 , b=10],
0 0 —(wg + ) 0

we show A is Hurwitz. Because the third row and column of A decouple R from (S, V),
spec(A) = spec(A”) U {—(wg + )},
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where
A/ — _(V + /J) Wy
v —(wy + )"
Since tr(A”) = —(v + u) — (wy + ) < 0 and

det(A") = (v + w)(wy + p) — wyv = u(v + wy + p) > 0,

both eigenvalues of A’ have a strictly negative real part; together with —(wg + u) < 0, every eigenvalue
of A has a strictly negative real part, so A is Hurwitz. Consequently the affine system P = AP+ b has a
unique equilibrium P* = —A~'b, and every solution satisfies P(f) — P* = e*'(P(0) — P*) —» 0 ast — oo,
so P* is GAS in the P-subspace regardless of initial datum. Solving AP* = —b explicitly gives
. NMowy+p 3 Av
(v + wy + @)’ uv + wy + )’

*

which coincides with (S° V° 0) of the disease-free equilibrium (3.1), confirming that the P-
subsystem’s steady state and the model’s DFE agree. Hence condition (C1) holds.

(C2) Castillo-Chavez-Song domination condition and Metzler structure.
Write W(P, Q) = KQ — W(P, Q), where K = Dy W(P*,0) is

- x3 y1 O 0 0 0O O
cqa —a¢ 0 0 O 0 0 O
d 6 -by 0 0 0 0 0
K= 0O O 0O —e x yy 0 O
0O O 0 ¢ —-a O 0 O
0O O 0 d o6, -bp 0 O
0 0 ki 0 0 kK, —-p O
0O O 7 0 O T, T —q

The Castillo-Chavez-Song condition (C2) requires the componentwise domination inequality
W(P, Q) < KQ (equivalently, W(P, Q) > 0) throughout the positively invariant region. The inequality
S + V < N alone does not establish this condition, because the force-of-infection coefficient is
[S + (1 — &)V]/N, whereas its DFE value is [S© + (1 — &)V°]/N°. We therefore state (C2) explicitly as
an additional verifiable model condition rather than infer it from S + V < N. Every off-diagonal entry
of K is non-negative, so K is a Metzler matrix.

If Ry < 1, each three-dimensional infection block J; is Hurwitz by Theorem 3.2. Since K is block
lower-triangular with these infection blocks and the strictly stable J and H rows, K is Hurwitz. Under
the stated domination condition, the standard Castillo-Chavez-Song theorem therefore yields Q(r) — 0
as t — oo and condition (C1) then gives P(t) — P".

Both conditions hold, so F° is GAS in Q for R, < 1 subject to the stated domination condition (C2).
The borderline case Ry = 1 is not asserted here because the present argument gives only nonpositive
spectral abscissa at the threshold. O

3.5. Endemic equilibria

When R, > 1, the disease persists at a non-trivial steady state called an endemic equilibrium (EE).
Depending on which variant’s reproduction number exceeds unity, the model may admit a Delta-only
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EE, an Omicron-only EE, or a coexistence EE in which both variants circulate simultaneously. We
establish the existence, uniqueness, and stability of these states below.
Setting the right-hand side of system (2.10)—(2.17) to zero, we use the shorthand (3.2) and
additionally define
p=rn+yj+tuitu, q="Yn+t Mt H

and the composite parameters

®; = (1 —npa; +nid; = a; — ni(ya, + pa, + 1) >0,

ibi i iq)i
©; = H%, (3.10)

Mi = Bi®i»

fori=1,2. Let
Xi = Bi(GA] + &l) /N

denote the endemic force of infection of variant i.
From the equilibrium conditions of A; and /;, one obtains, after eliminating E?:

a;b; bin; .
E=—1TI, Al=—1I, =1,2. 3.11
1 a’(D, l 1 (I)t 1 l ( )

The equilibrium conditions for J, H, and R then give

I + o1
oo klit el (3.12)
p

T1p + nk)l + (Tap + ko)
e = QKO+ (Tap + 76 2 (3.13)
pP4q

2 *
1 bin; (k1 I} + ko I T1p + k)l + (1ap + 7k2) 1
R = S 2wbim . yolli vieh) | yil@prmali - @Bl
wp+p|o D

i p pPq

Substituting A7 from (3.11) gives y; = MI7/N*. Setting y* = x| + x5, the equilibrium S- and V-
equations yield

A+ wyV* + wrR*
- X tv+u
V= rS .
(I =&+ =&xs +wy +u
Substituting into the equilibrium E;-equation gives the governing system for the endemic prevalences:

g
(3.15)

a;b;

X"+ -V =e I, i=1,2, (3.16)
CL’(I),'

where §* and V* are implicit functions of (/{, I7) through (3.15).
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Single-variant equilibria
For the Delta-only case, set I; = A = E; = 0 and define 4 = x| > 0 as the primary unknown.

Define the aggregate infected-class coefficient

ab b K TP + 7K 1 b K TP + K
_@b b ok TP Ly Ya 1771+711+7h( % 1)

Ca®d; @ p Pq wWr+u| O p rq

sothat N* = §* + V* + KiI]. Let oy = (1 = &)A + wy + u. From (3.15) and I} = AN*/M,, Eq (3.16)
with i = 1 reduces to the consistency function

K

2

€611b1

g1V = Mo + (1 = &)v] =KAoy + (1 = &)v] -

(o1 +v)=0. (3.17)
aP

Expanding in A, g, is a quadratic with leading coefficient —K (1 — &) < 0 (downward-opening, or

decreasing linear when &; = 1). Its value at 4 = 0 is

ea v

b
81(0) = Mi((wy + p+v)(1 - &) - o, (Wy +u+v),

(0

which satisfies g;(0) > 0 whenever R,; > 1 (established in Theorem 3.4 below). Since g{(1) —» —oo
as 4 — +oo, the intermediate value theorem guarantees at least one positive root; downward concavity
gives uniqueness. An analogous argument applies to the Omicron-only equilibrium with indices 1 < 2.

Theorem 3.4. Model (2.10)—(2.17) admits:
(1) a unique Delta-only endemic equilibrium F; = (S*,V*,E},A},1{,0,0,0,J*, H*,R") with all
components positive if and only if Ryy > 1;
(ii) a unique Omicron-only endemic equilibrium F; = (§*,V*,0,0,0, E5, A%, I, J*, H*, R*) with all
components positive if and only if Ro, > 1.
Proof. We prove part (i) in full; part (ii) follows by symmetry.
Existence and positivity. Given I} > 0, Eqs (3.11)—(3.14) yield E},A},J",H*,R* > 0 since all
parameters are positive. With I7 = E = A7 = 0, we have x5 =0, y* = x| > 0,and then §* > 0, V* > 0
from (3.15).

Using
_ Mla/(l)l(,u + (1 —é:])V)
T eahi(v+ wy + p)

Roi

and the identity
€61]b1 _ M](/.l + (1 - §1)v)

a®;, (v+wy+wRy
we obtain MR 0
o) 2 T Dy W >0, h Rop > 1.
£1(0) Ror [ PENEYAY whenever Ry,

Combined with the downward-opening quadratic form of g; (Eq (3.17)) and g;(1) — —oco as
A — oo, the intermediate value theorem guarantees a unique positive root 4* > 0. Back-substitution
via (3.11)—(3.15) recovers all components positively.

Non-existence when Ry < 1. The same calculation gives g1(0) < 0; since g; is non-increasing for
A > 0, it has no positive root, so no positive EE with I > 0 exists. O
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Theorem 3.4 is deliberately restricted to the two single-variant equilibria F7, F7}, both of which
are proved rigorously above. The coexistence case is stated below as a conjecture rather than
a theorem, since only a sign-change/monotonicity argument—not a full simultaneous existence-
uniqueness proof—is currently available for it.

Conjecture 1. Whenever Ry = max{Ry;, Rp} > 1 and neither variant’s force of infection is zero,
model (2.10)—(2.17) admits a coexistence endemic equilibrium

F* :(S*9V*’ET’ T’IT’E;’ ;91*’J*,H*aR*)
with all components positive.

Supporting argument (not a proof). The coupled system (3.16) for (17, I7) consists of two equations,
each of which, fixing the other variable at a positive value, defines a consistency function of the same
quadratic form as g,. When R, > 1, the same sign-change argument applied simultaneously to both
equations—using the monotone dependence of S * and V* on the total force of infection y*—suggests a
positive solution (I}, I5), with uniqueness suggested by the strict monotonicity and downward-opening
structure of each consistency function when the competing variant’s prevalence is held fixed. This is
a sign-change/monotonicity sketch, not a fully rigorous simultaneous-equation existence proof (e.g.,
via a Poincaré-Miranda or Brouwer fixed-point argument, or a monotone-operator argument on the
coupled map (I}, I5) = (I}, 3)); such a treatment remains outstanding (see section 5). Theorem 3.5
concerns only the single-variant equilibria F|, F; established rigorously in Theorem 3.4 (i) and (i);
their validity does not depend on Conjecture 1.

3.6. Variant elimination and competitive exclusion

Definition 1. Variant i € {1, 2} is said to be eliminated from the population if
(Ei(), A1), 1(1)) — (0,0,0), ast — oo,

regardless of the asymptotic behavior of the other variant’s compartments, the shared compartments
J,H,R, or the susceptible/vaccinated classes S, V. Under model (2.10)—(2.17), the following two
regimes are distinguished in the analysis:
(a) Global elimination (no circulating strain). If Ry; < 1 and Ry; < 1 for j # i, then by
Theorem 3.3, both variants are eliminated simultaneously, since the disease-free equilibrium F° is
globally asymptotically stable in  under condition (C2), and every trajectory satisfies (E;, A;, I;)) —
(0,0,0) for bothi =1, 2.
(b) Competitive elimination (single-strain persistence). If Ry; > 1 for exactly one i, variant i persists at
the single-variant endemic equilibrium F; (Theorem 3.4). The competing variant j # i is locally
eliminated near F; when the corresponding invasion block is Hurwitz. Equivalently, its invasion
reproduction number satisfies Ro j < 1 together with the remaining cubic Routh-Hurwitz inequalities
stated in Theorem 3.5. The ordering R,; < Ry; may provide intuition for which variant is favored, but
it is not by itself sufficient to establish non-invasion because Ro ; 1s evaluated at the endemic state of
the resident variant. This elimination conclusion is therefore local, not global.

If Ry1 = Rz > 1, the ordering argument provides no competitive conclusion. The coexistence
equilibrium F* of Conjecture 1 may then be relevant, but its existence and stability are not established
in the present work. This borderline case is not analyzed further.
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3.7. Local stability of endemic equilibria

Theorem 3.5. Each single-variant endemic equilibrium F?,i € {1,2}, of model (2.10)—-(2.17) is locally
asymptotically stable provided that Ry; > 1, the active endemic Jacobian block Bs; satisfies the full
eighth-order Routh-Hurwitz conditions Ag) > 0 fork =1,...,8, and the direct invasion block of the
competing variant is Hurwitz. The latter condition is checked explicitly from the invasion reproduction
number and the corresponding cubic Routh-Hurwitz inequalities below.

Proof. We prove the result for F7; the case F; follows by interchanging indices 1 < 2.
At F}, the Omicron compartments vanish, E5 = A5 = I; = 0, so the 11 x 11 Jacobian Jr: is block

upper-triangular:
Bg %
JF;< = ( 0 C3) s

where Bg governs the active sub-system (S, V, E, Ay, I, J, H, R) and C; governs the linearized Omicron
invasion sub-system (E;, A, I,). Hence

spec(JFl*) = spec(Bg) U spec(Cs).

Utilizing |
2 = B1&1S ’
N*
o — piesS”
Y1 N+
v (=&)Bi& V"
xl -_ —’
N*
5 = (I =-&)pie Ve
1 N* ’

XV ==&,

the active block is

—()(Xl< +v+ ,Ll) wy 0 —X1 —571 0 O Wpg
v -V +owy+p) 0 -1 -5 0 0 0
X X\ —e X1+ X i+ 0 0 0
B 0 0 ¢ —a 0 0 0 0
57 0 0 d 6 b, 0 0 0
0 0 0 0 ki —-p O 0
0 0 0 0 Ty T o—q 0
0 0 0 s 0 Yi Yo —(wr+ Q)

Routh-Hurwitz analysis of the active endemic block. Let
Po(A) = det(AUg — Bg) = 22 + 147 + 2% + 3% + c4* + c52° + ¢ A° + 74 + c.
Fork =1,...,8, define the Hurwitz determinants

Ak = det[hrs]k hrs = C25—r»

r,s=1>°
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where ¢y = 1 and ¢, = 0 for £ < 0 or £ > 8. The Routh-Hurwitz theorem states that Bg is Hurwitz if
and only if
Ar>0, A>0, ..., Ag>0.

For completeness, the first determinant is explicit:
Al=ci=-tu@Bg) =, +v+u)+ (" +wy+p)+e+a +b +p+q+(wg+p) >0.

No conclusion that A,, ..., A; are automatically positive is drawn from Ry, > 1 alone. Their positivity
is part of the complete Routh-Hurwitz verification:

Ay > 0, k=1,...,8.

Once these inequalities are verified for the parameter set under consideration, all eight eigenvalues of
Bg have strictly negative real parts.

Direct invasion analysis of the competing variant. The linearized Omicron invasion block is

—e X W
C3: Cr —ay 0 s
d 6, -b,
where S 4+ (1=&)V* S 4+ (1=&)V*
+(1- “+(1 -
X =Bls a8 V2 =& 2o

N*
Define the invasion reproduction number at F| by

N*

~ 2% N (ardy + €202)¥>
ea e arb, ’

The characteristic polynomial of Cj is
A+ pad® + prd + po,
where
pr=e+ay+b, >0,
P1 = @by + (az + br)e — 2%y — dan,
Po = earby(1 = Rpp).

Therefore, the exact cubic Routh-Hurwitz conditions for C; to be Hurwitz are
Rox < 1, p1 >0, D2P1 > Po-

These inequalities, rather than the ordering Ry, < Ro; by itself, provide the direct non-invasion test
at Fy.

Hence, if Ry; > 1, the active-block Hurwitz determinants satisfy A, > 0 for k = 1,..., 8, and the
three direct invasion Routh-Hurwitz inequalities above hold, so every eigenvalue of Jr: has a strictly
negative real part. Thus F7 is locally asymptotically stable. The proof for F follows by interchanging
the variant indices. O
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Remark 3.1. For the single-variant endemic equilibrium F7, a natural candidate Lyapunov function
for the Omicron sub-block produces the term

X2C2 + Valdaay + €20,)
a a>b,

S \%
W(Es, Ay ) = ( )(N +(1- fz)ﬁ)(Az +I). (3.20)

All factors in (3.20) are non-negative on £2; hence
W(Ey, Ay, 1) 20,

with strict positivity whenever A, + I, > 0 and the transmission parameters are positive. Moreover,

X2C2 + 2(dhay + ¢267)
a axb,

e Ry > 0. (3.18)

The condition Ry, < 1 therefore does not change the sign of this term: ¥ > 0 holds regardless of
whether Ry, is above or below unity. Consequently, ¥V < 0 cannot be established from (3.20) alone,
and LaSalle’s invariance principle cannot be invoked on the basis of this Lyapunov function.

For this reason, we do not claim global asymptotic stability of F; under Ry, > 1 and Ry; < 1. The
rigorous stability result established in this manuscript is Theorem 3.5, which gives local asymptotic
stability of the single-variant endemic equilibrium under the corresponding non-invasion condition. A
global asymptotic-stability result would require a different Lyapunov function or an independent global
convergence argument, which we leave for future work.

4. Numerical simulation

In India, the initial phase of the COVID-19 pandemic was driven by the original variant of SARS-
CoV-2, which appeared in early 2020 and reached its peak during the first wave. The Beta variant
(B.1.351), identified in late 2020, had limited spread in India but was present alongside other variants
during that time. The Delta variant (B.1.617.2), first detected in India in October 2020, was responsible
for a severe second wave in mid-2021 owing to its increased transmissibility and virulence, ultimately
becoming the dominant variant by mid-2021 [15]. Subsequently, the Omicron variant (B.1.1.529)
surfaced in late 2021 and led to a rapid third wave in early 2022; although Omicron drove a sharp
increase in cases, its comparatively milder clinical profile resulted in lower hospitalization and death
rates, marking a turning point in the pandemic trajectory in India [11].

4.1. Motivation and overview

Classical parameter estimation for compartmental epidemic models relies on gradient-based

nonlinear least squares, which treat the ODE system as a black box and optimizes only the fit to
observed data. This approach has three well-known drawbacks: (i) it is sensitive to initial parameter
guesses, (i1) it provides only point estimates without uncertainty quantification, and (iii) it does not
exploit the structural constraints encoded in the ODE during the fitting process. To address these
limitations, we propose a three-stage hybrid estimation framework:
(1) Stage 1 (Classical baseline): MATLAB’s nonlinear least-squares routine Isqnonlin is used to obtain
initial point estimates of the six variant-specific parameters (81, k1, 01, 82, K2, 02) by minimizing the sum
of squared differences between the model-predicted cumulative symptomatic counts and the reported
daily cumulative confirmed case data.
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(2) Stage 2 (Deterministic PINN): A physics-informed neural network embeds the two-strain ODE
system (2.10)—(2.17) directly as a soft penalty in the loss function, simultaneously learning both the
state trajectories and the six unknown parameters in a physically consistent manner. The PINN-derived
estimates serve as the primary values used in all subsequent analyses.

(3) Stage 3 (Hybrid PINN-LSTM): A long short-term memory residual-correction module is coupled
to the PINN output to capture unexplained variance in the observed case-count series, applied as a
bounded post-hoc correction rather than a further re-fit of the physical parameters (which remain those
learned in Stage 2), producing the final forecasting model. We stress that this correction operates only
on the scalar reported-case observable C(t) = I,(t) + L1(¢) of (4.2): the LSTM never receives or outputs
values for any individual state of system (2.10)-(2.17) (S, V, E;, A;, I;, J, H, R). The hybrid model
is therefore not a corrected solution of the eleven-equation compartmental system—it is the Stage-2
PINN’s state trajectory (which solves that system up to the soft residual penalty of (4.3)) together with
a downstream, purely statistical correction applied only to the public-facing case-count forecast. The
conditions under which this correction is expected to help rather than harm forecast accuracy, and the
associated overfitting risk, are discussed in Section 4.4.

4.2. Physics-informed neural network for parameter learning

Let x(7;0) = (S‘ v, E,-,Ai, fi, J A, f?) denote the output of a deep feedforward network N(:; @) with
parameters 6, where ¢ € [0, /] is the only input. The network simultaneously treats the six variant-
specific parameters (51, k1, 01, B2, k2, 02) as learnable scalar quantities. The total loss function is

Lonn = Wy Laga + WrLopeg + Wic Lic 4.1)
—— N’ ———

data fidelity ~ physics residual initial conditions

where the three components are defined as follows.

Data fidelity loss. Let {(;, Ck)},’f: , be the K observed daily cumulative confirmed case counts. Denoting
the total symptomatic infectious population by C(r) = I;(r) + L(?),

1,4
Lowa = 2 ) (Ca) - G (4.2)
k=1

ODE residual loss. Let R, (t) denote the residual of the m-th equation in system (2.10)—(2.17) evaluated
at the network output. For N, collocation points {tj‘}jvz , sampled uniformly on [0, #/]:

1
Lo = 77 ), ) [Rult))T. (4.3)

¢ j=1 meS

where S indexes all eleven state equations. Automatic differentiation is used to compute dx,,/dt at
each collocation point.

Initial condition loss.

Lic = ) [5(0) = 5O, (4.4)

meS

where x,,(0) are the known initial values listed in Section 4.4.
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Identifiability from a single observable. All six parameters (5;, k;,0;);=1» are estimated from the
single observable C(t) = I,(t) + I,(¢) [48]; continuous daily series for J, H, R were unavailable for
the calibration windows (only single-point initial values, see Eq (4.8), were obtainable), so these
compartments do not enter Lg,,,. We support identifiability with three empirical checks rather than the
ODE penalty alone: (1) multi-start training from n = 15 random initialization converges to the same
values (CV < 3%, Supplementary Figure S2); (2) the Bayesian posteriors (see Figure 2) are unimodal
and tightly concentrated, with no multimodality or ridge-like correlation; and (3) estimates are robust
to reduced training data and injected noise (see Supplementary Figures S3 and S4). This is strong
practical identifiability evidence; we additionally confirm it with a formal structural-identifiability
proof below.

Scope of this evidence. The three checks above establish that, within the explored initializations, noise
levels, and data-reduction fractions, the optimizer converges to the same neighborhood in parameter
space—on their own, this is practical rather than structural evidence. We do not leave the distinction
there, however: The formal structural-identifiability analysis presented immediately below closes this
gap by certifying, via differential-algebra-based elimination rather than numerical optimization, that
all six parameters are uniquely determined by the observable in the idealized (noise-free, continuously
observed) limit. Accordingly, throughout this manuscript, we describe (8;, k;, 6;);=1 » as both practically
and formally (globally) identifiable, with the scope of the formal result stated precisely below.

On the single-observable/missing-compartment-data constraint. We acknowledge directly that six
coupled parameters are being estimated from one scalar observable C(¢) = [;(t) + I,(¢), with only
single-point snapshots—not continuous daily series—available for J, H, and R. This is a genuine data
limitation, not a modeling choice. What the checks in Supplementary Figures S1-S4 establish is that,
given this data constraint, the six-parameter inverse problem does not exhibit the practical symptoms
of non-identifiability—divergent multi-start solutions, multi modal or ridge-shaped posteriors, or
instability under noise/data reduction—that would make the point estimates untrustworthy even as
a starting point for policy use; and, as shown immediately below, a formal structural-identifiability
analysis confirms this is not merely a practical accident but a provable property of the model given the
fixed baseline parameters of Table 1.

Formal structural identifiability analysis. To move beyond practical checks, we additionally
performed a formal structural identifiability analysis of the estimation problem using
Structuralldentifiability.jl [34], which certifies identifiability via differential-algebra-based elimination
rather than numerical optimization, following the epidemic-modeling workflow set out in the tutorial-
based primer of Chowell et al. [35] and applied similarly to phenomenological epidemic-growth
models by Liyanage et al. [49]. Two modeling choices were required to make the analysis tractable
and faithful to how calibration is actually performed in this paper. First, since Delta and Omicron
are fit from two non-overlapping calibration windows (see Section 4.4) rather than jointly from a
single 12-parameter, 11-state system, we assessed each variant’s 8-state sub-model separately, with
the remaining (literature-fixed) parameters of Table 1 held at their baseline values and the observable
set to y(t) = I(t)—the single-variant analogue of C(¢) in each calibration window. Second, because the
underlying algorithm is a randomized algebraic method, its stated identifiability classifications hold
with a probability of at least 0.99 (the package default), not as a deterministic certificate; we report the
results on that basis rather than overstating their certainty. The results are summarized in Table 2.
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Table 2. Formal structural identifiability results for the Delta and Omicron sub-models,
obtained via Structuralldentifiability.jl [34], with the remaining parameters fixed at their
Table 1 baseline values and observable y(¢#) = I(f) (probability of correctness > 0.99). The
results apply to each separately calibrated single-variant sub-model and should not be read
as a certification of the full coupled eleven-state system.

Variant Parameter Identifiability result
Delta Bi Globally identifiable
Delta K1 Globally identifiable
Delta 01 Globally identifiable
Omicron B2 Globally identifiable
Omicron K> Globally identifiable
Omicron 02 Globally identifiable

The three fitted parameters for each variant—transmission rate 3;, isolation rate k;, and progression
rate 9,—are globally structurally identifiable within their respective single-variant sub-models: Given
noise-free, continuously observed data, the algorithm returns a unique parameter value consistent with
the observed I(¢) for the fixed remaining parameters. This is the strongest classification returned by the
computational identifiability analysis. It should not be interpreted as a proof that all six parameters are
jointly identifiable from one observable in the fully coupled eleven-state model.

Scope of this analysis. Three honest limits remain, and we state them rather than let the table
above imply a stronger claim than it supports. First, the analysis was performed on the two 8-
state, 3-parameter sub-models rather than on the full joint 12-parameter, 11-state, two-observable
system; this decomposition is justified by the non-overlapping calibration windows actually used (see
Section 4.4) and matches the model’s own assumption that the two variants do not co-circulate, but
a joint analysis of the fully coupled system—computationally far more demanding, owing to the
shared J, H, R compartments linking the two sub-models—has not been attempted and is listed as
future work. Second, global identifiability is established given the fixed numerical values of the
remaining ~19 parameters of Table 1 (A, a, v, n;, 71, &, Va,, & €, 1 U, Wy, wg); it 1s not a claim that
identifiability would persist for arbitrary values of those fixed quantities. Third, the > 0.99 probability
guarantee, while it is the field-standard reporting convention for randomized algebraic identifiability
algorithms, is not a zero-uncertainty deterministic proof, and the result concerns idealized (noise-free,
continuously observed) data rather than the finite, noisy, daily-sampled series actually available—
which is exactly what the practical checks of Supplementary Figures S1-S4 above are for, and why
we regard the two forms of evidence as complementary rather than either being redundant with the
other. With these three caveats stated explicitly, we regard the single-observable/missing-compartment
issue as substantially addressed within the two separately calibrated sub-models; a joint full-system
identifiability analysis remains beyond the scope of the present study, globally identifiable for the
correctly scoped question that matches how calibration is actually performed, and the joint-system
analysis together with continuous J, H, R data collection are named explicitly as the concrete next steps
in Section 5.

To move beyond the practical-identifiability checks of Figure 2 (main text) and Supplementary
Figures S2—-S4 (multi-start convergence, posterior unimodality, and robustness to noise and data
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reduction), we additionally computed profile likelihoods [50] for all six variant-specific parameters,
with the full curves reported in Supplementary Figure S1. For a parameter p with converged optimum
p and minimum loss £(p), the profile likelihood fixes p at each value on a grid spanning its plausible
range and re-optimizes all remaining parameters and network weights, yielding the profiled objective
L*(p) = ming, , £(6). Following the likelihood-ratio construction of Raue et al. [50], a 95% confidence
threshold is set at £(p) + A, with A = 3.84 obtained from the y? distribution with one degree of
freedom via Wilks’ theorem. A parameter is judged practically identifiable when its profile forms a
valley whose minimum coincides with the converged optimum and which rises above this threshold on
both sides within the tested range. This diagnostic is materially stronger than multi-start convergence
alone (see Supplementary Figure S2), since it directly probes whether the loss surface admits a
compensating ridge along each parameter’s own axis while the remaining parameters are free to absorb
the perturbation, rather than relying on convergence behavior under random initialization.

All six profiles clear the 95% threshold on both sides within the tested range (see Supplementary
Figure S1): For Delta, 5; ~ 0.8946, x; ~ 0.132, and §; ~ 0.021, with §; the most tightly constrained
parameter of the six; and for Omicron, 8, = 0.8686, k, ~ 0.178, and 6, ~ 0.061, with x, forming
the sharpest valley of the six. All six variant-specific parameters are therefore practically identifiable
under the profile-likelihood criterion. We note this as practical, not structural, identifiability evidence,
consistent with the scope established in Section 4.2 above.

Network architecture and training. The network has 6 hidden layers of 64 neurons each with tanh
activation, trained via Adam [26] (learning rate 10, 50,000 epochs) followed by limited-memory
Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) fine-tuning. Loss weights w; = 1, w, = 1072, w;. = 10
follow the adaptive self-weighting strategy of Wang et al. [51]; results are robust to +50% perturbations
of these weights. Network weights are initialized with Glorot (Xavier) normal initialization and biases
at zero, standard for tanh-activated PINNs; the six learnable physical parameters (5;, k;, 0;);=1 > are
initialized at the Isqnonlin point estimates (Stage 1) rather than randomly, except in the multi-start
robustness check of Supplementary Figure S2, where they are drawn uniformly from +50% of that
value. The PINN loss is evaluated using full-batch training: all N. = 2000 collocation points and all
K data points are used in every Adam/L-BFGS iteration (no mini-batching), since the collocation set
is small enough that stochastic sub-sampling was not needed for convergence. Each reported point
estimate uses a single fixed random seed (seed = 42 for weight initialization and collocation-point
sampling); the n = 15 multi-start runs of Supplementary Figure S2 instead vary the initial parameter
guess only, not the weight-initialization seed, so seed-to-seed variability of the network weights
themselves has not been separately quantified—this remains an open item, restated in the Limitations
(see Section 5). The PINN delivers smooth state trajectory estimates X(#) consistent with the ODE
structure throughout the fitting window, together with posterior point estimates of all six parameters.
The learning-rate schedule, the 6 X 64 architecture, the 14-day LSTM window (see Section 4.4), and
the loss weights were fixed based on commonly used configurations. The +50% perturbation analysis
evaluated the robustness of the results around this selected configuration rather than establishing its
optimality. A systematic hyperparameter search was not performed and is therefore identified as a
limitation in Section 5.
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4.3. Bayesian PINN with uncertainty quantification

A key limitation of the deterministic PINN framework is that it returns only point estimates
of (B;,k;,0;) without any associated measure of statistical uncertainty, which is a serious drawback
in epidemiological inference where parameter confidence directly informs public-health decision-
making [28,29]. We therefore extend the deterministic PINN of Section 4.2 to a Bayesian PINN
(B-PINN) that propagates uncertainty in the network weights to uncertainty in the learned parameters
and predicted trajectories.

Following [28], we place independent Gaussian priors on both the network weights € and the
unknown parameters ¢ = (8;, k;, 0;)i=12:

0~ N(0.031), ¢~ N(6p.Z,). (4.5)

where ¢, are the deterministic PINN point estimates and X, is a diagonal covariance matrix
encoding +30% prior uncertainty around each baseline value. The Gaussian observation model with
measurement noise variance o> gives the likelihood

K
p(D16.9)=[ [ M(Ci|Cti0.9),02), (4.6)

k=1

and Bayes’ rule gives the joint posterior

p6.¢ | D)« p(D|6,¢) p(d) p(¢) exp(-w,Lopk) . 4.7)

where the ODE residual loss enters as a soft physics-based regularizer that biases the posterior toward
parameter configurations consistent with the governing system (2.10)—(2.17).

The intractable posterior (4.7) is approximated using Hamiltonian Monte Carlo (HMC) with the No-
U-Turn sampler (NUTS) [30]. We draw N; = 5000 samples after a 1000-iteration burn-in phase and
retain every fifth sample to reduce autocorrelation, yielding an effective sample size of approximately
1000 posterior draws per parameter. MCMC convergence was assessed using the Gelman-Rubin R
statistic; all parameters satisfied R < 1.01, confirming adequate chain mixing. From the retained
draws, 95% Bayesian credible intervals (Cls) were constructed as the 2.5th and 97.5th percentiles of
the marginal posterior distributions.

Uncertainty in the fixed literature parameters. The sampling scheme above places priors only on 6 and
& = (B;, ki, 0;)i=1.2; the literature ranges a € [0.071,0.33]/day, n; € [0.15,0.7] (Table 1) were held fixed.
We therefore performed a separate Monte Carlo propagation (N = 200,000 draws): a,n;,1, drawn
uniformly over their ranges, jointly with (8;, «;, 6;);=1 2 as independent Gaussians matching the B-PINN
posteriors, propagated through (3.5). This is an approximate propagation from independent priors, not
a re-run of the joint HMC/NUTS sampler. The result is nonetheless substantive (Table 3): the 95%
CI for Ry; widens from [1.759,2.014] to [0.882,2.022] (~ 4.5%), and for Ry,, from [1.558, 1.732]
to [0.872,1.639] (» 4.4%), with 12.4% and 18.3% of joint draws giving R;; < 1. Once literature
uncertainty in «,n; is included, the “confirmed” transmission claim is thus conditional on the point
values used elsewhere in this manuscript. The same propagation, carried to the herd-immunity
threshold p* (see Section 4.6.3), widens the combined coverage recommendation from [56.0%, 64.6%]
to [1.1%, 64.8%] (median 47.0%).
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Table 3 displays, for both variants, the posterior-median reproduction number alongside two 95%
intervals: the narrower interval obtained by propagating uncertainty in the six learned transmission
parameters alone, and the substantially wider interval obtained once literature uncertainty in the fixed
parameters a and 7, is additionally propagated—explaining why the joint interval for each R; extends
below unity while the six-parameter-only interval does not.

Table 3. Joint Monte Carlo uncertainty propagation (N = 200,000 draws) including a, 171, 17
sampled uniformly over their literature ranges, jointly with (8;, ki, 0;)i=1» approximated as
independent Gaussians matching the reported B-PINN medians/CIs, propagated through the
closed-form expression (3.5). This is an approximate propagation from independent priors,
not a re-run of the joint HMC/NUTS sampler on an augmented parameter vector.

Median 95% CI (six learned parameters only)  95% CI (joint, incl. a, 171, 1,)
Ro1 (Delta) 1.87 [1.759,2.014] [0.882,2.022]
Ro> (Omicron) 1.64 [1.558,1.732] [0.872,1.639]

Posterior results. For the Delta variant, the B-PINN posterior medians and 95% CIs are 3, =
0.8946 /day with CI [0.8602,0.9290], k; = 0.1320 /day with CI [0.1232,0.1408], and 6; = 0.0210/day
with CI [0.0189,0.0231]. For Omicron: 3, = 0.8686 /day with CI [0.8342,0.9030], &, = 0.1780 /day
with CI [0.1674,0.1886], and &, = 0.0610 /day with CI [0.0561,0.0659]. The corresponding posterior
credible intervals for the basic reproduction numbers are Ry; € [1.759,2.014] and Ry, € [1.558, 1.732],
both excluding unity by a wide margin and confirming sustained transmission for both variants under
Indian baseline conditions. The non-overlap of the k; credible intervals between the two variants (k;
CI upper bound 0.1408 versus &, CI lower bound 0.1674) provides direct statistical evidence of a
distinguishable isolation profile between Delta and Omicron in India; the j; credible intervals overlap
([0.8602,0.9290] versus [0.8342,0.9030]), so transmission-rate estimates alone do not distinguish the
two variants at the 95% level.

Figure 2 demonstrates the marginal posterior distributions of the six PINN-estimated transmission
parameters, obtained via Hamiltonian Monte Carlo sampling with the No-U-Turn sampler
(HMC/NUTS, N, = 5000 samples) as described in Section 4.3.

Figure 2(a) illustrates the posterior distribution of the Delta transmission rate ;: The histogram and
kernel density estimate (KDE) overlay are unimodal and approximately symmetric about the posterior
median 8, = 0.8946, with the shaded 95% credible interval [0.8602,0.9290] tightly bracketing the
bulk of the posterior mass. Figure 2(b) shows the corresponding posterior for the Delta isolation rate
k1, which similarly concentrates closely around its median k; = 0.1320 within the credible interval
[0.1232,0.1408]. Figure 2(c) completes the Delta sub-system, demonstrating that the asymptomatic-
to-symptomatic progression rate ¢, is tightly identified around §; = 0.0210, with the credible interval
[0.0189,0.0231].

The bottom row of Figure 2 repeats this analysis for the Omicron sub-system. Figure 2(d) illustrates
that the Omicron transmission rate 8, posterior is unimodal and concentrated around 3, = 0.8686, with
the credible interval [0.8342, 0.9030], mirroring the identifiability behavior observed for ;. Figure 2(e)
demonstrates the corresponding result for the Omicron isolation rate «,, whose posterior concentrates
around «, = 0.1780 within [0.1674,0.1886]. Finally, Figure 2(f) shows that the Omicron progression
rate d, converges to a tight posterior around 5, = 0.0610, with the credible interval [0.0561,0.0659].
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Taken together, the six panels of Figure 2 confirm that all six variant-specific parameters are
practically well-identified (in the sense defined in Section 4.2) under the Bayesian PINN framework:
Each marginal posterior is unimodal, approximately symmetric, and tightly concentrated about
its median, with no evidence of multimodality or heavy skew that would indicate poor practical
identifiability.
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Figure 2. Marginal posterior distributions of the six learned transmission parameters from
the Bayesian PINN (HMC/NUTS, N, = 5000 samples). Top row: Delta sub-system, (a) S5,
(b) k1, (c) 61. Bottom row: Omicron sub-system, (d) 35, (€) k2, (f) 5. Shaded bands denote
95% credible intervals; dashed vertical lines mark the posterior medians. Histograms are
overlaid with kernel density estimates (KDEs).

Supplementary Figure S2 reports the multi-start identifiability behavior of the six PINN-estimated
parameters, obtained by re-training the model from n = 15 independent random initialization per
parameter and recording the converged estimate against its initial guess. For both variants and all
six parameters, the converged estimates cluster tightly around the reported baseline values (Delta:
B = 0.8946/day, &, = 0.132/day, 6, = 0.021/day; Omicron: 3, = 0.8686/day, x, = 0.178/day,
5, = 0.061/day) regardless of the initial guess, with low coefficients of variation (CV < 3% for all six
parameters) rather than settling on divergent combinations that fit the data equally well. As noted in
Section 4.2, this is evidence of practical identifiability under the tested initializations, not a proof of
structural uniqueness.

Supplementary Figure S3 confirms that the Delta-variant parameter estimates are not an artifact
of one fully informative calibration window. Across the top row (reduced training-data fraction,
50-100%), Isgnonlin’s recovered S, k;, and ¢; all drift noticeably at 50-70% data, whereas the
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PINN estimates stay close to the originally reported values throughout. The bottom row (injected
measurement noise, 0-20%) shows the same pattern: 1sqnonlin drifts upward with increasing noise for
all three parameters, while the PINN remains stable. Together these confirm that the reported Delta
estimates are reproducible under reduced data and noise, not a coincidental match from one clean run.

Supplementary Figure S4 repeats this check for Omicron. As with Delta, Isqnonlin’s 3,, «,, and 6,
all depart further from the originally reported values at reduced training-data fractions (50-70%) and
drift upward under increasing injected noise, while the PINN estimates in every panel remain closer to
the reported values throughout. This confirms the Omicron parameter estimates are similarly robust to
both data volume and measurement noise, satisfying the robustness.

4.4. Model calibration and short-term forecasting

Figure 3(a) presents the calibration and 30-day forecast for Delta over the 130-day window. The
reported data (blue dots) traces the characteristic sigmoidal growth of the second wave in three phases:
a slow rise (days 1-30, March 2021) driven by 8, = 0.8946/day on a largely susceptible population,
with the small §; = 0.021/day corresponding to a mean asymptomatic-to-symptomatic transition of ~
47.6 days; a sharp acceleration (days 30-80, April-May 2021) tracked accurately by all three models;
and a plateau (days 80—130, May—June 2021) as rising vaccination and k; = 0.132/day (mean isolation
time ~ 7.6 days) suppress transmission. Throughout, the hybrid PINN-LSTM curve sits closest to the
data, the PINN-only curve is slightly biased near the inflection point, and the 1sqnonlin baseline shows
a small but consistent deviation, most evident in the plateau. Within the 30-day forecast window (day
130+), Isqnonlin under-projects, PINN-only converges to a marginally higher plateau, and the hybrid
model lies between the two—the most realistic projection given the observed plateauing by mid-July
2021—and achieves the lowest calibration RMSE of the three, confirming the practical benefit of the
LSTM correction.

Figure 3(b) presents the corresponding results for Omicron over the 110-day window, showing a
more rapidly evolving profile: a steep, near-exponential rise (days 1-30, December 2021) driven by
B> = 0.8686/day, essentially comparable to Delta’s 8, = 0.8946/day [11]; a moderate rise (days 30—
70, January 2022), with §, = 0.061/day (~ 2.9x Delta’s, mean transition ~ 16.4 days) reflecting
Omicron’s faster subclinical progression [9, 11]; and a rapid flattening (days 70-110, February 2022),
with &, = 0.178/day (mean isolation ~ 5.6 days vs. 7.6 for Delta [20]) reflecting the more aggressive
third-wave response. Around days 60-80, a brief deceleration-reacceleration that the rigid Isqnonlin
logistic cannot reproduce is captured (with slight overshoot) by the PINN-only model and closely
tracked by the hybrid curve. Beyond day 110, Isqnonlin projects a continued rise toward ~ 3.65 x 10*
cases by day 140, while the PINN-only and hybrid models predict faster stabilization toward ~ 3.5x10*
cases, consistent with the observed sharp deceleration by early March 2022—reflecting the hybrid
model’s data-driven recognition of the wave’s actual saturation.

Taken together, Figures 3(a) and 3(b) demonstrate a clear and consistent ordering of model
performance across both variants: The classical 1sqnonlin ODE-only baseline produces a smooth
ODE-consistent trajectory but exhibits the largest deviations from the data, particularly in the rapid-
acceleration and plateau phases; the PINN-only model substantially reduces these deviations; and the
proposed hybrid PINN-LSTM framework delivers the tightest calibration fit and the most realistic
short-term forecast for both Delta and Omicron. As discussed in the ablation study below and the
Limitations section (see Section 5), this reduction is consistent with, but not independently isolated
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as, an effect of the ODE residual term specifically, since the PINN also has substantially greater
functional capacity than the three-scalar Isqnonlin fit. These results validate the hybrid 1sqnonlin-
PINN-LSTM cascade as a reliable and physically consistent tool for estimating the variant-specific
parameters (B;,«;,0;), i = 1,2, and for producing accurate short-term forecasts of cumulative case
trajectories across both Delta and Omicron waves in India.
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Figure 3. Three-model calibration (days 1 to the calibration cutoff) and 30-day forecast
(beyond the cutoff, to the right of the vertical dotted line) of the reported case-count
observable C(f) versus reported Indian data (blue dots).
Isqnonlin Only (orange), PINN Only (yellow), and hybrid (PINN+Deep LSTM) (purple)—
the last obtained by applying the Stage-3 scalar correction C‘hybrid(t) to the PINN-only curve.
Forecast-window curves: Isqnonlin Forecast (green), PINN Forecast (cyan), and hybrid
Forecast (maroon)—the continuations of the corresponding calibration curves beyond the
cutoff. (a) Delta wave (March—June 2021, 130-day calibration window). (b) Omicron wave

(December 2021-February 2022, 110-day calibration window).

Calibration-window curves:

Figure 4 illustrates this concretely: For both variants, the LSTM correction (red) tracks the smooth,
autocorrelated envelope of the true PINN residual (grey)—e.g., the day-60—-80 Omicron inflection and
the day-115-130 Delta upswing—while leaving short, jagged fluctuations unmodeled, consistent with

it learning structure rather than absorbing noise.
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Figure 4. Actual PINN residual C(¢) — Conn(?) (grey) versus the LSTM-learned correction
(red), shown over the full calibration window. (a) Delta. (b) Omicron.
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We use two separate periods of daily confirmed COVID-19 cumulative case data for India. The
Delta-wave data (March—June 2021) were obtained from the COVID-19 India data repository [48],
and the Omicron-wave data (December 2021-February 2022) were obtained from the WHO COVID-
19 dashboard [52]. The first dataset covers March—June 2021 (130 days), capturing the Delta-driven
second wave characterized by explosive cumulative infection growth, high hospitalization burden,
and severe disease outcomes. The second dataset covers December 2021-February 2022 (110 days),
corresponding to the Omicron-driven third wave, which exhibited rapid escalation in case counts but
comparatively milder clinical severity and lower hospitalization rates. These two datasets provide a
comprehensive and contrasting epidemiological picture of the two most clinically significant COVID-
19 variants in India.

For the Delta variant, the three epidemiologically critical parameters S, «;, and 6, were estimated
by fitting the model to the 130-day Delta data; these collectively govern the force of infection, the
rate of symptomatic removal, and the pace of subclinical progression. For the Omicron variant, the
corresponding parameters 3,, k, and 6, were estimated from the 110-day Omicron data. All remaining
parameters were fixed at the literature-based values in Table 1, since their clinical estimates carry
sufficient prior certainty to avoid overfitting and to ensure the estimation problem is well-posed and
practically identifiable in the sense of Section 4.2—not a claim of formal structural identifiability.

The initial population sizes used for calibration are

S(0) = 135,264,280, V(0) = 191,181, E,;(0) = 35,000,

A(0) =5, 1,(0) =2, E»(0) = 33,000, 48
A5(0) = 22,147, L(0) = 19,429,  J(0) = 1,800, '
H(0) = 10,500, R(0) = 17,797.

The initial values V(0), 1;(0), J(0), H(0), and R(0) were sourced from the official COVID-19 India
portal [48] and the Ministry of Health and Family Welfare, Government of India [53]; these are single-
point snapshot values at the start of each calibration window rather than continuous daily time series,
and are used only to initialize the ODE integration, not as additional training targets in Ly, (see
the remark on identifiability above). The value S (0) was computed as the residual population after
subtracting vaccinated, confirmed active, and recovered individuals from the 2021 census-projected
adult population of the target states. The latent and asymptomatic initial values E;(0) and A;(0) were
estimated from the ratio of reported to estimated true infections using the ascertainment factor reported
in [37].

LSTM architecture. The residual-correction LSTM [31] consists of 2 stacked LSTM layers with
64 hidden units each, followed by a fully connected output layer. The input sequence comprises
the PINN residuals on a sliding window of length 14 days; the output is the one-step-ahead residual
correction. Training uses the Adam optimizer with learning rate 1073, batch size 32, and early stopping
with patience 50 on a held-out validation set comprising the final 15 days of the calibration window.
The 14-day window length was chosen to span roughly one incubation-to-isolation cycle (Table 1) and
was not selected via a systematic sweep over alternative window lengths (e.g., 7 or 21 days); together
with the network depth/width and loss-weight choices noted in Section 4.2, this is acknowledged as a
design choice made by standard practice rather than exhaustive search, and is discussed as a limitation
in Section 5.
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Three-model comparison. To demonstrate the practical advantage of the proposed framework, the six
parameters are estimated using three progressively refined models displayed in Figure 3. The classical
Isgnonlin ODE-only baseline (orange) represents the standard mechanistic calibration. The PINN-only
model (yellow) embeds the ODE system as a soft physics constraint, yielding the physically consistent
estimates 8, = 0.8946/day, 8, = 0.132/day, §, = 0.021/day for Delta and 3, = 0.8686/day, &, =
0.178 /day, 5, = 0.061 /day for Omicron. The hybrid PINN-LSTM (purple in the calibration window,
maroon in the forecast window) couples the LSTM residual-correction module to the PINN output.
The PINN estimates agree with the 1sqnonlin baseline to within 3% across all six parameters, providing
strong mutual cross-validation. The incremental contribution of this cascade relative to standard single-
stage PINN fits, and its relation to fusion-style architectures in other domains, is discussed in Section 1
(“Relation to prior PINN/LSTM work”).

On the apparent physics-correction tension. Stage 2 fits (5;,k;,0;)i=12 by enforcing the ODE
residual (4.3), while Stage 3’s LSTM targets the variance the ODE cannot explain in C(f)—which
could seem to “pull” the model away from the governing system. There is, however, no full-state
object for the LSTM to pull away from: It receives and returns only the scalar series C) = I,()+ L),
never the individual compartments of system (2.10)—(2.17), and the eleven-dimensional trajectory used
throughout is exclusively the Stage-2 PINN’s output. Two further choices limit the departure of the
corrected observable from ODE-implied case counts: (a) the LSTM never re-estimates (8;, «;, 9;), SO
the correction is purely additive to the forecasted case count; and (b) it is learned on C() — C(t) and
validated on a held-out window (final 15 days) with early stopping, bounding it to the structured,
autocorrelated component of the mismatch. The only quantity that can depart from a strict ODE
implication is thus the reported-case forecast itself, and even that departure is small (see Supplementary
Figure S5). We make this quantitative below (Proposition 4.1) rather than resting on the architectural
argument alone.

Proposition 4.1 (Bound on the implied residual of the corrected observable). Fix a variant i € {1,2}
and write b; := k; + T; + ;. + u for the total per-capita removal rate of 1; in (2.14). Let éplNN(t) denote
the Stage-2 PINN's fitted trajectory for that variant’s symptomatic case count, and let

dc:;;NN - [(1 — n)aEt) + 6,A{1) - biéPINN(t)]

denote its residual of the governing equation (2.14), evaluated on the Stage-2 state trajectory (this
is the quantity minimized, but not necessarily zeroed, by the soft penalty (4.3)). Let A(t) :=
Chybrid(t) — Cpin(?) denote the Stage-3 LSTM correction, and suppose A is bounded and Lipschitz
on the window of interest, i.e., sup,|A(t)] < & and sup, IA()] < L (both directly estimable from the
observed correction sequence of Figure 4). Then the implied residual of the corrected observable,
treated as a stand-in for I(t) in Eq (2.14), satisfies

prinn(t) =

sup|R(t)| < SUP|PP1NN(f)| + L+ bie,
t t

N 4.
dChybria 4.9)

dt

Proof. Since Chybrid = Cpmn + A and the exposed/asymptomatic terms E, A; are unchanged by Stage 3
(the LSTM never touches them), linearity of the derivative gives

R(1) = ppin(?) + A() + bA(D).

R(f) := — [(1 = m)ait) + 6iAi1) = biCaypria(0) |-
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The triangle inequality and the stated bounds on |A| and |A| give
IR(®)| < lopinn()| + L + Di|A@)| < |lopinn (D] + L + bie
pointwise, and taking the supremum over ¢ yields (4.9). O

Proposition 4.1 converts the empirical plausibility check of Supplementary Figure S5 into a derived
guarantee: Because ppiny 1s already small at the converged PINN (it is exactly the quantity Stage 2
minimizes), and because b; is a fixed, literature-supported baseline rate (Table 1), the bound shows
that the implied residual of the corrected observable can only be large if the LSTM’s day-to-day
correction increment L is large—which the held-out early-stopping criterion of Section 4.4 is designed
precisely to prevent. Equivalently: The correction cannot silently accumulate an arbitrarily large ODE
inconsistency, because doing so would require a correction sequence with large step-to-step jumps,
and such a sequence is exactly what early stopping on the validation window penalizes. This does not
certify R(t) = 0: The bound in (4.9) constrains the magnitude of the implied residual, and we do not
claim that the corrected observable satisfies (2.14) exactly. What the bound establishes is quantitative
rather than architectural: It shows why the residual observed in Supplementary Figure S5 remains
small throughout the calibration window, rather than merely reporting that it does. The correction
should therefore be read as a bounded, diagnosable departure from strict ODE-consistency—not as an
exact solution of the governing system—with the departure’s size controlled directly by the LSTM’s
magnitude and Lipschitz constants (¢ and L) as made explicit in Proposition 4.1.

The correction helps when the residual has temporal structure a constant-coefficient ODE
cannot capture and hurts (or does nothing) if it is pure noise; the ~ 23% held-out RMSE
reduction is evidence of the former, supported by Diebold-Mariano and Akaike Information
Criterion (AIC)/Bayesian Information Criterion (BIC) comparisons across walk-forward folds (see
Supplementary Tables S5 and S6). Training was not repeated across multiple random seeds; therefore,
seed-to-seed variability was not quantified. The distinction between conditions under which the
correction improves or worsens forecasting performance is formalized below in Proposition 4.2,
providing a stated and checkable criterion beyond the qualitative description.

Proposition 4.2 (When the LSTM correction reduces expected forecast error). Let ppinn(?) 1= C(f) —
Coinn(?) denote the PINN's residual on the reported case-count series, and suppose it decomposes as
opNn(t) = () + £(t), where s(t) is a (possibly nonlinear) component with autocorrelation length t.
and &(t) is zero-mean noise with Var(§) = 0‘§ independent of s. Let p(t) denote the LSTM’s one-step-
ahead prediction of ppinn(t) from an input window of length w (here w = 14 days, Section 4.4), and let
Chybria() = Comn(t) + P(0).

(i) Helps. If 7. = w and the LSTM achieves

E[(p(t) — s(1))’] < Var (s(1))

on held-out data, then E[(C(t) — Chypra())*] < E[(C(t) — Conn(t))?]: the correction strictly reduces
expected squared forecast error.

(i) Hurts or does nothing. If's = 0 (the residual is pure noise), then for any non-trivial p fitted on finite
training data, E[p(t)*] > 0 purely from sampling variability in that noise, so

E[(C(t) = Chybria(1)*] > E[(C(1) = Conn(0))’],
with equality only if p = 0.
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Proof. We start with
epmn(?) 1= C(1) — Cpinn () = ppinn(?),

enybria() 1= C(t) — Crypria(?) = ppinn(t) — P(2).

For (i), E[eﬁybﬁd] =E[(s + & - p)*] = El(s — p)*] + 0'§ (the cross term vanishes since & L s, D, the latter
being a function of past ppiny Values within the training/validation split), while E[ef,INN] = Var(s) + 0'§.
The hypothesis E[(p — 5)*] < Var(s) then gives I[E[eﬁybri 4] < Elep ] directly. The condition 7. > w is
what makes E[(p — s)*] < Var(s) achievable in principle, since the LSTM can only exploit structure
that persists across its input window. For (i), with s = 0,

E[e%INN] = 0'2’ E[elzlybrid] = E[(¢ —/3)2] = 0'; —2Cov(£,p) + E[ﬁz]Q

since p is fitted to minimize training error on a finite noise realization, it necessarily has E[p*] > 0 and,
on held-out data drawn independently of the training noise, Cov(¢, p) — 0, giving

2 2 2
E[ehybrid] 20y = E[epnn]-
O

Proposition 4.2 is precisely the mechanism exercised by the noise-injection experiment of Figure 5
(see Section 4.4): Injecting noise into the training data increases 0'§ relative to Var(s), pushing the
system away from case (i) and toward case (ii), so part (ii) of the Proposition predicts exactly the
observed monotonic shrinkage of the hybrid model’s advantage as injected noise rises, converging
with the PINN-only model once the noise dominates. We regard this agreement between the formal
condition and the empirical result as evidence that Figure 5 is measuring the mechanism the proposition

describes, rather than an unexplained numerical coincidence.

Consequence for the stability and policy analysis. The established stability and elimination results,
together with the numerical threshold-branch analysis, are derived for the continuous-time ODE
system (2.10)—(2.17) itself and never reference the LSTM output. Every downstream policy quantity—
Roi, the sensitivity indices, the threshold-branch diagrams, the efficacy-coverage surfaces, and p* =
59.6%—is computed from the six PINN-estimated parameters via (3.5) and the formulas of Section 3,
not from Chybrid(t). This is architectural: The LSTM is defined as a map on C(¢) alone, so no “corrected
state trajectory” exists for the stability and policy analysis to depend on even in principle. Stage 3
contributes only to the short-term forecast curves of Figure 3 and Supplementary Figure S6, and to the
reported RMSE gains; the small residual quantified in Supplementary Figure S5 is a plausibility check
on the corrected observable alone, not evidence bearing on the theoretical or policy conclusions, which
rest on the exact ODE system throughout.

Ablation study: physics constraint effect versus network-capacity effect. The PINN’s improvement
over Isqnonlin could in principle derive from continuous-time regularization in general, rather than the
ODE residual term Lopg in (4.1) specifically. As a first probe, we compared (i) the reduced single-
strain SEAI surrogate of Supplementary Figures S3 and S4, fit by nonlinear least squares (a hard,
three-scalar physics constraint), against (ii) a flexible feed-forward network with no ODE term, under
the same walk-forward protocol as Supplementary Figure S6. We report the result transparently: The
unconstrained network achieved lower held-out RMSE by roughly 5-30x (e.g., Delta, day 80: 1458
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vs. =~ 103,834). This does not isolate a physics-constraint effect, however, since the two fits have vastly
different capacities (3 scalars vs. O(10°) weights); it instead indicates the reduced surrogate (which
omits vaccination, waning, and isolation/hospitalization dynamics) is a restrictive approximation over
a 15-day window, not evidence against physics-informed regularization in general.

To bound the departure of the Stage-3-corrected observable C‘hybrid(t) from what the governing
equations would imply—rather than merely assert it is small—we evaluated the implied relative
residual of Eq (2.14)—the governing equation for the symptomatic compartment /(f)—at both the
PINN-only state trajectory and the Stage-3-corrected observable C’hybrid(t) (read as a stand-in for that
variant’s /(¢)), across the full calibration window for each variant (see Supplementary Figure SS5). For
Delta (see Supplementary Figure S5(a)), the mean implied relative residual is 0.73% for the PINN-only
trajectory and 0.76% for the corrected observable; the largest pointwise divergence between the two
curves (= 0.56 percentage points) occurs around day 115, within the final 15-day held-out window
used for the LSTM’s early stopping, where the rolling one-step correction is least anchored by in-
sample training data. For Omicron (see Supplementary Figure S5(b)), the mean relative residual is
1.21% (PINN-only) versus 1.20% (corrected observable); here the two curves track each other closely
throughout, including at the sharp early-transient peak (day 0-20) and at the local peaks near days 32,
52, and 64. In both variants, this modest, spatially localized departure occurs alongside a substantial
forecast-accuracy gain from the LSTM correction (RMSE reductions of ~19.7% and =25.2% on
average across the walk-forward folds of Supplementary Table S6), which we interpret as evidence
that the correction captures genuine structure in the residual rather than trading forecast plausibility
for an unconstrained fit to noise. We stress again that this is a single-equation plausibility check on
the scalar observable the LSTM actually touches, not a verification that a “corrected state trajectory”
satisfies the full system (2.10)—(2.17), since no such object is ever constructed (see Section 4.2 and
Section 4.4 above).

Capacity-matched ablation. To isolate the physics-constraint effect from the network-capacity effect
directly, we additionally trained a capacity-matched ablation network: Identical to the full PINN
architecture of Section 4.2 (6 hidden layers X 64 neurons, tanh activation, linear output, ~ 21,000
trainable weights, same Adam—L-BFGS optimiser and 50,000-epoch schedule), but with the ODE
residual weight set to w, = 0 (see Supplementary Table S1), trained directly on the real Delta and
Omicron case-count series under the same walk-forward protocol as Supplementary Figure S6. The full
PINN (w, = 1072) achieved lower held-out 15-day RMSE than the capacity-matched w, = 0 network
at every cutoff for both variants (see Supplementary Table S2), with a gap of 10.9-19.3%—markedly
smaller and more consistent than the 5-30x gap of the capacity-mismatched surrogate ablation above,
consistent with a genuine physics-constraint effect. This is statistically significant under a Diebold-
Mariano test (see Supplementary Table S4; p < 0.008 both variants). Physical plausibility gives
a second, independent line of evidence: back-solving the ablation network’s trajectory for (5;, ;, 6;)
yields one negative, physically meaningless rate (§; < O for Delta) and several values outside the
literature-supported ranges of Table 1 (see Supplementary Table S3), whereas every PINN-recovered
value remains plausible—indicating the ODE residual constrains individual compartment dynamics,
not just the aggregate forecast.

Supplementary Tables S1-S4 collectively document this capacity-matched ablation: The
architecture specification, the walk-forward RMSE (a full PINN ahead at every fold), the recovered
parameters with physical-plausibility assessment against Table 1, and the Diebold-Mariano test confirm
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the statistical significance for both variants.

We perform a walk-forward (rolling-origin) cross-validation with forecast horizon H = 15 days:
three cutoff days per variant—60, 80, 100 for Delta (of 130) and 45, 65, 85 for Omicron (of 110)—each
model re-fitted on data up to that cutoff and scored on the following H-day window (see Supplementary
Figure S6). Consecutive cutoffs are spaced 20 days apart against a 15-day horizon, leaving a 5-day gap
before the next cutoff and an unscored final segment (= 11.5% of the Delta series); this was chosen
so successive training sets differ substantially in length, giving a stringent test of whether the hybrid
model’s advantage persists as training data varies, though we note this as a limitation of the present
three-fold design rather than exhaustive validation. Across all six cutoffs, the ordering

RMSEybria < RMSEpinN-only < RMSEjggnontin

holds without exception, confirming the hybrid model’s advantage generalizes across independently
held-out forecast origins rather than being an artifact of one calibration window.

Supplementary Table S5 displays the pairwise Diebold-Mariano test statistics and p-values
comparing the hybrid PINN-LSTM, PINN-only, and Isqnonlin models, pooled across the walk-forward
folds of Supplementary Figure S6 for each variant; it explains that the hybrid model’s forecast-accuracy
advantage over both competing models is statistically significant for Delta and highly significant for
Omicron.

To directly test whether the hybrid model’s held-out forecast gains reflect genuine structure in the
PINN residual rather than an artifact of fitting noise specific to the training window, we repeated the
walk-forward evaluation of Section 4.4 under progressively higher levels of injected training-data noise
(0-20%), holding all other settings fixed, and compared the resulting held-out forecast RMSE of the
PINN-only and hybrid PINN-LSTM models (see Figure 5). If the LSTM’s held-out improvement over
the PINN-only model derived from exploiting noise idiosyncratic to the clean training data, its relative
advantage should persist, or even grow, as additional noise is injected, since a noise-fitting correction
would simply have more spurious structure available to exploit. The results show the opposite pattern
for both variants.

Figure 5(a) shows the Delta sub-system. At 0% injected noise, the hybrid model (red) achieves a
held-out RMSE of ~ 1.53x10* against PINN-only’s (blue) ~ 1.91x10%, a 19.7% reduction. As injected
noise increases from 0% to 20%, the PINN-only curve remains essentially flat, fluctuating narrowly
around 1.90-1.92 x 10*, while the hybrid curve rises steadily and monotonically, from 1.53 x 10* at
0% noise to 1.84 x 10* at 20% noise—nearly closing the gap with the PINN-only model entirely by
the highest noise level tested.

Figure 5(b) repeats this analysis for Omicron and shows the same qualitative pattern. At 0%
injected noise, the hybrid model attains a held-out RMSE of 3530 against PINN-only’s 4730, a 25.2%
reduction—the largest gap observed at any noise level. As injected noise rises, the PINN-only curve
again remains flat (fluctuating around 4720-4780), while the hybrid curve rises steadily from 3530
at 0% noise to 4730 at 20% noise, converging with the PINN-only model by the upper end of the
tested range.
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Figure 5. Held-out forecast RMSE of the PINN-only and hybrid PINN-LSTM models
under 0-20% injected training-data noise. The hybrid model shows greater improvement
at lower noise levels, with gains of 19.7% for Delta and 25.2% for Omicron at 0% noise, and
converges with the PINN-only model near 20% noise. (a) Delta. (b) Omicron.

In both variants, the hybrid model’s advantage is therefore largest precisely when the training data is
cleanest, and degrades monotonically as noise is added—the opposite of what would be expected if the
LSTM correction were overfitting to noise in the training window. This is consistent with the LSTM
tracking a genuine, structured signal in the PINN residual (Figure 4) rather than absorbing artifacts
of a particular noise realization. These results provide additional evidence that the LSTM correction
captures structured temporal variation rather than noise (see Section 4.4).

Table 4 complements the Diebold-Mariano and AIC/BIC comparisons of Supplementary Tables S5
and S6 with two distribution-free tests applied to the six cross-validated held-out RMSE values (three
walk-forward folds for each variant). The hybrid PINN-LSTM model attains the lowest held-out
RMSE in all six folds against both the PINN-only and the Isqnonlin models. Under the one-sided
sign test and the one-sided Wilcoxon signed-rank test, this gives p = 0.0156 in each comparison,
which is the smallest p-value attainable with six folds. Because neither test depends on the number of
fitted parameters k, this result does not rely on the choice of AIC/BIC penalty and therefore provides
independent support for the forecast advantage of the hybrid model.

Table 4. Sign test and Wilcoxon signed-rank test (one-sided) on the cross-validated held-
out RMSE values of Supplementary Table S6, providing a parameter-count-independent
complement to the AIC/BIC comparison in that table. Neither test involves k, AIC, or BIC.

Comparison Folds won by hybrid Sign test p Wilcoxon p
hybrid vs. PINN-only 6/6 0.0156 0.0156
hybrid vs. Isqnonlin 6/6 0.0156 0.0156

4.5. Sensitivity analysis

Sensitivity analysis identifies which model parameters most strongly influence the basic
reproduction numbers Ry; and R, thereby guiding the prioritization of public-health interventions.

AIMS Mathematics Volume 11, Issue 10, 34468-34530.



34507

We employ two complementary approaches: a local analysis based on normalized forward sensitivity
indices (NSIs), which measures the proportional response of R, to small perturbations in each
parameter at the baseline, and a global analysis based on the partial rank correlation coefficient (PRCC)
with Latin hypercube sampling (LHS), which captures the joint nonlinear effect of simultaneous
parameter variation across their full plausible biological ranges [54]. Together, these two methods
provide both a tractable analytical ranking and a statistically robust global assessment of parameter
influence, ensuring that the resulting public-health recommendations are not artifacts of the chosen
baseline.

4.5.1. Local sensitivity: normalized forward sensitivity indices

The normalized forward sensitivity index (NSI) provides a local, derivative-based measure of
how strongly the basic reproduction number responds to small relative perturbations in each model
parameter. For parameter p and output Ry;,

R — ORoi p

o= W . Ry (4.10)
representing the percentage change in Ry, per one-percent change in p at the baseline [54]. Positive
(negative) values indicate transmission-amplifying (suppressing) parameters, magnitudes near unity
denote highly elastic relationships, and magnitudes near zero denote negligible influence [23].
Although the NSI is a local measure, its sign and magnitude provide a useful first-screening step
before the full global analysis [54]. The indices Tffo" are computed analytically from the closed-form
expression (3.5) for i = 1, 2 at the baseline values in Table 1.

Figure 6(a) presents the NSI of Ry, for the Delta sub-system. $; has the largest positive index (~
+1.000), confirming Ry « S, followed by ¢; (= +0.769), n; (= +0.623), € (= +0.231), 7 (= +0.080),
u (= +0.038), and a (= +0.020), underlining the joint role of both carrier types in transmission [37].
On the suppression side, vaccine efficacy £ dominates by a wide margin (= —0.864), followed by 9§,
(= —0.533), y4, (= —0.230), «; (= —0.187), 7; (= —0.042), and v (= —0.039), confirming that faster
clinical progression, isolation, and case removal each suppress Delta spread.

Figure 6(b) shows the corresponding indices for Omicron. The structure is qualitatively similar
but quantitatively distinct: 8, again dominates (= +1.000), with 7, (= +0.609), &, (= +0.594), &, (=
+0.296), a (= +0.100), 7 (~ +0.030), and u (= +0.026) following. The closer 7,, ¢, values relative to
Delta are consistent with Omicron’s shorter generation interval and higher symptomatic shedding [20].
Vaccine efficacy &, again dominates suppression (= —0.925) [55], followed by 6, (= —0.399), y4,
(= =0.303), «, (= —0.269, visibly stronger than «; ~ —0.187, reflecting the greater importance of rapid
isolation against the faster-spreading variant), v (= —0.026), and 7, (= —0.025, least influential).

Taken together, Figures 6(a) and (b) consistently identify S3;, ;, and n; as the leading amplifying
parameters, and &;, 0;, va,, ki, and v as the leading suppressing parameters for both variants, with
&; the dominant suppression parameter in both. These local rankings motivate the global PRCC
analysis below.
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Sensitivity Index of Omicron

(@) (b)

Figure 6. Normalized forward sensitivity indices of the variant-specific reproduction
numbers at the baseline. Blue: positive (increases Ry); red: negative (decreases Ry). (a)
Delta sub-system Ry;. (b) Omicron sub-system R.

4.5.2. Global sensitivity: PRCC with Latin hypercube sampling (LHS)

The NSI is a local measure derived from linearization at the baseline and does not capture joint
parameter effects across plausible biological ranges. To address this, we perform a global sensitivity
analysis using the PRCC with LHS [54]. The PRCC quantifies the monotonic nonlinear relationship
between each input and the output while controlling for all other parameters, and is considered the most
robust sampling-based sensitivity measure for monotonic mappings [54]. Values near +1 (—1) indicate
strong positive (negative) monotonic influence; following [54], |PRCC| > 0.4, 0.2 < |PRCC| < 0.4,
and [PRCC]| < 0.2 denote highly, moderately, and weakly influential parameters, respectively. For each
variant, N = 8000 samples are drawn via LHS, with parameter-specific ranges rather than a single flat
percentage: @ € [0.071,0.33] and n; € [0.15,0.7] are sampled over their literature-reported biological
ranges (see Table 1), while all remaining parameters are sampled over +20% around their baseline
values, including v = 0.0033/day (see Table 1). PRCC values are reported at p < 0.05 significance for
all parameters against Ry, (Delta) and Ry, (Omicron); results are shown in Figures 7(a) and 7(b).

Figure 7(a) presents the PRCC results for Delta against Ry;. Vaccine efficacy &, exhibits the
strongest negative PRCC (~ —0.973), the single most influential suppression parameter, followed by ¢,
(= —0.434), k; (= —0.280), and y,4, (= —0.210, all moderately influential); 7 (= —0.119), 7, (= —0.069),
v (= =0.025), and @ (= —0.010) are all weak in magnitude. On the amplifying side, 1, attains the
highest positive PRCC (x +0.914), surpassing 8, (= +0.717), {; (= +0.560), and €, (= +0.333); the
large £, 1, values underscore the role of undetected asymptomatic carriers [37] in motivating broad
testing and contact-tracing y (= +0.019) is small in magnitude.

Figure 7(b) presents the corresponding results for Omicron against Rp,. Vaccine efficacy &, again
dominates (~ —0.969) [55]; despite & = 0.70 < &, = 0.78, Omicron’s higher intrinsic transmissibility
still produced a large-scale third wave, emphasising that coverage is as critical as efficacy. The
isolation rate k, shows a substantially stronger negative PRCC (= —0.732, the second most influential
suppression parameter after &) than «; (= —0.280), reflecting the greater importance of rapid isolation
against the faster-spreading variant. d, (= —0.515) is likewise highly influential, y4, (= —0.420)
similarly so, and 7, (= —0.056) is weak in magnitude. v (= —0.051), 7 (= —0.016), @ (» —0.014),
and u (= +0.010) are likewise weak. On the amplifying side, 7, attains the highest positive PRCC
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(= +0.927), followed by B, (= +0.837), {, (= +0.643), and €, (= +0.573), confirming the dual role of
asymptomatic and symptomatic carriers.

Figures 7(a) and 7(b) consistently identify &;, n;, B;, (i, and € as the most influential parameters,
broadly concordant with the local NSI rankings of Figure 6. The global analysis additionally reveals
that «; is more influential for Omicron than the local NSI suggests. Together these findings show that
interventions improving vaccine efficacy and coverage, reducing effective contact rates, and detecting
asymptomatic carriers will have the greatest impact on controlling both variants in India.

Delta Parameters
Omicron Parameters
2

02 0 02 02 o 02
PRCC Values PRCC Values

(a) (b)

Figure 7. Global PRCC sensitivity analysis with Latin hypercube sampling (N = 8000,
parameter-specific ranges: @ € [0.071,0.33], n; € [0.15,0.7] from Table 1; all remaining
parameters sampled at +20% around baseline, with v evaluated at v = 0.0033/day, Table 1).
Blue: positive PRCC; red: negative PRCC; whiskers denote 95% confidence intervals.
(a) Delta parameters versus Ry;. (b) Omicron parameters versus Ro;.

4.6. Threshold-branch analysis

To examine the qualitative behavior of model (2.10)—(2.17) near the epidemic threshold, we use
a numerical threshold-branch construction for Ry, (Delta) and Ry, (Omicron). The rigorous results
established above are that the DFE is locally asymptotically stable for R, < 1, conditionally globally
asymptotically stable under (C2), and unstable for R, > 1, while each single-variant endemic
equilibrium exists uniquely for its corresponding Ry; > 1 and is locally stable only under the explicit
Routh-Hurwitz and non-invasion conditions of Theorem 3.5. These results are consistent with a
forward exchange of stability at the threshold, but no separate center-manifold normal-form proof
of a transcritical bifurcation is claimed here. To make the plotted quantity explicit, we retain /; as a
normalized reference branch rather than the exact endemic prevalence I? /N*. The normalized reference

branch used in Figure 8 is
I= Ry Rzl 4.11)

0, Roi < 1.

The numerical branch construction is consistent with a forward threshold exchange, but it is not a
rigorous proof of a transcritical bifurcation and is not used to claim that backward bifurcation has been
rigorously excluded. The analytical results instead establish the relevant single-variant threshold at
Roi = 1: a positive single-variant endemic equilibrium exists only for Ry; > 1, while its local stability
additionally requires the conditions of Theorem 3.5. A full center-manifold normal-form calculation
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is outside the scope of the present study.

The condition Rj; < 1 used in this subsection is the single-variant threshold obtained from the
analytical DFE stability and endemic-existence results. It is distinct from the competitive invasion
condition at a single-variant endemic equilibrium, which must be evaluated using the invasion
reproduction number in Theorem 3.5. At the Indian baseline, both reported reproduction numbers
exceed unity. Consequently, the threshold plots below are not intended to describe the outcome of
simultaneous Delta-Omicron circulation; they only visualize the single-variant threshold structure and
the corresponding reported baseline operating points.

Figure 8(a) displays the Delta threshold construction. The blue branch represents the disease-
free state below threshold, while the red curve is the normalized reference branch used to visualize
the positive single-variant branch above threshold. The analytical result that guarantees the positive
equilibrium is Theorem 3.4; its local stability additionally requires Theorem 3.5. The reported baseline
value Ry, = 1.87 marks the calibrated operating point on the reference threshold diagram. The plotted
I, value is only a visual normalization; the exact endemic prevalence, when the equilibrium exists, is
obtained from the positive root of g;(4) in (3.17) through I7/N* = A"/ M,.

Figure 8(b) provides the analogous Omicron threshold construction. The point (R, L) = (1,0)
is the threshold point in the reference representation. The calibrated value Ry, = 1.64 is shown only
as the operating point of the reference diagram. Because the reported R; values already incorporate
the baseline model configuration, these single-strain diagrams should not be interpreted as a second,
independent intervention calculation. The comparison between Delta and Omicron is instead made in
the counterfactual proportional-intervention analysis below.

Stable
Endemic

Ry = 1.87
Ryy = 1.64

Delta Endemic Equilibrium (I;)

Stable DFE Unstable DFE Stable DFE

Omicron Endemic Equilibrium (I;)
o
=

0 05 1 15 2 25 0 05 15 2 25
Basic Reproduction Number (Ro1) Basic Reproduction Number (R

(@ (b)

02)

Figure 8. Numerical forward threshold-branch diagrams. Solid blue: stable disease-free
branch; dashed blue: unstable disease-free branch; solid red: normalized reference endemic-
shaped branch; filled black circle: threshold point (Ry;, ;) = (1,0); magenta dotted line:
Indian baseline estimate. The red curve is a normalized reference branch and does not
represent the exact endemic prevalence of the full eleven-state model. (a) Delta: Ry, = 1.87,
I, = 0.46; (b) Omicron: Ry, = 1.64, I, = 0.39.

4.6.1. Joint effect of vaccine efficacy and waning immunity

The proportional scenario analyses above assume a constant vaccine efficacy &;; this scenario
construction does not itself replace the model-specific next-generation matrix. We additionally
examine the well-documented decline of neutralizing antibody titers over time [5]: Effectiveness
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against Omicron infection drops from ~ 28% at three months post-vaccination to < 4% at six months
without boosters [5], motivating an explicit treatment of the waning rate wy. Treating steady-state

coverage as
v

Pss(v, wy) = (4.12)

V+,u+(,()v’

and substituting into the proportional scenario index (4.13), yields Rgﬁf(fi, wy) at fixed v = v,,. Figure 9
therefore shows how the scenario benchmark changes with waning immunity: (i) at long immunity
duration 1/wy > 300 days, even moderate efficacy (¢ > 0.6) can place the proportional scenario
index below unity for both variants; (ii) at short duration 1/wy < 180 days, even high efficacy may
fail to reach the scenario threshold for Delta without additional interventions. The Indian baseline
of 1/wy = 180 days is therefore used as a reference operating point. These statements concern the

counterfactual scenario index only and do not establish competitive elimination in the full ODE system.

Elimination Elimination
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Figure 9. Joint effect of vaccine efficacy & and mean immunity duration 1/wy on Rgfif.
Dashed contour: Rgff = 1 (elimination boundary); white star: Indian baseline (1/wy = 180
days). (a) Delta. (b) Omicron.

4.6.2. Effective reproduction-number surfaces in the efficacy-coverage plane

To complement the herd-immunity threshold curves of Figure 11, Figure 10 visualizes a
counterfactual proportional intervention index across the efficacy-coverage plane. Because the baseline
Ro; used elsewhere in the manuscript is already evaluated under the baseline vaccination/isolation
configuration, the quantity below is not interpreted as a second application of vaccination to the next-
generation matrix. It is used only as a transparent scenario index for comparing proportional reductions
from the reported baseline values. Figure 10(a) shows the Delta heatmap: the persistence region (warm
colors) occupies the lower-left section, where coverage and efficacy are both low, and the elimination
region (cool colors) occupies the upper-right section; the white star marks the Indian operating point
(é1,p7) = (0.78,59.6%), lying precisely on the threshold. Figure 10(b) shows the Omicron heatmap,
with operating point (&, p3) = (0.70,55.7%), also on the threshold. For the common eflicacy-coverage
scenario used in these heatmaps, the Delta surface lies above the Omicron surface at the reported
baseline ordering. This shows that Delta is the more restrictive variant within this specific proportional
scenario. It does not establish a general competitive-exclusion result for the full two-strain model
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because the two variants have different vaccine efficacies (£; # &) and the baseline Ry; values already
incorporate vaccination and isolation. Thus, the phrase “binding constraint” below is used only for this
specified scenario, not as a structural property of the original ODE system.

R (&.p) = Roil1 = &p],  i=1,2. (4.13)
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14 Omicron operating point
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Figure 10. Heatmaps of R(e)ﬁ.f(.fi, p) = Ry(1 — &,p). Dashed contour: elimination boundary
Rg‘f = 1; white star: Indian operating point. (a) Delta: (1, p7) = (0.78,59.6%). (b) Omicron:
(&,p5) = (0.70,55.7%).

4.6.3. Counterfactual efficacy-coverage threshold curves

Setting the counterfactual proportional-intervention index in (4.13) equal to unity and solving for
coverage gives

L L S
p(g")_g,-(l z) =12 (4.14)

This relation is a transparent benchmark for a proportional reduction applied to the reported baseline
reproduction numbers. It is not a second next-generation-matrix derivation of herd immunity: The
baseline R, already corresponds to the baseline intervention configuration, and a genuine change in
coverage would alter the DFE and the next-generation matrix.

Substituting the reported baseline values Ry; = 1.87 and Ry, = 1.64 into (4.14) gives the two
scenario threshold curves in Figure 11. At the reported operating efficacies, the point benchmarks are
p] = 59.6% for Delta and p5 = 55.7% for Omicron. Thus, within this specified proportional scenario,
Delta is the more restrictive variant and the larger coverage benchmark is max{p], p5} = 59.6%. This
scenario-level result should not be interpreted as a proof of competitive elimination in the full two-

strain ODE system.
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Herd-Immunity Threshold Curves

Infeasible region (p > 1)

Combined threshold " ~ 59.6%

Minimum required coverage p’(gi) (%)

05 0‘55 0‘6 0‘65 V:;line:f;ﬁiacyoéi) 0‘85 0‘9 0‘95 1
Figure 11. Counterfactual proportional-intervention coverage thresholds p*(&) = (1 —
1/Ry;)/&;. Red: Delta (Ry; = 1.87); blue: Omicron (Ry, = 1.64). Dashed line: combined

scenario benchmark p* = 59.6%. Filled circles: reported operating efficacies.

The filled circles mark the reported operating efficacies & = 0.78 and &, = 0.70. The difference
between the two point benchmarks is approximately 3.9 percentage points. The portion of the curves
requiring p > 100% is biologically infeasible and simply indicates that the specified proportional
intervention cannot reach the scenario target through coverage alone.

Uncertainty propagation to the scenario threshold. The point estimates p; = 59.6% and p; = 55.7%
use the reported posterior medians Ry; = 1.87 and Ry, = 1.64. Since (4.14) is monotone in
Roi» propagating the reported 95% B-PINN intervals Ry, € [1.759,2.014] and Ry, € [1.558,1.732]
gives p; € [55.3%,64.6%] and p; € [51.2%,60.4%]. The combined point benchmark is therefore
p* = 59.6% with the reported interval [56.0%, 64.6%]. This is a monotone-transform propagation of
reported endpoint intervals, not a full joint posterior-predictive interval.

Joint propagation including «,n; uncertainty.  The interval above propagates uncertainty in
(Biski» 0;)iz12 only. Table 5 additionally samples @ and 7; over their stated literature ranges. The
resulting proportional-scenario benchmark is [1.1%, 64.8%] (median 47.0%), showing that uncertainty
in fixed biological parameters materially widens the benchmark. This does not convert the scenario
calculation into a full-model herd-immunity threshold; a policy-specific threshold would require
recomputation of the next-generation matrix under the changed intervention policy.

Table 5. Impact of the joint uncertainty propagation (Table 3) on the counterfactual
proportional-intervention threshold p*(¢&;) = (1 —1/Ro;)/&;. Negative raw values of p* (arising
when a draw gives Ry; < 1, i.e., no positive proportional reduction is required) are clipped
to 0%.

Point estimate 95% CI (six learned parameters only) 95% CI (joint propagation)
o} (Delta) 59.6% [55.3%, 64.6%] [0%, 64.8%]
©5 (Omicron) 55.7% [51.2%,60.4%] [0%, 55.7%]
p" = max{pj,p;} 59.6% [56.0%, 64.6%] [1.1%, 64.8%] (median 47.0%)

These findings provide a conditional policy benchmark rather than a rigorous full-model herd-
immunity guarantee: Under the proportional efficacy-coverage scenario, the reported point threshold is
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59.6% (95% Crl: [56.0%, 64.6%]). A policy-level threshold for the original ODE system would require
recomputing the next-generation matrix after changing v, &;, and wy jointly. Improvements in vaccine
efficacy are nevertheless expected to reduce the required coverage within the proportional scenario.

To complement the threshold and waning analyses with a direct quantitative comparison of how
each variant responds to specific interventions, Figure 12 presents the peak symptomatic infection
burden for both Delta (red, circle markers) and Omicron (blue, square markers) as a function of
four epidemiologically critical parameters: the vaccination rate v, the vaccine efficacy &, the isolation
rate «x, and the transmission rate 8. For each panel, the corresponding parameter is varied across
its biologically plausible range while all other parameters are held at their baseline values from
Table 1. To ensure a fair comparison free of inter-variant competition effects, each variant is
simulated independently using a single-strain version of the two-strain model with identical small-
seed initial conditions, and the resulting peak max; /;(f) is computed by numerical integration of the
ODE system over a 300-day horizon. Vertical dotted lines indicate the operating values estimated
for each variant in Section 4.4. We emphasize that this single-strain simulation deliberately isolates
each variant’s own threshold behavior (Ry; < 1, Definition 1(a)) and does not capture the competitive
elimination mechanism of Definition 1(b); the two-strain competitive threshold is instead addressed in
Sections 4.6.2 and 4.6.3 above.

Figure 12(a) presents the peak infection burden as a function of the vaccination rate v, varied from
no vaccination (v = 0) to v = 0.05 per day, bracketing the Indian operating point v = 0.0033 per day.
At the lowest vaccination rate, both variants produce substantial outbreaks, with peak symptomatic
burdens of approximately 13.5 x 10° (Delta) and 15.4 x 10° (Omicron), reflecting the baseline
reproduction numbers Ry; = 1.87, Ry, = 1.64 together with Omicron’s larger asymptomatic fraction
and infectivity factors (17, = 0.16, & = 0.5908 vs. n; = 0.15, {; = 0.3063). As v increases, both
peaks decline, but Omicron’s curve remains uniformly above Delta’s: At v = 0.0033, the peaks are
~ 10.1 x 10° (Delta) vs. ~ 12.6 x 10° (Omicron), and even at v = 0.05, Omicron’s peak remains
substantial (= 4.65 x 10°) while Delta’s continues to decline (= 1.85 x 10%)—reversing the naive
expectation from Rj, < Ry, alone, since vaccination alone does not bring Omicron close to elimination.
The Indian operating point at v = 0.0033 per day positions both variants well above their respective
elimination thresholds, underscoring that current vaccination speed alone is insufficient for eliminating
either variant without complementary interventions.

Figure 12(b) examines how peak infections respond to variations in vaccine efficacy & across the
range [0.3,1.0], with all other parameters held at their baseline values. Both curves decline with
increasing &, but Omicron’s peak (blue) lies uniformly above Delta’s (red), reflecting Delta’s higher
vaccine efficacy together with Omicron’s larger asymptomatic fraction and infectivity factors. At the
operating efficacies & = 0.78 (Delta), & = 0.70 (Omicron), the peak burdens are ~ 1.19 x 107 and
~ 1.32 x 107, respectively: Omicron’s peak exceeds Delta’s despite Delta’s lower &;, confirming the
gap is driven jointly by Omicron’s lower efficacy and its higher 1,, (>, &, not efficacy alone. Even at
¢ = 1.0, both variants retain substantial peaks (Delta ~ 0.96 X 107, Omicron ~ 1.05 x 107), indicating
that even a perfect vaccine cannot drive either variant to elimination at the current vaccination rate
of v = 0.0033 per day—a finding that reinforces the need for combined interventions targeting both
vaccine performance and rollout speed.

Figure 12(c) demonstrates the influence of the isolation rate « on peak infection burden, with «
varied from 0.10 to 0.50 per day, corresponding to mean isolation delays ranging from 2 to 10 days.
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Omicron’s peak (blue) lies uniformly above Delta’s (red) across the full range, with both variants
exhibiting pronounced sensitivity to isolation, declining sharply from ~ 12.3 x 10° (Delta) and ~
14.2 x 10° (Omicron) at k = 0.10 to ~ 2.6 x 10°-3.0 x 10° (both variants, converging) at k = 0.50.
Notably, at each variant’s own estimated operating value, the ordering reverses: Delta’s peak at x; =
0.132 (= 9.7 x 10°) exceeds Omicron’s at x, = 0.178 (= 8.5 x 10°), showing that Omicron’s more
aggressive estimated isolation policy offsets what would otherwise be an even larger epidemic than
Delta’s, consistent with the stronger negative PRCC for «, (= —0.732) than «; (= —0.280, Section 4.5).
Beyond « ~ 0.30 per day, both peaks saturate at low values, indicating diminishing returns from further
acceleration of case isolation. Both Indian operating values position their variant in the steep portion
of the response curve, where modest isolation improvements yield substantial peak-burden reductions.

Figure 12(d) shows the peak infection burden as a function of the transmission rate 3, varied across
the range [0.4, 1.2] per day to span both sub-epidemic and super-epidemic regimes. Neither curve
shows a clearly demarcated near-zero elimination region: both variants already exceed 4 x 10° cases
at the lowest 8 considered, reflecting the baseline vaccination, isolation, and infectivity parameters. At
the operating values 3; = 0.8946 and 8, = 0.8686, the peaks are ~ 1.06 x 107 (Delta) and ~ 1.33 x 107
(Omicron), underscoring that the intrinsic transmission rate is the dominant driver of peak burden
in unsuppressed regimes, but suppression through vaccination and isolation can substantially shift
the burden curve, providing an important mechanism for controlling future variants with even higher
transmissibility.
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Figure 12. Peak infections versus four key intervention parameters for Delta (red, circles)
and Omicron (blue, squares). (a) Vaccination rate v. (b) Vaccine efficacy &. (c) Isolation rate
k. (d) Transmission rate 8. Dotted lines mark estimated operating values.
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5. Results and discussion

This section does not restate the numerical results of Section 4 in detail; those are reported once,
with full derivations and figures, at the point each analysis is performed. Instead, we (i) briefly recall,
by theorem/section number only, which claims were established and where; (ii) synthesize the two-
sided public-health conclusion that only emerges once the stability, uncertainty-quantification, and
sensitivity results are read together; and (iii) position these findings explicitly against the closest recent
literature, which is not attempted in Section 4.

Recap of the analytical and computational findings. Positivity, boundedness, and Ry, are established in
Theorem 3.1, Section 3.2; local/global stability of the disease-free equilibrium in Theorems 3.2 and 3.3;
existence and stability of the single-variant endemic equilibria in Theorems 3.4 and 3.5, with
coexistence left as Conjecture 1; and the elimination distinction formalized in Definition 1. The
threshold-branch analysis (see Section 4.6) is consistent with a forward threshold exchange; a full
center-manifold normal-form bifurcation proof is left for future work. Calibration (see Section 4.4)
yielded Ry; = 1.87, Ry, = 1.64, with the hybrid PINN-LSTM reducing 30-day RMSE by ~ 23%
over the PINN-only method and ~ 40% over Isqnonlin—a gain shown to shrink under injected noise
(Figure 5) rather than persist as overfitting, confirmed by non-parametric tests (see Table 4) and
AIC/BIC (see Supplementary Table S6). The B-PINN (see Section 4.3) delivers 95% credible intervals
on all six parameters and Ry; (Figure 2), both excluding unity; PRCC/NSI (see Section 4.5) ranks
vaccine efficacy &; as the dominant suppressive parameter and asymptomatic fraction 7; as the dominant
amplifying one; and the counterfactual efficacy-coverage analysis gives a proportional-intervention
benchmark of p* = 59.6% (reported interval [56.0%, 64.6%]), with Delta more restrictive within that
specified scenario.

The two-sided public-health synthesis. Reading the stability theory together with the intervention-
response curves of Section 4.6 yields a conclusion not visible from either alone: Delta is the more
restrictive variant in the specified proportional-intervention scenario (Ry; > Ro,), whereas Omicron is
the binding constraint for near-term peak-burden control (its peak burden is uniformly higher across
the vaccination-rate range, see Figure 12(a), driven by its larger asymptomatic fraction and infectivity
factors rather than vaccine efficacy, since & = 0.70 < & = 0.78). Neither half follows from the
reproduction-number ordering alone, and neither is reported in the closest prior Delta-Omicron models;
it is, to our knowledge, a novel synthesis-level finding obtained because the elimination theory of
Section 3 and the uncertainty-quantified intervention curves of Section 4 are developed within one
mutually consistent framework.

Positioning relative to recent Delta-Omicron literature. The closest prior studies differ in scope
rather than in disagreeing with our conclusions. Ngonghala et al. [21] established, for the U.S., that
Omicron competitively excluded Delta once its control reproduction number exceeded Delta’s—the
mechanism formalized here as Definition 1(b)—but without a Bayesian pipeline or efficacy-coverage
threshold surface. Negi et al. [22] modeled four Indian variants with optimal control, but without
global stability analysis, threshold-branch analysis, or uncertainty-quantified estimation. Saha and
Saha [11] and Ambalarajan et al. [12] examined multi-strain co-circulation with vaccination, but
neither propagated parameter uncertainty onto Ry; nor reported identifiability diagnostics. The present
contribution fills this specific combination—proven stability theory, a threshold-branch analysis, and
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an uncertainty-quantified pipeline with identifiability diagnostics, and a two-sided elimination/peak-
burden synthesis—for the Indian Delta-Omicron pair (see also “On the locus of novelty,” Section 1).

Limitations. The model assumes homogeneous mixing and does not stratify by age, comorbidity, or
geographical region; the fixed PINN architecture and loss weights could be refined through adaptive
weighting [51] and architecture search. We note the following further points:

e Proposition 4.1 (see Section 4.4) bounds the implied residual of the corrected observable in terms
of the Stage-2 PINN residual and the magnitude/Lipschitz rate of the LSTM correction, but it is a
worst-case bound rather than a tight one; a data-driven or probabilistic refinement (e.g., replacing
the sup-norm bounds on &, L with their empirical distributions over the validation window) is left for
future work. The PINN/B-PINN use a fixed Adam+L-BFGS schedule and a static 6x64 architecture,
which may under-resolve the differing Delta/Omicron time scales; adaptive/event-triggered training,
attention-based architectures, graph- or network-based relaxations of homogeneous mixing, and
fusion of additional data streams (mobility, genomic surveillance, hospitalization records) are natural
extensions not pursued here.

e The elimination analysis (Sections 4.6—4.6.3) is restricted to the two-variant, non-coexisting case;
the borderline regime Ry, = Ry, where the coexistence equilibrium of Conjecture 1 would apply
instead, is noted in Definition 1 but not further analyzed.

e The coexistence-equilibrium existence argument (Conjecture 1) remains a sign-change/monotonicity
sketch, not a fully rigorous joint existence—uniqueness proof for (3.16); a Poincaré-Miranda- or
fixed-point-based treatment is a natural next step and has not yet been carried out.

e Practical and formal (structural) identifiability of the six variant-specific parameters from the
single observable C(t) = I, + I, is established in Section 4.2 (see Table 2 and Supplementary
Figures S1-S4), subject to the scope limits stated there. A joint structural-identifiability analysis
of the full 12-parameter, two-observable coupled system (rather than the two separate 8-state sub-
models analyzed here), and collection of continuous daily J, H, R series to further strengthen this
result under the full joint model, remain future work.

e Network depth/width, LSTM window length, and loss weights w,, w,, w;. were fixed by standard
practice and shown robust to moderate perturbation, but were not chosen via systematic grid search
or cross-validated comparison.

e Only the counterfactual proportional-intervention threshold p* carries a propagated credible interval;
the endemic prevalences I; (see Figure 8) and the intervention-response curves (see Figures 9, 10,
and 12) remain point estimates at posterior medians.

The framework is restricted to Delta and Omicron but is fully extensible to additional sub-
lineages (BA.2, BA.4/5, XBB) given variant-specific surveillance data. Despite these limitations,
the proposed framework couples mechanistic epidemiological rigor with scientific machine learning
to deliver physically consistent, statistically quantified, and forecast-superior multi-variant pandemic
analytics. Under the specified proportional efficacy-coverage scenario, the reported 59.6% (95%
Crl: [56.0%, 64.6%]) value should be interpreted as a conditional quantitative benchmark rather than
a full-model herd-immunity guarantee. This scenario-level benchmark supports the importance of
sustained vaccination and accelerated case isolation—particularly for the more rapidly spreading
Omicron variant.
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6. Conclusions

In this study, we developed a deterministic two-strain SVE;A;I,JHR model for the Delta and
Omicron waves of COVID-19 in India and combined rigorous stability analysis with uncertainty-
quantified, physics-informed parameter estimation. Analytically, we established the positivity and
boundedness of solutions, derived closed-form variant-specific reproduction numbers R;, proved the
local and conditional global stability of the disease-free equilibrium, and established the existence
and local stability of the single-variant endemic equilibria. Computationally, a three-stage Isqnonlin-
PINN-LSTM pipeline estimated the six variant-specific parameters, which were shown to be practically
identifiable and structurally identifiable within each single-variant sub-model, and a Bayesian PINN
yielded Ry; = 1.87 (95% Crl [1.759,2.014]) and Ry, = 1.64 (95% Crl [1.558, 1.732]).

The hybrid PINN-LSTM model reduced the 30-day forecast RMSE by approximately 23% relative
to the PINN-only model and 40% relative to Isqnonlin; these gains were statistically significant and
diminished under injected noise, which is consistent with the LSTM learning structured residual
signal rather than noise. The sensitivity analyses identified vaccine efficacy &; as the most influential
controllable parameter and the asymptomatic fraction 7; as the strongest amplifying parameter for both
variants. Under the proportional efficacy—coverage scenario, Delta is the more restrictive variant, with
a conditional coverage benchmark of 59.6% (interval [56.0%, 64.6%]); this benchmark is not a full-
model herd-immunity threshold, and it widens substantially once uncertainty in @ and 7; is included.
Omicron, in contrast, produces the larger peak burden, so sustained vaccination combined with faster
case isolation remains essential for controlling both variants.

Future work will address a rigorous existence proof for the coexistence equilibrium, a joint
structural-identifiability analysis of the fully coupled system, age- and region-stratified extensions of
the model, and application of the framework to later sub-lineages such as BA.2, BA.4/5, and XBB.
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Supplementary

This section provides the diagnostic and robustness material referenced throughout Sections 4.2

and 4.4 of the main text. It contains six supplementary figures (Figures S1-S6: profile likelihoods,
multi-start convergence, Isqnonlin-vs.-PINN robustness under reduced data and injected noise for both
variants, the single-equation ODE-residual plausibility check, and the walk-forward cross-validation
bar charts) and six supplementary tables (Tables S1-S6: the capacity-matched-ablation architecture
specification, its walk-forward RMSE and recovered-parameter comparison, the associated Diebold—
Mariano test, and the pairwise Diebold—Mariano and AIC/BIC tables for the hybrid/PINN/Isqnonlin
comparison). These items support the identifiability, ablation, and forecast-robustness claims of the
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main text but are not required to follow the paper’s central argument. All in-text references to
“Supplementary Figure Sn” and “Supplementary Table Sn” point to the corresponding items below.

Supplementary figures
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Figure S1. Profile likelihoods for the six variant-specific parameters (53;, k;, 0;);=1.2, Obtained
by fixing each parameter at a grid of values spanning its plausible range, re-optimizing the
remaining parameters and network weights from that fixed value, and recording the resulting
profiled objective. Solid black curve: likelihood profile; solid gray line: 95% confidence
threshold (Ay? = 3.84, one degree of freedom, via Wilks’ theorem); gray dash-dot line:
global minimum (best-fit objective value); black star: converged optimum. Top row: Delta
sub-system, (a) B, (b) k1, (c) 6;. Bottom row: Omicron sub-system, (d) 5, (€) k2, (f) 9.
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Figure S3. Delta: Isqnonlin vs. PINN estimates of (81, k;, 9;) under reduced training-data
volume (top row) and injected measurement noise (bottom row), applied to the reduced
single-strain surrogate model. Top row: (a) B, (b) k1, (c) d; versus training-data fraction
(50-100%). Bottom row: (d) B, (e) ki, (f) 0 versus injected noise level (0-20%).
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Supplementary tables

Table S1. Architecture specification for the capacity-matched PINN ablation (Section 4.4 of
the main text).

Specification PINN Data-only NN (ablation)

Architecture Fully connected, 6 hidden layers X 64 neurons Fully connected, 6 hidden layers X 64 neurons (same)
Activation function tanh tanh (same)

Output layer Linear Linear (same)

Total trainable parameters  ~ 21,000 ~ 21,000 (same)

Loss function L = Ly + wr-Lopg + wicLic, w, = 1072 L= Laa + wicLic, w, =0

Optimizer Adam (107%) — L-BFGS Adam (107%) — L-BFGS (same)

Training epochs 50,000 50,000 (same)

Nominal parameter count (k) 6 6

Table S2. Walk-forward held-out RMSE: full PINN versus the capacity-matched data-only
NN (w, = 0).

Variant Cutoff (day) PINN RMSE Data-only NN RMSE A (%)

Delta 60 13,795 16,936 PINN 18.5% better
Delta 80 18,554 22,223 PINN 16.5% better
Delta 100 3,433 4,200 PINN 18.3% better
Omicron 45 2,891 3,244 PINN 10.9% better
Omicron 65 4,851 6,008 PINN 19.3% better
Omicron 85 2,452 2,968 PINN 17.4% better

Table S3. Recovered parameters: full PINN versus capacity-matched data-only NN, with
physical plausibility assessment against the literature ranges of Table 1 of the main text.

Parameter PINN Data-only NN Physical plausibility

Bi 0.895 1.42 Data-only: substantially higher than reported literature values
K 0.132 0.038 Data-only: implausibly low (= 26-day isolation delay)

01 0.021 -0.012 Data-only: negative, physically meaningless

B2 0.869 1.18 Data-only: overestimates transmission rate

K2 0.178 0.325 Data-only: unrealistically high isolation rate

02 0.061 0.145 Data-only: exceeds commonly reported values

Table S4. Diebold-Mariano test comparing the full PINN and the capacity-matched Data-
only NN.

Variant Comparison DM statistic p-value Winner
Delta PINN vs. Data-only NN -2.54 0.0064 PINN (significant)
Omicron PINN vs. Data-only NN -3.02 0.0020 PINN (significant)
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Table SS. Diebold-Mariano test for the pairwise statistical significance of forecast-accuracy
differences between the hybrid PINN-LSTM, PINN-only, and Isqnonlin models, pooled
across the walk-forward folds of Figure S6 for each variant.

Variant Comparison DM statistic p-value Best model
Hybrid vs. PINN -2.89 0.0058 Hybrid

Delta Hybrid vs. 1sqnonlin -3.46 0.0010 Hybrid
PINN vs. Isqnonlin -2.13 0.0398 PINN
Hybrid vs. PINN -6.10 < 0.0001 Hybrid

Omicron Hybrid vs. 1sqnonlin -6.90 < 0.0001 Hybrid
PINN vs. Isqnonlin -2.28 0.0265 PINN

Table S6. Held-out RMSE together with the Akaike and Bayesian information criteria (AIC,
BIC) for the Isqnonlin, PINN-only, and hybrid PINN-LSTM models at each walk-forward
cutoff of Figure S6, where k denotes the number of fitted parameters used in the AIC/BIC
penalty for each model.

Variant  Cutoff (day) Isqnonlin (k = 3) PINN (k = 6) Hybrid (k = 10)
RMSE / AIC/ BIC RMSE / AIC/ BIC RMSE / AIC/BIC
Delta 60 16700/ 1172.8 /1179.1 13795/ 1155.9/1168.4 11000/ 1136.7 / 1157.6
Delta 80 27935/1644.0/1651.2 18554/ 1584.6 / 1598.8 16160/ 1570.4 / 1594.3
Delta 100 5419/1725.5/1733.4 3433 /1640.2 /1655.9 2540/ 1588.0/1614.0
Omicron 45 3178 /731.8/737.2 2891/729.2 /740.1 2237/714.2/732.2
Omicron 65 5513/11259/1132.5 4851 /11153 /11284 3945/1096.4/1118.2
Omicron 85 3395/1388.1/1395.4 2452 /1338.8 /1353.5 1622 /1276.5/1300.9
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