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Abstract: This paper investigated the topology identification of stochastic delayed hypernetworks
using only output variables. To overcome the limitation that full state information is often
unmeasurable in practice, an adaptive drive-response framework was constructed. Considering the
complexity of realistic network environments, multiple interaction delays and stochastic perturbations
were explicitly incorporated into the system model. We designed robust output-feedback controllers
and parameter updating laws under both continuous-time and event-triggered communication schemes.
Particularly, the proposed event-triggered mechanism (ETM) effectively reduced the communication
frequency among network nodes while strictly excluding Zeno behavior. Based on the stochastic
Lyapunov stability theory, we rigorously proved that the synchronization and identification errors
were uniformly ultimately bounded almost surely, ensuring the accurate reconstruction of unknown
multilayer topological matrices. Finally, numerical simulations were provided to verify the
effectiveness and communication efficiency of the proposed theoretical results.
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1. Introduction

Multiplex and hypernetworks are widely used to model complex interacting systems across various
domains [1-3]. In practical applications, however, the exact network topologies are often unknown,
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making structural identification an essential step for system analysis and control [4-6]. Moreover,
real-world networks are inevitably subject to communication delays and stochastic noise. These
factors can severely degrade synchronization performance and must be explicitly considered in
system modeling [7].

Most existing topology identification methods assume that the full state of all network nodes is
measurable. In many practical scenarios, measuring the complete state variables is physically difficult
or costly, restricting observations to partial output variables [8—10], as well as advanced control
strategies [11-13]. Therefore, developing output-based identification schemes is of great practical
significance. Furthermore, few studies have simultaneously addressed the identification problem in
networks featuring multi-layer structures, stochastic perturbations, and multiple time delays.
Additionally, continuous communication in large-scale hypernetworks consumes significant
bandwidth and energy. To alleviate this issue, the event-triggered mechanism (ETM) has been
introduced to schedule data transmissions only when specific conditions are met [14, 15]. Although
ETM has been widely investigated for network synchronization, achieving simultaneous topology
identification and synchronization via event-triggered output feedback in stochastic delayed
environments remains a challenging problem. This difficulty primarily arises from the complex
interactions among discrete triggering errors, multiple temporal delays, and persistent stochastic
fluctuations.

In particular, existing topology identification schemes either rely on full-state feedback [16, 17],
require continuous communication without delays [18], or focus solely on synchronization with
known structures [19, 20], leaving the problem of simultaneous output-based identification and
synchronization under stochastic delays largely open. To address these issues, this paper proposes an
output-coupling-based adaptive strategy for simultaneous topology identification and synchronization
in stochastic delayed hypernetworks. The main contributions are summarized as follows:

First, an adaptive drive-response framework is established for stochastic delayed hypernetworks
relying solely on output couplings. This completely removes the restrictive assumption of full-state
observability, making the proposed method more applicable to real-world observation-limited
scenarios.

Second, robust adaptive controllers and parameter updating laws are designed based on
continuous-time output measurements. Through stochastic Lyapunov analysis, the proposed method
guarantees precise synchronization and the exact reconstruction of unknown multilayer topological
matrices, effectively overcoming the impacts of multiple time delays and noise.

Third, an event-triggered output-feedback identification scheme is further developed to reduce
communication frequency. By designing a dynamic triggering condition with a constant lower bound,
the proposed ETM ensures that all closed-loop signals are uniformly ultimately bounded almost
surely, and rigorously excludes Zeno behavior.

The remainder of this paper is organized as follows. Section 2 provides the preliminaries. Section 3
introduces the network model. Sections 4 and 5 present the main theoretical results and numerical
simulations, respectively. Finally, Section 6 concludes the paper.

AIMS Mathematics Volume 11, Issue 10, 34341-34359.



34343

2. Preliminaries

The mathematical notations adopted in this study are standardized as follows. Let (Q, 7, {F}0, P)
be a complete probability space with a right-continuous filtration {¥}( such that #, contains all -
null sets. The sets of nonnegative real numbers, n-dimensional real vectors, and n X m real matrices are
indicated by R,, R”, and R, respectively. For an arbitrary real symmetric matriX, Apax(-) and Apin()
respectively designate its maximum and minimum eigenvalues. The transpose and the trace of a matrix
are symbolized by the superscript T and Tr(-). The operator E[-] is used to signify the mathematical
expectation. Furthermore, || - || stands for the standard Euclidean vector norm or the corresponding
induced 2-norm for matrices. We denote by C>'(R" x R,,R.) the family of all nonnegative functions
V(x, 1) that are continuously twice differentiable in x and continuously once differentiable in 7.

Definition 2.1. [21] For a general n-dimensional Ito-type stochastic system described by:
dx(1) = f(x(), Ddt + g(x(1), Hdw(?), (2.1)

where an m-dimensional Brownian motion is given by w(t), the associated infinitesimal operator L
acting on any function V(x,t) € C>'(R" x R,,R.) is formulated as:

_ oV(x, 1)

LV(x,1) + (VW F(x, 1) + %Tr ¢ (x. V2Vg(x.1)]. (2.2)

Here, V2V and V,V refer to the Hessian matrix and the gradient vector of V(x,t) with respect to X,
respectively.

Lemma 2.1. [22] Suppose there exist a scalar continuous function w € C(R",R,), a function y €
L'(R;,R,), and a function V € C*'(R" x R,, R,,) satisfying:

”ll}m ir>1g VX, 1) = o0 (2.3)
and
LV(x, 1) <y(f) — w(x), Y(x,1)€R"xXR,. (2.4)

If there also exists a constant p > 2 such that sup,, E[x(t; xo)|? < oo for any initial state xy € R", then
the limit lim,_,, V(X(t; xo), t) exists and is finite almost surely (a.s.). Furthermore, the following holds:

tlim wXx(t; x%9) =0 a.s. (2.5

Lemma 2.2. [23] Given arbitrary column vectors X,y € R" and any symmetric positive definite matrix
Q € R™" the following matrix inequality is unconditionally satisfied:

2xy <x"Qx +y'Qly. (2.6)
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3. Hypernetwork model

Consider a model with N identical systems coupled through the connections of m different networks
and output variables. Each node is an n-dimensional nonlinear system, which is described by:

m N
dx;(t) =(F(x,(1)) + Z c(k)agf)B(k)yj(t — 7y))dt
k=1 j=1
" (3.1)
+ " @0 xi0), xi( = T)dw (1),
k=1

YI(t) :HXi(t),i = 1’ 2, tee ’N9

where i = 1,2,--- ,N, x;(t) = [x] (1), x2(D),--- , x'(t)]" denotes the state of i-th node; y;(r) € R™ is
the output vector of the ith node; H € R™" is the output matrix with full row rank, i.e., HH? > 0.
The coupling matrix A% = (a})wuv(k = 1,2,...,m) represents the topology of layer k and A% is
an irreducible matrix satisfying af.f) = ag.? > 0,i # J, ag‘) = —Z?’:L#i agllf) fori = 1,2,---,N. The
matrix B;,k = 1,2,...,m is the kth inner coupling matrix. The denotations 7,k = 1,2,...,m are
different interaction delays and ¢,k = 1,2,...,m are different coupling strength. Besides, wfl)(t) is
an n-dimensional Brownian motion defined on a complete probability space (Q, F, {F}»0, P) where
E(dwgl)) =0, E(a,’wgl))2 = dt, E(dwgl)dwfil)) = 0,i # J, gofk)(t, X;(1), x;(t — 7;)) is the noise intensity
matrix at layer k.

Unlike existing single-layer or full-state-observable formulations, model (3.1) concurrently
incorporates multi-layer topologies with heterogeneous delays, state-dependent stochastic
perturbations, and observation constraints restricted strictly to output channels y;(f) = Hux(t),
rendering it more reflective of realistic networked systems.

To estimate the unknown topology A®, construct a response network by receiving the output

variable y;:

m N
d8i(1) = (&) + ) )" cPal/BYg,t - 1)
k=1 j=1

32
+uO)dr + 3" @ xi(0, %i(t = T))AWD (@), 2
k=1

§i() = HX,(0),

where i = 1,2, , N, u(¢) is the controller imposed on the ith node, A® = (&E?)NXN is the estimation
of A® and wl@(t) is an n-dimensional Brownian motion defined on a complete probability space
(Q.F . (Fhizo. P) with E(aw”) = 0, E(dw?)? = dt, Edw?dw'”) = 0,i # j.

Let Thmax = Max;<<,{7r} denote the maximum interaction delay. The initial conditions of the drive
system (3.1) and the response observer (3.2) are respectively defined as

)C,'(S) = ¢i(s) € C([~Tmaxs 0]’Rn), )?,'(S) = ési(s) € C([~Tmax» 0], Rn)’ Vs € [~Tmax, 01,

where C([—Tmax, 0], R") denotes the Banach space of continuous vector-valued functions defined on
[~Tmax» 0] equipped with the standard supremum norm |[|¢|| = sup_, _ ., [l¢(s)]].

Tmax S
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Defining €;(1) = Ri(1) — Xi(0), e,(r) = §i(1) = yi(0), &y, = af — af, oV, ei0), et — Te)awi0) =

00,310, 31t = 7)) — 6 1,30, (1 — 7))dw V(1) One has
m N
de(t) =(F& (1) = F(xi() + ) > cVallBYg;(1 - ) (3.3)

k=1 j=1

N
Z C(k)agf)B(k)yj(t —Tx) + u(2))dt

1 j=1

M§

=
Il

+ Y (e, ei(t), et — T))dWi()
k=1

N
) = () (k) 2
Z ¢’ )agj)B( )yj(t - Ti)

1 j=1

M=

=F&(0) - Fxi(1) +

>~
Il

N
Z g “‘)B(")e)j(t — 1) + u(0))dt

1 j=1

Ms

+

>~
Il

a1, e1), et — 71))dwi(D),

e

k=1

de,(1) =dy(1) — dy(t) = Hdx;(t) — Hdx;(t) = Hde;(?).
4. Main results

To begin, some hypotheses are introduced.

Hypothesis 4.1. Assume that the intrinsic nonlinear dynamics F(-) satisfy the Lipschitz continuity
condition.  Specifically, there exist strictly positive constants «; corresponding to each node
e {1,2,...,N}, ensuring that the following inequality holds for any vectors X,y € R":

IF(y) — F&)l < aiilly — xI.

Hypothesis 4.2. For each layer k € {1,2,...,m}, the time-varying transmission delay t,(t) is a
continuously differentiable function with respect to time t. Furthermore, its rate of change is strictly
upper-bounded by a known scalar 96, satisfying:

0<m(®<o<1.

Here, 6 < 1 ensures signal causality, while a larger 6 requires higher control authority to counteract
delay effects.

Hypothesis 4.3. The noise intensity matrix O'Ek)(l‘) is assumed to be uniformly bounded. Additionally,
there exist nonnegative scalars ,u(k) and v(k) such that the trace of its covariance is constrained by the
following condition foralli=1,...,N and k=1,....m

Tr((P @) V(1) < 2uPlle DI + 20 Plles — Tl
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Hypothesis 4.4. To guarantee the successful reconstruction of the unknown network topologies, the
delayed coupled state trajectories, denoted by the set {{B(k)y.,-(t - Tk)}jjy: L), are assumed to be
persistently linearly independent when the hypernetwork converges to the synchronization manifold

:{yi:yi |l: 1,,N}
Under these hypotheses, the main result is deduced.

Theorem 4.1. Suppose that Hypotheses 4.1-4.4 hold. Then, the uncertain coupling configuration
matrix A® in network (3.1) can be identified by the estimated value A® vig the following adaptive
controllers (4.1) and updating laws. Meanwhile, the response system (3.2) reaches complete
synchronization with the drive system (3.1).

ui(t) = —di()H" e,i(7)
di(1) = hie[,(nHH" e;(1) 4.1
&) = —e(DHBY (t — 70)

where h; > 0 is arbitrary constant and i, j = 1,2,--- ,N,k=1,2,...,m

Proof. Consider the following Lyapunov candidate:

1 m N N ) 1 N 1
V() =5 Z efi(De(n) + 5 ZJ 2,2 @y + 5 Zl o) -
N

i=1 j=1

f Z el(0)e,i(0)ds, d>0,r>0
t—11 (1)

m N
Ly = Z eyTi(t)H[F(f(,-(t)) —Fxi) + Y > cPalBYg (1 - 1)

=1 j=1
N
k) (k k T
Z e )agj)B( )eyj([ -1)—dH ey,-(t)]

N

ENJEN]A’” W + Z (A1) = (1)

k=1 i=1 j=1 i=1

m N Lag
#3003 trace( o HoP) + )Y el e ()

i=1 k=1 i=1

m N
B Z Z i 6(1 - 7"k(t))e;,ri(t — 1€yt — 1)

>~
Il
—_

N
= > |G 0) - Fox0)
N
2

i=

N N
Z T T (1) a(k)HB(k)eyj(t - 1) — Z deyTl-(t)HHTeyi(t)
1

k= j i=1

—_—
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m N n Y
b3 0 D race(@o ) HoM) 4 3 3 el e

k=1 i=1 k=1 i=1
m N
r . T
= D02 (=t ~ et 7)
k=1 i=1
N m N N N
< Z elnein) + Y 3" cPelnal HBYe, (1 - 1) = > dely(HH e,i(1)
=1 k=1 i=1 j=1 i=1

+ zm: EN: /’lgk)eyTi(t)eyi(t) + Zm: Z ng)e;»(t — T)ey(t — Ty)
k= 1
m N m N
+ Z Z _5 yz(t)eyl(t) Z Z e}T,l-(l - ‘rk)ey,-(t —T).

Denote e,(f) = (e,1(N7, e, ....en(T)", BY = HB(") GH = AP @BW, o0, = A,,;,,(HHT), 0, =
Aax(GRO(GIY), 1y = maX1<,<N{,u(k)} Vi = max1<,<N{ 1. According to Lemma 2.2, one has

N m
S;(a+zl_

1 m
doy)el(Dey(t) + 3 Z Vel (HGP(GP) e, (1)
k=1

m

D eVl - 1)yt - 1) + Z Z(vk = reji(t = eyt = 7i)

1
2 k=1 k=1 i=1

<(a

Ms

m m 1
doy + = Z cPoel (ney(r) + > (vi + 3¢ = el (1= eyt — )
k:] k=1

k=1
=(el (1), e (1 - Tl), e = T,))E(e (D), eyt — T, et — T)) s

where,
® 0 --- 0
_ 0 @, 0
0 0 - @y

0, = (a+ Z + Z Hi — dQl + Z C(k)QZ)InNa 0, = (Vl + C(l) - r)InNa SRR (Dm+1 = (Vm + %C(m) - r)InN-

Takmg r> v + c(k) k=1, 2 ,m, one has ®, < 0,...,®,,,; < 0. Then the proper positive
constant d can be selected

1 m r m 1 m
d>—[a+ )y —+ += > %o,
91[ 2475 ;ﬂk 2 ; 2]

such that @, < 0, brings about = < 0.

Let 1 = A,.(E), then LV < Aq'q £ —w(q), where q = (e[ (1),e](r — 71),...,e/(t — 7,,))". In
addition, limyy_,c infp<;<o V = 00 and o; is bounded, and one obtams hm,_>oo w(q) = 0 a.s. based on
Lemma 2.1.
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Also, from (3.3), one gets

N
S “al B3 (1~ 1)) = 0.

1 j=1

M=

lim (

t—+0c0

>~
I

When 1 — o0, §i(1) — yi(t), (1) = Xi(1), one has lim,_,.(Xf-, £, c¥BOy;( — 1)@ - al)) = 0.
According to Hypothesis 4.4, Ezf.f) = agf), and one has Q = {e = 0, Zlff) = 0,d = constants} for
i,j=12,...,N,k = 1,2,...,m. That is, with the controllers and updating laws (4.1), the response
network (3.2) and the drive network (3.1) reach complete synchronization, and the unknown coupling

configuration matrix A% can be successfully identified. This completes the proof. O

Remark 1. Unlike existing works that require full-state information, measuring complete internal
variables of high-dimensional nodes is often physically infeasible in practice. Notably, the controller
u;(t) and updating laws in (3.3) depend solely on the output measurement error. This output-based
strategy significantly reduces measurement costs and enhances the practical applicability of the
proposed method.

Theorem 4.2. Suppose that Hypotheses 4.1-4.4 hold. In addition, we impose the following two
structural conditions:

(A1) Matching condition: For each layer k = 1, ..., m, there exists a matrix B® such that

B® = H'BY. (4.2)

(A2) Output injectivity: The output matrix H is of full column rank, i.e., there exists a constant 1y > 0
such that
IHx|]> > AylIx|]> Vx e R". 4.3)

Consider the event-triggered output feedback controller
u(t) = ~di(OH' (), 1€, (4.4)

where the triggering instants are determined by

fier = Inf {t > 1 | lleyi() — el = pilleyi(D)l| + €} (4.5)

with 0 < p; < % and € > 0. The adaptive gains are updated through
a(1) = ~1,c Ve (N BY (1 = 1) — Kl (1), (4.6)
di(1) = Projgy, 4,1 (1alles(IP = kad(1)). @.7)

With 14, N4, Kay Kg > 0, and Proj denotes the standard projection operator that keeps d;(t) € [d,,, dy] with
d, > 0and dy > max{(a; + D ul(.k>)/ (&idp)}. Then, all closed-loop signals are uniformly ultimately
bounded almost surely, and Zeno behavior is almost surely excluded.
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Proof. Define the measurement error induced by the event-triggered mechanism as E;(f) = ey,-(t/i) -
e,;(). From the triggering condition (4.5), for all # € (£, t,i .1)» it unconditionally holds that

IEI < pilleyll + & = B < 207lle, ()l + 2¢. (4.8)

By denoting the state synchronization error as €; = X; — X; and the output error as e,; = He;, utilizing
the matching condition (4.2), we have the relationship e/ B® = e’ H'B® = eyTlB“‘).
To analyze the stability, we construct the following positive definite Lyapunov—Krasovskii
functional:
V=Vi+V,+V3+V,, (4.9)

with

RS i
Vi=5 D llel, Z( W, (4.10)

i=1 Na kyi,j
N é‘:
Vi= ) TI(d,. ~dy, (4.11)
i=1 <
m 1 N ¢
Vi= Yy — f e’ QWe, . ds, (4.12)
) ; 2(1-60) le e

where & = 1-p? > 0, Q¥ > 0 are symmetric positive definite matrices to be selected, and d; € [d,, dy]
is a sufficiently large target gain whose existence will be guaranteed subsequently.
Applying It6’s formula to Vi,

LVi= ) [ef (F) ~F) + 3 Vel BY  ~ 1)

i k,j

1
+ 3 PaleBPe,(t - 70) + €] ui] + 3 D Tr (@) o). (4.13)
ik

k,j

By the matching condition, the terms involving a( ) directly become Y, ; c(k)aff)e)T B®§ ;. Regarding the
control input, an application of Young’s 1nequahty provides

~diele, — dieE,
2 i 2
—d,-(l - E)Hey,-n + S,

Substituting the event-triggered bound (4.8) and recalling the projection bound d; < d,;, we obtain

1
ef 1 < =di(5 = pi el + due; = ~diéille,l + due;. (4.14)

]

Furthermore, the Lipschitz condition (Hyp. 4.1) yields el.T(F(f(,-) - F(x;)) < aille||*>. Hypothesis 4.3
on the noise intensity implies

Z Tr (o) o) < Z Pl + " v ller = Tl (4.15)
k
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Now we compute LV,. From the adaptive updating law (4.6), it follows that

£V = 3 a0 (- Ve B - 1) — 1)), (4.16)
ks “

Thanks to the matching condition, the cross terms involving le(.f) in LV, and LV, cancel each other
exactly. For V3, since di € [d,,,dy], the projection operator rigorously ensures (d; — d:) Proj(-) <
(d; — d;)(-). Hence, using the property —did; = —di(d; + d}) < —1d? + 1(d})?, we have

LV < é(d &) ndllen = kod)
_ &dlle? - g,
Na
< &dlledl - K“é’ de’(d*‘)2 @.17)

Notice that the term +§f,~0’ld,~||ey,-||2 originating from LVj; perfectly cancels the —fl-czilley,-ll2 implicitly present
in the control bound (4.14) (since d; = d; + d)).
We now handle the delayed coupling terms. The relevant sum involving af.f) in LV, reads

® g (k) T (k)
> cVaDel BVt - 7).
i,j,k

Together with the derivative of V,, by choosing Q® = yI with a sufficiently small ¥ > 0 and applying
standard integral inequalities, we can find a constant 8 > 0, which can be made arbitrarily small, such
that

N
k) (k) Tpk ’ 2
D Palel BYe, it — 1) + Vi <) lleyl + Cr. (4.18)
i,k j=1

where C; collects bounded terms stemming from the delay constraints.
Collecting all the estimates and utilizing the output injectivity condition (4.3), which provides
lleyill* > Apllel*, we obtain

ve ) (FE Z"“ # el - 5 37 @)

i=1 @ ki j

Z;‘;idz 3 e +Z Eap+c.. (419
i=1

=:Co

Because & > 0 and Ay > 0, we can purposefully choose a large target gain d: (and consequently set

dy sufficiently large to accommodate it) such that &d; > a’+z"” +pforalli=1,...,N. Define

Kd—é:i}>0

u _mln{2(§,d Ay —a; — Z,u(k) KaTlas .

(4.20)
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Then there exists a positive constant Cy (independent of ¢) such that
LV(t) < —uV(t) + Cy. 4.21)

The inequality (4.21) is a standard stochastic Lyapunov differential inequality. By the generalized
Itd formula (Dynkin’s formula), taking the expectation yields E[V(¢)] < V(0)e™ + %(1 — e #"), Hence,
limsup,_,., E[V(#)] < Cy/u, which indicates that all signals are uniformly ultimately bounded in mean
square. To rigorously establish almost-sure uniform ultimate boundedness, we apply Itd’s differential
formula to eV (¢):

d(e" V(1) = "' (LV () + uV (1)) dt + e dM(t) < Coet'dt + "' dM (1),
where M(¢¥) = fot Z?Ll hya el.T(s)o'Ek)(s) dw;(s) is a continuous local martingale. Integrating both sides
over [0, 7] gives
V() < V(0)e™ + %(l —e M)y + e fl e dM(s).
By virtue of the exponential martingale inequality along with theOBorel—Cantelli lemma, it follows that

lim,_,o e fot e’dM(s) = 0 almost surely (a.s.). Therefore, taking the superior limit on both sides
yields

C
limsup V(r) < = as,
7

t—00

which rigorously proves that all closed-loop error trajectories are uniformly ultimately bounded almost
surely and remain confined within the compact set D = {V(¢) < Cy/u} with probability one.

Finally, to rigorously exclude Zeno behavior, we examine the inter-event intervals. For ¢ € [tj{, tj{ )
utilizing the integral form of the error dynamics yields

E;(r) = —Hf Yi(s)ds — Hf 0.i(8) dw;(s), 4.22)

where ¥;(s) represents the drift part of é,; and o,; = > ; 0'1(.](). Taking the squared norm and mathematical
expectation, and applying the inequality (a + b)*> < 2a® + 2b* together with Itd’s isometry, gives

! 2
f (o dW,H ]
A

! !
< JHIRG - £) f E[INE.|P]ds + 2/ HIP f Bl 2]ds. 423)
ti ti

BIEIF] < 21HIPE]| f | | + 21H0°E]|
k

The almost-sure boundedness proven above guarantees that both E[||¥;||*] and E[||c;||*] are uniformly
bounded by a positive constant M, > 0. Thus,

E[IE(DIP] < 2IHIP Moz - 1,)* + 2[HI> Mot — 1) (4.24)

Let Ay = tj{ N t,"(. To obtain a linear bound with respect to Ay, we distinguish two cases. If A; > 1, then
the inter-event interval explicitly possesses a strictly positive lower bound of 1, and Zeno behavior is
inherently impossible. Conversely, if A; < 1, we have A?> < A;, which simplifies the bound to

E[IE0IF] < M(t—1}), with M = 4|[H|*M,. (4.25)
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At the triggering instant ¢ = t,i .1» the event condition (4.5) enforces IIE,-(t,i D= pilley,-(t;'{ DI+ e = €.
Taking the expectation of the squared norm yields E[|[E«(#;, )II*] > €. Combining this with the upper
bound, we have

e <E[|E(t, DI*] < ME[4,, - £]. (4.26)

Consequently, for the case where A < 1, the expected inter-event interval satisfies E[f;,  —7] > g > 0.
To rigorously demonstrate that this positive lower bound in expectation precludes Zeno behavior almost
surely (a.s.), let N(T) = sup{k > 0 : #; < T'} denote the cumulative number of event triggers generated
by the i-th node over any finite time horizon [0, 7] (T > 0). The total elapsed time of these triggering
events satisfies

N(T)-1
Z (to —t) <T.
k=0

Taking the mathematical expectation on both sides and utilizing the fact that E[t;; N t,i] > 7. =

2
min {1, GM} > (0, by Wald’s identity (or renewal theory), we obtain

Ni(T)-1
2 G = 1)
k=0

E[N(D)] - Tiin <E

min —

T
<T = E[N(T)] < — < oo.
T .

min

Since N;(T) is a non-negative integer-valued random variable with finite expectation E[N;(T)] < oo, an
application of Markov’s inequality yields

PN(T) = o0) = 1?330 P(N«T) = K) < %iifi, 0.

E[N(D)] _
K
Consequently, the probability of encountering an infinite number of triggering events in any finite
duration [0, T] is strictly zero, confirming that Zeno behavior is almost surely ruled out. This completes
the proof. O

Remark 2. In practical implementations, the threshold parameter €; can be extended to a
time-decaying form €(t) = e™ + €. (€x > 0). Because €., < €(t) < € + €, the uniform ultimate
boundedness is preserved under the upper bound, while the positive infimum €., rigorously preserves
the analytical lower bound in (4.26), completely precluding Zeno behavior.

Remark 3. Condition (Al) is a structural matching constraint indicating that coupling interactions
between dynamical subsystems occur through measurable output ports. This condition is naturally
satisfied in numerous engineering applications, such as coupled multi-agent systems with relative
position output coupling or smart power grids communicating through terminal bus voltages.

5. Numerical simulations

5.1. Topology identification via output coupling

To verify the effectiveness and theoretical correctness of the proposed adaptive control and topology
identification scheme, numerical simulations are conducted. Consider the two-layer network consisting
of 20 nodes of the Lorenz system [24]. Take the first layer a fully connected network, the second layer
a star network, and the first node as the central node.
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The coupling strengths are set as ¢; = 0.1,¢, = 0.2, the time delays are 7; = 0.1,7, = 0.2, the
noise strengthes are o-; = 0.1,0, = 0.2, the inner coupling matrices are B; = B, = (1,0,0)?, and
the output matrix is H = (1,0,0). These coupling strengths ensure effective topology identification
without suppressing the intrinsic nodal chaos. The initial states of the drive and response networks, as
well as the initial values of the adaptive identification matrices, are randomly assigned from (0, 1).

The synchronization behavior between the drive network and the response network is illustrated in
Figures 1 and 2. Figure 1 shows the evolution of the global synchronization error over time. The
synchronization error drops sharply at the initial stage and converges asymptotically to zero,
remaining stable thereafter. This confirms that the proposed adaptive controller effectively achieves
global synchronization between the multiplex networks. Figure 2 depicts the time evolution of the
state trajectories of the first node in both the drive and response networks. It is evident that despite the
chaotic nature of the intrinsic node dynamics and the random initial conditions, the state trajectory of
the response network (red dashed line) quickly tracks and perfectly aligns with that of the drive
network (blue solid line).

Synchronization error of the two-layer network

lle)l

i

0 50 100 150 200
t

Figure 1. Synchronization error of the two-layer network.
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Figure 2. Synchronization trajectories of the first node.
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Simultaneous to achieving synchronization, the adaptive update laws are designed to dynamically
identify the unknown topological structures of both network layers. Figure 3 displays the time

evolution of partial elements within the identified Laplacian matrices of Layer 1 (a(llj) ,j=1,2,...,20)

and Layer 2 (a(lzj), Jj=1,2,...,20), respectively. Starting from random initial estimations, the coupling

weights undergo transient oscillations and eventually converge to stable constant values, which
perfectly match the true theoretical parameters of the preset network topologies.

0 Evolution of Partial Elements in Layer 1 Identification Matrix s Evolution of Partial Elements in Layer 2 Identification Matrix

1,2,...,20
1,2,...,20

o

il

(1) ;
i

2
al;

L L L 20 L L L
0 50 100 150 200 0 50 100 150 200

t t

(a) (b)

Figure 3. Topology identification of a(lkj), j=12,...,20.

To rigorously quantify the identification performance, the relative topology identification errors for
both layers are plotted in Figure 4. As the time 7 increases, the relative errors for Layer 1 (blue solid
line) and Layer 2 (red dashed line) both smoothly converge to zero. This mathematically demonstrates
that the estimated matrices have perfectly reconstructed the actual topology matrices.

Topology Identification Error of the two-layer network

Topology Error of Layer 1
— = —Topology Error of Layer 2 | |

Relative Topology Error

—————————

-y

0 50 100 150 200

Figure 4. Topology identification error of the two-layer network.

Finally, Figure 5 provides a highly intuitive visual validation through heatmap comparisons of the
Layer 1 topology matrix at different time instants. At ¢ = 0, the identified matrix is completely random.
At ¢t = 100, the underlying structural characteristics begin to emerge clearly. By t = Tend, the heatmap
of the identified matrix becomes visually and numerically identical to the true topology matrix.
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Heatmap Evolution Comparison of Layer 1 Topology Matrix
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Figure 5. Heatmap evolution c of layer 1 topology matrix.

In summary, the simulation results strongly validate the theoretical analysis. The proposed
adaptive control strategy exhibits excellent robustness, successfully achieving simultaneous
generalized synchronization and exact topology identification in two-layer complex networks under
random initial conditions.

5.2. Event-triggered topology identification via output coupling

To verify the effectiveness of the proposed event-triggered output-feedback strategy, a two-layer
hypernetwork (m = 2) consisting of N = 4 nodes is constructed. The node dynamics are governed by
the Lorenz chaotic system. The network topologies are set as follows: Layer 1 is a fully connected
network, and Layer 2 is a star network with Node 1 as the central hub. The true connection weights
for existing edges in both layers are set to a(k) = 1. The interaction delays are selected as 7, = 0.4 and
7, = 0.6, and the stochastic perturbation 1ntens1ty is set to o; = 0.01.

For the ETM, the parameters are set as follows: the relative threshold is p; = 0.05, and the time-
varying threshold is defined as e() = e " + €., where g = 0.5 and e, = 0.001 serves as a small
positive lower bound to exclude Zeno behavior. The initial adaptive feedback gains are set to d;(s) = 5.0
for s € [- max(7y), 0].

The dynamic evolution of the two-layer stochastic hypernetwork under the event-triggered scheme
is illustrated in Figure 6.

(1) Synchronization Performance: As shown in Figure 6a, the synchronization errors ||e;(?)||
initially exhibit fluctuations due to the chaotic nature of the Lorenz system and time delays.
Under the designed adaptive controllers, all errors rapidly converge to a small neighborhood of
zero, achieving uniformly ultimately bounded synchronization despite stochastic perturbations.

(2) Topology Identification: Figure 6¢ and Figure 6d present the identification results for Layer 1
and Layer 2, respectively. Driven solely by output measurements, the estimated parameters a( )
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and &5) overcome initial oscillations and converge accurately to their true values (indicated by the
dashed lines at 1.0), verifying the effectiveness of the updating laws.

(3) Adaptive Gains: Figure 6b shows the evolution of the adaptive gains d;(¢). These gains increase
during the initial transient phase to provide sufficient control effort and remain stable once the

network reaches synchronization.

(4) Communication Efficiency and Zeno-Freeness: Figure 6e evaluates the ETM. The bottom-left
global scatter plot indicates that data transmissions are frequent initially but become sparse in
the steady state, thereby reducing communication overhead. Furthermore, the zoomed-in view in
Figure 6f (¢ € [15,17]) confirms that the triggering intervals are strictly positive, verifying that
continuous communication is avoided and Zeno behavior is successfully excluded.

a:Synchronization Errors ||e;(t)]] b:Adaptive Feedback Gains d;(t)
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Figure 6. Dynamical evolution of the two-layer event-triggered stochastic hypernetwork.
a: Synchronization errors. b: Adaptive feedback gains. c: Identified weights of Layer 1
(fully connected). d Identified weights of Layer 2 (star network). e: Global event-triggering
instants. f: Zoom-in view of the discrete triggering instants.

6. Conclusions

This paper has investigated the simultaneous synchronization and topology identification of
stochastic delayed hypernetworks using only output measurements. Based on stochastic Lyapunov
stability theory, continuous-time and event-triggered output-feedback control strategies were
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proposed. Theoretical analysis proves that the proposed adaptive updating laws guarantee all
closed-loop signals are uniformly ultimately bounded almost surely, and Zeno behavior is strictly
excluded under the ETM. Consequently, the unknown multilayer topological matrices can be
accurately reconstructed.

Numerical simulations verify the effectiveness of the theoretical results. The proposed method
achieves robust synchronization and exact structural identification despite multiple interaction delays
and stochastic perturbations. Meanwhile, the introduced ETM significantly reduces the
communication burden among network nodes. This approach provides a practical and
resource-efficient tool for the structural inference of complex systems. While the current framework
assumes undirected interconnections, future research will explore extending the output-feedback
event-triggered identification architecture to directed hypernetworks with asymmetric Laplacians and
switching topologies.
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