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1. Introduction

Integral inequalities associated with convex functions are an important topic in mathematical
analysis, with applications in numerical integration, optimization, approximation theory, and fractional
calculus. Fundamental inequalities such as Jensen’s and Hermite-Hadamard (HH) inequalities have
motivated numerous extensions in both classical and fractional settings.

Fractional calculus provides a useful framework for extending classical integral inequalities
and obtaining more general estimates. In particular, HH-type inequalities involving Riemann-
Liouville (RL) fractional integrals have been extensively studied under various generalized convexity
assumptions [1]. Furthermore, the Jensen-Mercer (JM) inequality has been successfully incorporated
into fractional analysis, leading to a broad class of Hermite-Hadamard-Mercer (HHM) inequalities.

Despite these developments, many existing fractional integral identities used for HHM inequalities
rely mainly on endpoint information and single-interval formulations. Thus, the influence of interior
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points is not fully reflected in such estimates.

Motivated by this gap, we establish a new fractional integral identity based on a systematic
subdivision of the underlying interval. Unlike conventional formulations, the proposed identity
incorporates multiple interior nodes and provides a more flexible representation of the associated
fractional integral expressions. To the best of our knowledge, this particular construction has not been
explicitly considered in the existing literature.

Using the proposed identity, we derive several new HHM-type fractional integral inequalities
for differentiable functions whose derivatives satisfy convexity, power-convexity, and concavity
conditions. The obtained results include several existing inequalities as special cases and provide
new estimates arising from the multi-node structure. The proposed framework also offers potential
directions for applications in mathematical modeling, optimization, engineering, and data-driven
analysis, while extensions to other fractional operators and generalized convexity classes constitute
promising topics for future research. For further details and recent developments on this topic, the
reader is referred to the recent studies [2, 3].

2. Preliminaries
Let 0 < & <& < ... < &5 and consider nonnegative weights ({1, {3, ...{s) satisfying Z?Zl i=1 A

classical result in convex analysis, known as the Jensen inequality, asserts that for a convex function G
defined on an interval containing &5, the following relation holds [4]:

5 5
ijfj] < Z ij(fj)-
=1 =1

Another fundamental pair of estimates in the theory of convex functions is given by the HH inequality.
Specifically, if G : I ¢ R — R is convex on an interval I and n,u € I with n < u, then one has the

double inequality
U
G(“”) < f Ge)de < ZTGW
n

G

2 2

These inequalities play a central role in estimating integral averages of convex mappings and form a
basis for many generalizations in both classical and fractional frameworks.

In the case where G is concave, the direction of both inequalities is reversed [5].

A significant refinement of the classical Jensen inequality was put forward by Mercer [6], who
introduced an alternative formulation that extends its applicability.

Theorem 2.1. [6] Let G : [n,u] — R be a convex function. For &; € [n, 1] and weights {; € [0, 1]
(j = 1...9) satisfying Z‘;zl {j =1, one has

G

o 0
n+u= Y GE|SGm+Gw - Y LG (g).
J=1 Jj=1

Recent literature contains extensive developments and generalizations pertaining to the Jensen-
Mercer (JM) inequality across various functional and operator settings. From the perspective of
classical convex analysis and means, generalized integral Mercer-type inequalities and extensions for
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convex functions were established in [7, 8]. In the framework of Hilbert space operators, operator
variants and refinements of the JM inequality were investigated by Matkovi¢ et al. [9] and Kian and
Moslehian [10]. With the emergence of fractional calculus, significant efforts have been dedicated to
extending JM-type inequalities to diverse fractional operators. In particular, Hermite-Jensen-Mercer-
type inequalities via k-fractional and generalized fractional operators were obtained in [11, 12], while
Butt et al. [13] established related JM results within the fractal domain. Furthermore, Mercer-type
inequalities incorporating y-Hilfer and ¢,-Raina fractional integrals were developed in [14], and
corresponding majorized discrete variants for Raina operators were analyzed in [15]. Complementary
to these integral variants, new inclusions and JM-type inequalities for higher-order differentiable
functions, as well as fractional Milne-type counterparts, have been explored in [16—18].

Fractional calculus, also known as fractional analysis, constitutes a well-developed and
continuously advancing branch of mathematical analysis that extends the classical concepts of
differentiation and integration to operators of arbitrary (non-integer) order. This extension provides
a versatile and unified framework capable of describing complex dynamics and nonlocal phenomena,
thereby enhancing both theoretical analysis and applied modeling. The conceptual foundations of
this theory can be traced back to the late seventeenth century, through the correspondence between
Gottfried Wilhelm Leibniz and Guillaume de 1’Hopital, where the notion of derivatives of non-integer
order was first proposed. Although initially regarded as a purely formal or speculative idea, this concept
has progressively evolved into a rigorous and systematically developed field, supported by a solid
theoretical structure and a broad range of modern applications.

Significant progress was achieved in the nineteenth century through the contributions of Joseph
Liouville and Bernhard Riemann, who established analytical formulations for fractional integrals and
derivatives [19-21]. Their work laid the foundation for what is now known as the RL fractional
operators. In the twentieth century, the definition introduced by Caputo [22] provided an alternative
formulation that is particularly suitable for modeling real-world problems, as it allows the incorporation
of physically interpretable initial conditions.

Over the past few decades, fractional calculus has attracted substantial and growing interest owing to
its effectiveness in capturing memory effects and hereditary characteristics that naturally arise in a wide
range of complex dynamical systems. This feature makes it especially valuable in diverse fields such as
physics, engineering, biology, and finance. Applications involving viscoelastic materials, anomalous
diffusion processes, and control systems demonstrate that fractional-order models often yield more
accurate and flexible descriptions compared to their classical integer-order counterparts.

More recently, novel fractional operators with non-singular kernels have been introduced by
Atangana and Baleanu [23]. These operators, commonly referred to as Atangana-Baleanu fractional
operators, overcome certain limitations of classical definitions and have opened new directions for
research, particularly in the study of integral inequalities, numerical methods, and optimization theory.

Motivated by these developments, the present study focuses on deriving new integral inequalities
associated with fractional operators under various convexity assumptions. The results derived herein
not only generalize and refine several existing inequalities reported in the literature, but also offer novel
perspectives and broaden the scope of potential applications within the setting of fractional analysis.

After summarizing the importance and historical development of fractional analysis, the definition
of the RL fractional integral operators, which serve as important analytical tools forming the basis of
the developments carried out in this study, is written as follows.
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Definition 2.1. [20] Let G € L|[n,u]. The RL integrals J,.G and Ji G of order 0 < a and 0 < n are
defined by

1
G (&) = @ f:(ff— "' G (1) dr, &>,

and

a _L . _ eyl
6@ = L (- G@dr,  E<p,

respectively. Here, I (@) is the gamma function and J2+G &) = Jg_G &) =G ().

For more details, see [19,21,24].

Recent progress concerning fractional integral inequalities has been extensively investigated from
various perspectives. For instance, Hermite-Hadamard and related midpoint-type inequalities via
fractional operators were explored in [25-27]. Furthermore, generalizations involving higher-order
differentiable convex mappings, s-convex functions, and coordinate-convex settings were studied
in [28-30]. In addition, new parametrizations and discrete integral inequalities under diverse fractional
frameworks have been addressed in [31-33].

Throughout this paper, all fractional integrals are understood in the RL sense as defined in
Definition 2.1.

Lemma 2.1. [34] Let G : [n,u] — R be a function that is differentiable on the open interval (n, ),

where n < . Assume further that its derivative G is integrable on [n, u] ; that is, G € L|[n,u). Under
these conditions, the following identity involving fractional integrals is satisfied:

Gn+p-H+Gm+u-v) T+l

2 2(v=&)"

1
f(T"—(l—T)“)G'(n+ﬂ—(rf+(1—T)v))dT
0

[Jg]+u—v)*G m+u—-9&+ J(Ci]w—,g)*G n+pu- v)]

v-¢&
2

forall &, venul, E<v,anda > 0.

Motivated by the integral identities established by Dragomir and Agarwal [35] and the fractional
integral approach introduced by Sarikaya et al. [36] and by the fractional HHM-type identities obtained
by Sarikaya and Ogiilmiis [34], we derive the following generalized fractional integral identity via
subdivision of the interval.

Unlike the previously established HHM-type fractional integral identities, which are generally
derived on a single interval structure, the identity obtained in this paper is constructed via a systematic
subdivision of the interval into finitely many subintervals. This approach enables the derivation of
multi-node fractional estimates and provides refined bounds involving intermediate evaluation points.
Consequently, the obtained inequalities cannot be recovered directly from existing results by simple
parameter selections and lead to new families of HHM-type inequalities as special consequences.

3. Main results

The following integral identity has been established by making a novel partition-based modification
of Lemma 2.1.
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For 6 € N,6 > 1, we define /5 (G, ¢, o) as the following composite fractional integral expression
associated with the uniform partition of [by, b,] into § subintervals.

Lemma 3.1. Let G : [g,0] € R — R be an absolutely continuous function on [g, 0], where ¢ < o. Let
b1, b, € [, 0] satisfy by < by and G € AC [g,0]. Assume that6 € N,§ >1,4=0,1,..., 6—1, and a > 0.
Then the following fractional integral identity holds:

o0—1
I;G.5.0) Z[G(§+g— (6=A= Db+ + 1)b2)+G(g+Q_w)]

=0 0 5
0 T(a+1D) o= O—A=1Dby +(1+ )b,
(bz —by)” LZ: i wlmvz (S' +0 - = )

@ (6 - /l)b] + /u)z

’ Z J(§+ _M’W*‘)"z)+G(g to- f)]

—! 1
- b2 d f ((1-1)* -
/1=O
xG' (S‘+Q - (t(é —A- 1)b; + (A4 + Dby i f)w»dt_

Proof. If we take 6 € N arbitrarily, then for 1 € {0,1,2,...,6 — 1}, we have

1 - - —
K = f (¢! —t)“—t")xG'(g+g—(t(6 A 1)b(‘5+(/1+ Dbz + (1 _t)w»dt
0
B 5((1 _ t)a/ _ t(x)G(g +o-— (t(é—/l—l)b(15+(/l+l)b2 + (1 _ t)(é—/l)f;]+/lb2 )) 1
- by — by
0
o ! ol et
T fo ((1—t) + 17
XGlg+o- 0= A= Db+ A+ Dby +(1_I)W di.
0 5

. o _ _(,6=2=Dbi+(A+ Dby A\ (6=Dby+abs
By making use of the substitution x = ¢ + 0 (t—é +(1-n=——= )

i

X - 0 Gg+g_(6—/l)b1+/lb2 +Gg+g_(6—/l—1)b1+(/l+l)b2
by — by ) )

(6-)by +aby

_ 6a+1aF (a’) fﬂ""@‘g (x B ( too (5 —A- 1)[)1 + (/1 + 1)b2))a—1
(by = b)) T (@) Jgrg- bttty sTe 5

a-1
+((g+g_ G +/1b2)_x) }G(x)dx

0

[G(§+Q—W)+G(§+Q—(5_/1_1)b;+(/1+1)b2)]

by — by
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ST (@ +1) @—A=Dby +(A+ Db,
-— Gl¢+o-

(b2 _ bl)a+1 (§+g_ (&—/l)k:;] +Ab2) S Y (5

@ ((5 - ﬂ)b] + /le
+‘I(g+g_ (57/171)bg+(,1+1)b2 )*G (S' +0— S .
Multiplying both sides by by b‘ , we have
- 0—A A o0—A-1 A+1
bzéblK _ G(g+g—( )Z1+ b2)+G(g+g—( )b;'i'( + )bz)

_5"F(a+ 1)
(b, —b)*

o G—A=1by+ A+ 1)by
J(ﬁg_ (5—4)21 +1by )*G (S‘ to- 5

(6 — by + by
— |

(04
+J (6-A=Dby +(A+1)by )*G (5‘ +0—
5

feve-

Finally, summing over A from 0 to 6 — 1, we have

o—1 o—1
bz;blK _ Z[G(g‘-{—g— (5-/1)[)1+/1b2)+G(g+Q_(6—/1—1)b1+(/l+1)b2)]

=0 =0 0 S
5“F(a'+1) & (5_/1_1)b1+(/1+1)b2
B -G -
(b2 -b)” Z(; - 1)b1+4b2 (§ t+0 5 )

N (6 = )by + by
+ Z J g+9 (61— 1)b1+u+1)b2) G (S' + 0 — 5 .

Lemma 3.1 provides a composite fractional integral identity obtained by applying the fractional
integral identity in Lemma 2.1 to the subintervals of a uniform partition. This identity serves as the
main analytical tool for establishing the subsequent inequalities presented in the remainder of the paper.

Remark 3.1. [34, Lemma 3.1] If we choose 6 = 1 in Lemma 3.1, and multiply both sides by %, we
obtain the following:

J¢ Gc+o— b2)+J

(s+o-b1)”

Gc+o-b)+G(c+o-b) Tla+1) [

> 30, G(s+0 b

(s+o-b2)"

_ 1
_ by - by f (=0 -G (¢ +0—(thy + (1 = 1)by)) dt.
0

Remark 3.2. [37, Lemma 1] If we choose a = 1 in Lemma 3.1 and multiply both sides by = 57
obtain the following:

6-1
Z%[G(§+Q— (6 — Dby +/lb2)+G(g+Q_(6—/l—l)b1 +(/l+1)b2)]
1=0

0 0

1 S+o—by
- f G(x)dx
3

b = b1 Jeromn,
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o—1 1
b2 - b] ’ ((5 —-A- l)bl + (/1 + 1)b2 0 - /l)bl + /lbz
- 2 xfo (1-20G (g+g—(r ; +(1—t)f))dt.

Remark 3.3. [34, Corollary 3.2] Taking « = 1 and 6 = 1 in Lemma 3.1, the corresponding expression
reduces to the following form:

~ 3 +0-by
Gle+to-t)+Ge+o-b) 1 f G(x)dx
2 b2 I)1 s+o—bs
_ 1
_ (b2 . bl)f (1 —2l)G, (S~+Q—([b2+(1 _t)bl))dt
0

Remark 3.4. [36, Lemma 2] If we choose 6 = 1, b, = o and b, = ¢ in Lemma 3.1, then we obtain

G +G T(a+1)
2 2(0-¢)"

1
: ; : f (1 =0D"=1)G (15 + (1 - o) dt.
0

|[/6-G (6) + 16 (o)

Since ¢ < o, the substitution b, = o and by = ¢ preserves the orientation of the interval. Hence,
the resulting expressions are taken over the interval [, 0|, and no reversal of the integration direction
occurs.

Remark 3.5. [35, Lemma 2.1] If we choose @« = 6 = 1, b, = p and by = ¢ in Lemma 3.1, then we

obtain |
G()+G 1 - ,
©+6@ _ fG(x)dx - Q—gf (1 =20 G (tc + (1 = 1)) dt.
2 0=6Js 2 Jo
Corollary 3.1. If we choose 6 = 2 in Lemma 3.1, we have

b1+|72

G(S‘+Q—b1)+2G(§'+Q— )+G(§+Q—bz)

2T (@ + 1) by + b
_ | J* Gl¢+o- + J2 Glcto—b
(b2 =by)” [ (et (S' ¢ 2 (§+g—bl%b2) (c+o0-"b1)
; @ b1 + bz
+J(g+g_#)iG 6+ e b2) - J(9+0—b2)+G (g‘ Tes 2 )

1
_ bbby {f (1 =0"—1G (§‘+Q— (tb‘ the (1 —t)b1))dl
2 \Jo 2

1
+f (1-0"-1G (g+g—(tb2 +(1 —t)bl-;bz))dt}.
0

Theorem 3.1. Let G : [¢,0] € R — R be an absolutely continuous function on [, 0|, where ¢ < o. Let
b1, by € [s,0] satisfy by < bs. Assume that |G'| is convex on g, 0]. Furthermore, leta > 0,6 € N,6 > 1,
and A =0,1,...,0 — 1. Then the following inequality holds:

5-1
Z{G(g+g— (5—/1—1)b1+(/1+1)b2)+G(g+Q_ ((5—/1)b1+/1b2)}
g 0 0

|I5 (G, S, Q)l =
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Z(Sar(a/+1) Glest _(6_/1_1)b1+(/l+1)b2
(02 = bp)" | (svo- sty sTe 5

a (5 - /l)bl + /lbz
+J( @ 1)b1+(1+l)b2) (S' + o — T)]

(b=b)@ -1
201 (o + 1) 6
|G’ ((5—1—1)b1+u+1)b2) 4 ‘G/ ((6—/1)b|+/lb2)

%W®HW@— — : }

Proof. Integrating Lemma 3.1 and the JM inequality, we establish

o—1 1
b, — b
I;(G,s,0) < L ”{jﬁa—m—ﬂ
=0 g 0

<l (g+9_(t(6—/l— 1)b;+(/l+ 1)b, va _t)(é—z)zl ”bz))‘d;}

1
f(a w—m+jlﬂ—aqﬁhW«ﬂwG@ﬂ

)

A

-1

Z (bZ_bl){

A=0

_(t G,((d—/l—l)b1+(/1+1)b2)
- =D

B 20-1 (¢ + 1) 25

IA

+(1_t)‘G,((6—/1)b1+/1b2)

)

(%)

x||G )| +]G ) - ° ’

G’ ((6—/1—1)b1+(/l+1)b2) + 'G’ ((5—/1)b1+/lb2) ]
3 .

Using the symmetry of the weight function |(1 — #)* — #*| with respect to ¢ = %, we obtain

1
ft|(1—t)“—t"|dt: fol(l—t)|(1—t)"—t“|dt
0
1
5 1= —rd1,

where

1 -0 —=1¢Ydt =
fl( ) | 2“1(a+1)

Theorem 3.1 yields a family of composite HHM-type fractional integral inequalities parameterized
by 6. Different choices of ¢ produce different composite estimates, and several known results are
recovered as particular cases.

Remark 3.6. /37, Corollary 6] Setting 6 = 1 and a = 1 in Theorem 3.1 yields the following result:
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G(x)dx

Ge+o-b)+G+o-b) 1 f“g‘b‘
2 2 — b1 J.

+0— bz

b, —b , ,
< 226 ol lo' -

|G" bo)| + |G (bl)l}
. .

Remark 3.7. [35, Theorem 2.2] If we choose a = 6 = 1,b, = o, and by = ¢ in Theorem 3.1, then we
obtain

G +G 1 0= 9)(G 0| +|G" B

- G(x)dx| < .
2 o-¢Je 8

Remark 3.8. [34, Theorem 3.6] If we choose 6 = 1 in Theorem 3.1, then we obtain

G+o-b)+G(gc+o0-"by) e+1) [,
2 202 b)” [lerosnr G5+ 0 =020+ Iy G ls + 0= 1)
by —b)@* =1 [ : |G" (b2)| + |G (b))
S el {|G )] +]6 @] - 5 :

Remark 3.9. [36] Setting 6 = 1, b, = p and by = ¢ in Theorem 3.1 yields the following result:

‘G<g>+G(@> (e + 1) -2 =1) (|G ()| +]|G ()
2 2(0-9)" 29 (@ + 1) 2 :

71y G (s )+J"G(Q)‘ <

Corollary 3.2. Setting 6 = 2 in Theorem 3.1 yields the following result:

by +b
G(g+g—bl>+2c;(g+@—1 2)+G(S‘+Q—b2)

_ZQF(CV +1)
(b = by)”

N by +b o
J(§+Q—b|)G(§+Q_ 172) +J( Gle+o=h)

by+by
c+o— T)

@ b1+b2
Hlegnpay GO0 T Gls 075 )]

b =b)(2*-1)
a 20-1 (@ + 1)

G’ (by)] +2 ‘G' (g2
4

{lG' )| +|6 |-

+|G' (b2>|}

Corollary 3.3. Setting b, = o and b, = ¢ in Theorem 3.1 yields the following result:

5-1
Z{G((é—/l— 1)§+(/1+ 1)g)+G((6—/l)6Q+/lg)}

A=0
s FTE+ ), G-A-Do+@A+1s\ 6 — Do + Ag
( ) (6 A)Q+/lg) G 6 J( (6—A— I)g+(/l+1)g) G 6
1=0 Q g B
' (0—A-1D)o+(A+1)s ' (0-Do+As
-9 =D [0 G (bt 4 [ ()
S e 245 |6 @+l @l - 2 '
A=0

Since ¢ <o and 0 < A < 6 — 1, all the nodes appearing in the summation belong to the interval [g, o].
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Theorem 3.2. Let G : [¢,0] € R — R be an absolutely continuous function on (g, 0|, where ¢ < o. Let
b1,bs € [, 0] satisfy by < b,. Assume that |G'|? is convex on [, 0]. Furthermore, leta > 0,6 € N,6 > 1,
and A =0,1,...,6 — 1. Then the following inequality holds:

5-1 7
(b = by) 2 -1\
|I(5 (G’ g?Q)| < ; S (21_7(1/—1 (pa, + 1))

'G/ ((5—/1—1)b(.5+(/l+1)b2) 1 4 ‘G' ((5—4)? +/lb2) q

x||G" @|" +|G @] - > ] ,

wherel<p,1<q,andé+%1:1.

Proof. Using Lemma 3.1 together with Holder’s inequality, we establish

S a—by) [( [ 7
IIs (G,s,0)| < Z 26 ! {(f |(1—t)"‘—t°‘|"dt)
=0 0

1 g \}
X(f G/(g_l_g_(t(é—/l—l)bl+(/1+1)b2 +(1_t)(5—/1)b1+/lb2)) dt) }
0

0 0

Using the JM inequality, we have

o—1 (b —b) % 1 71’
15 (G.s.0) < Z%{UO ((1—t)“—t“>"dt+f (f’—(l—t)ﬂ)"dr)
A=0 2
1
<[ (6 @'+l ©f

_(I'G,((é—ﬂ— 1)b(15+u+ 1)b2)"

+(1—t)‘G/((6_/l)zl +/1b2)

)

Since forany 0 < ¢ <pinR and a fixed 1 < p, (0 — ¢)” < o’ — ¢”, we have

o—

Z(bz_bl){[f (1 -1y - t"“)dt+f(t"“—(l t)"“)dt]

|I5 (G9 S, Q)|

IA

=0

(|G @[ +|6 @[

%

t

)

,((5—1— Dby + (A + 1)b2)"
5

—

sop lG, ((6—/1)b1 +/lb2)

| dl);}

%

S ba-b) (21
0 2re-l (pa + 1)

N
[«
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0

x||G | +|G | -

1
7 (6=A=Dby+(A+ Dby |7 7 ( (6=)by+b2 |4\ 4
'G( ) +'G( )
2

Using the symmetry of the weight function |(1 — #)® — | with respect to ¢t = 5, we obtain

1
2

1 1 1
f (1 —0* -t dt = f 1=l -0"—1"dt = lf (1 —5)*—1"]dt.
0 0 2 Jo

Theorem 3.3. Let G : [¢,0] € R — R be an absolutely continuous function on (g, 0], where ¢ < o. Let
b1,by € [s,0] satisfy by < b,. Assume that |G'|? is convex on [g, 0]. Furthermore, leta > 0,6 € N,6 > 1,
and 1 =0,1,...,0 — 1. Then the following inequality holds:

|I§ (Ga g’Q)l <

< b2 — by 207 — |
yer Y 2re=lp (pa + 1)

2(l6"@|" +|6" @) - (|G ((diptiatie) q)
+
2q )

)

4 + ‘ G ((5—/1)b1+/1b2)

wherel<p,1<q,and%+$:1.

Proof. Using Lemma 3.1 together with Young’s inequality, we establish

o—1 1
(bz—b1){1(f . )
15 (G,s,0)| < — - (1 =) — )P dt
' AZ; RN

1 o _
+1 (f G (§+Q _ (t(6 A—=Dby + A+ by f (- t)((S by + ﬂbz))
q \Jo o )
Using the JM inequality, we have
< ba=b) [1( [ :
LGsol < Y & {—( [Fa-or-eyar [e-a —t)f’)f’dt]
=0 0 P \Jo 3

I ,

L f (I6 @' +|6 @]

q Jo
_(I|G,((6—/l—1)b1+(/l+1)b2)

)

0

q
+(1_t)‘G,((6—/1)b1 +/lb2)

0

J)

Since forany 0 < ¢ <pinRand a fixed 1 < p, (0 — ¢)’ < o — ¢”, we have

< b —b) [1( [ !
;G50 < — {;(fo ((1—t)m—zm)dz+f (tm_a_;)pa)dt]
A=0 2

1y /
v [ (6 @l +]6 @
q Jo
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)
)

+(1—[)|G,((6_/l)zl+/lb2)

_(t G,((é—/l—l)b1+(/l+1)b2)q
5
i bz—bl{ ore _ ]

2re=lp (pa + 1)

A=0
7 [ (6—A=1)b1+(A+1)bs
- (‘G ( 6 )

q 4 'G' ((5—1)? +/1b2)

2(l6'@[" + 16" @)
+

2q

Corollary 3.4. Setting 6 = 2 in Theorem 3.3 yields the following result:

by +b
‘G<g+g—b1)+2G(g+g— ‘2 2)+G(§‘+Q—b2)

2T (@ + 1) o b] + bz o
N R BRI

(b= b))”
+J¢ G+o-b)+J G(g+g—bl+b2)
(§+Q by +by ) (s+0=b2)" 2
. ba-b { 220 — 1)
- 2 2r=lp (pa + 1)
4(6' @' +|6 @) - (|G’ o) +2|6 (232 + |6 (b2)|q)

+
2q

Theorem 3.4. Let G : [¢,0] € R — R be an absolutely continuous function on (g, 0|, where ¢ < o. Let
b1,b,y € [, 0] satisfy by < b,. Assume that |G'|? is convex on [, 0]. Furthermore, leta > 0,6 € N,6 > 1,

and A =0,1,...,6 — 1. Then the following inequality holds:
(b —b) 27— 1)

;G50 < ) et D)

=0
(6— /l)b1+/lb2 ’G (6—A— 1)b1+(/1+1)b2)

0

x|(I6' @I +]6 @) - [‘ ! 2 H |

where g > 1.
Proof. Applying Lemma 3.1 together with the power-mean inequality and taking absolute values, we

establish

5-1 by — b, 1 -4 1
IIs (G,s,0) < Z 5 (fo |(1—t)”—t“|dt) (fo (1 =1 -7

A=0
q q
G/(g+Q_(t(5—/l—1)b;+(/1+1)b2+(1_t)(5—/1)21+/1b2)) dt) }
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Using the JM inequality, we have

o-1 by — b % 1 1
15 (G, 5,0l Z 25 1{[[() ((l—t)a—t“)dt+f (t“—(l—t)“)dz]

A=

0
x([f (A-0"- ")+f - (1=t ))(lG @[ +|6 @[

(t ((5— A-=Db + A+ l)bg) (06— )by + /lbg)

0 o)
b=y [ 29—1 \'Tef 201
g ) 20l + 1) 20- (@ + 1)
’ (6—/l)b1+/1b2) q / ((6—/1—1)b1+(/1+1)b2) q

G + ’
v (|G, (g)|q " |G’ (Q)|q) . (‘ ( s - 5 J

o—1

_ Z (by = b)) (2* = 1)
- 82o Y@ + 1)

IA
|
Q=

+a—nk(

ol

IA

=0

(- /l)b1+/lb2 'G (6—A— 1)b1+(/1+1)b2)

G q
% (|G (g)r] + |G, (Q)|q) _ [I ( s . s ]] .

. . . . _ 1 .
Using the symmetry of the weight function |(1 — #)* — #*| with respect to ¢ = 7, we obtain

1 1 1
1
ftl(l—t)"—t(’ldt:f(1—t)|(1—t)"—t"|dt:—f|(1—t)"—t"|dt.
0 0 2 0

Theorem 3.5. Let G : [¢,0] € R — R be an absolutely continuous function on (s, 0|, where ¢ < o. Let
by, by € [s,0] satisfy by < b,. Assume that |G'|? is concave on [g, 0]. Furthermore, let & > 0,6 € N, 6 >
I, and 1 =0,1,...,6 — 1. Then the following inequality holds:

11)(1,

6-1 1
(bz - b]) 20 — 1 r
15(G.s.0)l < ) = G
=0
Proof. Applying Lemma 3.1 together with Holder’s inequality and taking absolute values, we establish

2re-l(pa + 1)
< (b — b ! ;
|I6 (G7 S, Q)l = Z % {(f |(1 - t)a - lﬂlp dt)
0
Y
dt) .

1=0
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dt

Since |G| is concave, by Jensen’s integral inequality, we have
1
, 0—A—1b+(A+1)b
f G(§+Q—(t( )(; ( )2+(1—t)
0

1 q
|G(f g+g_(t(5—1—1)b;+(a+1)b2 +(1_t)(5—1)?+1b2)dt)
0

, 26 = 21— Dby + A+ 1) by\[?
‘G (g‘+Q—( )2;5 ( ) 2)

(6 - Dby + /lbz)) 1
5

IA

;G 5.0 < Z(b2 {[f (-0 - “)Pdt+f<r S >Pdr]

0
x( ) .
Since forany 0 < ¢ <pinR and afixed 1 < p, (0 — ¢)” < 0o’ — ¢”, we have

= _b) ,
5 (G.s.0)| < Z - {[ f (1= 0y = ) dr + f (" — t)f’“)d;]
A=0
%\
d |
2 (02 = by) ( 2] )5’
1) re=l (pa + 1)

q)q.

(26 =22 = Dby + (21 + 1) b,
26

G'(§+Q—

(26 -22-1)b; + A+ 1),
20

G’(§+Q—

0'»

iy
(=)

X

(26 — 21— Dby + (21 + 1) b,
26

G'(§+Q—

Corollary 3.5. Setting 6 = 2 in Theorem 3.5 yields the following result:

by +b
‘G(§‘+Q—b1)+2G(S‘+Q— 12 2)+G(§+Q—bz)

2T+ 1) | , by + by i
(b2 = by)* J(“Q_bl)_G(g-'_Q 2 )+J(g+9—b'§b2)_G(g+Q )
by +b
”8 M)G(HQ by) + (WMG(HQ_ 12 2)
+o—

0
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4. Comparison with existing composite quadrature rules

The case 6 = 1 corresponds to the single-interval formulation, whereas ¢ > 1 leads to a composite
representation involving additional interior nodes. Therefore, increasing & does not necessarily imply
a uniformly smaller error bound for every function and parameter choice. The main advantage of
the composite formulation is that it provides multi-node estimates and allows the contribution of
intermediate points to be incorporated into the resulting fractional integral inequalities. The numerical
behavior of the bounds for different values of ¢ is illustrated in Examples 4.1 and 4.2.

Example 4.1. Consider the function G(x) = x% on the interval [0, 1]. Takinga = 1,¢ =0,0=1,b; =0,
and b, = 1, all the assumptions of Theorem 3.1 are satisfied since G (x) = 2x is convex on [0, 1].

Solution 1. The left-hand side is computed as

1, (G,0,1)| = E{G(I—A;1)+G(l—§)}
=0
-1
—52[1(1 N G(l—ﬂ;l)+J(1 M)+G(1—§)]
A=0

The right-hand side is computed as

RHS =

, , G
IG"(0)| +|G"(D)| -

From this, we obtain Table 1 shown below.

Table 1. Numerical verification of the inequality for G(x) = x2.

B 15 (G, 0, )| RHS RHS —|I5(G,0, 1)
1 1/3 1/2 1/6

2 1/6 1/2 1/3

3 1/9 1/2 7/18

4 1/12 1/2 5/12

5 1/15 1/2 13/30

5 1/36 1/2 (1/2)-(1/36)

Table 1 clearly demonstrates that the established inequality holds for each value of ¢. Moreover,
as the partition parameter ¢ increases, the left-hand side |I5(G, 0, 1)| decreases toward zero while
remaining strictly bounded by the right-hand side, which confirms the theoretical validity and
consistency of our result.

Example 4.2. Consider the function G(x) = ¢* on the interval [0, 1]. Takinga = 1,¢ = 0,0 = 1,b; =0,
and b, = 1, all the assumptions of Theorem 3.1 are satisfied since G (x) = ¢* is convex on [0, 1].

AIMS Mathematics Volume 11, Issue 10, 34303-34322.
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Solution 2. The left-hand side is computed as

S A+1 1
I (G,0,1)] = > {G(l B T) . G(l i 5)}
N A+1 1
- ;5[J(1—§)-G(1 - ) + J(l_%ya(] _ 5)] '

The right-hand side is computed as

RHS =

N —

)

o-1 ¢

2,5 x1l6 O +]6 )] - >
1=0

From this, we obtain Table 2 shown below.

Table 2. Numerical verification of the inequality for G(x) = e*.

0 115 (G, 0, 1)] RHS RHS -115(G,0, 1)
1 0.281718 0.929570 0.647852
2 0.142597 0.982175 0.839578
3 0.095283 0.992059 0.896776
4 0.071520 0.995529 0.924009
5 0.057237 0.997138 0.939901

The numerical outcomes presented in Table 2 clearly validate the analytical correctness of
Theorem 3.1 for the convex test function G (x) = e*. It is readily observed that the left-hand
side |15 (G, 0, 1)| decreases monotonically toward zero as the partition parameter ¢ increases from 1
to 5. Simultaneously, the right-hand side RHS steadily approaches 1, ensuring that the difference
RHS —|I5(G, 0, 1)| remains strictly positive and expands across all refinements. This monotonic decay
and persistent bounding behavior numerically corroborate the sharpness and stability of the established
fractional integral inequality.

5. Special cases and connections

The derived inequalities recover various classical HH-type and fractional integral inequalities as
special cases via appropriate parameter choices. In particular, setting 6 = 1 recovers identities
consistent with previously established results in the literature, whereas choosing ¢ > 1 yields composite
Hermite-Hadamard-Mercer-type fractional integral inequalities associated with uniform partitions.
These results provide a unified framework that includes several existing inequalities as particular cases.
Moreover, several corollaries can be obtained by specifying the parameters suitably, thereby illustrating
the flexibility and applicability of the proposed framework. Consequently, the present results unify and
extend several earlier contributions within a single general setting, thereby broadening the applicability
of existing Hermite-Hadamard-Mercer-type fractional integral inequalities.

AIMS Mathematics Volume 11, Issue 10, 34303-34322.
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6. Conclusions

In this paper, we established several Hermite-Hadamard-Mercer-type fractional integral inequalities
for differentiable functions under generalized convexity assumptions. The results are based on a
composite fractional integral identity obtained from Lemma 2.1 over a uniform partition, together
with Jensen-Mercer, Holder, power-mean, and Young-type inequalities.

The obtained inequalities extend several existing Hermite-Hadamard-Mercer-type fractional
integral inequalities and recover various known results as special cases. The composite partition
framework also provides greater flexibility by incorporating information from intermediate points of
the underlying interval, which constitutes the main novelty of the proposed approach.

The applicability of the obtained results depends on the regularity, integrability, and convexity
assumptions imposed on the functions and their derivatives. Therefore, the inequalities may not directly
apply when these conditions are not satisfied. This limitation can be addressed by considering broader
function classes and alternative fractional operators.

The proposed framework may also have potential applications in mathematical modeling,
optimization, engineering analysis, and data-driven methods where fractional integral estimates are
relevant. Future research may focus on extending the present results to other fractional operators,
multidimensional and coordinate settings, and broader generalized convexity classes. Numerical
investigations and application-oriented studies may also provide further insight into the effectiveness
and scope of the proposed inequalities.
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