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1. Introduction

Search problems under uncertainty appear in many settings, including environmental
monitoring, hazardous-material detection, autonomous surveillance, rescue operations, and
cooperative robotic sensing. The main difficulty is rarely limited to locating a stationary target. In
practice, the target may move unpredictably, observations may be incomplete, and search resources
may be limited. An effective strategy must therefore solve two related tasks: first, identify a likely
initial location; second, track the target after it begins to move. This naturally leads to a two-stage
formulation in which probabilistic localization is followed by stochastic tracking.

Random walks provide a standard framework for representing motion with uncertain increments,
while first-passage and first-encounter times measure the delay until a searcher reaches or detects a
target. Recent studies on stochastic resetting and finite-return mechanisms have shown that search
performance depends on the target location, the reset distribution, and the admissible parameter
regime, and that an optimal resetting strategy does not necessarily exist in every configuration [1-3].

Probability-based allocation provides a complementary approach. Rather than changing the
stochastic dynamics through resetting, it directs search resources toward locations with larger prior
probability. Recent multi-agent studies have used adaptive probability maps and stochastic
optimization to improve spatial coverage and target localization under limited sensing resources [4,5].
These approaches are particularly relevant when target locations are uncertain and the available
search resources are constrained.

Recent independent work has also developed complementary perspectives on stochastic search
and first-passage phenomena. Boyer et al. studied optimization of capture probability and conditional
first-passage time for finite-lived targets under random-walk and Lévy-flight search [6]. Méndez et al.
analyzed Brownian first-passage times with resetting to randomly distributed positions [2]. Related
work on moving-target search over complex networks used the mean first-encounter time to quantify
capture performance for mobile searchers and targets [7]. These studies emphasize the broader role
of first-passage optimization, stochastic motion, and encounter-time analysis beyond the specific
transport framework considered here. Recent stochastic-control studies have also considered optimal
tracking of stochastic dynamical systems, where control policies are designed to balance tracking
accuracy and control effort under random disturbances [8]. This provides a complementary
control-theoretic perspective to the stochastic search and encounter-time formulations considered
here.

Recent methodological studies have also incorporated population-based optimization into
complex dynamical models. For example, particle swarm optimization (PSO) has been used to tune
flexible parameters in fractional-order octonion-valued neural-network synchronization problems [9].
Although that synchronization setting is different from the stochastic search problem considered here,
it motivates the use of optimization algorithms as an additional numerical validation tool.

The theoretical foundations of stochastic search have been extensively developed through
optimal search allocation, moving-target detection, and path-constrained search strategies. Stone [10]
established necessary and sufficient conditions for optimal search plans involving moving targets,
while Brown [11] investigated the allocation of search effort for targets evolving in discrete time and
space. Eagle and Yee [12] subsequently addressed moving-target search under path constraints,
providing an optimization procedure that accounts for restrictions on searcher movements. A broader
treatment of probabilistic search planning, moving-target models, and associated optimization
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methods was presented by Stone et al. [13]. Collectively, these studies provide a general framework
for analyzing how target-location uncertainty, available search resources, and admissible search paths
influence detection performance.

The analysis of first-passage and first-encounter times constitutes another important component
of stochastic search theory. Redner [14] examined fundamental first-passage processes and their
dependence on stochastic motion, spatial dimension, and boundary conditions. Bénichou et al. [15]
investigated intermittent search strategies, emphasizing the influence of movement and detection
phases on search efficiency. These studies highlight the importance of distinguishing eventual
detection from the finiteness of the expected detection time. In particular, random target motion and
repeated spatial exploration do not, by themselves, guarantee a finite expected first-encounter time.
Additional assumptions concerning the search dynamics and encounter probabilities may be required.
This distinction is essential in the present framework, where recurrent tracking coverage is combined
with a uniform positive finite-block encounter-probability condition to establish finiteness of the
expected encounter time.

Probabilistic localization and coordinated search have also received considerable attention in the
literature. Optimal search-allocation models [10,11] relate detection performance to the spatial
distribution of target-location probabilities and the allocation of available search effort.
Path-constrained search formulations [12,13] additionally account for restrictions imposed by
searcher trajectories and movement decisions. In a related direction, Alam and Bobadilla [16]
investigated multi-robot coverage and persistent monitoring in sensing-constrained environments,
demonstrating the relevance of coordinated and periodically repeated search trajectories. These
contributions provide a broader methodological basis for probabilistic localization and cooperative
exploration. In the present study, localization is performed over independent regions through
coordinated search operations that preserve complete coverage and provide the information required
to initialize the subsequent tracking stage.

The relationship between search effort, detection reward, and optimization criteria represents a
further important consideration. Hohzaki and Iida [17] studied a path-constrained search problem in
which route selection and observation decisions are optimized through a reward -criterion
incorporating detection benefits and search costs. Such formulations illustrate the importance of
balancing resource expenditure against the expected benefit of successful detection. A specific
discounted effort-reward formulation was subsequently introduced in [18], providing the
methodological basis for assigning different weights to successive search stages. Under this
formulation, discounting modifies the relative contributions of search effort and detection reward
without necessarily reducing the physical search time or changing the underlying trajectories.
Accordingly, the present study incorporates discounted effort-reward optimization while explicitly
retaining the expected localization time and complete-coverage requirements as separate components
of the optimization framework.

The closest predecessor to the present study is the two-stage stochastic transport model
developed in [19]. That model combines probabilistic localization over independent regions with
coordinated tracking of a multidimensional random-walk target along intersecting trajectories. The
first stage concerns the physical localization process, whereas the second stage considers tracking
distances, first-encounter times, and sufficient conditions for finiteness. The present study extends
this framework in several respects. First, a discounted effort-reward criterion is incorporated into the
localization stage while maintaining the actual localization time as a distinct performance measure.
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Second, the information transferred between the stages includes not only the estimated target
position but also the Stage-1 shell uncertainty, which determines the subsequent tracking discount.
Third, coverage-preserving discounted tracking distances are constructed to prevent excessive
contraction of the tracking trajectories. Fourth, existence and optimality properties are established,
together with limiting consistency as the discount parameters approach unity. Finally, numerical
comparisons with [19] are used to evaluate the additional effects of discounting and
uncertainty-adaptive coupling.

A related investigation [20] considered discounted effort-reward optimization for tracking a
multidimensional random-walk particle. However, that formulation addressed the tracking problem
independently of a preceding probabilistic localization stage. Consequently, its tracking discount was
not determined by information describing the uncertainty of the target's estimated initial location.
The present study addresses this limitation by coupling discounted regional localization with an
uncertainty-adaptive tracking mechanism. Specifically, the Stage-1 shell-probability distribution is
summarized through a normalized uncertainty measure, which is subsequently used to determine the
Stage-2 discount. The resulting tracking policy is constructed to preserve recurrent coverage while
regulating the discounted contribution of successive tracking movements. This establishes an explicit
connection between localization uncertainty and the subsequent tracking strategy within a unified
two-stage stochastic transport framework.

The contribution of the present study therefore lies in extending established stochastic search
and tracking principles rather than introducing a fundamentally different search geometry or
encounter mechanism. The underlying two-stage structure and finite-block encounter framework are
inherited from [19], while the discounted tracking formulation in [20] and the effort-reward principle
in [18] provide the relevant methodological foundations. Building on these results, the present work
introduces discounted Stage-1 optimization, an uncertainty-dependent Stage-2 discount, and
coverage-preserving tracking distances within a coupled formulation. The theoretical analysis
establishes the existence and optimality properties of the proposed discounted policies, preserves the
required coverage conditions, and derives finiteness of the expected first-encounter time under an
additional uniform positive finite-block encounter-probability assumption. The undiscounted
formulation is recovered in the limiting case as the discount parameters approach unity.

Accordingly, the wunresolved problem is not the construction of another two-stage
search-and-tracking model, since this structure has already been established in [19]. The main issue
is how to introduce discounting without confusing reduced weighted effort with reduced physical
search time and without weakening the complete and recurrent coverage required for finite encounter
times. The present study is designed to address precisely this difficulty.

The present paper addresses these issues through an adaptive discounted extension of the
two-stage stochastic transport model. In Stage 1, a discounted effort-reward criterion is incorporated
into the expanding regional search process, while the physical localization time, detection probability,
and complete-coverage constraints remain explicit. This separation is important: Reducing a
discounted cost is not automatically equivalent to reducing the actual detection time. The resulting
constrained problem determines the search distances and the localization discount without allowing a
trivial zero-effort solution.

The output of Stage 1 includes both an estimated initial position and the Stage-1 shell
uncertainty, which measures the dispersion of the probability mass over the admissible search shells.
In Stage 2, this shell uncertainty is used to adapt the tracking discount. Thus, the two stages are
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connected not only through a geometric reference point but also through the information produced by
the localization process. When the Stage-1 shell uncertainty is small, searchers can concentrate their
tracking effort more strongly. When the shell uncertainty is large, the policy retains broader recurrent
coverage.

Here, “adaptive” refers to an across-stage adjustment based on the localization information
obtained before tracking begins, rather than to real-time state-feedback control. The tracking rule is
therefore fixed during the tracking stage. A state-feedback extension could update the tracking policy
using current observations and may improve responsiveness to changing target conditions. Related
adaptive tracking-control studies have also addressed practical constraints such as state limitations
and input saturation [21], which suggests a useful direction for extending the present tracking
framework toward constrained real-time control.

To prevent the discounted paths from collapsing, the proposed weights are bounded away from
zero. Coverage-preserving search and tracking distances are then constructed so that the admissible
regions and trajectories continue to be visited as required. Within this setting, the paper studies the
existence of optimal discounted policies and the preservation of complete and recurrent coverage and
establishes finiteness of the expected first-encounter time conditional on a uniform positive
encounter probability over finite time blocks. It also establishes consistency with the original
formulation by recovering the undiscounted two-stage model as the discount parameters approach 1.

The main contributions of this paper are as follows:

1) A discounted Stage 1 optimization model is introduced that explicitly separates physical
localization time from discounted movement effort and detection reward.

2) The Stage-1 shell uncertainty is coupled to the Stage-2 discount through an uncertainty-adaptive,
coverage-preserving tracking rule.

3) The theoretical analysis establishes existence and optimality properties, preservation of
complete and recurrent coverage, conditional finiteness of the first-encounter and total search
times under Condition A4, and recovery of the undiscounted model as the discount parameters
approach 1. Coverage-preserving discounted distances are constructed to prevent contraction of
the regional search paths and tracking trajectories.

4) Numerical experiments and sensitivity analyses examine the effects of discounting, uncertainty,
dimensionality, coverage period, and tracking geometry, including Monte Carlo evaluation of
first-encounter behavior.

The proposed approach is distinct from stochastic resetting. Neither the target nor the searchers
are instantaneously returned to a prescribed state, and the process is not restarted at an independent
random time. Instead, discounting controls how effort is distributed over successive movements
along structured search and tracking paths. This preserves the spatial interpretation of the two-stage
model while providing an adaptive mechanism for balancing effort, detection, and coverage.

The remainder of the paper is organized as follows: Section 2 introduces the probabilistic
setting, notation, and the baseline two-stage structure. Section 3 develops the discounted localization
model and presents its existence and optimality properties. Section 4 defines the uncertainty measure
produced by Stage 1 and the adaptive coupling rule for Stage 2. Section 5 formulates the
coverage-preserving discounted tracking model. Section 6 establishes the main coverage,
convergence, optimality, and finiteness results. Section 7 presents the numerical method and
simulation study. Section 8 concludes the paper.
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2. Problem formulation and two-stage search strategy

We consider a stochastic search problem in which the initial position of a moving target is
uncertain, and its subsequent motion follows a multidimensional random walk. The search is carried
out in two connected stages. In Stage 1, coordinated searchers explore independent regions to
estimate the initial location of the target. In Stage 2, pairs of searchers patrol intersecting trajectories
and attempt to encounter the target while it continues its random motion.

The two stages are linked through the information produced by the localization process. This
information determines the adaptive tracking discount used in Stage 2. Figure 1 summarizes the
complete strategy followed by the searchers, from regional localization to the first encounter with the
moving target. Figure 1 is included as a schematic summary of the two-stage coupling mechanism
and the principal notation, rather than as a workflow diagram only.
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Figure 1. Two-stage search strategy for a multidimensional random-walk target. The
figure illustrates the complete coupling mechanism between Stage 1 and Stage 2 and
summarizes the principal notations used in both stages. Stage 1 uses expanding-square

trajectories to localize the target, while the resulting estimate O and Stage-1 shell

uncertainty U, determine the adaptive Stage-2 discount n=¥(U,). In Stage 2, paired

searchers perform bounded outward-and-return motions along intersecting trajectories

until one searcher enters the detection radius £ of the target. Mathematical symbols in

the figure were typeset using Microsoft Equation.

The baseline model preserves the two-stage structure of the earlier stochastic transport
formulation, where probabilistic localization over independent regions is followed by coordinated
first-encounter analysis for a multidimensional random-walk target. The present formulation extends

that structure by introducing localization and tracking discounts, while keeping the physical search
paths and coverage requirements explicit.
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2.1. Search domain and prior distribution

N
Let 4 :UAi be a bounded search domain composed of N independent and

i=1
non-overlapping square regions. Region 4; has center O; =(h;,k;) and half-side length b, >0,
Thus,

A =[h; =b;, b +b1x[k; = b, k; +b,], |Ai| =4b?. (2.1)

The prior probability that the target initially lies in 4, is denoted by

9;=PEe4), ¢;>0, Z%‘Zla (2.2)

i=1

where E=(X(,Y)) denotes the unknown initial position of the target during the localization stage.
Ml
Some parts of a region may be inaccessible or excluded from the search. Let D, =UD‘ be the

im
m=l1

deleted subset of 4;, and define the admissible part of the region by

ad _i
4 =21 (2.3)

Let g;(x,¥) be the original bivariate density of the target location in region 4;. The corresponding

truncated density is

gi('x’y)lA{ld (an’)
Ji(x,y) = 7 . Z= Lad g (x, y)dxdy , (2.4)

i

where 1 . (x,y) denotes the indicator function of the admissible search region 4/, defined by

19 (X,)/) € Aiad

1 ad (X, y) = .
& 0, (x,y)ed"

Thus, the original density g;(x,y) is retained only on the admissible part of region 4, and is set
equal to zero on the deleted or inaccessible subsets. The normalizing constant Z, ensures that

10 )xdy =1

This representation allows prior uncertainty and inaccessible subsets to be handled within the
same probabilistic model. The use of independent regions, truncated bivariate distributions, and
structured expanding paths follows the geometric setting of the original two-stage formulation.
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2.2. Stage 1: Probabilistic localization by expanding regional search

As illustrated in the left panel of Figure 1, one searcher is assigned to each region 4;. All
regional searchers start simultaneously from their corresponding centers O,. The searcher in region
4; follows a sequence of nested square contours, C; cC, c...c Cy =4;, whose half-side lengths

satisfy

O: i0 <I”ll<...<l"lKl :b_ (2.5)

1

The j —th square is defined by

Cy =[h =1yl + 1y Ix [k =1k + 1], j =12, K, (2.6)

y ] [/ ij»

The path followed by the searcher during the j—?h expansion is denoted by A, . Starting from

O, , the searcher moves outward, scans the boundary of C;, and then proceeds to the next expansion

if the target has not yet been detected. The arrows shown in Figure 1 indicate the ordered movement
along the expanding contours. The part of the region searched for the first time during cycle ; is

Ci a
By, Z[C—jJﬂAz‘ ¢ » Co=0. (2.7)

i(Jj-D

Accordingly, the conditional probability that the target is detected during cycle j, given that it
liesin 4;,1s

Py = L“ﬁ(x,y)dxdy- (2.8)
Complete regional coverage requires
K; K,
Usi =4, D> py=1. (2.9)
j=1 j=l

The expanding-square strategy is therefore not merely a sequence of geometric loops. Each
additional contour captures a new portion of the probability mass while preserving systematic
coverage of the admissible region. The original formulation similarly uses expanding square
trajectories initiated from each regional center and executes the regional searches in parallel.

Let L; =length(A;) be the cumulative path length completed when cycle ; ends. If the

searcher in 4, moves at speed v, >0, the corresponding elapsed time is

—— (2.10)

The expected localization time in region 4; is
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Kl
E[T,1= ) t;p; (2.11)
=
and the total expected localization time is

N ( K
Ql(")=2[%zlljpy}a (2.12)
=1\ =l

where r={r:i=12,.,N;j=12,...K,;} . The admissible set of regional expansion policies is

I ={r=0=r <ry <..<rg =b,i=12...,Nj. (2.13)

The physical movement effort in Stage 1 is measured separately by

N K,
ﬁl("):Z{qiszjPijJ- (2.14)
=\ =l

This distinction is important because the actual localization time 7, and the traveled distance do not
represent the same quantity. The discount parameter » will later be applied to the allocation of

effort across expansion cycles, while the physical localization time remains explicitly represented.
At the end of Stage 1, the search procedure produces

11:(0,67)1,U],}/), (215)

where O is the estimated target location, @, is the probability distribution over the Stage-1 search
shells, U, is the corresponding normalized uncertainty index, and » is the Stage-1 discount

parameter. For each shell B;, we define ®; =P(E€B;)=¢q;p;. Thus, @, represents the probability

ij >
mass distributed over the admissible search shells and is not a Bayesian posterior conditioned on a
measurement observation.

2.3. Adaptive coupling between the two stages

The estimated point O provides the geometric center of the Stage-2 tracking system. Since
Stage 1 is formulated in the planar search domain, its location estimate has the form O=(%,7)e R*.
When Stage 2 is considered in R?, d>2, this estimate is embedded canonically as
0D =(%,9,0,...0)e R’ . The point O“ is then used as the common intersection point of the Stage-2

tracking trajectories. This embedding changes neither the Stage-1 localization model nor the
quantities U, and y ; it only provides the geometric reference required to initialize the

multidimensional tracking stage. However, the connection between the stages is not purely geometric.
The Stage-1 shell uncertainty U, is also transferred to Stage 2 and is used to determine the tracking

discount. Since 17 =Y(U,), where ¥ :[0,]] = [ 1], 0<7u, <1. The function ¥ is selected

so that the tracking strategy responds to the dispersion of the Stage-1 shell-probability distribution. A
relatively large U, indicates that the probability mass is more dispersed across the search shells, so

the tracking policy preserves broader coverage. A smaller U, indicates greater concentration of the
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shell probability mass and permits stronger concentration of movement around the estimated location.
Thus, the coupling rule is intended to satisfy

Ul >u? = ‘P(Ul(“) )> ‘P(Ul(b)), (2.16)

when larger values of 7 correspond to weaker discounting and, therefore, wider tracking coverage.

As shown in the central part of Figure 1, this adaptive rule passes information from the
localization stage to the tracking stage. The searchers do not begin Stage 2 with a fixed discount
chosen independently of Stage 1; rather, their tracking policy responds to the Stage-1

shell-probability dispersion summarized by U, .

2.4. Stage 2: Coordinated tracking on intersecting trajectories

Conditioned on I,, the embedded location O’ becomes the common intersection point of the
admissible tracking trajectories. Let L={L,L,,..L,} be a finite collection of straight trajectories

embedded in R, with 4>2,suchthat OeL,, (=12,..n.

Remark 2.1. For notational simplicity, we continue to write O for O throughout Stage 2.

Figure 1 displays three representative trajectories associated with the visible coordinate
directions x,, x,, and x,. The same construction extends to any finite number of intersecting

trajectories. The target position at time ¢ is X (¢) = (X,(?), X, (?).....X (7)), and its motion follows
Xt+)=X@)+<&(+1), teN,, (2.17)

where {&£(1)},s; 1s a sequence of independent and identically distributed random increments, and
N, =1{0,1,2,...} denotes the set of non-negative integers.
If e, denotes a unit vector along trajectory L, , the target increments may be written as

E(t)el{tse, 0 =12,..,n}, (2.18)

where s, is the corresponding random-walk step length. We assume E[£(r)]=0 and Eh|§(z)||2J<w.
The zero-mean assumption represents an unbiased random walk. It is used as a balance condition, but
it does not by itself guarantee a finite encounter time. Finiteness also requires controlled searcher
motion, recurrent trajectory coverage, finite tracking distances, and a uniformly positive probability
of encounter.

For each trajectory L,, two coordinated searchers are deployed on opposite sides of O. Their
positions are denoted by Zz/(r) and Z;(r). Here and throughout the paper, the index oe{+-}
indicates the direction of motion along Z,, where o=+ denotes the positive direction, and o=-
denotes the opposite direction. The paired searchers move outward from O, reach prescribed turning
points, and then return toward the intersection. If no encounter occurs, a new outward-and-return
cycle begins.

During cycle &, the corresponding tracking distances are ©;, >0 and ©j >0. The collection

AIMS Mathematics Volume 11, Issue 10, 34215-34251.



34225

©={0}.0,: (=12, nk=1} (2.19)

defines the Stage-2 tracking policy.

The arrows in the right panel of Figure 1 show how each pair repeatedly patrols its assigned
trajectory. This outward-and-return pattern ensures that the searchers do not move indefinitely away
from the estimated location. Instead, they repeatedly revisit the central and intermediate parts of the
tracking domain.

The baseline paired deployment is consistent with the source model, where two coordinated
searchers are assigned to each intersecting trajectory and move symmetrically with respect to the
Stage-1 location estimate.

2.5. First-encounter time

Let p>0 (the detection radius of the target); then, the distance between the target and the
closest searcher at time >0 is

D()= min |[(X(0)-27 (). (2.20)
o‘iey{7+,—}
The first-encounter time is defined by
7, =inf{t>0:D(1) < p}. 2.21
P

Thus, an encounter occurs when at least one searcher enters the closed detection neighborhood of
radius p around the target. This event is illustrated in Figure 1 by the final intersection between the

random-walk path X(s) and the detection neighborhood of one of the tracking searchers.
The expected Stage-2 encounter time 1s

Q,(O|1) = E[z,|1]. (2.22)

The same distance-based definition is used in the baseline framework, where the first encounter
is the first time at which the Euclidean distance between the target and at least one searcher does not
exceed the prescribed detection radius.

2.6. Admissible tracking conditions

Let 11, denote the class of admissible tracking policies. A policy ®eTl, is required to satisfy

the following conditions:

1) Bounded tracking distances. There exist finite constants ©, eI, such that 0<@% <0, <,
oef{+—}.

2) Finite patrol-cycle duration. There exists T, <o such that every outward-and-return cycle is
completed within 7, .

3) Recurrent coverage. Every bounded admissible segment of each trajectory £, is revisited
infinitely often.

AIMS Mathematics Volume 11, Issue 10, 34215-34251.
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4) Uniform positive encounter probability. There exist constants 7 >0 and &>0 such that

P(rp <(k+0T]c, > kT, Fp)2 2, (2.23)

forevery k>0, where {F} isthe natural filtration generated by the target and searcher motions.
Under (2.23),

P(z,>kT)<(1-¢)", (2.24)
and therefore,
E[z'p]STZ(l—g)k Ty, (2.25)
k=0 ¢

This argument makes it clear why the recurrent outward-and-return strategy shown in Figure 1 is
central to the model. The searchers repeatedly restore coverage of the admissible trajectories, while
the uniform positive encounter probability prevents an indefinitely unsuccessful sequence of patrol
cycles. The finiteness mechanism is therefore produced by the controlled search structure rather than
by the unbiased target motion alone.

2.7. Baseline performance criterion

The physical total search time is 7,, =7, +7,, with expectation Q,, = E[T;]+E[r,]. A weighted

baseline objective can be written as

Jo(r,®):algl(r)+a292(®|ll), [2912%) >0. (2.26)

This undiscounted criterion will serve as the reference case. In the following sections, the
Stage-1 discount y and the adaptive Stage-2 discount 7 =¥ (U;) will be incorporated into the

effort-reward criteria. The physical times 7, and 7, will remain explicit, while the discount factors

p
will regulate how movement effort is distributed across the regional expansions and tracking cycles.

This separation is consistent with the main objective of the proposed model: discounting should
improve resource allocation without causing the search paths to collapse or weakening complete and
recurrent coverage.

3. Discounted localization model for Stage 1

The purpose of Stage 1 is to localize the target while controlling the effort spent over the
successive regional expansions. The physical search structure introduced in Section 2 is retained
without modification. In particular, the searcher assigned to 4; follows the nested square paths A,
and the final expansion reaches the boundary of the region through 7k, .

The discount parameter introduced below does not shorten these paths or remove any admissible
shell from the search. It is used only to distinguish between the effort spent early in the localization
process and the effort spent during later expansions.
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3.1. Discounted effort and detection reward

Let 7 €[Vmin-ll, 0<Vmn <1 be the Stage-1 discount parameter. The weight assigned to the
J—th expansion cycle is w;(7) =y j=12,..,K;, [18]. Hence, the first cycle receives weight
one, while the contribution of later cycles decreases when ¥ <l. Since 7 is bounded away from

P K.-1 . ) . .
zero, )’ 127m{n >0, j=12,.,K;. Thus, every cycle remains represented in the discounted

criterion.
Recall that £, is the cumulative path length completed by the end of cycle j, and p; is the

conditional probability of detecting the target in the shell B;. The expected discounted movement
effort is defined by

A
917(7)22[%27’]lLij(”)Pij(")} (3.1)
=1\ j=l
The corresponding discounted detection reward is
~ N Ki .
Ry, (r)= Z[%Zy“py (V)J : (3.2)
i=1 Jj=1

The quantity ﬁly (r) should not be interpreted as a new probability of eventual detection. It is a

weighted reward that assigns greater value to detection during an earlier expansion. The physical
K

detection probability remains determined by the complete-coverage condition Z pi(r)=1,
=1
i=12,..,N . Consequently, 0<R,(r)<1 and R,(r)=1. Similarly, when y =1, the discounted

movement effort reduces to the undiscounted effort introduced in Section 2: O, (r) =, (r) .

3.2. Stage-1 optimization criterion
The actual localization time and the discounted movement effort measure different aspects of the
search. The first records the physical time required to localize the target, whereas the second

describes how movement effort is distributed over the expansion cycles. For this reason, the actual
expected localization time,

N K,‘
Q,(r) =Z[ql-2z,, (") (r)J, (3:3)
i=1 Jj=1

is retained explicitly. We define the Stage-1 objective by

Ji(17) = o (1) + ()~ a3 Ry, (r) (3.4)
where a,,a,,a;>0.
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The first term penalizes the expected physical localization time. The second term penalizes
movement effort, with later expansions receiving smaller weights. The final term rewards early
detection.

This form prevents a small discounted effort from being mistaken for a short localization time.

A policy may have a small discounted cost because much of its movement occurs in later cycles,
although the target is physically localized only after a long delay. The presence of Q, rules out this

interpretation.
3.3. Admissible discounted policies

The expansion distances must remain ordered and must preserve complete regional coverage. To
obtain a closed admissible set, let 5, >0 be the minimum permitted separation between two

successive contours, with K,5, <b,. Define

Tio :Os”iK,. =b,
7 =3r: 1y =10 20, : 3.5)
i=12,.,N,j=12,..K,

The lower spacing condition excludes coincident contours and ensures that every cycle covers a
nonempty shell. A lower bound on » alone keeps the cycle weights positive, but it may not prevent

the optimizer from selecting the smallest admissible discount. To exclude such a boundary solution
when it gives insufficient value to delayed detection, we impose the operational constraint
R,(r) >Ry, , 0<Ry, <1.The admissible set is, therefore,

min 2

Dy ={r ) r €11y €l 1Ry ()2 Ry, . (3.6)
The discounted localization problem is

min_J,(r,y) . 3.7
(nP)eD, 1(ny) (3.7)
The value R, is selected according to the minimum acceptable emphasis on timely detection. It

does not replace the complete-coverage condition; it only restricts the discounted evaluation of the
detection cycles.

3.4. Bounds for the discounted quantities

Let K, =maxK;, then the next result shows that discounting changes the relative weights of

I<i<N
the cycles without eliminating their contributions.
Proposition 3.1. For every D, e(r.y), the following inequalities hold: yu"0(r) <y, (r) <Oy (r)
and yT <R, (1) <1.

Proof. For every i and j, we have

yEanl < i1 <1 (3.8)
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Since ¢,, L,,and p, are nonnegative, multiplication of (3.8) by ¢,Z,p; , followed by summation

jo

over i and j,gives yamT'OQ(r)<Qy ()< (r).
Similarly, multiplication by ¢,p; gives

N K - N K
ynlfi;m_quin” <R, quizpij .

=l j=1 =l j=l

N K;
Using Zqi =1 and Zpif =1, we obtain yXm! <R, (r<1.0
i=1 =1

3.5. Preservation of complete regional coverage

The discount parameter appears in the objective function, not in the physical definition of the
paths. This distinction ensures that the reduction in weighted effort is not achieved by shrinking the
searched region.

Proposition 3.2. Every policy (r,y)eD, preserves complete coverage of A™ for each i=12,...N.

Proof. From the definition of 117 and (2.5), then C; cCj, c..c Cy = 4;. Also, from (2.7), the shells

are disjoint apart from their boundaries and satisfy (2.9). The factor y/~' does not enter the
definition of C,, B

- or A;. Hence, it cannot remove any admissible part of the region from the
search. [

i

3.6. Existence of an optimal Stage-1 policy

We impose the following regularity assumptions:
Assumption 1. For each i, the density f,(x,y) is continuous on 4.

Assumption 2. The path-length functions L;(r) are continuous on II{, and v, >0.
Assumption 3. The admissible set D, is nonempty.

Under Assumption 1, the shell probabilities p; (r) = IB " f:(x,y)xdy vary continuously with the

expansion distances. Indeed, varying r changes only the boundaries of the square shells, and these
boundaries have zero two-dimensional Lebesgue measure.

Theorem 3.1. Under Assumptions 1, 2, and 3, problem (3.7) admits at least one optimal solution
(r*, ;/*) € 51 .

Proof. The endpoint and spacing constraints in (3.5) define a closed and bounded subset of a
finite-dimensional Euclidean space. Hence, 11¢ is compact. The interval [y, 1] is compact, and

the continuity of ﬁly(r) implies that {(r,;/):ﬁly(r)ZRmm} is closed. Therefore, D, is a closed

subset of the compact set I17 x[y,; 1], and is itself compact.

L . ..
and #; =— are continuous on the admissible set. It follows that @,

Vi

The functions p;, L,

Q,,, R, ,and, hence, J, are continuous on D,. The conclusion now follows from the Weierstrass

existence theorem: a continuous real-valued function defined on a nonempty compact set attains its
minimum [22]. [J
Here, “optimal” means that (+*,»") globally minimizes the Stage-1 objective J,(r,») over the
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admissible set D,, subject to the coverage, spacing, discount, and reward constraints.

A recent optimization in [22] develops the existence theory of minimizers around precisely this
form of the Weierstrass theorem, including its role in finite- and infinite-dimensional optimization.

3.7. Necessary optimality conditions

The existence result does not require differentiability. To characterize a local optimum, suppose
in addition that J, and 1?17 are continuously differentiable with respect to their decision variables.
Write the reward constraint as,

Cp(r7) =Ry — Ry, (1) <0,
and the spacing constraints as,
Gi(r)=0;—r; +r;1y 0.
The bounds on y can be written as,
$, ()= Vmin =7 <0, & (1)=y-1<0.
Let 2;, 20, v >0,and v, >0 be the associated multipliers. The Lagrangian is

N K
L) =i, 7)+ Y. > Ay (1) + i g (1,0 + 08 (1) + 0.7 () -

i=l j=1

Theorem 3.2. Let (r",y") be a local solution of (3.7). If a standard constraint qualification holds at

oL,y _
oy

together with primal feasibility, dual feasibility, and complementary slackness: A,(;(r')=0,

K"y =0, and v.{;(7)=0, v.57(")=0.
Proof. The result follows from the Karush—Kuhn—Tucker (KKT) necessary conditions for smooth
nonlinear programs under a valid constraint qualification; see [23]. [

Theorem 3.1 establishes the existence of a global minimizer by compactness and continuity.
Theorem 3.2 does not serve as a verification theorem and does not by itself establish global
optimality; it provides only necessary first-order conditions for a local solution under the stated
differentiability and constraint-qualification assumptions. Thus, existence and first-order optimality
characterization are kept logically distinct.

(r",y"), then there exist nonnegative multipliers such that V,Ltr",y")=0 and 0,

When 5" lies in the interior of [y, .]] and the reward constraint is inactive, % =0
Y
aJ ey : ..
reduces to 1(;—7) =0. Since Q, does not depend explicitly on ,
v
oJ AR . y & :
a_l = azZ‘]iZ(j_l)Vj_ng/Pg/ _0‘3ZQiZ(j_l)7j_2P;j .
7 i1 j=2 -l =2
Thus, an interior optimal discount satisfies
N K; .
. * -2
Z%’Z(]‘l)(7 ) pij(aZLij_a3):O' (3.9
=1 j=2

Equation (3.9) balances the marginal discounted movement cost against the marginal reward
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assigned to earlier detection.
3.8. Undiscounted limit

The proposed model must remain consistent with the original Stage-1 formulation.
Theorem 3.3. For every fixed rell! lirr}ﬁly(r) =Q,(r) , lirr}ﬁly(r) =1 , and
Vg Vs

171211]1("’7) :aIQI(r)+a2§~21y(r)—a3.

Proof. The sums in (3.1) and (3.2) contain finitely many terms. Since lin} 7/ =1, the limit may be
y—>

taken term by term. Therefore, limlley(r):le(r) and lin}ﬁly(r):l follow immediately. Substitution
> Vs
into (3.4) gives lim.J, (r,7) = a4 (r)+ a0y, (1) —ay. O
7>

The term —«; is constant with respect to r. Therefore, it does not affect the optimal expansion
distances, and the undiscounted Stage-1 problem is recovered as y —1.

3.9. Output of the discounted localization stage

Let (+",7") be an optimal solution of (3.7). The localization search is then carried out using the
expansion distances r”. At the optimal policy (+",7"), the shell probabilities are @; =g,p;(r"). The

information passed from Stage 1 is, therefore, 1, =(0,@,.,U,,y").

4. Stage-1 shell uncertainty and adaptive coupling

The Stage-1 shell uncertainty U,, introduced in Section 2 and obtained from the optimized
Stage-1 policy, is used here to determine the Stage-2 discount through »=¥@,). This section
specifies a normalized form of U,, defines the admissible properties of the coupling function V¥,

and establishes the stability and boundedness properties needed for the Stage-2 tracking model. The
construction is designed to preserve bounded tracking distances, recurrent coverage, and finite patrol
cycles, while the uniform positive encounter probability is imposed separately through Condition A4.
The explicit discounted tracking distances are introduced in Section 5. A discounted tracking
mechanism was previously applied to multidimensional random-walk targets in [20]. Here, the
tracking discount is instead determined by the Stage-1 shell uncertainty, which provides a direct
information-based link between the two stages.

4.1. Stage-1 shell uncertainty

N
Let M=ZKi be the total number of admissible Stage-1 shells. For each shell B, let

i=1

¢;=PEe4) and p; :P(EeBi,-|EeAi) . The corresponding unconditional shell probability is

ij

N K, N K;
®; =P(E€ B;)=q;p;. Since Zq,- =1 and Zpij =1, the shell probabilities satisfy ZZ&U =1. We
i=1

Jj=1 i=l j=1

define the Stage-1 shell uncertainty by
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1 L&
U, =_10gM ZZa)ﬁ logaw; , (4.1)

with 0log0=0. The quantity U, measures the dispersion of the target-location probability over the
Stage-1 search shells. It is not a posterior entropy obtained from a Bayesian observation update.

Proposition 4.1. The uncertainty measure in (4.1) satisfies 0<U, <1. Moreover, U, =0 if and only
if one shell probability equals one and all the others equal zero. The equality U, =1 holds iff

1 .o .
By, = - for every admissible pair (i, j).

Proof. For a probability vector with M components, the entropy satisfies
N K,’
0< _Zz;wij” loga),jy, <logM .
i=l j=

The lower bound is attained when the shell-probability distribution is concentrated in a single shell,

whereas the upper bound is attained when the probability mass is uniformly distributed over all M
shells. Dividing by logM >0 proves the result. [

The use of the complete shell-probability distribution is important because two Stage-1 search
configurations may have the same estimated point O while exhibiting different levels of probability
dispersion across the search shells.

4.2. Admissible adaptive coupling

Let ne[nu.l], 0<n., <1 be the Stage-2 discount parameter. It is determined from U,
through 7 =¥U,), where

W1 [0,1] = [77,5, 511 4.2)
The coupling function is assumed to satisfy
Y(0) =7, YD =1, 4.3)
and
u, <uy = WY(u,) <Y, . (4.4)

Thus, greater Stage-1 shell-probability dispersion, corresponding to a larger U,, produces a
larger value of 7. Under the convention adopted in Section 2, a larger value of 7 corresponds to
weaker discounting and, therefore, broader tracking coverage. Conversely, a smaller value of U,
permits stronger concentration around O .

To prevent small perturbations in the Stage-1 shell-probability distribution from producing

abrupt changes in the tracking policy, we additionally assume that ¥ is Lipschitz continuous. That
is, there exists a finite constant Ly >0 such that

W () — W (uy) Szly|ua —uy|, ug.u, €[01]. (4.5)

This is the standard Lipschitz condition described in [24]. It is stronger than ordinary continuity
and provides a direct quantitative bound on the sensitivity of the Stage-2 discount to changes in the
Stage-1 shell uncertainty. In particular, for two localization outcomes U and U® ,
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‘77(“) - 77(”)‘ < Z\P‘Uf“) - Ufh)‘ , where 7@ =w(U®) and »® =w(v®).

4.3. Linear coupling rule

A simple rule satisfying (4.2)—(4.5) is W(u) = 1y, +(0 =7 u > 0<u<1. Accordingly,

1= i + (=i YU, - (4.6)

This specification requires no additional tuning parameter beyond 7,,, . It also preserves the limiting
cases U, =0, n=n,, and U, =1, n=1.
Proposition 4.2. For every U, €[0,1], the coupling rule in (4.6) satisfies n,,, <n<1. Furthermore, n
is strictly increasing in U,, and ¥ is Lipschitz continuous with constant Ly =1-1,,, .
Proof. Since o0<U, <1, 0<(1-n,,)U <l-n. . Adding 5. gives 7. <np<l . Moreover,
;—L’Zl =1-%min >0 ,  wu,u,e[0]] , so the rule 1is strictly increasing. Finally, for
[W (1) =W ()| < |(1= Ty Yoty —11)| = (1= 7y Nty — 1|, Which completes the proof. [

The linear rule is adopted in the remainder of this paper because it gives a direct interpretation of
the relation between uncertainty and tracking coverage. A nonlinear rule may be used without
changing the analysis, provided that it satisfies (4.2)—(4.5).

4.4. Compatibility with the Stage-2 tracking conditions

Let ©(n)={07,(n):¢=1.2,..n;k>1;0 € {+,~}} denote a family of Stage-2 tracking policies indexed
by #n. The precise formula for @9 (7) will be introduced in Section 5. The baseline Stage-2
framework requires bounded tracking distances, finite patrol-cycle duration, recurrent coverage, and
a uniform positive probability of encounter. These conditions are essential because an unbiased
multidimensional random walk does not, by itself, guarantee a finite expected first-encounter
time [19].

We impose the following uniform requirements on the adaptive family @().

Condition A1. There exist constants 0<®7 <@ <o such that @7 <@ () <07 for every
nelnu.ll, k=1, (=12,..n,and oe{+-}.

Condition A2. There exists a finite constant 7,, such that every outward-and-return cycle

generated by ©(n) is completed within 7, , uniformly in 7.

X 9

Condition A3. Every bounded admissible segment of each trajectory £, is revisited infinitely often

for every n e[, ,1].
Condition A4. For every ne[n,;, .11, there exist T()>0 and &()>0 such that

P(z'p <(k+ 1)T(77)|rp > kT(n),SkT(m)z &(n), forevery k>0.

Condition A4 is an additional probabilistic assumption on the joint target-searcher dynamics. It
i1s not derived solely from bounded tracking distances, finite patrol-cycle duration, or recurrent
geometric coverage. In particular, Proposition 5.1 and Theorem 5.1 establish the geometric properties
of the adaptive policy, whereas A4 separately requires a uniformly positive probability of encounter
over finite time blocks. Therefore, all finiteness results below are conditional on A4, or on any set of
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model-specific assumptions that implies A4.
Conditions A1-A4 are the uncertainty-dependent counterparts of the admissibility conditions
defining 11, in Section 2. They require the whole adaptive family, rather than only one fixed

tracking policy, to remain inside the bounded controlled tracking framework of [19].
4.5. Uniform encounter probability under adaptive coupling

The encounter probability in Condition A4 must remain uniformly positive over the full
admissible range of 7. Positivity for each isolated value of » is not sufficient, because a sequence

of admissible discounts could otherwise produce encounter probabilities converging to zero.
Proposition 4.3. Suppose that () in Condition A4 is continuous and strictly positive on [n;, ,1].

Then there exists a constant & >0 such that s(n)>&" for every neln. 1]
Proof. The interval [7,.]] is compact. Since &() is continuous, the Weierstrass theorem [22]

implies that it attains its minimum on this interval. Hence, ¢ = min (). Because &(n)>0
7]6[7]mm,1]

throughout the interval, its minimum is also strictly positive. Therefore, &(n7)>&" for every
n el .1] holds. []

Similarly, if 7(;) is continuous on [z, .], then 7°= max T(n)<w. Consequently, the
N€[min-1]

adaptive tracking family satisfies the uniform estimate P(r L <(k+DT7|z, > kT", 3 o )2 g

4.6. Transfer of the Stage-2 finiteness mechanism

The following result is conditional on Condition A4. It shows that, once the required positive
finite-block encounter probability is available, the uncertainty-dependent coupling preserves the
finiteness mechanism used in Section 2.

Theorem 4.1. Suppose that ¥ satisfies (4.2)—(4.5), and that the family ©(n) satisfies Conditions

Al-A4. If & >0 and T <w are defined by ¢ = min e(n) and T = max T(y)<o, respectively,

7€ Min 1] Ne€[Mmin 1]

then, for every U, €[0,1],
Ple, >kT'U))< =&Y, k=0 4.7)

and
£e e L <oo. (4.38)
&

Proof. For every U, €[0,1], the coupling rule gives »=¥(U,)<[n,,;,,1]. Hence, the corresponding
policy ©(n) satisfies Conditions A1-A4. Here, Conditions A1-A3 correspond respectively to
bounded tracking distances, finite patrol-cycle duration, and recurrent trajectory coverage, while
Condition A4 supplies the positive finite-block encounter probability. These are exactly the four
ingredients required in the block argument below; no additional recurrence or encounter assumption

is invoked. From the wuniform encounter bound P(T L S(k+DT7 |z, >kT",3, . )2 & and
P(z' o> (k+DT7 e, > kT*,Ul)ﬁ 1-&". Iteration gives (4.7). Using the tail representation of a nonnegative

stopping time,
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Ele v <1 3 Ple, > k10, )< T*i(l—g*)k I
k=0 k=0 ¢

Therefore, the conditional expected first-encounter time is finite for every admissible value of the
Stage-1 shell uncertainty. [

Theorem 4.1 does not claim that discounting alone guarantees a finite encounter time. It shows
that uncertainty-dependent discounting preserves the finiteness result when the resulting tracking
distances remain bounded, the patrol cycles remain finite, the trajectories are recurrently covered,
and the encounter probability is uniformly positive. This is precisely the controlled mechanism
underlying the Stage-2 model in [19]. In the original formulation, the geometric tail estimate also

yields the bound E[z,]< .
&

4.7. Information passed to the tracking model

After Stage 1, the shell-probability vector @, determines the uncertainty index U,, which, in
turn, determines the Stage-2 discount through 7 =¥ (U,). Hence, the information flow between the
two stages is @, —U, —»n —©(;). The embedded point 0'”, denoted simply by O in Stage 2,

remains the common intersection point of the tracking trajectories. Section 5 then constructs the
adaptive tracking distances ©9,(7) while preserving the admissibility requirements of the tracking

policy.
5. Coverage-preserving adaptive tracking distances

The discount parameter 7 =P(U,) obtained in Section 4 is now incorporated into the Stage-2
tracking distances. The target process X(¢), the intersecting trajectories L,,/=12,.,n, and the

first-encounter time 7, remain as defined in Section 2.

P
For each trajectory £, , cycle k>1, and direction oce{+-} , let @7 (1) denote the

corresponding distance under the undiscounted tracking policy. Assume that 0<@7 <@, (1)< @7 <

The lower bound prevents the tracking motion from collapsing to O, whereas the upper bound
confines each searcher to a bounded segment of Z,. A direct definition of the form 7*'@%.(1) is
unsuitable when 7 <1, because the resulting distances converge to zero. To reduce the tracking effort

without losing recurrent coverage, we introduce periodic full-coverage cycles.
5.1. Adaptive distance rule

Fix an integer m >2, and define

| k=rm for some r>1
wy (1) = .

77/“1 , Otherwise

The adaptive tracking distance is

0% () = 87 +w, (M[OF, () -O7]. (5.1)
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On an ordinary cycle, this becomes
0% (m =07 +1' [0 ()-67]. (5.2)

On every m—th cycle, the searcher follows the undiscounted distance. In particular, when the
nominal coverage cycle satisfies ©7,()=07, we obtain @7 (7 =07 . Thus, the Stage-1 shell

lrm
uncertainty affects the ordinary cycles, while the periodic coverage cycles remain unchanged. This
construction extends the discounted tracking idea used in [20]. Its difference is that the discount is
determined by the Stage-1 shell uncertainty and is applied without allowing the tracking paths to
contract permanently.

5.2. Basic properties

Proposition 5.1. For every nelnm.ll, 07 <0%.0)<07 for all (=12...n, k>1, and oe{+-}.
Moreover, ©7,(n) is nondecreasingin n.
Proof. Since 0<w,(p)<1 and 0<07%(1)-07<07-07 , then (5.1) immediately gives
07 <0% (1) <07 . For k=rm, the weight w,(7)=n"" is non-decreasing in 7. And, for k=rm, it is
equal to one and is independent of 7. Therefore, the adaptive distance is nondecreasing in 7. []

The result has a direct interpretation. A large value of U, gives a large value of 7, so the

ordinary patrols extend farther from O. When the shell-probability distribution is more concentrated,
corresponding to a smaller U,, the ordinary distances are reduced, but they remain above the

positive baseline.

5.3. Dependence on the Stage-1 shell uncertainty

Substituting »=¥U,) into (5.1) gives

07 (U)) =07 +w, (YU)O%(1)-07]. (5.3)
For an ordinary cycle,
07 (U) =07 +[¥U)]*'[051)-07]. (5.4)

Assume that ¥ satisfies the Lipschitz condition (4.5), then, for each fixed ordinary cycle,

07 U@ )-05 U | < k-DLy 0% M -67 Ui ~u ). (5.5)
Indeed, the mean value theorem gives

2

Pe@EN 1w < - D)) w0

and (5.5) follows from (5.4). On a full-coverage cycle, the distance is independent of U, . Hence,

small changes in the Stage-1 shell uncertainty produce controlled changes in the ordinary tracking
distances.
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5.4. Recurrent coverage

Theorem 5.1. Suppose that ©9,,(1)=0¢7 holds for every r>1. Then, the policy defined by (5.1)
recurrently covers every admissible segment of L, between O-©;e, and O-©e,.

Proof. Let S be any bounded admissible segment of 7, contained between the two outer turning
points determined by ©, and ©,. For every r>1, cycle k=rm is a full-coverage cycle, and
by (5.1), its adaptive distance coincides with the nominal full-coverage distance. Hence, during each

such cycle, the two searchers move from the intersection point to the corresponding outer turning
points and return, crossing every point of S . Since the sequence of full-coverage cycles m,2m,3m,...

is infinite, § is traversed infinitely many times. Because S was arbitrary, every bounded
admissible segment of £, is revisited infinitely often. Therefore, Condition A3 holds and recurrent
coverage is established. [

The alternating outward-and-return construction is inherited from the Stage-2 framework in [19],
where finite tracking distances and repeated traversal of the admissible paths form the geometric
basis of the first-encounter analysis.

These geometric properties do not by themselves imply Condition A4. Condition A4 depends
additionally on the transition law of the target process, the detection radius p, and the relative

target-searcher geometry. Accordingly, the construction in this section verifies the coverage and
boundedness components of admissibility, while the positive finite-block encounter probability
remains a separate probabilistic requirement.

It follows from Proposition 5.1 and Theorem 5.1 that the adaptive policy preserves
Conditions Al and A3. Because the searchers move with unit speed, the duration of a completed
cycle satisfies 73 (17) = 203, () <207 . Thus, the finite-cycle condition is also preserved.

5.5. Admissible adaptive policies

Define 1I1¥ ={®(77)e1‘[2 :0%,.(n) satifies ©F, (1)=0O7 and (5.1)} , where ¢p denotes coverage
preservation. For every admissible policy in ©(n) eI1¥, the corresponding conditional expected
first-encounter time is  Eg,, [r p|11,7J. The expected tracking effort is defined by

k=1 (=] oe{+,-}

K,
ﬁzan[ZZ Zd&(n)lll,,} (5.6)

where K, is the cycle in which the first encounter occurs, and df () is the actual distance
traveled during cycle k. For a completed outward-and-return cycle, d;}(7)=20% (7). The Stage-2
problem is

min 1o 7|y [+ £:532, (.7

O(n)elly

where g, 5, >0. The first term represents the physical encounter delay, while the second represents
the tracking distance. Restricting the problem to 11 prevents effort reduction from being achieved

by abandoning the outer parts of the tracking trajectories. The discounted tracking-distance
construction is not claimed to be optimal with respect to control energy or physical tracking time. It
is used here as a coverage-preserving heuristic for reducing traveled distance within the admissible
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tracking framework. Establishing energy- or time-optimal control laws would require a separate
dynamic-control formulation and is left for future work.

5.6. Undiscounted limit

Proposition 5.2. For every fixed ¢, k,and o, limlG);’k(n):(a;’k(l).
n—
Proof. For an ordinary cycle, limln"’lzl. Substitution into (5.2) gives liml®;fk(77):®;’k(l). The
n— n—

equality already holds on every full-coverage cycle. [
Therefore, the undiscounted Stage-2 policy is recovered as » approaches one. The resulting

first-encounter and total-time properties are established in Section 6.
6. Main theoretical results

The previous sections have established the ingredients required for the complete two-stage
policy. Stage 1 provides an optimal localization policy (+",y"), while Sections 4 and 5 determine the

adaptive discount 7 =¥(U,) and construct the corresponding tracking policy ©(;). We now state

the consequences for the first-encounter and total search times. Among the theoretical results, the
principal results are the finiteness statements for the adaptive first-encounter and complete two-stage
search times in Theorems 6.1 and 6.2. The remaining propositions and existence results provide the
supporting admissibility, coverage, optimization, and consistency properties required for these main
conclusions.

The theoretical results are organized sequentially. Theorems 3.1-3.3 establish the Stage-1
optimization and limiting-consistency properties, while Theorems 4.1 and 5.1 provide the Stage-2
finiteness and recurrent-coverage foundations. These results support Theorems 6.1 and 6.2, which
give the principal finiteness results for the adaptive first-encounter time and the complete two-stage
search time, respectively. Theorem 6.3 then establishes the existence of an optimal adaptive tracking
policy for the finite-dimensional computational formulation.

6.1. Finiteness of the adaptive first-encounter time

Theorem 6.1. Let ©(n) eIl with n=¥U,) . Assume, in addition, that Condition A4 holds
uniformly with constants T <o and & >0, then

Pogy e, > k7|1, )< 1=, k20, (6.1)

and

*

Eo) [z' ol ]s Z— <. (6.2)

Proof. By Proposition 5.1 and Theorem 5.1, every policy in 115 has bounded tracking distances,
finite outward-and-return cycles, and recurrent coverage. Condition A4 supplies a uniform lower
bound &° on the probability of encounter within a finite block of length 7°. The block argument
used for the bounded controlled tracking model in [19] therefore applies directly. Conditional on no
encounter before 47",
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*

P, > (k+DT"r, ST 0, <16

Iteration gives (6.1). Hence,

E@(n)[fp|11;7]§ T*P@(ﬂ)(z'p >kT*|]lﬂ)g T*i(l_g*)k _ =
k=0

Thus, the expected adaptive first-encounter time is finite. []

The argument follows the finiteness mechanism established in [19], where the uniformly
positive probability of entering the detection set over finite tracking blocks produces a geometric tail
and therefore a finite mean encounter time. Importantly, this conclusion is a consequence of
controlled recurrent tracking and not of the zero-mean random walk assumption alone.

6.2. Finiteness of the complete two-stage search time

Recall from Section 2 that 7, =T; +z,. The following result connects the two stages.

Theorem 6.2. Let (r*,y") be an optimal Stage-1 policy and under the assumptions of Theorem 6.1,

*

T
— <o,
£

one can obtain E[T,,|<Q,(r")+

. . . . . Ly
Proof. Stage 1 contains finitely many regional expansion cycles. Since #; =—-, v, >0 and each
=,

*

admissible L, is finite, E[7;]<Q,(")<c0. From (6.2), we obtain E[T,, ]= E[T; ]+ E[rp]s Q,(r')+ T* O
A &

Thus, the adaptive coupling does not compromise the finiteness of the original two-stage
transport model. It changes how tracking effort is allocated after localization while retaining the
finite first-encounter mechanism established in [19].

6.3. Existence of an optimal adaptive tracking policy

For the computational implementation Stage-2 problem (5.7), consider a finite number of
tracking cycles and let the corresponding nominal tracking distances vary over their admissible
bounds.

Theorem 6.3. Suppose that the criterion in (5.7) is continuous in the nominal tracking distances and
that the resulting finite-dimensional feasible set is nonempty and closed. Then, problem (5.7) admits
at least one optimal adaptive tracking policy ©"(n) eI .

Proof. The bounds imposed in Section 5 give 0<®7 <@%(1) <0/ <. Hence, for a finite number of

cycles, the feasible set is bounded. By assumption, it is also closed and nonempty, and therefore
compact. The adaptive rule (5.1) is continuous in the nominal tracking distances. Consequently, the
criterion in (5.7) is continuous on a compact feasible set. The Weierstrass theorem then guarantees
the existence of a minimizer; see [22]. [J

This finite-dimensional result establishes the existence of an optimizer for the computational
form of (5.7). The benchmark study in Section 7, however, evaluates the adaptive rule for prescribed
nominal tracking distances rather than solving the full Stage-2 optimization problem.
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6.4. Consistency of the complete adaptive model

The two discount mechanisms must recover the original two-stage formulation when
discounting disappears.
Corollary 6.1. For fixed admissible search and tracking policies, y—1, n—>1, imply
ley(r)ele(r) and ©%.(n)—> 0% (). Hence, the proposed adaptive discounted model converges to

the undiscounted two-stage stochastic transport model.
Proof. Equation Q, (r)—>Q,(r) follows from Theorem 3.3, while ©%,(7)—©% (1) follows from

Proposition 5.2. No other component of the physical model depends on the limiting operation. In

particular, the random-walk process X(r), the detection radius p, and the definition of 7, remain

unchanged. []

The limiting model is therefore consistent with the two-stage first-encounter framework of [19],
which couples regional localization with coordinated multidimensional tracking. The published
model establishes finite first-encounter behavior under bounded controlled tracking and recurrent
coverage, precisely the structure retained here.

7. Numerical results

The numerical study is intended as a controlled illustration of the discounted and adaptive
mechanisms under the benchmark geometry of [19], rather than as a full numerical solution of the
general optimization problems (3.7) and (5.7). In Stage 1, the expansion distances are fixed at the
benchmark values 5, =, and the discount parameter y is evaluated over its admissible range. In

Stage 2, the benchmark nominal tracking distances are retained and transformed through the adaptive
rule (5.1). The general formulations in Sections 3 and 5 therefore establish the optimization
framework, while Section 7 evaluates its behavior under the prescribed benchmark geometry. To
broaden the numerical validation beyond the direct comparison with [19], we additionally examine
whether a population-based optimization method can recover the Stage-1 discount obtained by the
scalar benchmark optimization. Specifically, PSO is applied to the same constrained Stage-1
objective with the benchmark expansion distances fixed. This comparison concerns the numerical
optimization procedure only and does not alter the benchmark geometry or imply a direct
comparison with neural-network synchronization models.

The numerical example in [19] is used as the benchmark for evaluating the present adaptive
discounted model. This benchmark is deliberately retained to provide a controlled comparison, so
that the numerical differences reported below can be attributed to the newly introduced discounted
and adaptive mechanisms rather than to changes in the underlying search geometry. The physical
setting is kept unchanged: a single square region with 5 =10, center O, =(0,0), unit search speed,
and a symmetric truncated bivariate normal distribution with variance 9. The representative Stage-1
localization point is O=(3.2,-1.8), and the reported expected localization time is Q,=14.6. To
preserve the unit expansion used in [19], we take K, =10, & =1, r; =/, j=12,.,10. The parameters
introduced by the present model are fixed at o =1, @, =025, a;=4, y,, =05, R, =05,
Mwin =0.5, m=5, ©7 =0.1, and @7 =1. The objective weights are treated as relative preference
parameters rather than universal constants. We set o, =1 as the reference scale and express the
remaining weights relative to it, with «, =0.25 assigning a smaller penalty to discounted movement
effort, and «,=4 assigning greater emphasis to early detection. Under the fixed benchmark
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expansion policy, the physical localization-time term is independent of y; hence, «, does not affect

the reported optimal discount, which is determined by the trade-off between the movement-effort and
detection-reward terms. For other applications, these relative weights can be recalibrated according
to the desired operational trade-off. Thus, the benchmark geometry is intentionally kept fixed, and

the numerical study evaluates the proposed discounting and adaptive mechanisms within this
prescribed geometry.

7.1. Stage 1 results
The probability mass over the 10 expanding shells is reported in Table 1.

Table 1. Probability mass of the Stage-1 search shells.

J 1 2 3 4 5 6 7 8 9 10
Pij 0.0683 0.1772 0.2214 0.2027 0.1498 0.0933 0.0501 0.0237 0.0099 0.0037

The mass is concentrated mainly in the second to fifth shells. With the benchmark expansion
policy n,=, fixed, the Stage-1 criterion is minimized with respect to y over its admissible

interval. This gives »"=0.7650 with ley*:6.0603 and 1?17*:0.5151. Thus, " =0.7650 1is the

optimum for the fixed benchmark expansion policy, rather than for the unrestricted joint optimization
in (r,y). The reward constraint is therefore satisfied because 131/‘ >R, . The numerical effect of

discounting is summarized in Table 2.

Table 2. Stage 1 comparison between the benchmark and the discounted model.

Quantity Benchmark Present model
Q 14.6 14.6000

Y 1.0 0.7650

Q, 14.6 6.0603

R, 1.0 0.5151

The physical localization time remains unchanged at 14.6, whereas the discounted
movement-effort functional decreases from 14.6 to 6.0603, corresponding to a reduction of 58.49%.
This percentage refers only to the discounted objective component and should not be interpreted as
an equivalent reduction in physical travel distance, localization time, or energy consumption.

As an additional numerical check, the Stage-1 discount was also examined using PSO, while
keeping the benchmark expansion policy r; =, and all other model parameters fixed. The same

objective and admissibility constraints were retained. This algorithmic comparison is intended only
as an independent verification of the reported Stage-1 optimum and does not alter the benchmark

geometry or the formulation of the optimization problem. The PSO procedure converged to
7 =0.7650 , consistent with the direct scalar optimization, thereby providing an independent

numerical verification of the reported Stage-1 optimum.
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7.2. Adaptive Stage-2 policy

For Stage 2, the full optimization problem (5.7) is not solved numerically in this benchmark
study. Instead, the nominal tracking distances are kept fixed, and the adaptive rule (5.1) is applied to
quantify the effect of the uncertainty-dependent discount. For the benchmark case, N=1 and ¢=1.

Hence, @;=q,p; =p);, so the shell probabilities listed in Table 1 are directly used to evaluate the

Stage-1 uncertainty:

_ 1

10
U, = Egplj log p;; =0.8503 .

Jj=1
Thus, the reported value measures the dispersion of the probability mass over the 10 search shells,
rather than a Bayesian posterior uncertainty.
Figure 2 shows the benchmark operating point (U,,7) =(0.8503,0.9251). The position of this point
near the upper-right part of the coupling curve indicates that substantial Stage-1 shell uncertainty
leads to a conservative Stage-2 discount. The first 10 tracking cycles are listed in Table 3.

Adaplivediscountn

. . . .
00 02 04 06 08 10
Stage—1 shell uncertainty U7}

Figure 2. Linear adaptive coupling between the Stage-1 shell uncertainty U, and the
Stage-2 discount 7.

Table 3. Undiscounted and adaptive tracking distances over the first 10 cycles.

k CHIO) ©7 () ©7% (1)

A Q)
1 1.0000 1.0000 1.0000
2 0.5000 0.4701 0.9402
3 0.3333 0.2997 0.8992
4 0.2500 0.2188 0.8752
5 1.0000 1.0000 1.0000
6 0.1667 0.1452 0.8712
7 0.1429 0.1269 0.8880
8 0.1250 0.1145 0.9160
9 0.1111 0.1060 0.9541
10 1.0000 1.0000 1.0000

AIMS Mathematics Volume 11, Issue 10, 34215-34251.



34243

The adaptive distances are smaller on the ordinary cycles, while the full-coverage cycles k=5
and 10 are unchanged.

Figure 3 makes this distinction visible: the adaptive trajectory lies below the undiscounted one
between the full-coverage cycles, but both coincide at k=5 and 10. Thus, the reduction in tracking
distance is achieved without removing the periodic coverage required by the model. Also, Figure 4
provides the same comparison in normalized form. The ratio remains between approximately 0.87
and 1, and returns to 1 at every full-coverage cycle. This confirms that the adaptive rule modifies
the tracking distances gradually rather than collapsing them.

101}

Trackingdistance ©f

1 2 3 B 5 6 7 8 B 10
Cycle k

Figure 3. Cycle-by-cycle comparison of the undiscounted and adaptive tracking distances.
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Figure 4. Cycle-wise contraction ratio RAON
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7.3. Overall comparison

For the first 10 cycles, the total tracking distance of the benchmark policy is 37.0317, whereas
the adaptive policy gives 35.8485. The corresponding reduction is 3.20%. The main numerical
results are collected in Table 4.

Table 4. Overall numerical comparison with the benchmark model.

Performance quantity Benchmark Present model Change
Physical Stage-1 localization time Q, 14.6 14.6 0%
Discounted Stage-1 movement effort 617 14.6 6.0603 -58.49%
U - 0.8503 --

n 1.0 0.9251 --
10-cycle tracking distance 37.0317 35.8485 -3.20%

Figure 5 summarizes the numerical comparison. The Stage-1 localization time is preserved,
while the discounted Stage-1 effort is substantially reduced. The Stage-2 reduction is smaller because
the relatively large value of U, keeps » close to one. This behavior is consistent with the purpose

of the adaptive coupling: strong contraction is avoided when the Stage-1 shell probability mass is
more dispersed.

37.03

35.85

Numerical value
=)
(=]

s 4 1460

14.60

Localization Discountad effort Tracking distance
e Basaline modsl [32] e Adaptive modal

Figure S. Relative performance gains of the adaptive discounted model with respect to
the benchmark policy.

Overall, the numerical experiment shows that the proposed model reduces weighted movement
effort while retaining the physical localization time and the periodic Stage-2 coverage structure of the
benchmark. The largest gain occurs in Stage 1, whereas Stage 2 responds more conservatively to the
Stage-1 shell uncertainty.
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7.4. Sensitivity analysis

To examine the behavior of the proposed model beyond the single benchmark setting, a compact
sensitivity analysis was carried out for the parameters that directly control the adaptive mechanism.
Unless otherwise stated, all remaining parameters were kept at their benchmark values.

First, the effect of the Stage-1 shell uncertainty was examined by varying U, while keeping

7mn and m=5. The coupling rule 7 =75, +(1-7,,)U, was used in each case. Table 5 shows the
resulting Stage-2 discount and the total tracking distance over the first 10 cycles.

Table 5. Sensitivity of the Stage-2 policy to the Stage-1 shell uncertainty.

U U 10-cycle tracking distance
0.3000 0.6500 32.8986
0.6000 0.8000 34.2906
0.8503 0.9251 35.8485
0.9500 0.9750 36.6113

The results show the intended monotone response of the coupling mechanism. Smaller values of
U, lead to stronger discounting and shorter ordinary tracking distances, whereas larger values of U,

move 7 closer to one and preserve a wider tracking pattern.
The lower Stage-2 discount bound was also varied while keeping U, =0.8503 and m=5. The

corresponding results are reported in Table 6.

Table 6. Sensitivity with respect to 7, .

Trin n 10-cycle tracking distance
0.3 0.8952 35.4334
0.5 0.9251 35.8485
0.7 0.9551 36.2952

As expected, increasing n,;,, weakens the contraction of the ordinary cycles. Hence, the total

tracking distance increases gradually as the admissible lower bound on the Stage-2 discount becomes
more conservative.

To assess robustness with respect to the discounting level, we also compare several fixed
discount settings while keeping the target dynamics, tracking geometry, and all other parameters
unchanged. The undiscounted case gives a 10-cycle tracking distance of 37.0317, whereas discount
values of 0.9750, 0.9251, 0.8, and 0.65 give 36.6113, 35.8485, 34.2906, and 32.8986, respectively.
The monotone variation indicates that the reduction in tracking distance is stable across a broad
range of discount levels rather than being tied to a single calibrated value.

To provide a direct comparison between the adaptive and undiscounted Stage-2 policies, we
repeated the two-dimensional coordinate-direction Monte Carlo experiment under identical target
dynamics, tracking geometry, initial condition, detection radius, searcher speed, simulation horizon,
and random-number seed. The only change was the Stage-2 discount, with 7=0.9251 for the
adaptive policy and 7 =1 for the undiscounted policy. This comparison therefore isolates the effect

of discounting on both traveled distance and first-encounter performance. The corresponding results
are summarized in Table 7, which compares the adaptive and undiscounted policies in terms of
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tracking distance and first-encounter performance.

Table 7. Direct comparison of the adaptive and undiscounted Stage-2 policies under
identical target dynamics and tracking geometry.

Policy n 10-cycle tracking distance Pz, <Tp,,) E[r oltp < T J E[r Tpe
Adaptive 0.9251 35.8485 0.8793 200.17 779.51
Undiscounted 1.0000 37.0317 0.8860 210.47 756.47

Under the same target dynamics and tracking geometry, the adaptive policy reduces the 10-cycle
traveled distance by approximately 3.20%. The undiscounted policy shows a slightly higher
finite-horizon encounter proportion, while the adaptive policy yields a slightly lower conditional
mean encounter time among successful realizations. These results illustrate the trade-off between
reduced tracking distance and first-encounter performance introduced by discounting.

The influence of the full-coverage period m was examined next. The first 10 cycles were
retained so that the lower tracking bound ©®=0.1 remained compatible with the nominal sequence

used in the benchmark. Table 8 compares three representative values of m .

Table 8. Effect of the full-coverage period m.

m Benchmark distance  Adaptive distance Reduction
2 54.2984 53.6464 1.20%
5 37.0317 35.8485 3.20%
10 30.6317 29.2346 4.56%

More frequent full-coverage cycles increase the total traveled distance because the searchers
repeatedly return to the undiscounted outer distance. In contrast, larger values of m allow more
ordinary discounted cycles between successive coverage-restoration cycles and therefore produce a

larger reduction in tracking effort. In all cases, periodic full coverage is retained.
The sensitivity with respect to ., was examined using y, . €{0.4,0.6.0.8;. The remaining

Stage-1 parameters were kept at their benchmark values. For y,,, =04 and 0.6, the lower bound is
inactive because the benchmark optimum »" =0.765 remains feasible. Hence, the optimizer remains
unchanged and ﬁly* =0.5151. When y,, =0.8, the previous optimum is no longer feasible, and the

solution moves to the lower admissible boundary, 5" =0.8, for which Eu‘ =0.5677 . The results are

summarized in Table 9.

Table 9. Sensitivity of the Stage-1 solution with respect to y,,, -

% ~

Y min V4 Rly*

0.4 0.765 0.5151
0.6 0.765 0.5151
0.8 0.8 0.5677

Thus, ., has no effect as long as it remains below the unconstrained optimal value. Once the
lower bound exceeds 0.765, it becomes active and directly determines the admissible Stage-1
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discount. For the dimension, geometry, and first-encounter experiments, the Stage-2 simulation
parameters were specified explicitly. The coordinate system was translated so that O is the origin of
the tracking systern For the d-dimensional coordinate configuration, the target was initialized at

X(0)=0+ \/_Ze, , so that the initial Euclidean displacement from O is the same in all tested

dimensions, and the simulation does not begin with an immediate encounter. The random-walk step
lengths were fixed at s, =0.1, and the detection radius was set to p=0.1. At each integer time step,
the target increment was selected uniformly from {+0.1¢,,+0.1e,.....#0.1¢,} , so that each increment has
probability 1/(2d), and the zero-mean condition in (2.18) is preserved. The adaptive parameters were
retained at their benchmark values U, =0.8503, 7=0.9251, and m=5, with the tracking bounds

retained at their benchmark values, ©7 =0.1 and ©7 =1. The searchers moved with unit speed, as

in the benchmark model. For cycles beyond those listed in Table 3, the nominal sequence was
continued by

1, k=rm, r>1,

070 =
@ max{O.l,%} Otherwise,

and the adaptive distances were then obtained from (5.1). This extension preserves the lower tracking
bound while retaining the periodic full-coverage cycles.
The effect of target-motion dimension was examined for J e{2,3,4}. For each dimension, the

tracking trajectories were taken along the corresponding coordinate directions through O. The
random-walk transition law, detection radius, adaptive discount, full-coverage period, and tracking
bounds were otherwise kept unchanged. This allows the effect of dimensionality to be examined
without altering the adaptive coupling mechanism.

The effect of tracking geometry was examined separately in two dimensions. The
coordinate-direction configuration was compared with three intersecting trajectories through O,
having unit direction vectors e|=(1,0), ¢ :[%gj, and ’2:{ ; ‘/2_] Importantly, the target
random-walk law was kept unchanged in this comparison, with increments still selected from
{+0.1¢,,40.1e,} . Thus, only the search geometry was changed, while the target dynamics and all
adaptive parameters were held fixed.

A Monte Carlo experiment with N, =10* independent realizations was performed for each

configuration. The random-number seed was fixed at 20,260,919 for reproducibility. Because the
target process is defined at discrete time steps, encounters were checked at the target-update times
t=0,12,..., using the distance criterion in (2.21). A maximum simulation horizon of 7,, =5000 was

used.

For each configuration, we recorded the empirical encounter proportion PA(r, < » < Ty ) » the mean

max

encounter time among realizations that encountered the searchers before 7. , and the restricted

mean first-encounter time El |r <T, J, and the restricted mean first-encounter time

max

D min{r{), T}

The restricted mean is reported because the Monte Carlo experiment is finite-horizon and is not
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intended to establish Condition A4. The theoretical finiteness result therefore remains conditional
on A4.

As shown in Table 10, the simulations show a clear deterioration in finite-horizon encounter
performance as the target-motion dimension increases under the coordinate-direction geometry. The
encounter proportion decreases from 0.8793 in two dimensions to 0.4166 in three dimensions
and 0.1581 in four dimensions. In the two-dimensional geometry comparison, adding a third
intersecting trajectory improves the encounter proportion from 0.8793 to 0.9398 and reduces the
restricted mean first-encounter time from 779.51 to 411.89. These results illustrate the sensitivity of
first-encounter behavior to dimensionality and tracking geometry. They do not, however, constitute a
proof of finite expected encounter time; that conclusion remains conditional on Condition A4.

Table 10. Monte Carlo first-encounter statistics for different target-motion dimensions
and tracking geometries.

d Tracking geometry Nyc Pz, <Tpyy) Elr S, < TmaxJ Elr, AT |
2 Coordinate directions 10000 0.8793 200.17 779.51

3 Coordinate directions 10000 0.4166 378.11 3074.52

4  Coordinate directions 10000 0.1581 226.36 4245.29

2 Alternative intersecting geometry 10000  0.9398 117.99 411.89

The present simulations also provide a controlled comparison with two related multi-agent
tracking configurations. Under the two-dimensional coordinate-direction strategy, the encounter
proportion is 0.8793, and the restricted mean first-encounter time is 779.51, whereas the alternative
three-trajectory configuration increases the encounter proportion to 0.9398 and reduces the restricted
mean to 411.89. At the same time, the adaptive discounted policy reduces the 10-cycle tracking
distance from 37.0317 to 35.8485 while preserving periodic full coverage. These comparisons
quantify the trade-off between encounter performance, traveled distance, and coverage preservation
within the common stochastic-target setting. They are not intended as direct numerical comparisons
with the different multi-UAV and multi-robot formulations in [4,5], whose objectives and motion
models are not identical to those considered here.

7.5. Preliminary extension to fractional-order multidimensional systems

A preliminary extension of the present framework to fractional-order multidimensional
dynamical systems can also be envisioned. In such a setting, the random-walk target Xx(r) would be
replaced by the state trajectory of a fractional-order multidimensional system, while the coordinated
searchers could be interpreted as controllers whose trajectories are adjusted through the
uncertainty-dependent discounting mechanism. The encounter condition would then correspond to
driving the controlled trajectories into a prescribed neighborhood of the system state, leading to a
synchronization-type objective. This interpretation is conceptually related to recent fractional-order
neural-network synchronization studies such as [9]. However, the fractional dynamics, stability
conditions, and synchronization analysis are outside the scope of the present paper; establishing these
properties is left for future work.
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8. Conclusions and future work

This paper developed an adaptive discounted two-stage stochastic transport model for the
localization and subsequent tracking of a multidimensional random-walk target. The main extension
of the baseline formulation is that discounting is introduced in both stages without altering the
physical coverage requirements. In Stage 1, the objective combines the actual localization time,
discounted movement effort, and discounted detection reward. In Stage 2, the tracking discount is
determined by the Stage-1 shell uncertainty through 7 =¥(U,), so that the tracking policy responds
directly to the Stage-1 shell-probability dispersion summarized by U, .

The analysis established the existence of optimal discounted policies under the stated
compactness and continuity assumptions and the preservation of complete regional and recurrent
Stage-2 coverage. The finiteness of the first-encounter and total search times is obtained additionally
under the uniform positive finite-block encounter-probability assumption. The limiting case y —1
and 7 —1 recovers the undiscounted two-stage model, which confirms consistency with the original

framework.

The numerical study based on the benchmark in [19] showed that the proposed model reduces
the discounted Stage-1 movement-effort functional while preserving the physical localization time
and the underlying search geometry. For the selected parameters, the discounted movement-effort
functional decreased from 14.6 to 6.0603, corresponding to a reduction of 58.49%. This reduction
concerns the discounted performance measure only and does not represent an equivalent reduction in
physical distance, search time, or energy consumption. The Stage-1 shell uncertainty U, =0.8503
produced 7=0.9251, leading to a more moderate reduction of 3.20% in the 10-cycle Stage-2 tracking

distance. This behavior reflects the intended adaptive mechanism: stronger contraction is avoided
when the Stage-1 shell probability mass remains broadly dispersed, while the prescribed
full-coverage cycles are preserved.

These results indicate that the proposed framework provides a practical balance between search
effort, localization information, and recurrent tracking coverage. Further research may consider
nonuniform and state-dependent random-walk dynamics, noisy sensing, data-driven calibration of
the adaptive coupling rule, and energy- or time-optimal control formulations for the tracking stage.
Another promising direction is to investigate dual-control strategies within the proposed two-stage
framework. In particular, dual control could provide a systematic mechanism for balancing
exploration of uncertain target locations with exploitation of the information already obtained during
localization and tracking. Recent k -step look-ahead dual-control approaches combine online
learning with exploration-exploitation decisions for auto-optimization [25], suggesting a possible
basis for developing a real-time adaptive extension of the present model in which search and tracking
actions are updated as new information becomes available. The proposed fractional-order extension
also warrants further investigation, particularly with respect to stability conditions and
synchronization analysis.
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