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and their quasiasymptotic analysis. To address this gap, we develop a distributional framework
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corresponding Schwartz spaces of test functions and extend both operators to the associated spaces
of tempered distributions by duality. Within this framework, we derive a generalized inversion
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of polynomial growth estimates of the STSAFT. Furthermore, we establish several Abelian- and
Tauberian-type results that relate the quasiasymptotic behavior and quasiasymptotic boundedness of
tempered distributions at the origin to the scaled asymptotic behavior of their STSAFT. These results
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1. Introduction

The fractional Fourier transform (FRFT) was popularized by Namias in [1]. Interpreting the
FRFT as a rotation of the Wigner distribution function in phase space [2], Abe and Sheridan further
generalized it to the special affine Fourier transform (SAFT). They also showed that the SAFT can
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be realized through the combination of only two independent transformations: the lens transformation
and free-space propagation [3]. Moreover, the SAFT has been employed to define the almost-Fourier
and almost-Fresnel transforms, providing a unified framework for handling small errors in optical
operations on wave functions [4]. As a generalization of the classical Fourier and fractional Fourier
transforms, the SAFT, also known as the offset linear canonical transform, has become a powerful
tool in signal processing, optics, and related applications [5–8]. Compared with the linear canonical
transform, the SAFT incorporates two additional offset parameters associated with space shifts and
frequency modulations, thereby providing greater flexibility in the representation of signal-processing
and optical transformations [7]. Alongside its practical applications, the mathematical theory of the
SAFT has been thoroughly explored, addressing topics such as uncertainty principles, convolution and
correlation theorems, multichannel sampling, the Poisson summation formula, and convolution and
product theorems [9–14].

More broadly, an important aspect of the mathematical theory of integral transforms is their
extension to distribution spaces. Such extensions allow integral transforms to be applied to singular
distributions such as the Dirac delta and its derivatives, which lie outside the classical L2-setting.
They also provide a rigorous framework for analyzing weak limits and scaling behavior that may
not be well-defined in classical function spaces. Several studies in the literature have already pursued
such extensions for different classes of integral transforms [15–18]. In this direction, a distributional
framework for the SAFT was developed in [19–21] using a duality approach, thereby enabling a deeper
analysis of its properties in the distributional setting.

Because the SAFT fails to support localized time-frequency analysis of signals, Shah et al. [22]
introduced its windowed version. They derived Parseval’s identity, established the inversion formula,
and proposed a discrete version of this transform. In addition, they provided the series expansion, the
Poisson summation formula, and several uncertainty principles related to the windowed SAFT.

Recently, Lakshmanan et al. [23] introduced a new convolution operation for the SAFT and used it
to define the short-time special affine Fourier transform (STSAFT). In this construction, the signal is
localized by a shifted window and then analyzed in the SAFT domain. Thus, the STSAFT describes
the local behavior of the signal while remaining explicitly connected to the newly introduced SAFT
convolution. The authors of [23] established a Parseval-type identity and an inversion formula,
characterized the range of the transform, derived a Heisenberg-type uncertainty principle, and extended
the STSAFT to square-integrable quaternion-valued functions. Compared with the windowed SAFT,
the additional chirp-phase factors in the STSAFT explicitly incorporate the quadratic and affine phase
structure associated with the SAFT convolution. Consequently, the STSAFT provides a natural
framework for the local characterization of signals exhibiting chirp-type or affine phase variations
while retaining the localization provided by the shifted window.

Beyond the SAFT and STSAFT, other generalized fractional-transform variants have recently been
explored in communication systems. In particular, the weighted fractional Fourier transform (WFRFT)
has been integrated with rate-splitting multiple access to enhance physical-layer security [24], and
the general multi-fractional Fourier transform (GMFRFT) has been employed for signal-domain,
multicomponent, secure hybrid precoding in mmWave systems [25]. These developments illustrate
the broader potential of generalized fractional-transform techniques in signal-domain processing and
communications. In this context, the development of a distributional theory for the STSAFT is a natural
step toward extending its applicability beyond the classical L2-setting, particularly to singular signals,
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distributional phenomena, and localized time-frequency analysis. Moreover, owing to the affine and
chirp-dependent structure of the STSAFT, such a distributional framework may also be relevant to
optical and communication-system models involving phase, chirp, and affine transformations.

Another line of research directly relevant to the present work concerns the quasiasymptotic behavior
of distributions. This concept was originally introduced by Zavialov [26] and subsequently developed
with Vladimirov and Drozzinov. It generalizes the notion of the point value of a distribution,
initially introduced by Łojasiewicz [27], and represents a fundamental component of distribution
theory (see [28–30] and the references therein). Over the years, quasiasymptotic behavior has been
extensively studied and characterized via various integral transforms (see, e.g., [15,16,31–34]). Related
characterizations have also been obtained using other analytical frameworks, such as Gabor frame
expansions [35], shearlet coefficients [36], and wavelet-based techniques [37].

Motivated by these developments, the main objectives of the present work are to develop a rigorous
distributional framework for the STSAFT and to use it to characterize the quasiasymptotic behavior
of tempered distributions at the origin through the asymptotic properties of their STSAFT. However,
the existing distributional results for the SAFT do not directly extend to the STSAFT. Owing to its
window-dependent structure and two-dimensional parameter space, such an extension requires separate
continuity results for the corresponding analysis and synthesis operators. Moreover, the existing L2-
theory of the STSAFT does not address distributional reconstruction, bounded-set characterizations,
or quasiasymptotic analysis.

Given the close structural relationship between the STSAFT and the classical STFT, several results
considered in this work, including continuity on Schwartz spaces, reconstruction, and extension to
tempered distributions by duality, have natural counterparts in STFT theory. Abelian- and Tauberian-
type characterizations of quasiasymptotic behavior based on the STFT are likewise available in the
literature [38]. In the present work, the corresponding results are formulated within the STSAFT
setting, where the SAFT-dependent phase factors and parameter scalings enter directly into the
quasiasymptotic characterizations.

The paper is organized as follows. Section 2 introduces the notation and function spaces used
throughout the paper and provides a brief overview of the SAFT and STSAFT. Section 3 derives a
representation formula relating the STSAFT to the SAFT and uses it to establish the continuity of
the STSAFT on Schwartz spaces of test functions. In Section 4, we introduce the synthesis operator,
prove its continuity, and derive the inversion formula (4.4) in the Schwartz space SpRq. Section 5
extends the STSAFT and its synthesis operator to tempered distributions by duality and establishes
a generalized inversion formula in this setting. These results further yield a distributional version
of Parseval’s identity, referred to as the desingularization formula, as well as a characterization of
bounded subsets of tempered distributions in terms of polynomial growth estimates of the STSAFT. In
Section 6, we investigate the quasiasymptotic behavior and quasiasymptotic boundedness of tempered
distributions at the origin and derive the corresponding Abelian- and Tauberian-type results. Finally,
Section 7 summarizes the main findings and conclusions of the paper.
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2. Preliminaries

2.1. Notation and spaces

The notation k1 À k2 is used to indicate that k1 ď k ¨ k2 for some positive constant k. The Fourier
transform (FT) F is defined by

F f pξq “ p2πq´n{2
ż

Rn
f pxqe´ix¨ξdx, f P L1

pRn
q.

The notation x f , ϕy means the dual pairing between the distribution f and ϕ, whereas p f , ϕqL2pRnq “
ş

Rn f pxqϕpxqdx stands for the L2pRnq-inner product.
The Schwartz space SpRnq of test functions consists of those ϕ P C8pRnq whose derivatives decay

rapidly. Specifically, for all ν P N0,

ρνpϕq :“ sup
xPRn

|m|ďν

`

1` |x|2
˘ν{2

|B
m
x ϕpxq| ă 8. (2.1)

Endowed with the topology generated by the seminorms (2.1), the Schwartz space SpRnq becomes
a nuclear Fréchet space. Its dual S1pRnq is the space of tempered distributions. Every tempered
distribution is the distributional derivative of some continuous function of at most polynomial growth;
see [39, 40]. If a measurable function f on Rn is of at most polynomial growth on Rn, that is, if there
exist C ą 0 and ν P N0 such that

| f pxq| ď C
`

1` |x|2
˘ν{2

, x P Rn,

then f defines a regular tempered distribution in S1pRnq by duality:

x f , ϕy “
ż

Rn
f pxqϕpxqdx, ϕ P SpRn

q. (2.2)

In this article, all dual spaces will be equipped with the strong dual topology, that is, the topology of
bounded convergence [41].

2.2. The SAFT and the STSAFT

This subsection provides a brief summary of well-known results on the SAFT [2, 3, 19] and the
STSAFT [22, 23].

For a given matrix A “ pα, β, p; γ, δ, qq “
ˆ

α β p
γ δ q

˙

P R2ˆ3 with β ‰ 0 and αδ ´ βγ “ 1, the

SAFT of a function f P L1pRq, with respect to the matrix A, denoted by S A f , is defined as

S A f pξq “
ż

R

f pxqKApx, ξqdx, (2.3)

where the kernel KApx, ξq is given by

KApx, ξq “ p2π|β|q
´1{2 e

i
2βpαx2´2xpξ´pq`2ξpβq´δpq`δξ2q (2.4)
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for x, ξ P R [2, 3]. For a parameter matrix A “ pα, β, 0; γ, δ, 0q in (2.3), the SAFT reduces to the
linear canonical transform (LCT) [42, 43]. In particular, when A “ pcos θ, sin θ, 0;´ sin θ, cos θ, 0q,
θ P RzπZ, the LCT reduces to the FRFT [44, 45]. Setting θ “ π{2 further recovers the classical FT.
Throughout this paper, we assume that A “ pα, β, p; γ, δ, qq is a fixed matrix satisfying β ‰ 0 and
αδ´ βγ “ 1.

If f P L1pRq such that S A f P L1pRq, then the following inversion formula holds:

f pxq “
ż

R

S A f pξqKA˚pξ, xqdξ (2.5)

for almost everywhere (a.e.) x P R ( [23], Thm. 3.11). KA˚ is the kernel corresponding to the matrix

A˚ “
ˆ

δ ´β βq´ δp
´γ α γp´ αq

˙

, as defined in (2.4). One can notice that KA˚pξ, xq “ KApx, ξq, x, ξ P

R [23].
The SAFT operator S A : SpRq Ñ SpRq is continuous ( [19], Thm. 2.1; [23], Thm. 3.5), and it

extends to the space of tempered distributions ([21], Def. 3.6) by duality:

xS A f , ϕy “
A

f , S A˚ϕ
E

, f P S1pRq, ϕ P SpRq.

Naturally, Shah et al. in [22] defined the windowed special affine Fourier transform Oψ,A f of a
function f P L2pRq with respect to a window function ψ P L2pRq as

Oψ,A f pb, aq “
ż

R

f pxqψpx´ bqKApx, aqdx,

where pb, aq P Rˆ R, and KA is given by (2.4) ([22], Def. 2.1).
Recently, Lakshmanan et al. in [23] introduced a novel STSAFT of f P L2pRq with respect to a

window function ψ P L2pRq and a given matrix A as the function Vψ,A f defined by

Vψ,A f pb, aq “
ż

R

f pxqψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aqdx, (2.6)

where pb, aq P Rˆ R, KA is given by (2.4), and

κApxq “ e
i

2βpδx2´2px`2xpβq´δpqq, χα,βpxq “ ei α2β x2
(2.7)

for x P R ([23], Def. 4.1). For the matrix A “ p0, 1, 0;´1, 0, 0q, the STSAFT reduces to the short-time
Fourier transform (STFT), denoted by Vψ [46].

Unlike the windowed SAFT Oψ,A, which is obtained by applying the SAFT directly to the
windowed signal, the STSAFT Vψ,A incorporates additional chirp-phase factors associated with the
newly introduced SAFT convolution structure.

Motivated by (2.6), we define the STSAFT of f P S1pRq with respect to ψ P SpRq and a given
matrix A as the direct evaluation

Vψ,A f pb, aq “
A

f pxq, ψpx´ bqκA pb´ xq χα,βpbqχα,βpxqKApx, aq
E

x
, pb, aq P Rˆ R. (2.8)
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One may observe that all partial derivatives of ψpx´ bqκApb´xqχα,βpbqχα,βpxqKApx, aqwith respect
to the variables b, a P R belong to SpRq. Consequently, by ([41], Thm. 27.1), the STSAFT Vψ,A f pb, aq
is a smooth function with respect to the variables pb, aq P Rˆ R.

We now proceed to show that Vψ,A f pb, aq exhibits at most polynomial growth in the variables pb, aq
over Rˆ R. Because f P S1pRq, there exist ν P N0 and a constant C1 ą 0 such that for all ϕ P SpRq,

|x f , ϕy| ď C1ρνpϕq. (2.9)

Then, the relations (2.8) and (2.9) yield

|Vψ,A f pb, aq| “
ˇ

ˇ

ˇ

A

f pxq, ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
E

x

ˇ

ˇ

ˇ

ď C1ρν
´

ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
¯

ď C
`

1` |b|2 ` |a|2
˘l{2

,

for some C ą 0 and l P N0. Then, by means of the standard identification (2.2), Vψ,A f can be viewed
as an element of S1pR2q via the action

xVψ,A f pb, aq,Φpb, aqyb,a “

ż

R

ż

R

Vψ,A f pb, aqΦpb, aqdbda, Φ P SpR2
q.

3. The continuity of the STSAFT on SpRq

We first derive a representation formula relating the STSAFT to the SAFT, which will be used in the
proof of our first main result. Using Parseval’s identity for the FT and the Fourier inversion formula,
for every ψ P SpRq and f P L1pRq, we obtain

Vψ,A f pb, aq “χα,βpbq
ż

R

F p f pxqχα,βpxqKApx, aqq pξq eiξbF

´

ψ̌κA

¯

pξq dξ

“
χα,βpbq
?

2π

ż

R

S A
`

f pxqχα,βpxqe´iξx
˘

paqeiξbF

´

ψ̌κA

¯

pξqdξ,
(3.1)

where ψ̌pxq “ ψp´xq.
We notice that the STSAFT may be considered as a sesquilinear mapping VA : p f , ψq Ñ Vψ,A f .

Theorem 3.1. The mapping VA : SpRq ˆ SpRq Ñ SpR2q is continuous.

Proof. For the seminorms on the space SpR2q, we make the equivalent choice

ρl,k
s,r pΦq “ sup

pb,aqPRˆR

`

1` |b|2
˘r{2 `1` |a|2

˘s{2
ˇ

ˇ

ˇ

ˇ

dl

dal

dk

dbk Φpb, aq
ˇ

ˇ

ˇ

ˇ

(3.2)

for all s, r, l, k P N0.
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To show the continuity of the sesquilinear map VA, we must prove that for given s, r, l, k P N0, there
exist ν, τ P N0 and C ą 0 such that for all f P SpRq and ψ P SpRq,

ρl,k
s,r pVψ,A f q ď Cρν p f q ρτ pψq .

Step 1. A direct application of Leibniz’s formula yields
ˇ

ˇ

ˇ

ˇ

dl

dal

dk

dbk
pVψ,A f pb, aqq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

dl

dal

dk

dbk

ˆ
ż

R

f pxqψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aqdx
˙
ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

q1,q2,tďk

cq1,q2,t bq1
dl

dal

ˆ
ż

R

xq2 f pxqψptqpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aqdx
˙

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

q1,q2,tďk
j,mďl

cq1,q2,t, j,m bq1 a j
ż

R

xm`q2 f pxqψptqpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
`

1` |a|2
˘l{2 `1` |b|2

˘k{2 ÿ

q1,q2,tďk
j,mďl

|cq1,q2,t, j,m|
ˇ

ˇVψptq,A fm`q2pb, aq
ˇ

ˇ ,

where fm`q2pxq “ xm`q2 f pxq and cq1,q2,t, j,m are constants that depend only on k, l. Because
differentiation and multiplication by polynomials are continuous linear operators on SpRq, it suffices
to consider the case l “ k “ 0.

Step 2. Because the seminorms (3.2) with even r form a defining family for the topology of SpR2q,
we may assume that r is even. Using the relation (3.1), we obtain

`

1` |b|2
˘r{2

|Vψ,A f pb, aq|

“
`

1` |b|2
˘r{2

ˇ

ˇ

ˇ

ˇ

χα,βpbq
ż

R

F p f pxqχα,βpxqKApx, aqq pξqF
´

ψ̌κA

¯

pξqeiξbdξ
ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

R

F p f pxqχα,βpxqKApx, aqq pξqF
´

ψ̌κA

¯

pξq

ˆ

1´
d2

dξ2

˙r{2
`

eiξb
˘

dξ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

R

ˆ

1´
d2

dξ2

˙r{2
´

F p f pxqχα,βpxqKApx, aqq pξqF
´

ψ̌κA

¯

pξq
¯

eiξbdξ

ˇ

ˇ

ˇ

ˇ

ˇ

.

The last equality is obtained by repeated integration by parts, with all boundary terms vanishing
because the functions involved are Schwartz functions. Hence, the relation (3.1) yields

`

1` |b|2
˘r{2

|Vψ,A f pb, aq|

“

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

j,mďr

c j,m

ż

R

F pxm f pxqχα,βpxqKApx, aqq pξqF
´

x jψ̌κA

¯

pξqeiξbdξ

ˇ

ˇ

ˇ

ˇ

ˇ

À
ÿ

j,mďr

ˇ

ˇ

ˇ

ˇ

χα,βpbq
ż

R

F p fmpxqχα,βpxqKApx, aqq pξqeiξbF

´

|ψr jsκA

¯

pξqdξ
ˇ

ˇ

ˇ

ˇ
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“
ÿ

j,mďr

ˇ

ˇVψr js,A fmpb, aq
ˇ

ˇ ,

where fmpxq “ xm f pxq and ψr jspxq “ p´xq j
ψpxq belong to SpRq, and the constants c j,m depend only on

r. Thus, we may reduce the proof to the case r “ 0.
Step 3. Because the SAFT S A : SpRq Ñ SpRq is a continuous map ( [19], Thm. 2.1), by

relation (3.1), we obtain

`

1` |a|2
˘s{2

|Vψ,A f pb, aq|

À

´

1` |a|2
¯s{2

ż

R

ˇ

ˇS A
`

f pxqχα,βpxqe´iξx
˘

paq
ˇ

ˇ

ˇ

ˇ

ˇ
F

´

ψ̌κA

¯

pξq
ˇ

ˇ

ˇ
dξ

“

´

1` |a|2
¯s{2

ż

R

|S A p fχα,βq pa` βξq|
ˇ

ˇ

ˇ
F

´

ψ̌κA

¯

pξq
ˇ

ˇ

ˇ
dξ

À

ż

R

`

1` |a` βξ| 2
˘s{2 `1` |βξ| 2

˘s{2
|S A p fχα,βq pa` βξq|

ˇ

ˇ

ˇ
F

´

ψ̌κA

¯

pξq
ˇ

ˇ

ˇ
dξ

Àρq1p f q
ż

R

`

1` |ξ| 2
˘s{2

ˇ

ˇ

ˇ
F

´

ψ̌κA

¯

pξq
ˇ

ˇ

ˇ
dξ À ρq1p f qρq2pψq,

for some q1, q2 P N0. This completes the proof. �

4. The short-time special affine Fourier synthesis operator

Motivated by the reconstruction formula ([23], Thm. 4.5), we introduce the short-time special affine
Fourier synthesis operator, which maps functions on R2 to functions on R.

Definition 4.1. Let ψ P SpRq. The short-time special affine Fourier synthesis operator of Φ P SpR2q

with respect to ψ is defined by

V˚ψ,AΦpxq :“ χα,βpxq
ż

R

ż

R

Φpb, aqψpx´ bqχα,βpbqκApb´ xqKA˚pa, xqdbda, x P R, (4.1)

where KA˚ , κA and χα,β are given by (2.4) and (2.7).

It is immediate to verify that for every Φ P SpR2q the integral (4.1) is absolutely convergent. The
short-time special affine Fourier synthesis operator extends to a bilinear mapping V˚A : pΦ, ψq Ñ V˚ψ,AΦ.
We establish the continuity of this bilinear map.

Theorem 4.1. The mapping V˚A : SpR2q ˆ SpRq Ñ SpRq is continuous.

Proof. To prove the theorem, it is sufficient to show that for given ν P N0, there exist s, τ P N0 and
C ą 0 such that for all Φ P SpR2q and ψ P SpRq,

ρν
`

V˚ψ,AΦ
˘

ď CρspΦqρτpψq.

The rapid decay of Φ and ψ justifies differentiation under the integral sign and implies that V˚ψ,AΦ P

C8pRq for every Φ P SpR2q and ψ P SpRq.
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We may assume that ν is even. By Leibniz’s formula and the definition of the synthesis
operator (4.1), for every m ď ν, we obtain

`

1` |x|2
˘ν{2

ˇ

ˇ

ˇ

ˇ

dm

dxm

`

V˚ψ,AΦpxq
˘

ˇ

ˇ

ˇ

ˇ

“
`

1` |x|2
˘ν{2

ˇ

ˇ

ˇ

ˇ

dm

dxm

ˆ

χα,βpxq
ż

R

ż

R

Φpb, aqψpx´ bqχα,βpbqκApb´ xqKA˚pa, xqdbda
˙
ˇ

ˇ

ˇ

ˇ

“
`

1` |x|2
˘ν{2

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

k,r,d,tďm

cr,d,k,txrχα,βpxq
ż

R

ż

R

adbtΦpb, aqψpkqpx´ bqχα,βpbqκApb´ xqKA˚pa, xqdbda

ˇ

ˇ

ˇ

ˇ

ˇ

À
ÿ

k,r,d,tďm

ÿ

lďν{2

|x|r`2l
ż

R

ż

R

|a|d |b|t |Φpb, aq|
ˇ

ˇψpkqpx´ bq
ˇ

ˇ dbda

À
ÿ

k,r,d,tďm

ÿ

lďν{2

ÿ

jďr`2l

ż

R

ż

R

|x´ b| j |a|d |b|t`r`2l´ j
|Φpb, aq|

ˇ

ˇψpkqpx´ bq
ˇ

ˇ dbda

Àρ2νpψq
ÿ

k,r,d,tďm

ÿ

lďν{2

ÿ

jďr`2l

ż

R

ż

R

`

1` |a|2
˘ν{2 `

1` |b|2
˘3ν{2

|Φpb, aq| dbda

“ρ2νpψq
ÿ

k,r,d,tďm

ÿ

lďν{2

ÿ

jďr`2l

ż

R

ż

R

`

1` |a|2
˘
ν`2

2
`

1` |b|2
˘

3ν`2
2 |Φpb, aq|

dbda
p1` |a|2q p1` |b|2q

Àρ2νpψq ρ4ν`4pΦq
ÿ

k,r,d,tďm

ÿ

lďν{2

ÿ

jďr`2l

ż

R

ż

R

`

1` |a|2
˘´1 `1` |b|2

˘´1
dbda,

where cr,d,k,t are constants depending only on ν and the given matrix A. Then,

ρν
`

V˚ψ,AΦ
˘

ď Cρ2νpψqρ4ν`4pΦq

for some constant C “ Cpν, Aq ą 0. This completes the proof. �

One may show that the short-time special affine Fourier synthesis operator is the adjoint of the
STSAFT. In fact, for f P L1pRq and ψ P SpRq, by Fubini’s theorem, we obtain

ż

R

f pxqV˚ψ,AΦpxqdx “
ż

R

ż

R

Vψ,A f pb, aqΦpb, aqdbda, Φ P SpR2
q. (4.2)

Because L1pRq naturally embeds into S1pRq, using Theorem 4.1 and the standard identification for
regular distributions on Rn (2.2), we may write (4.2) as

A

f ,V˚ψ,AΦ

E

“ xVψ,A f ,Φy , Φ P SpR2
q. (4.3)

This dual relation serves as the model for defining the distributional STSAFT in Section 5.

Proposition 4.1. (Inversion formula) If f P SpRq, then

1
pη, ψqL2pRq

`

V˚η,A ˝ Vψ,A
˘

f pxq “ f pxq, x P R, (4.4)

where η P SpRq is a synthesis window for ψ P SpRqzt0u, namely pη, ψqL2pRq ­“ 0.
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Proof. Using the relation (3.1), the inversion formula for the SAFT (2.5), Parseval’s identity for the
FT, and Fubini’s theorem, we obtain

`

V˚η,A ˝ Vψ,A
˘

f pxq “ χα,βpxq
ż

R

ż

R

Vψ,A f pb, aqηpx´ bqχα,βpbqκApb´ xqKA˚pa, xqdbda

“
χα,βpxq
?

2π

ż

R

ż

R

ηpx´ bqκApb´ xqKA˚pa, xqdbda
ż

R

S A
`

f ptqχα,βptqe´iξt
˘

paqeiξbF

´

ψ̌κA

¯

pξqdξ

“
χα,βpxq
?

2π

ż

R

F

´

ψ̌κA

¯

pξqdξ
ż

R

S A
`

f ptqχα,βptqe´iξt
˘

paqKA˚pa, xqda
ż

R

ηpx´ bqκApb´ xqeiξbdb

“χα,βpxq
ż

R

eiξxF

´

ψ̌κA

¯

pξqF
´

η̌κA

¯

pξqdξ
ż

R

S A
`

f ptqχα,βptqe´iξt
˘

paqKA˚pa, xqda

“ f pxq
ż

R

F

´

ψ̌κA

¯

pξqF
´

η̌κA

¯

pξqdξ “ pη, ψqL2pRq f pxq,

for all x P R. �

5. The STSAFT on S1pRq

In this section, we rigorously extend the definition of the STSAFT and its corresponding synthesis
operator to the space of tempered distributions. Furthermore, we establish a generalized form of the
reconstruction formula (4.4) within the framework of tempered distributions.

Motivated by the relation (4.3), we introduce the STSAFT of a tempered distribution. The STSAFT
of f P S1pRq , with respect to ψ P SpRq, denoted by Vψ,A f , is defined as a tempered distribution by
duality:

xVψ,A f ,Φy :“
A

f ,V˚ψ,AΦ

E

, Φ P SpR2
q. (5.1)

Theorem 4.1 ensures that Vψ,A f is well-defined by (5.1). Moreover, by ( [41], Corollary of
Prop. 19.5), Vψ,A : S1pRq Ñ S1pR2q is continuous.

The following proposition shows that the duality definition (5.1) agrees with the direct
definition (2.8).

Proposition 5.1. Let ψ P SpRq and f P S1pRq. Then,

A

f ,V˚ψ,AΦ

E

“

ż

R

ż

R

Vψ,A f pb, aqΦpb, aqdbda, Φ P SpR2
q. (5.2)

Proof. Because f P S1pRq, by the Schwartz structural theorem (see [40], Thm. VI, p. 239), there exists
a continuous function h on R with at most polynomial growth and an integer m P N0 such that f “ hpmq

in the distributional sense. Then, using the definitions (5.1) and (4.1), Theorem 4.1, Fubini’s theorem,
and the standard identification of distributions in S1pRq, we obtain

A

f ,V˚ψ,AΦ

E

“ p´1qm
ż

R

hpxq
dm

dxm

´

V˚ψ,AΦpxq
¯

dx

“ p´1qm
ż

R

hpxq
dm

dxm

ˆ

χα,βpxq
ż

R

ż

R

Φpb, aqψpx´ bq κApb´ xqχα,βpbqKApx, aqdbda
˙

dx
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“ p´1qm
ż

R

ż

R

Φpb, aqdbda
ż

R

hpxq
dm

dxm

´

ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
¯

dx

“ p´1qm
ż

R

ż

R

Φpb, aq
B

hpxq,
dm

dxm

´

ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
¯

F

x
dbda

“

ż

R

ż

R

A

f pxq, ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
E

x
Φpb, aqdbda

“

ż

R

ż

R

Vψ,A f pb, aqΦpb, aqdbda “ xVψ,A f pb, aq,Φpb, aqyb,a ,

which concludes the proof. �

Analogously, we define the short-time special affine Fourier synthesis operator of F P S1pR2q with
respect to ψ P SpRq, denoted by V˚ψ,AF, as the distribution in S1pRq whose action on test functions is
given by

@

V˚ψ,AF, ϕ
D

:“
A

F,Vψ,Aϕ
E

, ϕ P SpRq. (5.3)

Theorem 4.1 ensures that V˚ψ,AF is well-defined by (5.3). Moreover, by ( [41], Corollary of
Prop. 19.5), V˚ψ,A : S1pR2q Ñ S1pRq is continuous.

The following proposition establishes an extension of the reconstruction formula (4.4) to the space
of tempered distributions S1pRq.

Proposition 5.2. (Inversion formula) Let ψ P SpRqzt0u. Then,

1
pη, ψqL2pRq

`

V˚η,A ˝ Vψ,A
˘

“ IdS1pRq,

where η P SpRq is a synthesis window for ψ.

Proof. Let f P S1pRq. For every ϕ P SpRq, Definitions (5.1) and (5.3) together with the inversion
formula (4.4) imply that

@`

V˚η,A ˝ Vψ,A
˘

f , ϕ
D

“

A

Vψ,A f ,Vη,Aϕ
E

“

A

f ,V˚ψ,A pVη,Aϕq
E

“

A

f , pψ, ηqL2pRqϕ
E

“ pη, ψqL2pRq x f , ϕy .

�

An immediate and significant consequence of Propositions 5.1 and 5.2 is the following
desingularization formula, which serves as a generalized version of Parseval’s identity ([23], Thm. 4.4).

Corollary 5.1. (Desingularization formula) Let f P S1pRq. Then,

x f , ϕy “
1

pη, ψqL2pRq

ż

R

ż

R

Vψ,A f pb, aqVη,Aϕpb, aqdbda, ϕ P SpRq, (5.4)

where η P SpRq is a synthesis window for ψ P SpRqzt0u.

AIMS Mathematics Volume 11, Issue 10, 34172–34192.



34183

Proof. By proposition 5.2, Def. (5.3), and the identification (5.2), we obtain

x f , ϕy “
1

pη, ψqL2pRq

@

V˚η,A pVψ,A f q , ϕ
D

“
1

pη, ψqL2pRq

A

Vψ,A f ,Vη,Aϕ
E

“
1

pη, ψqL2pRq

ż

R

ż

R

Vψ,A f pb, aqVη,Aϕpb, aqdbda.

�

Remark 5.1. For the matrix A “ p0, 1, 0;´1, 0, 0q, we obtain the desingularization formula for the
STFT that will be used in the proof of Proposition 6.2.

The following result characterizes the bounded subsets of S1pRq in terms of the STSAFT.

Proposition 5.3. Let ψ P SpRqzt0u. The set B Ă S1pRq is weakly (equivalently, strongly) bounded in
S1pRq if and only if there exists l “ lB P N0 such that

sup
fPB

pb,aqPRˆR

`

1` |b|2 ` |a|2
˘´l{2

|Vψ,A f pb, aq| ă 8. (5.5)

Proof. Suppose B is weakly bounded in S1pRq. By the Banach–Steinhaus theorem, B is
equicontinuous, so there exist C1 “ C1

B
ą 0 and ν “ νB P N0 such that

|x f , ϕy| ď C1ρνpϕq, @ f P B, @ϕ P SpRq.

Then, there exist l “ lB P N0 and C “ CB ą 0 such that

|Vψ,A f pb, aq| “
ˇ

ˇ

ˇ

A

f pxq, ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
E

x

ˇ

ˇ

ˇ

ď C1ρν
´

ψpx´ bqκApb´ xqχα,βpbqχα,βpxqKApx, aq
¯

ď C
`

1` |b|2 ` |a|2
˘l{2

for all f P B and pb, aq P Rˆ R, which proves the relation (5.5).
Conversely, assume that (5.5) holds. It suffices to show that B is a weakly bounded set in S1pRq.

Let η P SpRq be a synthesis window for ψ, and let ϕ P SpRq. Then, the desingularization formula (5.4)
yields

sup
fPB
|〈 f , ϕ〉| “ sup

fPB

ˇ

ˇ

ˇ

ˇ

ˇ

1
pη, ψqL2pRq

ż

R

ż

R

Vψ,A f pb, aqVη,Aϕpb, aqdbda

ˇ

ˇ

ˇ

ˇ

ˇ

ď
CB

ˇ

ˇpη, ψqL2pRq

ˇ

ˇ

ż

R

ż

R

`

1` |b|2 ` |a|2
˘l{2

ˇ

ˇ

ˇ
Vη,Aϕpb, aq

ˇ

ˇ

ˇ
dbda.

Because Vη,Apϕq P SpR
2q, we may conclude that B is weakly bounded in S1pRq. Because SpRq is

barreled, weak and strong boundedness coincide in S1pRq by the Banach–Steinhaus theorem ( [41],
Thm. 33.1). �
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6. Abelian- and Tauberian-type results

In this section, we briefly review the asymptotic concepts for tempered distributions that serve as
the foundation of our study. The asymptotic behavior of a distribution can be described by comparison
with Karamata regularly varying functions [47], leading to the notion of quasiasymptotic behavior of
distributions [28–30].

Next, we present several Abelian and Tauberian theorems that describe the quasiasymptotic
behavior of tempered distributions at the origin, based on the asymptotic properties of their STSAFT.

6.1. Asymptotic behavior of distributions

Let us recall that a measurable real-valued function L, defined and positive on the interval p0,Ms
(resp. rM,8q) for some M ą 0, is called a slowly varying function at the origin (resp. at infinity) if it
satisfies

lim
εÑ0`

Lpaεq
Lpεq

“ 1
ˆ

resp. lim
λÑ8

Lpaλq
Lpλq

“ 1
˙

for all a ą 0.
We refer to [47] for the properties of slowly varying functions. Throughout this paper, the letter L

denotes a slowly varying function at the origin.
It is said that the distribution f P S1pRq has quasiasymptotic behavior of degree σ P R at the origin

with respect to a slowly varying function L if the limit

lim
εÑ0`

〈
f pεxq
εσLpεq

, ϕpxq
〉

x

exists and is finite for every ϕ P SpRq. One can observe that when studying quasiasymptotic behavior
at the origin, the representation theorem ( [47], Thm. 1.2) allows us, without loss of generality, to
assume that L is defined on the whole of p0,8q and has any convenient properties away from the
origin.

Suppose f P S1pRq has quasiasymptotic behavior of degree σ P R at the origin with respect to
a slowly varying function L. Then, the net B “ t f pεxq{εσLpεqu0ăεă1 is weakly bounded in S1pRq.
By ( [41], Thm. 33.2), it is therefore equicontinuous. Consequently, there exist C “ CB ą 0 and
ν “ νB P N0 such that

ˇ

ˇ

ˇ

ˇ

B

f pεxq
εσLpεq

, ϕpxq
F

x

ˇ

ˇ

ˇ

ˇ

ď Cρνpϕq, @ε P p0, 1q, @ϕ P SpRq. (6.1)

Now, we define the linear functional g acting on a test function ϕ P SpRq by xgpxq, ϕpxqy “
limεÑ0`

〈
f pεxq{εσLpεq, ϕpxq

〉
x. The relation (6.1) implies that

|xg, ϕy| ď Cρνpϕq, @ϕ P SpRq,

which establishes the continuity of g, and hence, g is a tempered distribution. If in addition, g is a
nonzero distribution, then for every a ą 0 and ϕ P SpRq,

xgpaxq, ϕpxqyx “ lim
εÑ0`

〈
f pεaxq
εσLpεq

, ϕpxq
〉

x
“ aσ lim

εÑ0`

Lpaεq
Lpεq

〈
f pεaxq

paεqσLpaεq
, ϕpxq

〉
x
“ aσ xgpxq, ϕpxqyx ,
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which proves that g must be a homogeneous distribution of degree σ [28–30]. We use the following
notation to express the quasiasymptotic behavior at the origin f pεxq „ εσLpεqgpxq as ε Ñ 0` in
S1pRq, which should always be interpreted in the weak topology of S1pRq.

We say that the distribution f P S1pRq is quasiasymptotically bounded of degree σ P R at the origin,
with respect to L, if 〈

f pεxq
εσLpεq

, ϕpxq
〉

x
“ Op1q as εÑ 0`

for all ϕ P SpRq. We use the notation f pεxq “ OpεσLpεqq as εÑ 0` in S1pRq, which should always
be interpreted in the weak topology of S1pRq.

The quasiasymptotic analysis at infinity can be carried out in a similar manner.

6.2. Characterization of quasiasymptotics in S1pRq through the STSAFT

For the purposes of our quasiasymptotic analysis, we use the definition of the STSAFT given
in (2.8). Given ψ P SpRq and ε ą 0, we define the scaled window function by ψ1{εpxq “ ψpx{εq.

The first result of this section is an Abelian-type theorem, which describes the scaled asymptotic
behavior of the STSAFT for distributions exhibiting quasiasymptotic behavior at the origin.

Proposition 6.1. Suppose that f P S1pRq has quasiasymptotic behavior f pεxq „ εσLpεqgpxq as ε Ñ
0` in S1pRq. Then, the STSAFT of f with respect to the window ψ P SpRq satisfies

1
εσ`1Lpεq

e´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

εb,
a
ε

¯

Ñ |β|
´1{2 Vψg

ˆ

b,
a
β

˙

as εÑ 0` uniformly for pb, aq in bounded subsets of Rˆ R.

Proof. Let K be a bounded subset of R ˆ R. By Leibniz’s rule, the boundedness of K, and the
rapid decay of ψ, for every ν P N0, we have suppb,aqPK ρν

´

ψpx´ bqe´ix a
β

¯

ă 8. Hence, the set
!

ψpx´ bqe´ix a
β : pb, aq P K

)

is bounded in SpRq. Then, by ([41], Corollary 2, p. 358),

1
εσLpεq

A

f pεxq, ψpx´ bqe´ix a
β

E

x
Ñ

A

gpxq, ψpx´ bqe´ix a
β

E

x
(6.2)

as ε Ñ 0` uniformly for pb, aq P K. Moreover, using again Leibniz’s rule together with the
boundedness of K, the rapid decay of ψ, and the smoothness of the phase factors, for every ν P N0,

sup
pb,aqPK

ρν

˜

´

κApεb´ εxqχα,βpεbqχα,βpεxqe
i

2βpαpεxq2`2εxpq ´ 1
¯

ψpx´ bqe´ix a
β

¸

ÝÑ 0, εÑ 0`.

Because t f pεxq{εσLpεqu0ăεă1 is weakly bounded in S1pRq, the estimate (6.1) together with the
preceding uniform convergence, yields

sup
pb,aqPK

ˇ

ˇ

ˇ

ˇ

B

f pεxq
εσLpεq

,
´

κApεb´ εxqχα,βpεbqχα,βpεxqe
i

2β pαpεxq2`2εxpq
´ 1

¯

ψpx´ bqe´ixa{β

F

x

ˇ

ˇ

ˇ

ˇ

Ñ 0 (6.3)
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as εÑ 0`. Combining the preceding convergences (6.2) and (6.3), we obtain

1
εσ`1Lpεq

e´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

εb,
a
ε

¯

“
1

εσ`1Lpεq
e´

i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2q
A

f pxq, ψ1{εpx´ εbqκApεb´ xqχα,βpεbqχα,βpxqKA

´

x,
a
ε

¯E

x

“
1

εσLpεq
e´

i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2q
A

f pεxq, ψpx´ bqκApεb´ εxqχα,βpεbqχα,βpεxqKA

´

εx,
a
ε

¯E

x

“
1

εσLpεq
a

2π|β|

A

f pεxq, ψpx´ bqκApεb´ εxqχα,βpεbqχα,βpεxqe
i

2βpαpεxq2`2εxpqe´ix a
β

E

x

“
1

εσLpεq
a

2π|β|

A

f pεxq,
´

κApεb´ εxqχα,βpεbqχα,βpεxqe
i

2βpαpεxq2`2εxpq ´ 1
¯

ψpx´ bqe´ix a
β

E

x

`
1

εσLpεq
a

2π|β|

A

f pεxq, ψpx´ bqe´ix a
β

E

x

Ñ
1

a

2π|β|

A

gpxq, ψpx´ bqe´ix a
β

E

x
“ |β|´1{2Vψg

ˆ

b,
a
β

˙

as εÑ 0` uniformly for pb, aq P K. �

Example 6.1. Let f pxq “ δ
pmq
0 pxq, where m P N0, and δ0 is the Dirac distribution at the origin. We

note that f pεxq „ ε´m´1 f pxq as ε Ñ 0` in S1pRq. Thus, f has quasiasymptotic behavior of degree
σ “ ´m´ 1 at the origin, with Lpεq ” 1 and limit distribution g “ f .

Consequently, the preceding proposition yields, for all ψ P SpRq and pb, aq P Rˆ R,

lim
εÑ0`

εme´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

εb,
a
ε

¯

“ |β|´1{2Vψδ
pmq
0

ˆ

b,
a
β

˙

“p2π|β|q´1{2
A

δ
pmq
0 pxq, ψpx´ bqe´ix a

β

E

x
“ p2π|β|q´1{2

ÿ

m1`m2“m

ˆ

m
m1,m2

˙

p´1qm1 ψpm1qp´bq pia{βqm2 .

The convergence is uniform for pb, aq in bounded subsets of RˆR. Similarly, for the locally integrable
power-law function hpxq “ |x|σ, σ ą ´1, one has hpεxq “ εσhpxq; hence, the same quasiasymptotic
argument applies with Lpεq ” 1 and limit distribution g “ h.

Remark 6.1. The proof of Proposition 6.1 does not directly extend to quasiasymptotics at infinity.
Indeed, for α ‰ 0, the set

!

ψpx´ bqκApλb´ λxq χα,βpλbqχα,βpλxqe
i

2βpαpλxq2`2λxp´2xaq
)

λą1
is not

bounded in SpRq. Hence, the argument used at the origin cannot be applied directly at infinity;
extending the present quasiasymptotic analysis to infinity, possibly under additional assumptions on
the SAFT parameters or the window function, is left for future investigation.

The following proposition is a Tauberian converse of Proposition 6.1.

Proposition 6.2. Let f P S1pRq and ψ P SpRqzt0u. The conditions

lim
εÑ0`

1
εσ`1Lpεq

e´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

εb,
a
ε

¯

“ Mb,aP C, pb, aq P Rˆ R (6.4)
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and the existence of a constant l ě 0 such that

sup
0ăεă1

pb,aqPRˆR

1
εσ`1Lpεq

`

1` |b|2 ` |a|2
˘´l{2

ˇ

ˇ

ˇ
Vψ1{ε,A f

´

εb,
a
ε

¯ˇ

ˇ

ˇ
ă 8 (6.5)

are necessary and sufficient conditions for the existence of a homogeneous distribution g P S1pRq such
that f pεxq „ εσLpεqgpxq as ε Ñ 0` in S1pRq. In this case, the limit in (6.4) is given by Mb,a “

|β|´1{2Vψg pb, a{βq for all pb, aq P Rˆ R.

Proof. Assume (6.4) and (6.5). We use the notation κA,εpxq “ κApεxq. By using the desingularization
formula (5.4) for the STFT and setting η “ ψ ˇκA,ε P SpRq, which serves as a synthesis window for
ψ ˇκA,ε, we obtain

1
εσLpεq

x f pεxq, ϕpxqyx “
1

εσLpεq

A

χα,βpεxqe
i

2βpαpεxq2`2εxpq f pεxq, χα,βpεxqe´
i

2βpαpεxq2`2εxpqϕpxq
E

x

“
1

εσLpεq}ψ}2
2

ż

R

ż

R

Vψ ˇκA,ε

´

χα,βpεxqe
i

2βpαpεxq2`2εxpq f pεxq
¯

pb, aq

Vψ ˇκA,ε

´

χα,βpεxqe
i

2β pαpεxq2`2εxpqϕpxq
¯

pb, aqdbda.

By the changes of variables a Ñ a{β and x Ñ x{ε, we have

1
εσLpεq

x f pεxq , ϕpxqyx

“
1

εσLpεq}ψ}2
2|β|

ż

R

ż

R

Vψ ˇκA,ε

´

χα,βpεxqe
i

2βpαpεxq2`2εxpq f pεxq
¯

ˆ

b,
a
β

˙

Vψ ˇκA,ε

´

χα,βpεxqe
i

2β pαpεxq2`2εxpqϕpxq
¯

ˆ

b,
a
β

˙

dbda

“
1

εσLpεq}ψ}2
2|β|

?
2π

ż

R

ż

R

A

χα,βpεxqe
i

2βpαpεxq2`2εxpq f pεxq, ψpx´ bqκApεb´ εxqe´ix a
β

E

x

Vψ ˇκA,ε

´

χα,βpεxqe
i

2β pαpεxq2`2εxpqϕpxq
¯

ˆ

b,
a
β

˙

dbda

“
1

εσ`1Lpεq}ψ}2
2|β|

?
2π

ż

R

ż

R

A

f pxq, ψ1{εpx´ εbqκApεb´ xqχα,βpxqe
i

2βpαx2`2xpqe´ix a
εβ

E

x

Vψ ˇκA,ε

´

χα,βpεxqe
i

2β pαpεxq2`2εxpqϕpxq
¯

ˆ

b,
a
β

˙

dbda

“
1

εσ`1Lpεq}ψ}2
2

a

|β|

ż

R

ż

R

e´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

εb,
a
ε

¯

χα,βpεbq

Vψ ˇκA,ε

´

χα,βpεxqe
i

2β pαpεxq2`2εxpqϕpxq
¯

ˆ

b,
a
β

˙

dbda.

By Assumptions (6.4) and (6.5), the function pb, aq ÞÑ Mb,a, pb, aq P R ˆ R is measurable and
satisfies the estimate |Mb,a| À p1` |b|2 ` |a|2q

r{2 for some r P N0. Therefore, Theorem 3.1 together
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with the Lebesgue dominated convergence theorem implies that

lim
εÑ0`

1
εσLpεq

x f pεxq, ϕpxqyx “
1

}ψ}2
2

a

|β|

ż

R

ż

R

Mb,a Vψϕ

ˆ

b,
a
β

˙

db da.

Because the last limit exists and is finite for all ϕ P SpRq, the family t f pεxq{εσLpεqu0ăεă1 is
weakly bounded in S1pRq. Hence, by the Banach–Steinhaus theorem ( [41], Corollary, p. 348), it is
equicontinuous, and therefore the limit defines a continuous linear functional g P S1pRq. The scaling
argument given in Section 6.1 together with the slow variation of L shows that g is homogeneous of
degree σ whenever g ‰ 0; for g “ 0, this property is trivial. Thus, f pεxq „ εσLpεqgpxq as ε Ñ 0` in
S1pRq, and by (6.4), we obtain Mb,a “ |β|

´1{2Vψg pb, a{βq for all pb, aq P Rˆ R.
Conversely, suppose that f pεxq „ εσLpεqgpxq as εÑ 0` in S1pRq. The limit (6.4) is a consequence

of Proposition 6.1. Because t f pεxq{εσLpεqu0ăεă1 is weakly bounded in S1pRq, (6.5) follows by taking
similar steps as in Proposition 5.3 for the net B “ t f pεxq{εσLpεqu0ăεă1. �

We have a direct consequence from the proof of Proposition 6.2.

Corollary 6.1. Let f P S1pRq and ψ P SpRqzt0u. Then, f pεxq “ OpεσLpεqq as ε Ñ 0` in S1pRq if
and only if there exists l ě 0 such that

sup
0ăεă1

pb,aqPRˆR

1
εσ`1Lpεq

`

1` |b|2 ` |a|2
˘´l{2

ˇ

ˇ

ˇ
Vψ1{ε,A f

´

εb,
a
ε

¯ˇ

ˇ

ˇ
ă 8.

The following result follows directly from Proposition 6.1 by replacing b with εb, which yields the
finer translation scaling ε2b and a limiting STFT evaluated at b “ 0.

Corollary 6.2. Suppose that f P S1pRq has quasiasymptotic behavior f pεxq „ εσLpεqgpxq as εÑ 0`

in S1pRq. Then, the STSAFT of f with respect to the window ψ P SpRq satisfies

1
εσ`1Lpεq

e´
i
βp

a
ε pβq´δpq` δ

2 p
a
ε q

2qVψ1{ε,A f
´

ε2b,
a
ε

¯

Ñ |β|´1{2 Vψg
ˆ

0,
a
β

˙

as εÑ 0` uniformly for pb, aq in bounded subsets of Rˆ R.

Proof. Let K Ă R ˆ R be bounded. Choose M,N ą 0 such that K Ă r´M,Ms ˆ r´N,Ns. For
convenience, define

Fεpu, aq “
1

εσ`1Lpεq
e´

i
β

´

a
ε pβq´δpq` δ

2p
a
εq

2¯

Vψ1{ε,A f
´

εu,
a
ε

¯

.

By Proposition 6.1, Fεpu, aq ÝÑ |β|´1{2Vψg pu, a{βq uniformly for pu, aq in bounded subsets of RˆR.
For pb, aq P K and 0 ă ε ď 1, we have pεb, aq P r´M,Ms ˆ r´N,Ns. Hence,

sup
pb,aqPK

ˇ

ˇ

ˇ

ˇ

Fεpεb, aq ´ |β|´1{2Vψg
ˆ

εb,
a
β

˙
ˇ

ˇ

ˇ

ˇ

ď sup
pu,aqPr´M,Msˆr´N,Ns

ˇ

ˇ

ˇ

ˇ

Fεpu, aq ´ |β|´1{2Vψg
ˆ

u,
a
β

˙
ˇ

ˇ

ˇ

ˇ

ÝÑ 0

as εÑ 0`. Because

Fεpεb, aq “
1

εσ`1Lpεq
e´

i
β

´

a
ε pβq´δpq` δ

2p
a
εq

2¯

Vψ1{ε,A f
´

ε2b,
a
ε

¯

,
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the finer translation scaling ε2b follows directly.
Furthermore, because Vψg is continuous on R ˆ R, its restriction to the compact set r´M,Ms ˆ

r´N{|β|,N{|β|s is uniformly continuous. Moreover, suppb,aqPK |εb| ď εM ÝÑ 0 as εÑ 0`. Therefore,

sup
pb,aqPK

ˇ

ˇ

ˇ

ˇ

Vψg
ˆ

εb,
a
β

˙

´ Vψg
ˆ

0,
a
β

˙
ˇ

ˇ

ˇ

ˇ

ÝÑ 0, as εÑ 0`.

Combining the two convergences, we obtain

1
εσ`1Lpεq

e´
i
β

´

a
ε pβq´δpq` δ

2p
a
εq

2¯

Vψ1{ε,A f
´

ε2b,
a
ε

¯

ÝÑ |β|´1{2Vψg
ˆ

0,
a
β

˙

as εÑ 0` uniformly for pb, aq in bounded subsets of Rˆ R. �

7. Conclusions

In this paper, we developed a distributional framework for the short-time special affine Fourier
transform. We proved the continuity of the STSAFT and its synthesis operator on the Schwartz spaces
SpRq and SpR2q, respectively, and extended both operators to tempered distributions by duality. We
also established reconstruction and desingularization formulas and characterized bounded subsets of
S1pRq in terms of polynomial growth estimates of the STSAFT. These results extend the STSAFT from
the classical L2-setting to a setting suitable for the analysis of tempered distributions.

We further studied the quasiasymptotic behavior of tempered distributions at the origin through
the scaled behavior of their STSAFT. The obtained Abelian- and Tauberian-type results relate the
quasiasymptotic behavior and quasiasymptotic boundedness of a distribution to corresponding limits
and polynomial growth estimates of its transform. Thus, local quasiasymptotic properties of tempered
distributions can be characterized through the behavior of their STSAFT. Because the classical STFT
is recovered as a special case of the STSAFT, the developed framework reduces to the corresponding
results in the classical short-time Fourier setting.
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