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Abstract: This work developed a polyhedral set-based approach for bounding reachable sets of linear
systems with nonzero polyhedral initial sets. We first considered linear positive systems and established
sufficient conditions for constructing polyhedral bounds of reachable sets in both delay-free and time-
varying-delay cases. For systems without delays, the conventional polyhedral set-bounding approach
was extended to accommodate nontrivial initial sets given in polyhedral form. For systems with time-
varying delays, the conventional auxiliary functional used for reachable set bounding was generalized
to account for the effect of time-varying delays. The proposed framework was then extended to general
linear systems that are not necessarily positive. In particular, for the case with delays, the auxiliary
functional established for positive systems was further generalized by employing absolute values of the
state. The resulting sufficient conditions provided polyhedral reachable set bounds for both delay-free
and time-varying-delay systems, and all the proposed bounding sets were shown to be computed via
linear programming. Several numerical examples are provided to illustrate the effects of nonzero initial
sets and time-varying delay parameters on the resulting bounds, and to demonstrate the applicability
of the proposed approach to general linear systems.
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1. Introduction

The problem of reachable set estimation [1, 2] aims at approximating the reachable set of a
dynamical system, in which the end points of all state trajectories are gathered provided that the
bounded disturbances are given as inputs. Motivated by the difficulty of exactly computing the shape of
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the reachable sets, some conventional results [3–5] have been established based on ellipsoidal sets and
they contributed to the development of relevant problems such as linear L1 control [6–10], nonlinear
L1 control [11–14], and safety verification [15, 16]. Especially, the ellipsoidal sets used in [3–5] were
determined from a Lyapunov function (or a Lyapunov-Krasovski functional [17–19]) associated with
the given system, and computed by solving relevant linear matrix inequalities (LMIs) [20, 21]. This
idea has also been extended to linear delay systems [22] and to a switched linear system [23].

A dynamical system is said to be positive [24] if the state variable remains nonnegative whenever
the initial condition and input are nonnegative. For linear positive systems, since copositive Lyapunov
functions are shown to be less conservative for their stability and performance analysis [25] rather
than the Lyapunov functions used for general systems, their associated level sets, which have a form
of hyper-pyramids [26, 27], are used to estimate their reachable sets. However, the resulting hyper-
pyramids in [26, 27] were generated only with half-spaces with nonnegative normal vectors, leaving
a possibility for a generalization. Motivated by this, it was proved in [28] that a functional, called the
auxiliary functional, which is defined by linear functionals with normal vectors not being necessarily
nonnegative, provides a tighter polyhedral set bounding for positive delay systems.

However, the framework established in [28] is subject to several restrictions that narrow its
applicability to more general reachable set-estimation problems. First, the reachable set in [28] is
characterized only under a zero initial condition, i.e., X0 = 0, leaving the case of nonzero or general
polyhedral initial sets unaddressed. The consideration of nonzero initial sets is particularly important
when the initial state cannot be exactly specified due to uncertainties in measurement or initialization.
Second, the arguments developed in [28] for bounding reachable sets are restricted to positive systems,
and therefore do not directly apply to general linear systems whose states and system matrices may
involve negative entries. Finally, the delay in [28] was assumed to be constant, and thus the effects of
time-varying delays were not taken into account.

To address the restrictions associated with [28], this paper develops an extended framework for
bounding reachable sets by polyhedral sets. We first allow the initial conditions to be specified by a
nontrivial polyhedral set and formulate the corresponding estimating problem of reachable sets for
positive systems. Sufficient conditions are then established for constructing polyhedral set bounds
in both the delay-free and time-varying-delay cases. For systems with time-varying delays, a delay-
dependent result is derived by generalizing the auxiliary functional developed in [28] to deal with
time-varying delays. The corresponding bounds for reachable sets are characterized by sublevel sets
of the auxiliary functional, which are robustly forward invariant. In each case, it is shown that the
polyhedral set bound can be computed by solving linear programming (LP).

The developed framework is next extended in parallel to general linear systems that are not
necessarily positive, while maintaining the setting for nonzero polyhedral initial sets. Sufficient
conditions for polyhedral set bounding of reachable sets are established for both delay-free and time-
varying-delay systems. In the delayed case, to account for state variables possibly with negative
components, the auxiliary functional is further generalized by using absolute values of the state
variables in the integrand. It is also shown that the sufficient conditions for both the delay-free and
time-varying-delay cases can be reduced to LP feasibility conditions. Importantly, since the absolute
value is not linear with respect to its argument, we linearize the absolute values taken for the state by
using sign enumeration variables and reduce the condition into an LP condition. We highlight the main
contributions of this paper in Table 1.
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Table 1. The contributions of this paper compared to the relevant literature.

This paper [28] [3, 22]
Bounding set Polyhedral set Polyhedral set Ellipsoidal set
System Positive & General Positive General
Initial condition General polyhedral X0 {0} {0}
Delay type Time-varying delay Constant delay Time-varying delay
Optimization LP LP LMI

The remainder of this paper is organized as follows. Section 2 develops polyhedral reachable-
set bounding results for positive systems, considering both delay-free and time-varying-delay cases.
Section 3 extends these results to general linear systems that are not necessarily positive. Section 4
presents numerical examples that verify the feasibility and effectiveness of the developed results, and
Section 5 concludes the paper. The notation used throughout the paper is summarized in Table 2.

Table 2. The notations used in this paper.

Notation Meaning
N The set of positive integers
R The set of real numbers
R+ The set of nonnegative real numbers
Rν The set of ν-dimensional real vectors
Rν+ The set of ν-dimensional real vectors with nonnegative components
(·)> The matrix transpose
| · |∞ The vector∞ norm, i.e., |v|∞ := maxi |vi|

A � 0 A nonnegative matrix, i.e., Ai j ≥ 0, ∀i, j
P(p) The p-normal half-plane, i.e., P(p) = {v ∈ Rn | pT v ≤ 1}
1ν The ν-dimensional vector with entries 1, i.e., 1i = 1, ∀i

2. Reachable set estimation for positive systems with a generalized set of initial conditions

This section develops a polyhedral set-based approach to estimating the reachable set of linear
positive systems with respect to a generalized initial condition.

2.1. Problem formulation

Consider the continuous-time single-input linear system with a time delay, denoted by Σ≥0, which
is defined as

Σ≥0 :

ẋ(t) = Ax(t) + Ad x(t − d(t)) + Bw(t),
x(t) = φ(t), ∀t ∈ (−∞, 0],

(2.1)

where x(t) ∈ Rn is the state, w(t) ∈ R is the disturbance, d(t) > 0 is the time delay that is possibly
varying with respect to t ∈ R, and φ : (−∞, 0] → Rn is the initial condition for x. To assume the
positiveness for Σ≥0, the following definition is introduced.
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Definition 2.1. The system Σ≥0 is said to be positive if x is always nonnegative for arbitrary
nonnegative φ and w, i.e.,

φ(t) � 0, ∀t ∈ (−∞, 0]
w(t) � 0, ∀t ∈ [0,∞)

⇒ x(t) � 0, ∀t ∈ [0,∞). (2.2)

We assume that Σ≥0 in (2.1) is positive throughout this section. Since it is known in [24] that Σ≥0

is positive if and only if A is Metzler (i.e., every off-diagonal entry of A is nonnegative) and Ad, B are
nonnegative, we assume those conditions on A, Ad, B in (2.1) in this section.

Let X0 be a bounded subset of Rn
+ and W∞,+ be a set of nonnegative disturbances with unit

magnitude, i.e.,

W∞,+ = {w : R+ → R | 0 ≤ w(t) ≤ 1, ∀t ∈ [0,∞)}. (2.3)

Then, a reachable set of Σ≥0 equipped with the initial condition X0 and the disturbance condition
W∞,+ is denoted by R≥0(X0,W∞,+), which is defined as

R≥0(X0,W∞,+) = {x∗ ∈ Rn
+ | ∃t∗ ≥ 0, ∃φ ∈ Ln

∞(−∞, 0]
∣∣∣
X0
,

∃w ∈ W∞,+ s.t. ∃ a solution x : [0, t∗]→ Rn
+ to Σ≥0,

with initial condition φ and disturbance w satisfying x(t∗) = x∗, (2.4)

where Ln
∞(−∞, 0]

∣∣∣
X0

in (2.4) is defined by

Ln
∞(−∞, 0]

∣∣∣
X0

:= { f ∈ Ln
∞(−∞, 0] | f (s) ∈ X0 ∀s ∈ (−∞, 0]}. (2.5)

Intuitively, the elements in R≥0(X0,W∞,+) correspond to the endpoints of the solution arcs to Σ≥0 when
the associated initial conditions are given inside X0 and the disturbances are taken from W∞,+.

It is generally known in the literature [28] that it is quite difficult to exactly compute the reachable
set. Motivated by this issue, we aim at formulating a problem of bounding the reachable set by
taking an arbitrary convex polyhedron as the initial condition. To put it another way, for an arbitrarily
given convex polyhedron X0 ⊂ R

n
+, we tackle the following problem associated with estimating

R≥0(X0,W∞,+), which is graphically described as shown in Figure 1.
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Figure 1. The reachable set R≥0(X0,W∞,+) associated with X0 and its bounding polyhedron
K.

Problem 2.1. Let Σ≥0 be a positive system given in (2.1), X0 be a convex polyhedron in Rn
+, and W∞,+

be given as in (2.3). Then, find a convex polyhedron K in Rn
+ such that

R≥0(X0,W∞,+) ⊆ K. (2.6)

Note that X0 and K are assumed in Problem 2.1 to be convex polyhedrons in Rn
+. This implies that

there exist ci ∈ R
n (i = 1, 2, · · · ,NX0) and pi ∈ R

n (i = 1, 2, · · · ,NK) such that

X0 =
( NX0⋂

i=1

P(ci)
)
∩ Rn

+, K =
( NK⋂

i=1

P(pi)
)
∩ Rn

+, (2.7)

where P(p) means the p-normal half-plane in Rn defined in Table 2.

Remark 2.1. Problem 2.1 can be interpreted as providing a generalized formulation of that in [28],
where the zero initial condition (i.e.,X0 = {0}) and a constant delay (i.e., d(t) ≡ d) are only considered.

2.2. The case of positive systems without a time delay

This subsection tackles Problem 2.1 for the case where no delay exists in Σ≥0 (i.e., Ad = 0 in (2.1)).
To this end, we first introduce the definition of the robust forward invariance of sets [3] as follows.

Definition 2.2. Assume that Ad = 0 in (2.1) and the resulting Σ≥0 is a positive system. Let K(⊂ Rn
+) be

a given closed set and W∞,+ be the set defined in (2.3). Then, K is said to be robustly forward invariant
with respect to (Σ≥0,W∞,+) if every solution x to Σ≥0 with any initial condition φ and any disturbance
w such that φ(0) ∈ K and w ∈ W∞,+ satisfies x(t) ∈ K for all t ∈ [0,∞).

Based on Definition 2.2, we consider the following lemma, which characterizes Problem 2.1 in
terms of robust forward invariance of K.
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Lemma 2.1. Let Σ≥0 be a positive system in (2.1) with Ad = 0. Let X0,K ⊂ Rn
+ be convex polyhedrons

given in (2.7), and W∞,+ be as defined in (2.3). Then, if K is robustly forward invariant with respect to
(Σ≥0,W∞,+) such that X0 ⊂ K, then K satisfies (2.6) in Problem 2.1.

Proof. Let x∗ be an arbitrary element taken from R≥0(X0,W∞,+). Then, there exist t∗ ≥ 0, φ ∈
Ln
∞(−∞, 0]

∣∣∣
X0

, w ∈ W∞,+ such that there exists a corresponding solution x defined on [0, t∗] satisfying
the assertions in (2.4). Since φ ∈ Ln

∞(−∞, 0]
∣∣∣
X0

and X0 ⊂ K, it follows that φ(0) ∈ X0 ⊂ K, and thus
φ(0) ∈ K. This fact together with K being robustly forward invariant with respect to (Σ≥0,W∞,+) shows
that x(t) ∈ K for all t ∈ [0, t∗]. Since this means that x∗ = x(t∗), condition (2.6) is established. �

Since Lemma 2.1 provides a sufficient condition for satisfying (2.6) in Problem 2.1 in terms of
the robust forward invariance of K, we next establish an assertion for ensuring the sufficient condition.
The following proposition is effectively exploited to ensure the robust forward invariance of K, without
using explicit solutions x of Σ≥0.

Proposition 2.1. Let Σ≥0 be a positive system in (2.1) with Ad = 0. Let K ⊂ Rn
+ and W∞,+ be given

as (2.7) and (2.3), respectively. Let pi ∈ R
n (i = 1, 2, · · · ,NK) be nonzero vectors used for defining K

in (2.7). If there exist scalars αi ≥ 0, τi j ≥ 0 (i, j = 1, 2, · · · ,NK) such that
p>i A + αi p>i +

∑
j,i

τi j(p>i − p>j ) � 0,

p>i B − αi ≤ 0,
∀i = 1, 2, · · · ,NK , (2.8)

then K is robustly forward invariant with respect to (Σ≥0,W∞,+).

Although Proposition 2.1 is already available in [28], we provide a slightly modified proof tailored
to the flow and arguments of this paper, which will also be used in the subsequent developments.

Proof. Suppose that K is not robustly forward invariant with respect to (Σ≥0,W∞,+). Then, there exist
t∗ ≥ 0 and a solution x to Σ≥0 with the initial condition φ and the disturbance w such that φ(0) ∈ K
and w ∈ W∞,+ satisfying x(t∗) ∈ ∂K and x(t) < K for all t ∈ [t∗, t∗ + ε) for some small ε > 0. This fact
together with (2.7) implies that there exists an i ∈ {1, 2, · · · ,NK} satisfying p>i x(t∗) = 1 and p>i ẋ(t∗) > 0.

On the other hand, from the fact that x(t∗) is a point in K satisfying

p>i x(t∗) = 1, p>j x(t∗) ≤ p>i x(t∗) = 1,

for each j = 1, 2, · · · ,NK , this fact together with w(t∗) ∈ [0, 1] yields

(p>i − p>j )x(t∗) ≥ 0

and
p>i x(t∗) − w ≥ 0.

Then, we can rewrite p>i ẋ(t∗) as

p>i ẋ(t∗) = p>i (Ax(t∗) + Bw(t∗)) ≤
(
p>i A + αi p>i +

∑
j,i

τi j(p>i − p>j )
)
x(t∗) + (p>i B − αi)w(t∗), (2.9)

where the right-hand side of (2.9) is nonpositive due to (2.8) and the positivity of x(t∗), w(t∗), αi, and
τi j. This contradicts the fact that p>i ẋ(t∗) > 0, and thus the proof is established. �
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Note that, for a fixed set of pi ∈ R
n(i = 1, 2, · · · ,NK), the constraints in (2.8) are linear with respect

to αi and τi j for i, j ∈ {1, 2, · · · ,NK}. Therefore, a practical computational procedure corresponds to
selecting candidate values of pi from a finite set in Rn. For example, one might solve the resulting LP
feasibility problem with respect to αi and τi j for each candidate of pi. The feasibility of such an LP
problem can be readily verified by using a standard LP solver in MATLAB.

While the robust forward invariance of K is converted into a computationally tractable condition via
Proposition 2.1, it is still required to obtain anX0 ⊂ K in Lemma 2.1. To tackle this issue, we introduce
the following lemma.

Lemma 2.2 (Farkas lemma [29]). Let Q, R be matrices and v, φ be vectors with appropriate
dimensions. Then, the following two statements are equivalent.

(F1) Qv � ψ holds for all v such that Rv � φ.
(F2) There exists a matrix U � 0 such that

UR = Q, Uφ � ψ. (2.10)

Note that a direct employment of the assertion (F1) in Lemma 2.2 is not straightforward in general,
since there are infinitely many v’s to be verified. Hence, Lemma 2.2 is useful in the sense that we can
exploit the assertion (F2) instead of the assertion (F1). To apply Lemma 2.2, we obtain the following
proposition relevant to ensuring X0 ⊂ K for a given X0.

Proposition 2.2. Let X0,K ⊂ Rn
+ be given in (2.7) and pi ∈ R

n (i = 1, 2, · · · ,NK), ci ∈ R
n (i =

1, 2, · · · ,NX0) be nonzero vectors with respect to defining such X0 and K. Then, the relation X0 ⊂ K is
satisfied if and only if there exists ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0) such that

NX0∑
j=1

ui jc>j = p>i ,
NX0∑
j=1

ui j ≤ 1, ∀i = 1, 2, · · · ,NK . (2.11)

Proof. Suppose that X0 ⊂ K holds. Then, it follows from the definitions of X0 and K in (2.7) that

X0 = {v ∈ Rn
+ | Cv ≤ 1NX0

}, K = {v ∈ Rn
+ | Pv ≤ 1NK }, (2.12)

where 1k is a k-dimensional real vector consisting of 1’s for all components, and P ∈ RNK×n, C ∈ RNX0×n

are defined by

P =


p>1
...

p>NK

 , C =


c>1
...

c>NX0

 . (2.13)

Then, combining X0 ⊂ K with (2.12) implies that the assertion (F1) in Lemma 2.2 holds with

Q = P, R = C, ψ = 1NK , φ = 1NX0
. (2.14)

Applying the assertion (F2) in Lemma 2.2 with the above Q,R, ψ, φ, there exists a U = [ui j] � 0 such
that

UC = P, U1NX0
� 1NK . (2.15)
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By rewriting (2.15) with the components of U, P,C, it immediately follows that (2.15) is equivalent
to (2.11). Hence, there exists ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0) such that (2.11) holds. This
completes the proof for the necessary condition. The sufficient condition follows by exactly reversing
the above arguments. �

Note that for given pi and ci, the feasibility of (2.11) with respect to ui j can be checked by solving
an LP. Combining Propositions 2.1 and 2.2 with Lemma 2.1 leads to the following theorem, which
characterizes a solution of Problem 2.1 in terms of LP.

Theorem 2.1. Let Σ≥0 be a positive system in (2.1) with Ad = 0. Let X0,K ⊂ Rn
+ be the sets defined

in (2.7), and W∞,+ be as in (2.3). Then, the relation R≥0(X0,W∞,+) ⊂ K (i.e., (2.6)) holds, if there exist
αi ≥ 0 (i = 1, 2, · · · ,NK), τi j ≥ 0 (i, j = 1, 2, · · · ,NK), and ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0)
such that (2.8) and (2.11) are simultaneously satisfied.

Note that Theorem 2.1 implies that the decision variables in Propositions 2.1 and 2.2 can be
determined simultaneously once pi and c j are fixed. Accordingly, for a given set of c j, a computational
implementation of Theorem 2.1 can be carried out by using a grid search over pi ∈ R

n and, for each
candidate choice of pi, solving (2.8) and (2.11) for the other decision variables through some standard
LP solver. In contrast to [28], where reachable sets are considered only for X0 = {0}, Theorem 2.1
considers an extended version of reachable sets to the case where X0 is an arbitrarily given polyhedral
set.

2.3. The case of positive systems with a time-varying delay

This subsection aims at solving Problem 2.1 by relaxing the assumption in the preceding subsection
that Σ≥0 is not equipped with a time delay. To this end, we now allow Ad to be nonzero and assume that
the time-varying delay satisfies

0 < d(t) ≤ h, ∀t ≥ 0, (2.16)

for a given h > 0. Then, it is first required to characterize (2.6) in Problem 2.1 with respect to a forward
invariance of sets for the state space of Σ≥0, in a parallel fashion to Lemma 2.1. However, since Σ≥0

is equipped with a delay, it is natural to extend the robust forward invariance from the space of state
vectors to that of solution arcs.

Regarding this, we define a collection of L∞-bounded signals (or arcs), denoted by Ln
∞(h), as

Ln
∞(h) :=

⋃
t≥0

Ln
∞[t − h, t], (2.17)

where Ln
∞[t − h, t] is defined (for each t ≥ 0) as

Ln
∞[t − h, t] := {xt : [t − h, t]→ Rn

+ | sup
s∈[t−h,t]

|xt(s)|∞ < +∞} (2.18)

with xt in (2.18) being a history segment of x over [t− h, t]. On the basis of Ln
∞(h), we define the robust

forward invariance to a subset K of Ln
∞(h) as follows.

Definition 2.3. Let Σ≥0 be a positive system in (2.1) with Ad not necessarily zero and Ln
∞(h) be the set

defined in (2.17). Let K be a closed subset of Ln
∞(h) and W∞,+ be the set defined in (2.3). Then, K is
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said to be robustly forward invariant with respect to (Σ≥0,W∞,+) if every solution arc x : [0,∞) → Rn
+

for Σ≥0 with any initial condition φ and any disturbance w such that φ ∈ K ∩ Ln
∞[−h, 0] and w ∈ W∞,+

satisfies xt ∈ K for all t ∈ [0,∞).

To describe a robust forward invariant set that is helpful for characterizing (2.6) in Problem 2.1, we
define a linear functional V : Ln

∞(h)→ R for pi (i = 1, 2, · · · ,NK) used to define K in (2.7), an auxiliary
vector q ∈ Rn

+, and a scalar α ≥ 0 as

V(xt) := max
1≤i≤NK

Vi(xt), ∀xt ∈ Ln
∞(h), (2.19)

where

Vi(xt) := p>i x(t) +

∫ t

t−d(t)
eα(s−t)q>x(s) ds, ∀i = 1, 2, · · · ,NK , (2.20)

and this V(xt) is called an auxiliary functional [28]. This definition allows us to obtain the following
lemma associated with characterizing (2.6) in terms of V .

Lemma 2.3. Let Σ≥0 be a positive system given in (2.1), equipped with d(t) satisfying (2.16). Let
X0,K ⊂ Rn

+ be the sets in (2.7), and W∞,+ be as in (2.3). For V defined in (2.19), let us define
V−1((−∞, 1]) (⊂ Ln

∞(h)) as

V−1((−∞, 1]) := {xt ∈ Ln
∞(h) | V(xt) ≤ 1}. (2.21)

Then, the relation (2.6) in Problem 2.1 holds, i.e., R≥0(X0,W∞,+) ⊂ K, if V−1((−∞, 1]) is robustly
forward invariant with respect to (Σ≥0,W∞,+) such that

Ln
∞[−h, 0]

∣∣∣
X0
⊂ V−1((−∞, 1]), (2.22)

where Ln
∞[−h, 0]

∣∣∣
X0

is defined in (2.5).

Proof. Let x∗ be an arbitrary element taken from R≥0(X0,W∞,+). Then, by the definition of
R≥0(X0,W∞,+) in (2.4), there exist t∗ ≥ 0, φ ∈ Ln

∞(−∞, 0]
∣∣∣
X0

, w ∈ W∞,+ such that there exists
a corresponding solution x defined on [0, t∗] with initial condition φ and disturbance w satisfying
x(t∗) = x∗. Then, φ ∈ Ln

∞(−∞, 0]
∣∣∣
X0

together with (2.22) implies that φ ∈ V−1((−∞, 1]). This fact
together with V−1((−∞, 1]) being robustly forward invariant with respect to (Σ≥0,W∞,+) implies that
xt ∈ V−1((−∞, 1]) for all t ∈ [0, t∗]. Now, (2.21) implies V(xt) ≤ 1 for all t ∈ [0, t∗] and the positivity of
q implies that

p>i x(t) ≤ p>i x(t) +

∫ t

t−d(t)
eα(s−t)q>x(s)ds = Vi(xt) ≤ V(xt) ≤ 1 (2.23)

holds for each i = 1, 2, · · · ,NK and t ∈ [0, t∗]. Putting t = t∗ in (2.23) leads us to p>i x(t∗) = p>i x∗ ≤ 1 for
each i = 1, 2, · · · ,NK . Hence, x∗ ∈ K holds by (2.7). This establishes (2.6), completing the proof. �

Note that Lemma 2.3 is a generalized version of Lemma 2.1 in the sense that the reachable set
is estimated for positive systems that possibly involve delays. More precisely, the robust forward
invariance of V−1((−∞, 1]) is considered instead that of K, and the associated inclusion is generalized
from X0 ⊂ K to (2.22). Compared with [28], Problem 2.1 allows a general set of initial conditions,
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and thus this setting makes Lemma 2.3 additionally require (2.22) together with the robust forward
invariance condition. In [28], (2.22) is obviously satisfied since the initial set X0 is given to be trivial,
i.e., X0 = {0}.

Our next step is to convert the robust forward invariance of V−1((−∞, 1]) into more tractable
conditions. In this regard, we provide the following proposition on a sufficient condition for a robust
forward invariance of V−1((−∞, 1]).

Proposition 2.3. Let Σ≥0 be a positive system in (2.1) and W∞,+ be as in (2.3). Assume that d(t)
satisfies (2.16) for a given h > 0 and

|ḋ(t)| ≤ µ < 1, ∀t ≥ 0, (2.24)

for some µ ∈ (0, 1). If there exist pi ∈ R
n, τi j ≥ 0 (i, j = 1, 2, · · · ,NK), α ≥ 0, λ ∈ (0, 1), and q ∈ Rn

+

such that 
pT

i A + αpT
i + qT +

∑
j,i

τi j(pT
i − pT

j ) � 0,

pT
i Ad − e−αhqT (1 − µ) − λαpT

i � 0,

pT
i B − (1 − λ)α ≤ 0,

∀i = 1, 2, · · · ,NK , (2.25)

then V−1((−∞, 1]) is robustly forward invariant with respect to (Σ≥0,W∞,+), where V is generated by
using pi (i = 1, 2, · · · ,NK), α, and q.

Proof. Suppose that V−1((−∞, 1]) is not robustly forward invariant with respect to (Σ≥0,W∞,+). Then,
by Definition 2.3, there exist t∗ ≥ 0, φ ∈ K ∩ Ln

∞[−h, 0], w ∈ W∞,+, and a solution arc x to Σ≥0 with
initial condition φ and disturbance w such that V(xt∗) = 1 and V(xt) > 1 for all t ∈ [t∗, t∗ + ε) for some
small ε > 0. This implies that there exists i ∈ {1, 2, · · · ,NK} such that Vi(xt∗) = 1 and d

dt Vi(xt)|t=t∗ > 0.
However, we obtain

d
dt

Vi(xt)
∣∣∣∣
t=t∗

= pT
i ẋ(t∗) +

d
dt

(
e−αt

∫ t

t−d(t)
eαsqT x(s)ds

)∣∣∣∣
t=t∗

= pT
i ẋ(t∗) − α

∫ t∗

t∗−d(t∗)
eα(s−t∗)qT x(s)ds + qT x(t∗) − e−αd(t∗)qT x(t∗ − d(t∗))(1 − ḋ(t∗))

= pT
i ẋ(t∗) − α

(
Vi(xt)|t=t∗ − pT

i x(t∗)
)

+ qT x(t∗) − e−αid(t∗)qT x(t∗ − d(t∗))(1 − ḋ(t∗))

= pT
i (Ax(t∗) + Ad x(t∗ − d(t∗)) + Bw(t∗)) − α(1 − pT

i x(t∗)) + qT x(t∗)

− e−αd(t∗)qT x(t∗ − d(t∗))(1 − ḋ(t∗)). (2.26)

From the choice of i, we obtain

w(t∗) ≤ 1, pT
i x(t∗) ≥ pT

j x(t∗) ( j , i), pT
i x(t∗ − d(t∗)) ≤ 1. (2.27)

Then, combining (2.24), (2.26), and (2.27) together with the positivity of α, τi j, and λ leads to

d
dt

Vi(xt)
∣∣∣∣
t=t∗
≤ pT

i (Ax(t∗) + Ad x(t∗ − d(t∗)) + Bw(t∗)) − α(1 − pT
i x(t∗)) + qT x(t∗)

− e−αhqT x(t∗ − d(t∗))(1 − µ) + α(1 − λ)(1 − w(t∗))
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+
∑
j,i

τi j(pT
i − pT

j )x(t∗) + λα(1 − pT
i x(t∗ − d(t∗)))

= (pT
i A + αpT

i + qT +
∑
j,i

τi j(pT
i − pT

j ))x(t∗) + (pT
i Ad − e−αhqT (1 − µ) − λαpT

i )x(t∗ − d(t∗))

+ (pT
i B − α(1 − λ))w(t∗), (2.28)

where the last term in (2.28) is nonpositive due to (2.25) and the positivity of x(t∗), x(t∗ − d(t∗)), and
w(t∗). This contradicts the first assertion and thus the proof is established. �

Note that Proposition 2.3 is an extended version of Theorem 2 in [28], in the sense that the delays
are allowed to be time-varying. The time-varying delay affects the proof of Proposition 2.3 in the last
term of (2.26), and such an effect is bounded by using the delay upper bound h and its velocity bound
µ as given in (2.16) and (2.24), respectively. For fixed pi and α, the feasibility conditions for (2.25) in
Proposition 2.3 are linear in the remaining decision variables q, τi j, and λ, for which we can employ an
LP solver. The remaining task is to ensure the relation (2.22), and the following proposition provides
an associated sufficient condition.

Proposition 2.4. Let X0 be the set defined in (2.7) and ci ∈ R
n (i = 1, 2, · · · ,NX0) be the vectors used

to define X0 in (2.7). Let h > 0 be a given scalar satisfying (2.16). Then, if there exist pi ∈ R
n, ui j ≥ 0,

wi j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0), α ≥ 0, and q ∈ Rn
+ such that

NX0∑
j=1

ui jc>j = p>i ,
NX0∑
j=1

wi jc>j = q>,
NX0∑
j=1

ui j +
(1 − e−αh

α

) NX0∑
j=1

wi j ≤ 1, ∀i = 1, 2, · · · ,NK , (2.29)

then relation (2.22) holds for X0 and V, where V is determined by pi (i = 1, 2, · · · ,NK), α, and q.

Proof. To show that (2.22) holds, take an arbitrary φ ∈ Ln
∞[−h, 0]

∣∣∣
X0

. By its definition, φ ∈ Ln
∞[−h, 0]

satisfying φ(s) ∈ X0 for every s ∈ [−h, 0]. Then, it follows from the definition of X0 in (2.7) that

c>j φ(s) ≤ 1, ∀ j = 1, 2, · · · ,NX0 , ∀s ∈ [−h, 0]. (2.30)

Then, if we multiply ui j and wi j on both sides of (2.30) and take the sum from j = 1 to NX0 , then we
obtain 

p>i φ(0) =

NX0∑
j=1

ui jc>j φ(0) ≤
NX0∑
j=1

ui j, ∀i = 1, 2, · · · ,NK ,

q>φ(s) =

NX0∑
j=1

wi jc>j φ(s) ≤
NX0∑
j=1

wi j, ∀i = 1, 2, · · · ,NK , ∀s ∈ [−h, 0].

(2.31)

Based on (2.31), we obtain

V(φ) = max
1≤i≤NK

Vi(φ) ≤ max
1≤i≤NK

{
p>i φ(0) +

∫ 0

−h
eαsq>φ(s)ds

}
≤ max

1≤i≤NK

{ NX0∑
j=1

ui j +

∫ 0

−h
eαs

( NX0∑
j=1

wi j

)
ds

}
≤ max

1≤i≤NK

{ NX0∑
j=1

ui j +
( NX0∑

j=1

wi j

) ∫ 0

−h
eαsds

}
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≤ max
1≤i≤NK

{ NX0∑
j=1

ui j +
( NX0∑

j=1

wi j

)(1 − e−αh

α

)}
≤ 1, (2.32)

where the last inequality follows from the last condition in (2.29). Since this means that φ ∈
V−1((−∞, 1]), the proof is complete. �

Note that Proposition 2.4 not only gives us a sufficient condition for (2.22) but also provides us
with a computationally tractable condition for verifying (2.22). More precisely, for fixed pi and α, the
conditions in (2.29) are linear in ui j, wi j, and q, and their feasibility can therefore be checked via LP.
By combining Propositions 2.3 and 2.4 and Lemma 2.3, we obtain the following theorem, which gives
a sufficient condition for ensuring (2.6) to positive systems with delays.

Theorem 2.2. Let Σ≥0 be a positive system given in (2.1) and d(t) be given to satisfy (2.16) and (2.24).
Let X0,K ⊂ Rn

+ be the sets in (2.7), and W∞,+ be the set in (2.3). Then, K satisfies (2.6), i.e.,
R≥0(X0,W∞,+) ⊂ K, if there exist pi ∈ R

n, τi j ≥ 0 (i, j = 1, 2, · · · ,NK), α ≥ 0, λ ∈ (0, 1), q ∈ Rn
+,

ui j ≥ 0, and wi j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0) such that (2.25) and (2.29) are simultaneously
satisfied.

By conducting a grid search over pi and α, the remaining decision variables in Theorem 2.2, such
as τi j, λ, q, ui j, and wi j, can be determined simultaneously by solving an LP feasibility problem.

3. Extensions to general linear systems that are not necessarily positive

This section extends the results in Section 2 to general linear systems that are not necessarily
positive, since the arguments in the preceding section are no longer applicable to systems that possibly
have negative values for signals.

3.1. Problem formulation

Consider the following continuous-time linear system with a time delay, denoted by Σ, which is not
necessarily positive.

Σ :

ẋ(t) = Ax(t) + Ad x(t − d(t)) + Bw(t),
x(t) = φ(t), ∀t ∈ (−∞, 0].

(3.1)

Here, x(t) ∈ Rn, w(t) ∈ R, d(t) > 0, and φ : (−∞, 0] → Rn have the same meanings as those in (2.1).
However, Σ in (3.1) is not assumed to be positive. Hence, A is not necessarily Metzler, and Ad, B, x(t),
and w(t) are not necessarily nonnegative.

By allowing negative values for the state and disturbance, we define the disturbance set W∞ and the
reachable set R(X0,W∞) associated with an initial set X0 ⊂ R

n, respectively, by

W∞ := {w : R+ → R | − 1 ≤ w(t) ≤ 1, ∀t ∈ [0,∞)}, (3.2)

R(X0,W∞) := {x∗ ∈ Rn | ∃t∗ ≥ 0, ∃φ ∈ Ln
∞(−∞, 0]

∣∣∣
X0
, ∃w ∈ W∞ s.t. ∃ a solution x : [0, t∗]→ Rn,

to Σ with initial condition φ and disturbance w satisfying x(t∗) = x∗. (3.3)

Note that W∞ and R(X0,W∞) are the counterparts for W∞,+ and R≥0(X0,W∞,+) defined in Section 2,
respectively, when negative values of the disturbance and state are allowed. The problem of estimating
reachable sets considered in this section is graphically illustrated in Figure 2 and formulated as follows.
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Problem 3.1. Let Σ be the system given in (3.1), X0 be a convex polyhedron in Rn, and W∞ be the set
given in (3.2). Then, find a convex polyhedron K in Rn such that

R(X0,W∞) ⊂ K. (3.4)

Note that Problem 3.1 generalizes Problem 2.1 in the sense that Σ in (3.1) is not required to
be positive. This generalization also extends the framework given in [28], in which only positive
systems are taken into account. Since X0 and K in Problem 3.1 are convex polyhedrons in Rn, they
are represented by

X0 =

NX0⋂
i=1

P(ci), K =

NK⋂
i=1

P(pi, (3.5)

where, in general, X0 and K are not necessarily contained in Rn
+.

Figure 2. The reachable set R(X0,W∞) associated with X0 and its bounding polyhedron K.

3.2. The case of general linear systems without a delay

This subsection considers Problem 3.1 for the delay-free case, i.e., Ad = 0 in (3.1). In a parallel
fashion to Lemma 2.1 in Section 2, the following lemma characterizes condition (3.4) in terms of the
robust forward invariance of K.

Lemma 3.1. Let Σ be a linear system in (3.1) with Ad = 0. Let X0,K ⊂ Rn be the sets given in (3.5),
and W∞ be the set defined in (3.2). Then, if K is robustly forward invariant with respect to (Σ,W∞) such
that X0 ⊂ K, then K satisfies (3.4) in Problem 3.1.

Note that the notion of robust forward invariance used in Lemma 3.1 is defined exactly the same
with Definition 2.2, except that the set of disturbances are generalized from W∞,+ to W∞. The proof of
Lemma 3.1 is omitted, since it is parallel to that of Lemma 2.1.

The following proposition characterizes the forward invariance of K in terms of conditions that are
independent to explicit solutions x to Σ, in a parallel fashion to Proposition 2.1.
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Proposition 3.1. Let Σ be a system in (3.1) with Ad = 0. Let K ⊂ Rn and W∞ be given as in (3.5)
and (3.2), respectively. Let pi (i = 1, 2, · · · ,NK) be the nonzero vectors used for defining K in (3.5). If
there exist τi j ≥ 0, ν+

i ≥ 0, ν−i ≥ 0, and βi ≥ 0 (i, j = 1, 2, · · · ,NK) such that

p>i A =

NK∑
j=1

τi j p>j − βi p>i ,

p>i B = ν+
i − ν

−
i ,

NK∑
j=1

τi j − βi + ν+
i + ν−i ≤ 0,

∀i = 1, 2, · · · ,NK , (3.6)

then K is robustly forward invariant with respect to (Σ,W∞).

Proof. Suppose that K is not robustly forward invariant with respect to (Σ,W∞). Then, by essentially the
same argument as in Proposition 2.1, there exist t∗ ≥ 0 and a solution x to Σ with the initial condition φ
and the disturbance w such that φ(0) ∈ K and w ∈ W∞, and there exists an i ∈ {1, 2, · · · ,NK} satisfying
p>i x(t∗) = 1 and p>i ẋ(t∗) > 0. However, combining (3.6) with p>i x(t∗) = 1, p>j x(t∗) ≤ 1 for each
j = 1, 2, · · · ,NK , and |w(t∗)| ≤ 1 allows us to estimate p>i ẋ(t∗) as

p>i ẋ(t∗) = p>i (Ax(t∗) + Bw(t∗)) =
( NK∑

j=1

τi j p>j − βi p>i
)
x(t∗) + (ν+

i − ν
−
i )w(t∗)

≤

NK∑
j=1

τi j − βi + ν+
i + ν−i ≤ 0, (3.7)

which contradicts the fact that p>i ẋ(t∗) > 0. Thus, the proof is established. �

Compared with Proposition 2.1, where the terms p>i A and p>i B are handled by the relevant upper
bounds as in (2.8), condition (3.6) requires them to be represented explicitly through equalities. This
difference arises because x(t) and w(t) in the present setting are not necessarily nonnegative, and
therefore their contributions in suppressing pT

i ẋ(t) as in (3.7) cannot be bounded directly by using
their sign information.

Note that, for a fixed set of pi ∈ R
n (i = 1, 2, · · · ,NK), the constraints in (3.6) are linear with respect

to τi j, ν+
i , ν−i , and βi. Therefore, one may select candidate values of pi from a finite set in Rn and solve

the resulting LP feasibility problem with respect to τi j, ν+
i , ν−i , and βi for each candidate choice of pi.

While Proposition 3.1 provides a computationally tractable condition for the robust forward
invariance of K, the inclusionX0 ⊂ K is still required to be verified to apply Lemma 3.1. This inclusion
can be verified by directly employing Proposition 2.2, which is also applicable to polyhedrons X0,K ⊂
Rn. More precisely, X0 ⊂ K is ensured if there exists ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0)
such that (2.11) holds. Combining this fact with Proposition 3.1 and Lemma 3.1 yields the following
theorem.

Theorem 3.1. Let Σ be a system in (3.1) with Ad = 0. Let X0,K ⊂ Rn be the sets defined in (3.5), and
W∞ be as in (3.2). Then, the relation R(X0,W∞) ⊂ K (i.e., (3.4)) holds, if there exist τi j ≥ 0, ν+

i ≥ 0,
ν−i ≥ 0, βi ≥ 0 (i, j = 1, 2, · · · ,NK), and ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0) such that (2.11)
and (3.6) are simultaneously satisfied.
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For a fixed set of pi, the remaining decision variables in Theorem 3.1, namely, τi j, ν+
i , ν−i , βi, and

ui j, can be determined simultaneously by solving an LP problem.

3.3. The case of general linear systems with a time-varying delay

This subsection extends the arguments in Section 3.2 to general linear systems equipped with time-
varying delays. Throughout this subsection, d(t) is assumed to satisfy (2.16) and (2.24), for some given
h > 0 and 0 < µ < 1.

In a parallel fashion to the case of a positive system with delays in Section 2, we characterize (3.4)
in terms of a robustly forward invariant sublevel set of a linear functional. To this end, we define
V̂ : Ln

∞(h)→ R by
V̂(xt) := max

1≤i≤Nk
V̂i(xt), ∀xt ∈ Ln

∞(h), (3.8)

where

V̂i(xt) := p>i x(t) +

∫ t

t−d(t)
eα(s−t)q>|x(s)|ds, ∀i = 1, 2, · · · ,NK , (3.9)

where pi ∈ R
n, q ∈ Rn

+, and α ≥ 0 are nonzero vectors, an auxiliary vector, and a scalar, respectively.
Here, |x| ∈ Rn denotes the vector obtained by taking the absolute value of each component of x ∈ Rn,
i.e.,

|x| :=
[
|x1| |x2| · · · |xn|

]>
, ∀x ∈ Rn. (3.10)

The difference between V̂ in (3.8) and V in (2.19) is that the absolute value of x(s), taken in a
componentwise sense, is used in the integrand of (3.9). Since q � 0, this makes the integral in (3.9)
nonnegative, and yields

V̂(xt) ≤ 1 ⇒ p>i x(t) ≤ 1, ∀i = 1, 2, · · · ,NK , (3.11)

which equivalently implies that

x(t) ∈ K
(

=

NK⋂
i=1

P(pi)
)
, ∀xt ∈ Ln

∞(h) s.t. V̂(xt) ≤ 1. (3.12)

This observation leads us to the following lemma, which characterizes (3.4) in Problem 3.1 in terms of
robust forward invariance of a set associated with V̂ .

Lemma 3.2. Let Σ be a system in (3.1) equipped with d(t) satisfying (2.16). Let X0,K ⊂ Rn be the sets
given in (3.5), and W∞ be the set defined in (3.2). For V̂ defined in (3.8), we define V̂−1((−∞, 1]) as

V̂−1((−∞, 1]) := {xt ∈ Ln
∞(h) | V̂(xt) ≤ 1}. (3.13)

Then, (3.4) in Problem 3.1 holds, i.e., R(X0,W∞) ⊂ K, if V̂−1((−∞, 1]) is robustly forward invariant
with respect to (Σ,W∞) such that

Ln
∞[−h, 0]

∣∣∣
X0
⊂ V̂−1((−∞, 1]). (3.14)
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Note that the notion of robust forward invariance in Lemma 3.2, used for V̂−1((−∞, 1]), is defined
essentially the same as in Definition 2.3 in Section 2, except that the state and disturbances are allowed
to be nonpositive. Lemma 3.2 reduces the estimation problem of reachable sets to ensuring the robust
forward invariance of V̂−1((−∞, 1]) together with (3.14). Our next step is to derive a tractable condition
for the robust forward invariance of V̂−1((−∞, 1]). However, unlike the case of V defined for positive
systems, differentiation of V̂ involves the terms |x(t)| and |x(t − d(t))|, which are nonlinear with respect
to x(t) and x(t − d(t)).

To handle these absolute-value terms, we introduce the set of sign vectors {−1, 1}n ⊂ Rn, defined by

{−1, 1}n := {σ = (σ1, σ2, · · · , σn) ∈ Rn | σi ∈ {−1, 1}, ∀i ∈ {1, 2, · · · , n}}. (3.15)

Then, it follows that for each x ∈ Rn, there exists σ ∈ {−1, 1}n such that

|x| = Dσx, (3.16)

where
Dσ := diag(σ1, σ2, · · · , σn) ∈ Rn×n. (3.17)

Note that a sign vector σ ∈ {−1, 1}n allows |x| to be linearized as Dσx. This fact allows us to obtain
the following proposition, which provides a sufficient condition for a robust forward invariance of
V̂−1((−∞, 1]).

Proposition 3.2. Let Σ be a system in (3.1) and W∞ be the set defined in (3.2). Assume that d(t) is given
to satisfy (2.16) and (2.24). Let Dσ,Dρ be defined as in (3.17). If there exist pi ∈ R

n, γσ,ρi j ≥ 0, τσ,ρi j ≥ 0,
χ
σ,ρ
i j ≥ 0, δσ,ρi ∈ Rn

+, ωσ,ρ
i ∈ Rn

+, νσ,ρi,+ ≥ 0, and νσ,ρi,− ≥ 0 for each i, j = 1, 2, · · · ,NK and σ, ρ ∈ {−1, 1}n,
and α > 0 such that

p>i A + αp>i + q>Dσ =

NK∑
j=1

γ
σ,ρ
i j p>j +

NK∑
j=1

τ
σ,ρ
i j (p>j − p>i ) − (δσ,ρi )>Dσ,

p>i Ad − e−αh(1 − µ)q>Dρ =

NK∑
j=1

χ
σ,ρ
i j p>j − (ωσ,ρ

i )>Dρ,

p>i B = ν
σ,ρ
i,+ − ν

σ,ρ
i,− ,

NK∑
j=1

γ
σ,ρ
i j +

NK∑
j=1

χ
σ,ρ
i j + ν

σ,ρ
i,+ + ν

σ,ρ
i,− ≤ α,

∀i = 1, 2, · · · ,NK ,

∀σ, ρ ∈ {−1, 1}n,
(3.18)

then V̂−1((−∞, 1]) is robustly forward invariant with respect to (Σ,W∞), where V̂ is generated by pi

(i = 1, 2, · · · ,NK), α, and q.

Proof. Suppose that V̂−1((−∞, 1]) is not robustly forward invariant with respect to (Σ,W∞). Then, it
follows from essentially similar arguments with Proposition 2.3 that there exist t∗ ≥ 0, φ ∈ K ∩
Ln
∞[−h, 0], w ∈ W∞, and a solution arc x to Σ with initial condition φ and disturbance w such that there

exists i ∈ {1, 2, · · · ,NK} such that V̂i(xt∗) = 1 and d
dt V̂i(xt)

∣∣∣
t=t∗

> 0.
On the other hand, we can estimate d

dt V̂i(xt)
∣∣∣
t=t∗

by using (2.16) and (2.24) as

d
dt

V̂i(xt)
∣∣∣∣
t=t∗
≤ pT

i (Ax(t∗) + Ad x(t∗ − d(t∗)) + Bw(t∗)) − α(1 − pT
i x(t∗)) + qT |x(t∗)|
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− e−αhqT |x(t∗ − d(t∗))|(1 − µ). (3.19)

For the given fixed t∗, choose σ, ρ ∈ {−1, 1}n such that

|x(t∗)| = Dσx(t∗), |x(t∗ − d(t∗))| = Dρx(t∗ − d(t∗)). (3.20)

Then, by putting (3.20) into (3.19), we obtain that

d
dt

V̂i(xt)
∣∣∣∣
t=t∗
≤ (p>i A + αp>i + q>Dσ)x(t∗)

+ (p>i Ad − e−αh(1 − µ)q>Dρ)x(t∗ − d(t∗)) + p>i Bw(t∗) − α, (3.21)

where substitution of (3.18) into (3.21) allows us to continue the right-hand side of (3.21) by

≤
( NK∑

j=1

γ
σ,ρ
i j p>j +

NK∑
j=1

τ
σ,ρ
i j (p>j − p>i ) − (δσ,ρi )>Dσ

)
x(t∗) +

( NK∑
j=1

χ
σ,ρ
i j p>j − (ωσ,ρ

i )>Dρ

)
x(t∗ − d(t∗))

+ (νσ,ρi,+ − ν
σ,ρ
i,− )w(t∗) − α. (3.22)

Then, from the choice of i, we use

p>j x(t∗) ≤ 1, p>j x(t∗) ≤ p>i x(t∗),

and p>j x(t∗ − d(t∗)) ≤ 1 for each j = 1, 2, · · · ,NK to continue (3.22) as

≤
( NK∑

j=1

γ
σ,ρ
i j +

NK∑
j=1

χ
σ,ρ
i j + ν

σ,ρ
i,+ + ν

σ,ρ
i,−

)
− (δσ,ρi )>|x(t∗)| − (ωσ,ρ

i )>|x(t∗ − d(t∗))| − α

≤
( NK∑

j=1

γ
σ,ρ
i j +

NK∑
j=1

χ
σ,ρ
i j + ν

σ,ρ
i,+ + ν

σ,ρ
i,−

)
− α, (3.23)

where the last term in (3.23) is nonpositive due to the last inequality in (3.18). This contradicts the fact
that d

dt V̂i(xt)
∣∣∣
t=t∗

> 0, and hence the proof is established. �

Note that, for fixed pi and α, the conditions in (3.18) are linear with respect to the remaining
decision variables, and can therefore be checked by solving an LP feasibility problem. This LP
formulation is enabled by extending the framework in Proposition 3.1 to deal with time-varying delays,
while removing the nonlinearity arising from the absolute-value terms through the finite enumeration
of the sign variables σ, ρ ∈ {−1, 1}n. This treatment constitutes the main technical contribution of
Proposition 3.2. However, this enumeration increases the computational cost, since the conditions
in (3.18) must be imposed for NK4n combinations of i ∈ {1, 2, · · · ,NK}, σ ∈ {1, 2, · · · , 2n}, and
ρ ∈ {1, 2, · · · , 2n}, and thus the number of associated constraints (and equations) grows exponentially
with respect to the state dimension n.

To alleviate the computational burden associated with the sign enumeration in Proposition 3.2, we
next derive an alternative sufficient condition that does not require enumeration over σ and ρ. For this
purpose, we assume that there exists a known scalar M > 0 such thatφ ∈ Ln

∞[−h, 0]
∣∣∣
X0
,

w ∈ W∞
⇒ |x(t)|∞ ≤ M, ∀t ∈ [0,∞). (3.24)
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Note that (3.24) imposes a uniform bound on the state trajectories generated by the admissible initial
conditions and disturbances. Based on this assumption, we obtain the following proposition, which is
an alternative result of Proposition 3.2.

Proposition 3.3. Let Σ be a system in (3.1) and W∞ be the set defined in (3.2). Assume that d(t) is
given to satisfy (2.16) and (2.24). Let M > 0 be a constant satisfying (3.24) for Σ. If there exist pi ∈ R

n,
γi j ≥ 0, τi j ≥ 0, ri ∈ R

n
+, si ≥ 0 (i, j = 1, 2, · · · ,NK), q ∈ Rn

+, and α > 0 such that

p>i A + αp>i =

NK∑
j=1

γi j p>j +

NK∑
j=1

τi j(p>j − p>i ),

−r>i � p>i Ad � r>i ,

−si � p>i B � si,
NK∑
j=1

γi j + Mr>i 1n + si + Mq>1n ≤ α,

∀i = 1, 2, · · · ,NK , (3.25)

then V̂−1((−∞, 1]) is robustly forward invariant with respect to (Σ,W∞), where V̂ is generated by using
pi (i = 1, 2, · · · ,NK), α, and q.

Proof. Suppose that V̂−1((−∞, 1]) is not robustly forward invariant with respect to (Σ,W∞). Then,
similarly to Proposition 3.2, there exist t∗ ≥ 0, φ ∈ K ∩ Ln

∞[−h, 0], w ∈ W∞, and a solution arc
x to Σ with initial condition φ and disturbance w such that there exists i ∈ {1, 2, · · · ,NK} such that
V̂i(xt∗) = 1 and d

dt V̂i(xt)
∣∣∣
t=t∗

> 0.
Then, by discarding the last term depending on |x(t∗ − d(t∗))| in (3.19), we obtain that

d
dt

V̂i(xt)
∣∣∣∣
t=t∗
≤ p>i (Ax(t∗) + Ad x(t∗ − d(t∗)) + Bw(t∗)) − α(1 − p>i x(t∗)) + q>|x(t∗)|

≤ (p>i A + αp>i )x(t∗) + p>i Ad x(t∗ − d(t∗)) + p>i Bw(t∗) + q>|x(t∗)| − α. (3.26)

Substituting (3.25) and (3.24) into the right-hand side of (3.26) yields

≤
( NK∑

j=1

γi j p>j +

NK∑
j=1

τi j(p>j − p>i )
)
x(t∗) + r>i |x(t∗)|∞ + si|w(t∗)| + q>|x(t∗)|∞ − α

≤
( NK∑

j=1

γi j p>j +

NK∑
j=1

τi j(p>j − p>i )
)
x(t∗) + Mr>i 1n + si + Mq>1n − α. (3.27)

Combining (3.26) and (3.27) together with p>j x(t∗) ≤ 1 and p>j x(t∗) ≤ p>i x(t∗) for each j = 1, 2, · · · ,NK

allows us to obtain

d
dt

V̂i(xt)
∣∣∣∣
t=t∗
≤

( NK∑
j=1

γi j + Mr>i 1n + si + Mq>1n

)
− α, (3.28)

where the last inequality in (3.25) shows that the right-hand side of (3.28) is nonpositive. This
contradicts to the fact that d

dt V̂i(xt)
∣∣∣
t=t∗

> 0, showing that the first assertion is a contradiction. The
proof is established. �
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For fixed M and pi, the conditions in (3.25) are linear with respect to γi j, τi j, ri, si, q, and α, and can
therefore be checked via LP. Compared with Proposition 3.2, Proposition 3.3 involves fewer constraints
and decision variables because no sign enumeration is required. This reduction in computational burden
is obtained by employing an additional conservatism from discarding the negative delayed-state term
in (3.19).

Since Propositions 3.2 and 3.3 provide sufficient conditions for the robust forward invariance
of V̂−1((−∞, 1]), the remaining condition in Lemma 3.2 is the inclusion in (3.14). The following
proposition provides a sufficient condition for ensuring (3.14).

Proposition 3.4. Let X0 be the set defined in (3.5) and ci (i = 1, 2, · · · ,NX0) be the vectors used to
define X0 in (3.5). Let h > 0 be given to satisfy (2.16). Let Dσ be defined as (3.17). Then, if there
exist pi ∈ R

n (i = 1, 2, · · · ,NK), ui j ≥ 0 (i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0), q ∈ Rn
+, ζ ≥ 0, rσi ≥ 0

(i = 1, 2, · · · ,NX0) for each σ ∈ {−1, 1}n such that

NX0∑
j=1

ui jc>j = p>i ,
NX0∑
j=1

rσj c>j = q>Dσ,

NX0∑
j=1

rσj ≤ ζ,
NX0∑
j=1

ui j +
(1 − e−αh

α

)
ζ ≤ 1,

∀i = 1, 2, · · · ,NK ,

∀σ ∈ {−1, 1}n,
(3.29)

then relation (3.14) holds for X0 and V̂, where V̂ is determined by pi (i = 1, 2, · · · ,NK), α, and q.

Proof. To show that (3.14) holds, take an arbitrary φ ∈ Ln
∞[−h, 0]

∣∣∣
X0

. Then, it follows from the first
term in (3.29) together with similar arguments to the proof of Proposition 2.4 that

c>j φ(s) ≤ 1, ∀ j = 1, 2, · · · ,NX0 , ∀s ∈ [−h, 0],

p>i φ(0) =

NX0∑
j=1

ui jc>j φ(0) ≤
NX0∑
j=1

ui j, ∀i = 1, 2, · · · ,NK .
(3.30)

By using the fact that |φ(s)| = maxσ∈{−1,1}n Dσφ(s), it follows from (3.29) that

q>|φ(s)| = max
σ∈{−1,1}n

(
q>Dσφ(s)

)
= max

σ∈{−1,1}n

( NX0∑
j=1

rσj c>j φ(s)
)
≤ max

σ∈{−1,1}n

NX0∑
j=1

rσj ≤ ζ, ∀s ∈ [−h, 0]. (3.31)

Then, combining (3.30) and (3.31) with the last inequality in (3.29) leads us to obtain

V̂(φ) = max
1≤i≤NK

V̂i(φ) ≤ max
1≤i≤NK

{
p>i φ(0) +

∫ 0

−h
eαsq>|φ(s)|ds

}
≤ max

1≤i≤NK

{ NX0∑
j=1

ui j + ζ

∫ 0

−h
eαsds

}
≤ max

1≤i≤NK

{ NX0∑
j=1

ui j +
(1 − e−αh

α

)
ζ
}
≤ 1. (3.32)

Since this means that φ ∈ V̂−1((−∞, 1]), the proof is complete. �
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Note that, for fixed pi and α, the conditions in (3.29) are linear with respect to ui j, q, ζ, and rσj , and
their feasibility can therefore be checked via LP. By combining Propositions 3.2–3.4 with Lemma 3.2,
we obtain the following theorem, which provides sufficient conditions for ensuring (3.4) for general
linear systems with time-varying delays.

Theorem 3.2. Let Σ be a system in (3.1) and d(t) be given to satisfy (2.16) and (2.24). Let X0,K ⊂ Rn

be the sets given in (3.5), and W∞ be the set in (3.2). Then, the relation R(X0,W∞) ⊂ K (i.e., (3.4))
holds if either one of the following statements holds.

• There exist pi ∈ R
n, γσ,ρi j ≥ 0, τσ,ρi j ≥ 0, χσ,ρi j ≥ 0, δσ,ρi ∈ Rn

+, ωσ,ρ
i ∈ Rn

+, νσ,ρi,+ ≥ 0, and νσ,ρi,− ≥ 0,
for each i, j = 1, 2, · · · ,NK and σ, ρ ∈ {−1, 1}n, and α > 0, and ui j ≥ 0 (i = 1, 2, · · · ,NK ,
j = 1, 2, · · · ,NX0), ζ ≥ 0, and rσi ≥ 0, for each σ ∈ {−1, 1}n, such that (3.18) and (3.29) are
simultaneously satisfied.

• Assume that there exists M > 0 such that (3.24) holds for Σ, which provides a uniform bound
on the state trajectories generated by all initial conditions in X0 and disturbances in W∞. There
exist pi ∈ R

n, γi j ≥ 0, τi j ≥ 0, ri ∈ R
n
+, si ≥ 0 (i, j = 1, 2, · · · ,NK), q ∈ Rn

+, α > 0, ui j ≥ 0
(i = 1, 2, · · · ,NK , j = 1, 2, · · · ,NX0), ζ ≥ 0, and rσi ≥ 0, for each σ ∈ {−1, 1}n, such that (3.25)
and (3.29) are simultaneously satisfied.

Note that the first statement in Theorem 3.2 is obtained by combining Propositions 3.2 and 3.4 with
Lemma 3.2, whereas the second statement follows by replacing Proposition 3.2 with Proposition 3.3
in the derivation of the first statement. Since Proposition 3.3 is established under the additional
assumption that a uniform state bound M satisfying (3.24) is available, this assumption is inherited
by the second statement. Hence, the second statement provides an alternative sufficient condition to
the first statement. Moreover, it reduces the computational burden relative to the first statement, since
the number of sign-enumeration indices associated with σ and ρ is significantly reduced by employing
Proposition 3.3 instead of Proposition 3.2.

For the first statement, a grid search over pi and α can be combined with an LP feasibility test for
the remaining decision variables in (3.18) and (3.29). For the second statement, once M is given, a
grid search over pi can be combined with an LP feasibility test for the remaining decision variables
in (3.25) and (3.29). Thus, both sufficient conditions in Theorem 3.2 can be implemented by using
finite parameter searches together with standard LP solvers.

4. Numerical examples

This section provides numerical examples that verify feasibility and effectiveness of the proposed
results for bounding reachable sets.

4.1. Examples of positive systems

Consider the system Σ≥0 in (2.1) with

A =

[
−3 0
0.1 −2.5

]
, B =

[
1
1

]
. (4.1)
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To apply Theorem 2.1, we consider three different initial sets, i.e., X0 ∈ {X
(a)
0 , X(b)

0 , X(c)
0 }, where

X
(a)
0 = {0}, X

(b)
0 =

( 5⋂
i=1

P(c(b)
i )

)
∩ R2

+, X
(c)
0 =

( 5⋂
i=1

P(c(c)
i )

)
∩ R2

+, (4.2)

with c(l)
i ∈ R

2 (i = 1, 2, · · · , 5, l ∈ {b, c}) given in matrix form by

C(b) =


(c(b)

1 )>

(c(b)
2 )>

(c(b)
3 )>

(c(b)
4 )>

(c(b)
5 )>


=


10 20
10 0
10 −10
0 20
−20 20


, C(c) =


(c(c)

1 )>

(c(c)
2 )>

(c(c)
3 )>

(c(c)
4 )>

(c(c)
5 )>


=


20 7.692
20 0
20 −20
0 7.692

−7.692 7.692


. (4.3)

Then, by applying Theorem 2.1 for each l ∈ {a, b, c}, we find bounding polyhedrons K(l) such that
R≥0(X(l)

0 ,W∞,+) ⊂ K(l) is satisfied. More precisely, for each l ∈ {a, b, c}, the set of vectors p(l)
i (i =

1, 2, 3, 4), which parameterize K(l) as K(l) =
(⋂4

i=1P(p(l)
i )

)
∩ R2

+, is found such that (2.8) and (2.11) are
feasible, and the resulting vectors (where the remaining parameters used for verifying the feasibility
are provided in [30]) are summarized in matrix form as

P(a) =


(p(a)

1 )>

(p(a)
2 )>

(p(a)
3 )>

(p(a)
4 )>

 =


2.994 0
50.00 −50.00

0 2.414
−12.47 12.47

 , P(b) =


(p(b)

1 )>

(p(b)
2 )>

(p(b)
3 )>

(p(b)
4 )>

 =


3.000 0
10.00 −10.00

0 0.4927
−6.217 6.217

 ,

P(c) =


(p(c)

1 )>

(p(c)
2 )>

(p(c)
3 )>

(p(c)
4 )>

 =


3.000 0
20.00 −20.00

0 0.9854
−6.721 6.721

 . (4.4)

To demonstrate the validity of the sets K(l) obtained in (4.4), the sets K(l) and state trajectories
initialized from X(l)

0 are plotted in Figure 3, for each l ∈ {a, b, c}. As shown in Figure 3, all such state
trajectories are contained in K(l) for each l ∈ {a, b, c}, numerically confirming thatR≥0(X(l)

0 ,W∞,+) ⊂ K(l)

holds. In particular, since X(b)
0 and X(c)

0 are sets other than {0}, Theorem 2.1 is regarded to extend the
framework of [28], in which bounding polyhedrons are computed only for zero initial conditions.

To further demonstrate the necessity of developing Theorem 2.1 beyond [28], we compare the
resulting polyhedrons in Figure 3. When nonzero initial sets are considered (i.e., X(b)

0 and X(c)
0 ), the

corresponding bounding polyhedrons K(b) and K(c) become larger than K(a), which is equipped with
X

(a)
0 = {0}. This enlargement is necessary because there are some trajectories initialized from the

nonzero initial sets lying outside K(a). Theorem 2.1 explicitly accounts for such effects from initial sets
and determines bounding polyhedrons that contain the corresponding trajectories, thereby generalizing
the result of [28].
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Figure 3. Polyhedral sets obtained from Theorem 2.1 bounding reachable sets for three
different initial sets Xl

0 (l ∈ {a, b, c}).

We next provide a numerical example to verify the effectiveness of Theorem 2.2, with particular
emphasis on the dependence of the resulting bounding polyhedral sets on the delay parameters.
Consider the system Σ≥0 in (2.1) with

A =

[
−3 0
0.1 −2.5

]
, Ad =

[
0.2 0
0 0.1

]
, B =

[
1
1

]
. (4.5)

In contrast to the preceding example for Theorem 2.1, where different initial sets are considered, we
fix a nonzero initial set and investigate how the bounding polyhedron varies with the delay parameters
h and µ. More precisely, let X0 =

(⋂6
i=1P(ci)

)
∩R2

+ be given to be fixed, where ĉi ∈ R
2 (i = 1, 2, . . . , 6)

are given in matrix form by

Ĉ =



ĉ>1
ĉ>2
ĉ>3
ĉ>4
ĉ>5
ĉ>6


=



2.2406 3.6664
0.9525 13.9706
2.2406 0
2.2406 −2.2406

0 13.9706
−13.9706 13.9706


. (4.6)

For X0 given by (4.6), we consider the following four cases of the delay parameters (h, µ):

(h, µ) = (0.1, 0), (0.1, 0.1), (0.5, 0.1), (0.5, 0.5). (4.7)

These cases are denoted by (a), (b), (c), and (d), respectively. For each case, the time-varying delay
d(t) is allowed to be any function satisfying (2.16) and (2.24), i.e., 0 < d(t) ≤ h and |ḋ(t)| ≤ µ, with
the corresponding pair (h, µ) given in (4.7). Then, by solving the constraints in (2.25) and (2.29) in
Theorem 2.2 for each case (a)–(d), the values for p̂(l)

i (i = 1, 2, 3, 4, l ∈ {a, b, c, d}), ensuring feasibility
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of (2.25) and (2.29) in Theorem 2.2, are obtained in matrix form by

P̂(a) =


( p̂(a)

1 )>

( p̂(a)
2 )>

( p̂(a)
3 )>

( p̂(a)
4 )>

 =


1.7728 0
1.7728 −1.7728

0 1.9000
−3.3285 3.3285

 , P̂(b) =


( p̂(b)

1 )>

( p̂(b)
2 )>

( p̂(b)
3 )>

( p̂(b)
4 )>

 =


1.7150 0
1.7150 −1.7150

0 1.7150
−3.1282 3.1282

 ,

P̂(c) =


(p̂(c)

1 )>

(p̂(c)
2 )>

(p̂(c)
3 )>

(p̂(c)
4 )>

 =


1.6625 0
1.6625 −1.6625

0 1.6625
−3.1282 3.1282

 , P̂(d) =


( p̂(d)

1 )>

( p̂(d)
2 )>

( p̂(d)
3 )>

( p̂(d)
4 )>

 =


1.4250 0
1.4250 −1.4250

0 1.4250
−2.7212 2.7212

 , (4.8)

where the corresponding auxiliary vectors q = q(l) ∈ R2
+ (l ∈ {a, b, c, d}) are determined by

q(a) =

[
0.2165

0

]
, q(b) =

[
0.3745
0.2691

]
, q(c) =

[
0.4985
0.1042

]
, q(d) =

[
0.7542
0.2880

]
. (4.9)

The remaining feasible parameters, including τi j, ui j, and wi j, are provided in [30]. It follows from
Theorem 2.2 and the above feasibility results that the reachable set for each case l ∈ {a, b, c, d} is
bounded by the polyhedral set K̂(l) defined by

K̂(l) =

 4⋂
i=1

P( p̂(l)
i )

 ∩ R2
+, l ∈ {a, b, c, d}, (4.10)

where p̂(l)
i (i = 1, 2, 3, 4, l ∈ {a, b, c, d}) are given as in (4.8).

The resulting polyhedral sets are compared in Figure 4. The areas of the bounding polyhedra for
cases (a)–(d) are computed by 0.2714, 0.3053, 0.3221, and 0.4366, respectively. It is observed that the
bounding polyhedron enlarges as the admissible delay bounds become larger. In particular, increasing µ
from 0 to 0.1 while fixing h = 0.1 enlarges the area of the bound from 0.2714 to 0.3053, and increasing
h from 0.1 to 0.5 with µ = 0.1 further increases the area to 0.3221. These results demonstrate the
delay-dependent nature of Theorem 2.2, since the feasible polyhedral bound varies according to h and
µ, even though the system matrices and the initial set X0 are kept unchanged.
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Figure 4. Polyhedral sets obtained from Theorem 2.2 bounding reachable sets for four
different delay parameters (h, µ) given in (4.7).

From a practical point of view, the dynamics in (4.1) and (4.5) can be interpreted as describing a
compartmental system [24], which generally models how the amounts or concentrations of substances
in interconnected compartments evolve over time. For example, suppose that the states x1(t) and
x2(t) in (4.1) represent the concentrations of a chemical species in two different vessels, referred
to as vessels 1 and 2, respectively, and that w(t) represents a nonnegative external feed supplied
to the vessels. Then, the terms −3x1(t) and −2.5x2(t) can represent first-order removal effects, such
as degradation or outflow, in vessels 1 and 2, respectively, whereas the term 0.1x1(t) represents the
transport of the chemical species from vessel 1 to vessel 2. In addition, the delayed terms in (4.5)
can represent recirculation effects, which implies a portion of the fluid leaving each vessel may be
recirculated back into the vessel through a recycle loop after a time-varying transport delay.

In this specific scenario, the reachable set estimation results in Theorems 2.1 and 2.2 can have
practical value in evaluating worst-case operating conditions of the chemical process. For example,
suppose that an aggregate hazard measure associated with the concentration of the chemical species
over the two vessels is quantified by c>x = c1x1 + c2x2, where ci > 0 (i = 1, 2) represents the hazard
weight assigned to the concentration in vessel i. Then, the worst-case hazard level over all admissible
initial conditions and external feeds can be characterized by supx∈R≥0(X0,W∞,+) c>x. Since the exact shape
of R≥0(X0,W∞,+) is generally difficult to compute, the bounding polyhedron K(= K(l), l = a, b, c)
obtained from the proposed results can instead be used to provide its upper bound

sup
x∈R≥0(X0,W∞,+)

c>x ≤ sup
z∈K

c>z. (4.11)

Since K is a polyhedral set, the right-hand side of (4.11) can be readily computed by solving an LP
for any prescribed c ∈ R2

+. For example, if c =
[
1 2

]>
is chosen, the right-hand side of (4.11) for the

dynamics in (4.1) is computed as 1.1624, 1.3217, and 1.2976, respectively, for each case of K = K(a),
K(b), and K(c), implying that the weighted hazard level is certified not to exceed this value for any
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admissible initial condition and external feed.

4.2. Examples of general linear systems

This subsection aims at providing examples to verify the feasibility and effectiveness of the results
derived in Section 3, obtained for general linear systems. To this end, consider the system Σ in (3.1)
with

A =

[
−1.715 0.662
0.742 −3.785

]
, B =

[
0.951
0.309

]
. (4.12)

By taking X0 ⊂ R
2 as X0 =

⋂4
i=1P(ci) with ci ∈ R

2 (i = 1, 2, 3, 4) defined by

C =


c>1
c>2
c>3
c>4

 =


−1.268 −0.4120
1.717 −5.284
1.268 0.4120
−1.717 5.284

 , (4.13)

we obtain that the constraints (2.11) and (3.6) in Theorem 3.1 are feasible with pi ∈ R
2 (i = 1, 2, 3, 4)

taken in matrix form by

P =


p>1
p>2
p>3
p>4

 =


−1.268 −0.4120
1.717 −5.284
1.268 0.4120
−1.717 5.284

 , (4.14)

where the remaining parameters in (2.11) and (3.6) (e.g., τi j, βi, ν+
i , ν−i , and ui j) used for the feasibility

are summarized in [30]. Then, it follows from Theorem 3.1 that the reachable setR(X0,W∞) is bounded
by the polyhedron K defined by K =

⋂4
i=1P(pi) with pi (i = 1, 2, 3, 4) in (4.14).

We compare this result with the existing method for bounding reachable sets by an ellipsoidal
set [3, 22]. More precisely, if the set of initial conditions X0 is given as in (4.13), it follows from
immediate modification of [3, 22] that an optimal ellipsoid Ke := {x ∈ R2 | x>Qex ≤ 1}, which is the
smallest possible robust forward invariant ellipsoidal set containing X0, is computed by solving

Qe = argmax
Q�0

(det Q),

s.t.


A>Q + QA + λQ QB

B>Q −λ

 � 0

v>j Qv j ≤ 1, ∀v j ∈ vert(X0)

, (4.15)

where the symbol � (and �) in (4.15) exceptionally represents semidefiniteness of square matrices. As
a result, solving (4.15) leads us to the resulting Qe, determined by

Qe =

[
2.2776 −4.2741
−4.2741 14.0433

]
. (4.16)

For comparison, the polyhedral set K and the ellipsoidal set Ke, determined by (4.14) and (4.16),
respectively, are plotted in Figure 5. As shown in Figure 5, both K and Ke contain the reachable set
from X0, while K has a smaller volume than Ke. In particular, K closely follows the shape of X0,
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whereas Ke contains a relatively larger region outside X0. This illustrates that a polyhedral bounding
set can provide a tighter approximation in general, when the initial set is itself given in a polyhedral
form.

Figure 5. Polyhedral and ellipsoidal sets bounding the reachable set for the general linear
system without delay given in (4.12).

The next example considers a nonpositive system equipped with a time-varying delay, given by

A =

[
−1.60 −0.45
−0.35 −2.20

]
, Ad =

[
0.35 0.06
0.05 0.28

]
, B =

[
0.80
−0.35

]
. (4.17)

For this system, we take the initial set X̂0 =
⋂4

i=1P(ĉi), where ĉi ∈ R
2 (i = 1, 2, 3, 4) are given in matrix

form by

Ĉ =


ĉ>1
ĉ>2
ĉ>3
ĉ>4

 =


1.0153 −0.3695
2.8319 7.7805
−1.0153 0.3695
−2.8319 −7.7805

 . (4.18)

To illustrate the dependence of the bounding polyhedron on the delay parameters, we consider the
four cases of h and µ given in (4.7), i.e., (h, µ) ∈ {(0.1, 0), (0.1, 0.1), (0.5, 0.1), (0.5, 0.5)}, and apply the
first statement in Theorem 3.2 to each case. For each pair (h, µ), the admissible time-varying delays d(t)
are allowed to be any function satisfying (2.16) and (2.24). By denoting these four cases by (a), (b), (c),
and (d), respectively, it follows that (3.18) and (3.29) in Theorem 3.2 are feasible with p̂l

i (i = 1, 2, 3, 4,
l ∈ {a, b, c, d}) given in matrix form by

P̂(a) =


( p̂(a)

1 )>

( p̂(a)
2 )>

( p̂(a)
3 )>

( p̂(a)
4 )>

 =


0.9725 −0.3540
2.7110 7.4485
−0.9725 0.3540
−2.7110 −7.4485

 , P̂(b) =


(p̂(b)

1 )>

(p̂(b)
2 )>

(p̂(b)
3 )>

(p̂(b)
4 )>

 =


0.9617 −0.3500
2.6634 7.3175
−0.9617 0.3500
−2.6634 −7.3175

 ,
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P̂(c) =


( p̂(c)

1 )>

( p̂(c)
2 )>

( p̂(c)
3 )>

( p̂(c)
4 )>

 =


0.9229 −0.3359
2.5022 6.8749
−0.9229 0.3359
−2.5022 −6.8749

 , P̂(d) =


( p̂(d)

1 )>

( p̂(d)
2 )>

( p̂(d)
3 )>

( p̂(d)
4 )>

 =


0.8896 −0.3238
2.3656 6.4995
−0.8896 0.3238
−2.3656 −6.4995

 , (4.19)

where the scalar α and the auxiliary vector q are given to be α = 1.1 and q =
[
0.11 0.13

]>
, which are

taken to be the same for each l ∈ {a, b, c, d}. The remaining feasible parameters for Theorem 3.2 are
provided in [30].

Theorem 3.2 implies that the reachable sets for each case of l ∈ {a, b, c, d} are bounded by K̂(l),
where K̂l is defined by

K̂(l) =

4⋂
i=1

P
(
p̂(l)

i
)
, l ∈ {a, b, c, d}, (4.20)

where p̂l
i (i = 1, 2, 3, 4, l ∈ {a, b, c, d}) are provided in (4.19).

The resulting polyhedral sets are compared in Figure 6. The areas of the bounding polyhedra for
cases (a)–(d) are computed by 0.4876, 0.5019, 0.5567, and 0.6109, respectively, while the area of
the fixed initial set X̂0 is approximately 0.4471. It is observed that the bounding polyhedron enlarges
as the admissible delay bounds become larger. In particular, increasing µ from 0 to 0.1 while fixing
h = 0.1 enlarges the area of the bound from 0.4876 to 0.5019, and increasing h from 0.1 to 0.5 with
µ = 0.1 further increases the area to 0.5567. These results demonstrate the delay-dependent nature of
Theorem 3.2, since the feasible polyhedral bound varies according to h and µ, even though the system
matrices and the initial set X̂0 are kept unchanged.

From a practical viewpoint, the general linear systems considered in this subsection can be
interpreted, for example, as deviation dynamics of a thermal process [31] around a prescribed operating
point. In such a setting, the state variables may represent temperature deviations from their nominal
values and can therefore take either positive or negative values. A practical interpretation similar to that
discussed in Section 4.1 can then be given to the reachable set bound. For instance, for a prescribed
weighting vector c ∈ Rn

+, the quantity supx∈K c>x can be interpreted as a certified upper bound on
a worst-case weighted temperature rise, or equivalently, a weighted overheating, over all admissible
initial conditions and disturbances. Since K is polyhedral, this quantity can be readily computed by LP.
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Figure 6. Polyhedral sets obtained from Theorem 3.2 bounding reachable sets for four
different delay parameters (h, µ) given in (4.7).

5. Conclusions

This paper developed a polyhedral framework for bounding reachable sets of linear systems under
nonzero polyhedral initial conditions. For positive systems, sufficient conditions were established for
bounding reachable sets in both delay-free and time-varying-delay cases while accounting for nonzero
initial conditions. For systems with time-varying delays, the auxiliary functional was generalized to
account for the time-varying delays, leading to delay-dependent conditions involving the parameters
for the upper bounds of the delay and its rate. The developed framework was further extended to
general linear systems that are not necessarily positive. In particular, an auxiliary functional involving
absolute values of the state was introduced for delayed systems, and sufficient conditions were derived
for obtaining polyhedral bounding sets for reachable sets in both delay-free and time-varying-delay
cases. All the proposed polyhedral bounds were computed using LP. Several numerical examples
were provided to demonstrate the effects of nonzero initial sets and delay parameters on the resulting
polyhedral bounds, as well as the applicability of the proposed approach to general linear systems.

Regarding future research directions, reducing the computational burden associated with parameter
searches in LP would be an important topic. From a control-theoretic perspective, the framework
established in this paper also has the potential for several further extensions. Since the system matrices
A and B are assumed to be exactly known in the present setting, extending the proposed reachable
set-estimation framework to systems subject to model uncertainties would be an interesting direction.
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Another possible extension is to consider nonlinear systems by representing or approximating their
dynamics in a linear parameter-varying form, potentially including models constructed using neural
networks [32]. Finally, extending the proposed framework to systems with multiple-delays and multi-
input disturbances, by generalizing the auxiliary functional, can also be considered.
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