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Abstract: We developed a nonmonotone smoothing Newton method for weighted complementarity
problems (WCPs) in Rn. After full-step rejection, a safeguarded Barzilai–Borwein (BB) factor with
step-length memory initialized backtracking. Under the structural rank–monotonicity condition and
a bounded initial level set, we proved that the residual tends to zero, and every accumulation point
solves the WCP; uniqueness gives whole-sequence convergence. Nonsingularity of every matrix in
the generalized Jacobian at an accumulation point, together with a locally Lipschitz derivative of
the original equation block, yielded quadratic convergence and eventual full-step acceptance. For
symmetric positive-definite linear problems, we verified level-set boundedness, uniqueness, and local
regularity without strict complementarity. On 150 paired nonconvex instances, rejected-trial counts
were significantly lower than those of a one-step comparator in five of six settings after Holm
correction, whereas iteration-count differences were not significant. An ablation study supported the
BB initializer’s benefit without establishing a general timing or success-rate advantage. Further tests
included an independent recent one-step comparator, monotone linear tests, sparse positive-weight
problems with up to 102400 complementarity pairs, and three zero-weight partial differential equation
(PDE) benchmarks with grid-refinement and independent reference checks. On nonconvex tests,
success depends on the fixed complementarity parameter and initialization; failures at larger parameter
values persist from the original signed starts. Some signed-start Bratu failures persisted under a larger
budget. These results support reduced post-rejection line-search work, not uniform robustness across
problem classes.
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Note: The table abbreviations (see Tanle 1) are defined below. Unless stated otherwise, the prefix A
denotes an arithmetic mean over successful runs in the stated group, using whole-run totals for work
counts. Failed runs enter the success rate (SR) but not these means.

Table 1. The abbreviations defined.

Abbreviation The meaning

SR Success rate: The percentage of attempted runs satisfying both stopping criteria above. “Successes”
gives successful/attempted run counts.

AIT Average iteration count: The mean number of outer Newton iterations completed with an accepted
update.

ATime Average elapsed time: The mean wall-clock solver time in seconds, not process CPU time.

ANF Average number of function evaluations: The mean count of smoothing-residual mapping evalua-
tions, including initialization, trial points, and re-evaluation at accepted points. Each vector evaluation
counts once, not once per component.

ALS Average number of linear solves: The mean count of reduced Newton systems solved, not of matrix
factorizations.

ARED Average number of rejected trials: The mean total rejected-trial count per successful run, including a
rejected full-step trial and all subsequently rejected backtracking trials. Accepted trials are excluded;
all methods use this convention.

ABB Average number of BB-initialized searches: The mean count of full-step-rejected iterations on which
a finite positive raw Barzilai–Borwein factor is available and the safeguarded BB initializer enters the
search. It does not count accepted BB trial steps.

AKKT Average final KKT residual: The mean terminal common Karush–Kuhn–Tucker residual RKKT de-
fined above, not the smoothing residual or the error relative to an exact solution.

1. Introduction

Complementarity problems (CPs) provide a standard framework for modeling mutually exclusive
equilibrium conditions arising in mathematical programming and equilibrium theory. The standard CP
is formulated as

x ≥ 0, F(x) ≥ 0, x⊤F(x) = 0,

which requires at least one member of each pair (xi, Fi(x)) to be zero [1]. Linear programming,
quadratic programming, Nash equilibrium problems, and traffic network equilibrium problems can be
formulated as complementarity problems, which highlights the broad relevance of CPs in
optimization theory and equilibrium modeling.

As a natural generalization of the standard CP, Potra introduced weighted complementarity
problems (WCPs), focusing particularly on linear weighted complementarity problems (LWCPs) [1].
An LWCP has the form

x ≥ 0, s ≥ 0, Px + Qs + Ry = a, x ◦ s = w, (1.1)
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where P,Q ∈ R(n+m)×n, R ∈ R(n+m)×m, a ∈ Rn+m, and the weight vector w ∈ Rn
+ are given; the unknowns

are x, s ∈ Rn, and y ∈ Rm. Potra proposed two interior-point algorithms and analyzed their time
complexity. Later, researchers further developed full-Newton and infeasible interior-point variants for
special or monotone LWCPs [2–4].

Potra’s interior-point developments focused primarily on LWCPs, whereas general nonlinear WCPs
have also attracted growing interest. In this paper, we consider WCPs in Rn, which are typically
formulated as

x ≥ 0, s ≥ 0, F(x, s, y) = 0, x ◦ s = w, (1.2)

where x, s,w ∈ Rn, w ≥ 0, y ∈ Rm, and F: R2n+m → Rn+m is continuously differentiable. Here, “◦”
denotes the Hadamard product, that is, (x ◦ s)i = xisi. When w = 0, the WCP reduces to a mixed
nonlinear complementarity problem in Rn.

Many algorithms have been developed for WCPs. Two important classes are interior-point and
smoothing Newton methods. Under appropriate conditions, smoothing Newton methods can attain
superlinear or quadratic local convergence [5]. Zhang developed a smoothing Newton algorithm for the
weighted linear case [6]. Tang proposed a nonmonotone smoothing variant for large-scale LWCPs [7].
Tang et al. studied a smoothing Newton method for nonlinear complementarity problems [8]. For
general WCPs, Tang and Zhang developed a nonmonotone smoothing Newton algorithm [9]. Tang
et al. subsequently proposed an accelerated smoothing Newton method [10]. Tang and Zhou studied
WCP solvability and a smoothing Newton algorithm under a local error bound [11].

The nonmonotone smoothing Newton methods in [9,12] use line searches to globalize their Newton
steps. Barzilai–Borwein (BB) step sizes use consecutive iterate and gradient differences to encode local
secant information [13, 14].

BB-type steps have been incorporated into projection methods for variational inequalities and
modified gradient methods for quadratic minimization [15, 16]. In these settings, BB information
scales a projected or gradient-based step, whose construction differs from the smoothing Newton
direction considered here.

In complementarity-related work, Li [17] developed a smoothing nonmonotone BB gradient
method for stochastic linear complementarity problems through a box-constrained minimization
reformulation. Ma et al. introduced stabilized BB step sizes for stochastic ordinal embedding [18]. In
multiobjective optimization, Chen et al. used BB information to scale the objective gradients in the
direction-finding subproblem [19]. Xu proposed parameterized BB step sizes based on interpolated
least squares for unconstrained optimization [20]. These methods concern different problem classes
and direction constructions; they provide conceptual context but are not interchangeable numerical
baselines for the deterministic WCP smoothing Newton method studied here.

The question considered here is more specific: Can a scalar inverse-secant estimate reduce
backtracking work without changing the smoothing Newton direction or its eventual full-step regime?
The BB formula and the use of safeguards are established ideas. Our contribution is their integration
into the post-rejection line search for the present WCP reformulation, together with the associated
well-definedness and convergence analysis and an assessment of line-search work. Table 2
distinguishes this role from a BB-based smoothing gradient method and an existing smoothing
Newton method.
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Table 2. Roles of BB information and Newton steps in representative methods. The entries
describe mechanisms, not a numerical ranking.

Method Problem and direction Step-selection mechanism

Li [17] Stochastic linear
complementarity; gradient
reformulation

BB scaling in a nonmonotone smoothing gradient
method.

Tang & Zhang [9] WCP; smoothing Newton
direction

Nonmonotone reference update and geometric
backtracking.

Present method WCP; smoothing Newton
direction

Full step first; safeguarded BB initialization only
after rejection.

The proposed method uses consecutive iterate and residual differences to obtain a scalar inverse-
secant estimate. A safeguarded version of this estimate, combined with the previously accepted step
length, initializes the search after full-step rejection. The Newton direction is unchanged. The main
contributions are as follows:

• A single-parameter smoothing reformulation is constructed for WCPs in Rn, and the
nonsingularity of the Jacobian of the smoothing mapping is proved under an explicit condition
combining rank and monotonicity.

• A safeguarded nonmonotone BB Newton (NBB) algorithm is proposed. The full Newton step is
always tested first, and the truncated BB factor is used only as a post-rejection trial factor.

• Under the structural rank–monotonicity assumption, we establish well-definedness and prove
global convergence when the initial merit-function level set is bounded: The residual tends to
zero and every accumulation point is a solution. A unique zero in the level set gives convergence
of the whole sequence. Generalized-Jacobian regularity and a locally Lipschitz derivative F′

give the local quadratic rate. We verify these conditions for symmetric positive-definite linear
models. The BB factor does not affect the eventual full-step phase.

The remainder of this paper is organized as follows: In Section 2, we introduce the notation and
regularity concepts used in Rn. In Section 3, we construct the smoothing reformulation, present the
safeguarded NBB algorithm, and establish its well-definedness. In Section 4, we develop the global
and local convergence analysis. In Section 5, we report the numerical experiments. In Section 6, we
give concluding remarks and future directions.

2. Preliminaries

In this section, we introduce the notation and basic concepts used for WCPs in Rn. The
componentwise nonnegative orthant is denoted by Rn

+ := {x ∈ Rn : xi ≥ 0, i = 1, . . . , n}. For any
x, y ∈ Rn, the Hadamard product is defined by

x ◦ y := (x1y1, x2y2, . . . , xnyn)⊤.
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For real vectors of the same dimension, we use the Euclidean inner product

⟨u, v⟩ := u⊤v =
∑

i

uivi

and its induced norm ∥u∥ =
√
⟨u, u⟩. We next recall several concepts used in the convergence

analysis [15, 21, 22].

Definition 2.1. A mapping Φ: Rn → Rm is locally Lipschitz continuous if, for every x̄ ∈ Rn, there are
a neighborhood U of x̄ and a constant LU > 0, such that

∥Φ(x) − Φ(y)∥ ≤ LU∥x − y∥, x, y ∈ U. (2.1)

If there exists a constant L > 0, such that

∥Φ(x) − Φ(y)∥ ≤ L∥x − y∥, x, y ∈ Rn,

then Φ is globally Lipschitz continuous.

Definition 2.2. Let F: Ω→ Rn, where Ω ⊆ Rn. The mapping F is monotone on Ω if

(u − v)⊤[F(u) − F(v)] ≥ 0, u, v ∈ Ω. (2.2)

Definition 2.3. Let Φ: Rn → Rm be locally Lipschitz continuous, and let ∂Φ(x) denote its Clarke
generalized Jacobian at x.

(1) Suppose that Φ is directionally differentiable at x. If, for every sufficiently small increment ∆x
and every V ∈ ∂Φ(x + ∆x),

Φ(x + ∆x) − Φ(x) − V∆x = o(∥∆x∥),

then Φ is semismooth at x.

(2) If Φ is semismooth at x and there exists p ∈ (0,+∞) such that, for every sufficiently small ∆x and
every V ∈ ∂Φ(x + ∆x),

Φ(x + ∆x) − Φ(x) − V∆x = O
(
∥∆x∥1+p

)
,

then Φ is p-order semismooth at x.

In particular, when p = 1,
Φ(x + ∆x) − Φ(x) − V∆x = O(∥∆x∥2),

and Φ is said to be strongly semismooth at x. If the corresponding property holds at every point of Rn,
then Φ is called semismooth, p-order semismooth, or strongly semismooth on Rn, respectively.

Vectors are columns; we abbreviate a block column (u⊤1 , . . . , u
⊤
q )⊤ as (u1, . . . , uq). Vector

inequalities, squares, square roots, and maxima are understood componentwise. We write I for the
identity matrix, diag(x) for the diagonal matrix with diagonal x, e for the all-ones vector, and
x− := max{−x, 0} for the negative part. For a set S , dist(u, S ) := infv∈S ∥u − v∥. The symbols O(·) and
o(·) have their usual asymptotic meanings.
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3. A nonmonotone NBB algorithm and its well-definedness

In this section, we develop a nonmonotone smoothing Newton method with a safeguarded BB
trial factor for solving the WCP (1.2). We first construct a single-parameter smoothing function that
reformulates the WCP as a system of smoothing equations. We then present the algorithm and establish
its well-definedness. Its convergence properties are analyzed in Section 4.

3.1. A parametric class of complementarity functions

Motivated by the Fischer–Burmeister and natural-residual constructions, we consider the following
componentwise function for the WCP (1.2). For τ ∈ [0, 2), we define

ϕ(x, s) = (x + s) −
√

[(x − s)2 + 2τ(x ◦ s)] + (4 − 2τ)w. (3.1)

We first verify that the square root is defined componentwise.

Lemma 3.1. For any τ ∈ [0, 2), w ∈ Rn
+, and x, s ∈ Rn, the function ϕ in (3.1) is well defined.

Proof. For any τ ∈ [0, 2) and w ∈ Rn
+, we have

[(x − s)2 + 2τ(x ◦ s)] + (4 − 2τ)w = [(x + (τ − 1)s)2 + τ(2 − τ)s2] + (4 − 2τ)w.

Each term on the right-hand side is componentwise nonnegative. Hence, the square root in (3.1)
exists, and ϕ is well defined. □

Theorem 3.1. Let ϕ be defined by (3.1) with τ ∈ [0, 2) and w ∈ Rn
+. Then, for every x, s ∈ Rn,

ϕ(x, s) = 0 ⇐⇒ x ≥ 0, s ≥ 0, x ◦ s = w.

Proof. If ϕ(x, s) = 0, then xi + si ≥ 0 for every i. Squaring the defining equality gives

(4 − 2τ)(xisi − wi) = 0.

Since τ < 2, we have xisi = wi ≥ 0. A nonnegative sum and a nonnegative product imply xi, si ≥ 0.
Conversely, if xi, si ≥ 0 and xisi = wi, the radicand in (3.1) equals (xi + si)2, whose nonnegative square
root is xi + si. Thus, ϕi(x, s) = 0 for every i. □

The preceding equivalence shows that ϕ(x, s) is a complementarity function for the WCP.

3.2. Smoothing reformulation of the WCP

We fix the complementarity-family parameter τ ∈ [0, 2). This fixed parameter selects a member
of the family, whereas the smoothing parameter µ varies during the algorithm. Because ϕ(x, s) is not
differentiable everywhere, we introduce µ ∈ R+ and define the single-parameter smoothing function

φ(µ, x, s) = (1 + µ)(x + s) −
√

(1 + µ)2[(x − s)2 + 2τ(x ◦ s)] + (4 − 2τ)w + 2µ2e. (3.2)

We write z = (µ, x, s, y) ∈ R+ × Rn × Rn × Rm. For the WCP in (1.2), we define

H : R+ × Rn × Rn × Rm → R × Rm+n × Rn
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by

H(z) =


µ

F(x, s, y)
φ(µ, x, s)

 . (3.3)

Because φ(0, x, s) = ϕ(x, s), Theorem 3.1 implies that H(z) = 0 if and only if µ = 0 and (x, s, y)
solves the WCP.

For µ > 0, the mapping H is continuously differentiable, with Jacobian

H′(z) =


1 0 0 0
0 F′x(x, s, y) F′s(x, s, y) F′y(x, s, y)

φ′µ(µ, x, s) φ′x(µ, x, s) φ′s(µ, x, s) 0

 .
For later use, we define

c(µ, x, s) =
√

(1 + µ)2[(x − s)2 + 2τ(x ◦ s)] + (4 − 2τ)w + 2µ2e. (3.4)

The derivative blocks are

φ′µ(µ, x, s) = (x + s) − diag(c)−1
[
(1 + µ)

(
(x − s)2 + 2τ(x ◦ s)

)
+ 2µe

]
, (3.5)

φ′x = (1 + µ)I − (1 + µ)2 diag(c)−1 diag(x − (1 − τ)s), (3.6)
φ′s = (1 + µ)I − (1 + µ)2 diag(c)−1 diag(s − (1 − τ)x). (3.7)

Following Tang and Zhang [9], we adopt the following structural assumption for the smoothing
Newton analysis.

Assumption 3.1. At every point (x, s, y) in a region containing the (x, s, y)-components of all generated
iterates and all their accumulation points, rank(F′y(x, s, y)) = m. Moreover, for every (∆x,∆s,∆y) ∈
Rn × Rn × Rm satisfying F′(x, s, y)(∆x,∆s,∆y) = 0, we have ⟨∆x,∆s⟩ ≥ 0.

Remark 3.1. (1) Assumption 3.1 is a standard structural condition in smoothing Newton analyses of
WCPs. For linear or equality-constrained models, it can be checked on the null space of the linearized
equation; full rank of the constraint block together with monotonicity of the reduced complementarity
mapping gives a common sufficient condition.

(2) This assumption is used to prove the nonsingularity of H′(z) for µ > 0 and hence the
well-definedness of each Newton direction. It supports the global convergence analysis but does not
replace the additional local regularity conditions required for quadratic convergence in Section 4.2.
We retain this assumption in the present analysis. Establishing comparable results under weaker,
verifiable monotonicity or rank conditions remains a topic for further research.

Example 3.1. For m = 0 and F(x, s) = Bx + q − s, with B symmetric positive semidefinite, a null
direction satisfies ∆s = B∆x. Hence, ⟨∆x,∆s⟩ = ∆x⊤B∆x ≥ 0, and the rank condition is vacuous. This
covers the positive-definite finite-difference operators in the obstacle and Reynolds examples below.

For the equality-constrained mapping F(x, s, y) = (Ax − b,∇ f (x) − s − A⊤y), suppose A has full
row rank and d⊤∇2 f (x)d ≥ 0 for every d ∈ ker A throughout the region under consideration. A null
direction satisfies A∆x = 0 and ∆s = ∇2 f (x)∆x − A⊤∆y, so

⟨∆x,∆s⟩ = ∆x⊤∇2 f (x)∆x ≥ 0.
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Additionally, F′y = (0,−A⊤) has full column rank. Thus, Assumption 3.1 holds. This is a condition on
the reduced Hessian, not a requirement that the full Hessian be positive definite.

The nonconvex tests in Section 5.2 are not asserted to satisfy the structural assumption globally.

Theorem 3.2. If Assumption 3.1 holds, then H′(z) is nonsingular at every point z = (µ, x, s, y) covered
by that assumption with µ > 0.

Proof. Suppose H′(z)∆z = 0. The first row gives ∆µ = 0, so the remaining equations areF′x∆x + F′s∆s + F′y∆y = 0,
φ′x∆x + φ′s∆s = 0.

For each component, µ > 0, wi ≥ 0, and τ ∈ [0, 2) imply

c2
i = (1 + µ)2[(xi − (1 − τ)si)2 + τ(2 − τ)s2

i
]
+ (4 − 2τ)wi + 2µ2 > (1 + µ)2(xi − (1 − τ)si)2,

and the analogous strict inequality holds with xi and si interchanged. Equations (3.6) and (3.7) therefore
show that diagonal matrices φ′x and φ′s have strictly positive entries. Consequently,

⟨∆x,∆s⟩ = −
n∑

i=1

(φ′x)ii

(φ′s)ii
(∆xi)2 ≤ 0.

Assumption 3.1 gives the reverse inequality, forcing ∆x = 0 and hence ∆s = 0. The equation block
then reduces to F′y∆y = 0. Full column rank gives ∆y = 0, so H′(z) has a trivial null space and is
nonsingular. □

3.3. Safeguarded nonmonotone NBB algorithm

Based on the smoothing reformulation developed above, we now give the formal statement of the
proposed method. The method combines a smoothing Newton direction with a nonmonotone line
search whose post-rejection trial factor uses safeguarded BB information and the previously accepted
step length. We refer to this method as the safeguarded nonmonotone NBB algorithm throughout the
remainder of the paper. Its complete procedure is stated in Algorithm 3.1.

We first explain the positive forcing term in the Newton equation. Since the first component of H(z)
is µ, the ordinary Newton equation H′(zk)∆zk = −H(zk) gives ∆µk = −µk. Thus, a full step would set
µk+1 = 0, although the remaining nonlinear equations need not yet be solved. At that boundary, H
can be nonsmooth and the positive-smoothing nonsingularity result of Theorem 3.2 no longer applies.
A damped ordinary step with αk < 1 would keep µk+1 > 0, but merely forbidding full steps does not
provide the eventual full-step mechanism used in our local convergence proof.

Instead, we use h = (1, 0, . . . , 0)⊤ and the positive scalar βk = γmin{1,Ck}, where Ck ≥ M(zk) > 0
at a nonterminal iteration. The perturbed equation can be written as

H(zk) + H′(zk)∆zk = βkh.

Thus, only the first component of the right-hand side is perturbed: The linearized smoothing parameter
is assigned the positive target βk, while the linearized F and φ blocks still have zero targets. Its first
row gives

∆µk = −µk + βk, µk+1 = (1 − αk)µk + αkβk > 0 for 0 < αk ≤ 1.
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In particular, a full step gives µk+1 = βk > 0. Together with Assumption 3.1, this preserves the region
where the next classical Newton system is guaranteed to be well defined. Theorem 4.1 also proves
βk ≤ µk, so this positive target does not increase µk.

The target is not a fixed positive floor: Lemma 4.2 gives βk ≤ γ(C0 + 1)∥H(zk)∥2/2 for k ≥ 1.
Consequently it vanishes with the residual and does not replace the limiting equation H(z) = 0 by a
different problem. Under the local regularity assumptions, the resulting direction perturbation is second
order, as explained after that lemma, and hence is compatible with local quadratic convergence. This
is a right-hand-side forcing term, not a regularization of H′(zk); it cannot make a singular Jacobian
invertible. Although only the first right-hand-side component is changed, the coupled system can
change all components of ∆zk. We do not assert that an unperturbed or a separately designed nonsmooth
Newton method must fail.

For the BB factor, let dk = zk − zk−1 and qk = H(zk) − H(zk−1). If qk , 0, the scalar inverse-secant
least-squares problem has the solution

argmin
p∈R

∥dk − pqk∥
2 =

d⊤k qk

q⊤k qk
= Pk

bb.

Indeed, differentiating the squared norm gives 2pq⊤k qk − 2d⊤k qk. Residual differences are used because
the underlying problem is the equation H = 0, and these residuals are already available. Gradient
differences for M would instead define a different scaling strategy for the merit function. The scalar pI
is only a motivation for the trial factor; it does not replace the Newton matrix. The unconstrained least-
squares value need not be positive, which motivates the fallback and safeguard rules below. Variable
and residual orderings are fixed throughout, since the scalar factor is not invariant under an independent
permutation of the residual entries.

Algorithm 3.1. (NBB) Initialization. Choose z0 = (µ0, x0, s0, y0) ∈ R+ × Rn × Rn × Rm with µ0 > 0.
Select λ ∈ (0, 1), γ ∈ (0, 1) with γ ≤ µ0, and σ ∈ (0, 1) satisfying

σ(2 −
√

2γ) < 1.

Choose safeguard parameters 0 < pmin ≤ pmax, and define

M(z) =
1
2
∥H(z)∥2, C0 = M(z0), α−1 = 1, k := 0.

Step 1. If ∥H(zk)∥ = 0, stop. Otherwise, set

βk = γmin{1,Ck}. (3.8)

Step 2. Let h = (1, 0, . . . , 0)⊤ be the first unit vector with the same dimension as H(z). Compute the
search direction ∆zk = (∆µk,∆xk,∆sk,∆yk) from

H′(zk)∆zk = −H(zk) + βkh. (3.9)

Step 3. If k = 0, set p0 = pmax. For k ≥ 1, set pk = pmax when H(zk) = H(zk−1). Otherwise, compute
the raw BB factor

Pk
bb =

(zk − zk−1)⊤
(
H(zk) − H(zk−1)

)(
H(zk) − H(zk−1)

)⊤(H(zk) − H(zk−1)
) . (3.10)
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If the computed factor is nonpositive or nonfinite, set pk = pmax. Otherwise, set

pk = min{pmax,max{pmin, Pk
bb}}. (3.11)

Step 4. First test the full Newton step. If

M(zk + ∆zk) ≤ [1 − σ(2 −
√

2γ)]Ck, (3.12)

set αk = 1. Otherwise define the post-rejection trial factor

ρk = max{min{1, pk},min{pmax, αk−1}}. (3.13)

If ρk = 1, replace ρk by λ. Then find αk = ρkλ
i, where i is the smallest nonnegative integer

satisfying
M(zk + αk∆zk) ≤

[
1 − σ(2 −

√
2γ)αk

]
Ck. (3.14)

Step 5. Set zk+1 = zk + αk∆zk and update

Ck+1 =
(Ck + 1)M(zk+1)

M(zk+1) + 1
. (3.15)

Set k := k + 1 and go to Step 1.

Remark 3.2. The full Newton step is tested before any BB trial factor is used. If it is rejected, the
safeguarded value pk ∈ [pmin, pmax], together with the previously accepted step length, initializes the
backtracking sequence. After the possible replacement of ρk = 1 by λ,

ρ := min{λ, pmin} ≤ ρk < 1.

Thus, the BB information affects only globalization and neither changes the Newton direction nor
prevents eventual full-step acceptance. The positive lower bound on ρk is used in the proof of
Theorem 4.2 to identify a rejected predecessor when accepted steps tend to zero. It is not a uniform
lower bound on αk = ρkλ

i. The upper safeguard limits the initial trial scale; it does not constrain the
separately tested full Newton step.

Remark 3.3. For the convergence analysis, if Step 1 terminates at an index K, we set zk = zK for all
k > K. In the nonterminating case, Step 5 uses the rational reference update of Tang and Zhang [9];
whenever M(zk+1) ≤ Ck,

M(zk+1) ≤ Ck+1 ≤ Ck.

This relation provides the decreasing line-search reference used in the convergence analysis.

3.4. Well-definedness

Well-definedness here concerns existence and uniqueness in exact arithmetic. A nearly singular
but invertible Jacobian still defines a unique direction, although solving the system in finite precision
may yield an inaccurate direction. The BB safeguard does not improve the conditioning of that linear
system. If the Jacobian is singular, the result does not apply; replacing the system by a regularized or
pseudoinverse solve would require a separate algorithmic analysis.
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Theorem 3.3. Suppose Assumption 3.1 holds. Then NBB is well defined, and every generated iterate
satisfies

µk > 0, M(zk) ≤ Ck.

Proof. We proceed by induction. The initialization gives µ0 > 0 and M(z0) = C0. Suppose µk > 0 and
M(zk) ≤ Ck at a nonterminal iteration. Then Ck > 0 and βk > 0. Theorem 3.2 ensures that (3.9) has a
unique solution. Its first row gives ∆µk = −µk + βk, so every trial with 0 < α ≤ 1 satisfies

µk + α∆µ
k = (1 − α)µk + αβk > 0.

To establish finite termination of the line search, differentiate M and use the Newton equation:

M′(zk)∆zk = H(zk)⊤[−H(zk) + βkh] = −2M(zk) + µkβk.

Since µk ≤
√

2Ck and βk = γmin{1,Ck} ≤ γ
√

Ck, we have µkβk ≤
√

2γCk. For 0 < α ≤ 1/2, Taylor
expansion therefore gives

M(zk + α∆zk) = (1 − 2α)M(zk) + αµkβk + o(α)

≤ [1 − (2 −
√

2γ)α]Ck + o(α).

Because Ck > 0, 2 −
√

2γ > 0, and σ < 1, the remainder is at most (1 − σ)(2 −
√

2γ)αCk for all
sufficiently small positive α. Thus, (3.14) holds for such trials. If the full step is rejected, the geometric
sequence ρkλ

i tends to zero, so backtracking terminates finitely. In either case, µk+1 > 0 and

M(zk+1) ≤ [1 − σ(2 −
√

2γ)αk]Ck ≤ Ck. (3.16)

Writing Mk+1 = M(zk+1), the update in (3.15) satisfies

Ck+1 − Mk+1 =
Mk+1(Ck − Mk+1)

Mk+1 + 1
≥ 0.

Hence, M(zk+1) ≤ Ck+1, and the induction is complete. □

4. Convergence analysis

In this section, we analyze the convergence properties of NBB. We first prove global residual
convergence under boundedness of the initial merit-function level set and state the additional
uniqueness condition for convergence of the whole sequence. We then prove local quadratic
convergence under additional regularity assumptions.

4.1. Global convergence

Theorem 4.1. Suppose Assumption 3.1 holds. Let {zk} be the sequence generated by NBB. For every
index k for which zk+1 is generated,

Ck+1 ≤ Ck, µk ≥ βk, µk+1 ≤ µk.
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Proof. We write Mk+1 = M(zk+1). If the full Newton step is accepted, then αk = 1, and the full-step
condition (3.12) gives

Mk+1 ≤ [1 − σ(2 −
√

2γ)]Ck ≤ Ck.

If the full Newton step is rejected, the accepted backtracking step satisfies (3.14), and hence

Mk+1 ≤ [1 − σ(2 −
√

2γ)αk]Ck ≤ Ck.

Thus, in either case, Mk+1 ≤ Ck. Therefore,

Ck −Ck+1 =
Ck − Mk+1

Mk+1 + 1
≥ 0,

which proves Ck+1 ≤ Ck. For k = 0, the condition γ ≤ µ0 implies

µ0 ≥ γmin{1,C0} = β0.

If µk ≥ βk, then
µk+1 = (1 − αk)µk + αkβk ≥ βk.

Since Ck+1 ≤ Ck, we have βk+1 ≤ βk, and hence µk+1 ≥ βk+1. Finally, βk ≤ µk gives

µk+1 = (1 − αk)µk + αkβk ≤ µk.

This proves the theorem. □

Theorem 4.2. (Global convergence on a bounded initial level set) Suppose Assumption 3.1 holds and
the initial level set

L0 = {z = (µ, x, s, y) ∈ R1+2n+m : µ ≥ 0, M(z) ≤ C0}, C0 = M(z0)

is bounded. Then the sequence generated by NBB is bounded and has at least one accumulation point.
Moreover,

lim
k→∞
∥H(zk)∥ = 0, lim

k→∞
µk = 0,

and every accumulation point z∗ = (0, x∗, s∗, y∗) satisfies H(z∗) = 0; hence, (x∗, s∗, y∗) solves the WCP.

Proof. Finite termination already gives a zero of H, so consider an infinite generated sequence.
Theorems 3.3 and 4.1 give

M(zk) ≤ Ck ≤ C0 for all k.

Thus, every iterate belongs to L0. Since H is continuous for µ ≥ 0, this level set is closed; by the
assumed boundedness, it is compact. Consequently the generated sequence is bounded and has an
accumulation point in L0. This is where the bounded-level-set assumption enters the argument;
monotonicity of Ck alone does not imply boundedness of the iterates.

By Theorem 4.1, {Ck} is monotonically nonincreasing and bounded below by zero. Hence,

C∗ = lim
k→∞

Ck ≥ 0
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exists. If C∗ = 0, then M(zk) ≤ Ck implies

lim
k→∞

M(zk) = 0, lim
k→∞
∥H(zk)∥ = 0.

The continuity of H then gives H(z∗) = 0 along any convergent subsequence.
We now exclude the case C∗ > 0. Solving the reference-value update (3.15) for the new merit value

gives

M(zk+1) =
Ck+1

Ck + 1 −Ck+1
.

Because Ck → C∗ and Ck+1 → C∗, the denominator tends to 1. Consequently,

lim
k→∞

M(zk+1) = C∗.

Because C∗ > 0, we have Ck > 0 for all sufficiently large k. Dividing the accepted-step estimate (3.16)
by Ck gives

0 ≤ σ(2 −
√

2γ)αk ≤ 1 −
M(zk+1)

Ck
−→ 0.

Thus, αk → 0. Hence, for all sufficiently large k, the full Newton step is rejected, and the accepted step
is generated by the post-rejection backtracking sequence. The starting factor of this sequence satisfies
ρk ≥ ρ > 0, while αk → 0. At least one backtracking reduction therefore occurs eventually, so the trial
immediately preceding the accepted step is rejected.

For these sufficiently large indices, we let α̂k = αk/λ denote the last rejected trial step. We choose a
subsequence, still denoted by {zk}, such that zk → z∗. Since the preceding limit also implies M(zk) →
C∗, continuity gives

M(z∗) = C∗.

Moreover,
βk → β∗ = γmin{1,C∗} > 0, µk ≥ βk.

Thus, the subsequential limit satisfies µ∗ ≥ β∗ > 0. Therefore, H′(z∗) is nonsingular by Theorem 3.2.
Since H′ is continuous for positive smoothing parameters, H′(zk) remains nonsingular and H′(zk)−1 →

H′(z∗)−1 along this subsequence. By (3.9), the Newton direction can be written as

∆zk = H′(zk)−1{−H(zk) + βkh}.

Consequently, ∆zk converges along the same subsequence to the vector ∆z∗ satisfying the limiting
Newton equation

H′(z∗)∆z∗ = −H(z∗) + β∗h,

and, in particular, {∆zk} is bounded on this subsequence. Since α̂k = αk/λ→ 0, we also have

zk + α̂k∆zk → z∗.

For the last rejected trial step,

M(zk + α̂k∆zk) > [1 − σ(2 −
√

2γ)α̂k]Ck.
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Since M(zk) ≤ Ck,
M(zk + α̂k∆zk) − M(zk)

α̂k
> −σ(2 −

√
2γ)Ck.

Because µ∗ > 0, M is continuously differentiable in a neighborhood of z∗. The limits zk → z∗, ∆zk →

∆z∗, and α̂k → 0 permit passage to the directional-derivative limit in the preceding quotient. We
therefore obtain

M′(z∗)∆z∗ ≥ −σ(2 −
√

2γ)C∗.

On the other hand, the limiting Newton equation gives

M′(z∗)∆z∗ = H(z∗)⊤[−H(z∗) + β∗h]
= −∥H(z∗)∥2 + µ∗β∗.

Since M(z∗) = C∗, µ∗ ≤
√

2C∗, and β∗ ≤ γ
√

C∗, we obtain

M′(z∗)∆z∗ ≤ −(2 −
√

2γ)C∗.

Thus,
−(2 −

√
2γ)C∗ ≥ M′(z∗)∆z∗ ≥ −σ(2 −

√
2γ)C∗,

which contradicts σ ∈ (0, 1) and C∗ > 0. Hence, C∗ = 0 and ∥H(zk)∥ → 0. Since 0 ≤ µk ≤ ∥H(zk)∥,
we also have µk → 0. Continuity of H shows that every accumulation point is a zero of H, which is
equivalent to a WCP solution by Section 3.2. □

Accumulation-point extension. After obtaining an accumulation point, the residual argument above
does not otherwise use boundedness of L0. Thus, under Assumption 3.1, ∥H(zk)∥ → 0 and every
accumulation point is a zero of H whenever the generated sequence has at least one accumulation
point, even without assuming that the initial level set is bounded. We retain this weaker extension for
the local analysis while using the explicit bounded-level-set condition as the main global convergence
hypothesis.

Corollary 4.1. (Whole-sequence convergence under uniqueness) Under the assumptions of
Theorem 4.2, if H has a unique zero z̄ in L0, then the whole sequence converges to z̄.

Proof. Theorem 4.2 shows that the sequence is bounded and every accumulation point is a zero of H
in L0. By uniqueness, all such points coincide with z̄. If the sequence does not converge to z̄, then
a subsequence stays outside some fixed neighborhood of z̄. Boundedness then gives an accumulation
point different from z̄, a contradiction. Therefore, zk → z̄. □

Proposition 4.1. Let m = 0 and F(x, s) = Bx + q − s, where B is symmetric positive definite. For fixed
w ≥ 0 and τ ∈ [0, 2), every level set {z : µ ≥ 0, M(z) ≤ C} is bounded.

Proof. Suppose otherwise. Since µ2 ≤ 2C, an unbounded sequence in the level set has a subsequence
for which µ → µ̄ ≥ 0 and r = ∥(x, s)∥ → ∞, while (x/r, s/r) → (u, v) with ∥(u, v)∥ = 1. Dividing the
bounded equation block by r gives Bu = v. Dividing the bounded smoothing block by r, passing to the
limit, and cancelling 1 + µ̄ > 0 gives, componentwise,

ui + vi =
√

(ui − vi)2 + 2τuivi.

Squaring this identity yields (4 − 2τ)uivi = 0. Together with ui + vi ≥ 0, this implies ui, vi ≥ 0 and
uivi = 0. Consequently, 0 = u⊤v = u⊤Bu, so u = 0 and v = 0, contradicting the normalization. □
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This proposition supplies a concrete bounded-level-set condition for the fixed-grid linear obstacle
and Reynolds models in Section 5.3. It is not asserted for the random nonconvex mappings or for
general equality-constrained models with multipliers. In particular, monotonicity alone is not used as
a substitute for level-set boundedness.

4.2. Local quadratic convergence

The local nonsingularity assumption below is stronger than the positive-smoothing conclusion of
Theorem 3.2. It requires every matrix in ∂H(z∗) to be nonsingular, providing a uniform inverse bound
and a local error bound. If each component is nondegenerate (for example, if wi > 0 or, when wi =

0, strict complementarity holds), the norm expression is nonzero at the solution, and this condition
reduces to ordinary Jacobian nonsingularity. Smoothness or strict complementarity alone does not
guarantee that nonsingularity. At a component with x∗i = s∗i = wi = 0, the generalized Jacobian is
set-valued, and the all-elements condition is a substantive sufficient regularity requirement. It is used
for the local rate, not as an additional assumption of the global residual theorem.

The quadratic smoothing term 2µ2e enables the square-root expression in φ to be written as the
Euclidean norm of a smooth mapping. Consequently, the same formula defines a locally Lipschitz
extension of H to a neighborhood of µ = 0, including negative values of µ. This extension is used
when referring to the Clarke generalized Jacobian at µ = 0. The rational reference-value update then
makes the forcing term second order in the current residual.

Lemma 4.1. If F′ is locally Lipschitz continuous near (x∗, s∗, y∗), then H is strongly semismooth near
z∗ = (0, x∗, s∗, y∗).

Proof. For each component, we use

(xi − si)2 + 2τxisi =
(
xi + (τ − 1)si

)2
+ τ(2 − τ)s2

i

and define

Gi(µ, xi, si) =


(1 + µ)

(
xi + (τ − 1)si

)
√
τ(2 − τ)(1 + µ)si√

4 − 2τ
√

wi√
2 µ

 .
The square-root term in φi is exactly ∥Gi(µ, xi, si)∥. The Euclidean norm is strongly semismooth. Away
from the origin it has a locally Lipschitz derivative, whereas at the origin, its semismooth residual
vanishes. Since Gi is twice continuously differentiable and strong semismoothness is preserved under
smooth composition, each φi is strongly semismooth. Moreover, a continuously differentiable mapping
with a locally Lipschitz derivative is strongly semismooth. The same conclusion therefore holds for F
and hence for H. □

Remark 4.1. The quadratic smoothing term also covers degenerate complementarity components.
Indeed, if wi = xi = si = 0, then the locally extended component is

φi(µ, 0, 0) = −
√

2 |µ|,

which is locally Lipschitz and strongly semismooth at µ = 0.
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Lemma 4.2. Let Mk = M(zk). For every k ≥ 1,

Mk ≤ Ck ≤ (C0 + 1)Mk, βk ≤
γ(C0 + 1)

2
∥H(zk)∥2.

Proof. The lower bound follows from Theorem 3.3. By Theorem 4.1, Ck−1 ≤ C0, and (3.15) gives

Ck =
(Ck−1 + 1)Mk

Mk + 1
≤ (C0 + 1)Mk.

Since min{1,Ck} ≤ Ck and Mk =
1
2∥H(zk)∥2, the estimate for βk follows. □

To make the role of this estimate explicit, let dk
N solve the ordinary Newton equation H′(zk)dk

N =

−H(zk) at the same positive-smoothing iterate. Subtraction from (3.9) gives

∆zk − dk
N = βkH′(zk)−1h.

Under the local assumptions of Proposition 4.2, the inverse is uniformly bounded near the solution.
Since ∥h∥ = 1, Lemma 4.2 and local Lipschitz continuity of H imply

∥∆zk − dk
N∥ = O(∥H(zk)∥2) = O(∥zk − z∗∥2).

The positive-smoothing correction therefore has the same order as the local Newton error, rather than
a first-order or fixed-size bias. The proposition and theorem below establish the full-step acceptance
and quadratic convergence under their stated assumptions.

Proposition 4.2. Let z∗ = (0, x∗, s∗, y∗) be a zero of H. Suppose every V ∈ ∂H(z∗) is nonsingular and
F′ is locally Lipschitz continuous near (x∗, s∗, y∗). Let

z̃k+1 = zk + ∆zk

be the full Newton trial point generated by Step 2. There exist a neighborhood U of z∗ and constants
cN , cH > 0 such that every generated iterate zk ∈ U satisfies

∥̃zk+1 − z∗∥ ≤ cN
(
∥zk − z∗∥2 + βk

)
and

∥H(̃zk+1)∥ ≤ cH
(
∥zk − z∗∥2 + βk

)
.

Proof. By Lemma 4.1, H is strongly semismooth near z∗. Because µk > 0, the classical Jacobian
satisfies H′(zk) ∈ ∂H(zk). Upper semicontinuity of the Clarke generalized Jacobian, together with
nonsingularity of every element of ∂H(z∗), implies that ∥H′(zk)−1∥ is uniformly bounded for all
generated zk sufficiently close to z∗. The Newton system (3.9) gives

zk + ∆zk − z∗ = zk − z∗ + H′(zk)−1[−H(zk) + βkh].

Equivalently, using H(z∗) = 0,

z̃k+1 − z∗ = H′(zk)−1{H′(zk)(zk − z∗) − [H(zk) − H(z∗)] + βkh}.
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After shrinking the neighborhood if necessary, strong semismoothness gives a uniform constant cs > 0
such that

∥H(zk) − H(z∗) − H′(zk)(zk − z∗)∥ ≤ cs∥zk − z∗∥2,

for every generated zk in that neighborhood. These estimates, together with the uniform boundedness
of H′(zk)−1 and the fixed vector h, give the first bound with a constant independent of k.

It remains to ensure that the full trial point stays in a common Lipschitz neighborhood of z∗. For
k ≥ 1, Lemma 4.2 and local Lipschitz continuity of H give

βk ≤
γ(C0 + 1)

2
∥H(zk)∥2 ≤ cβ∥zk − z∗∥2

for some constant cβ > 0 whenever zk is sufficiently close to z∗; for k = 0, the same conclusion
follows directly from C0 = M(z0). The first estimate therefore implies that z̃k+1 remains in the chosen
local neighborhood after U is reduced if necessary. Since H is locally Lipschitz continuous there and
H(z∗) = 0, the second estimate follows from

∥H(̃zk+1)∥ ≤ L∥̃zk+1 − z∗∥

for some local Lipschitz constant L > 0. □

Theorem 4.3. Suppose Assumption 3.1 holds, and suppose z∗ = (0, x∗, s∗, y∗) is an accumulation point
of the sequence generated by NBB. If every V ∈ ∂H(z∗) is nonsingular and F′ is locally Lipschitz
continuous near (x∗, s∗, y∗), then zk → z∗ and

∥zk+1 − z∗∥ = O(∥zk − z∗∥2).

Proof. By the accumulation-point extension following Theorem 4.2, H(z∗) = 0; boundedness of the
initial level set is not an additional hypothesis of this local theorem. Lemma 4.2 gives, for all k ≥ 1,

βk ≤
γ(C0 + 1)

2
∥H(zk)∥2.

The local Lipschitz continuity of H therefore implies βk = O(∥zk − z∗∥2) whenever zk is sufficiently
close to z∗. Proposition 4.2 therefore yields

∥̃zk+1 − z∗∥ = O(∥zk − z∗∥2).

Moreover,

M(̃zk+1) =
1
2
∥H(̃zk+1)∥2 = O(∥zk − z∗∥4).

The nonsingularity of all elements of ∂H(z∗) also gives a local error bound [22]: For all zk sufficiently
close to z∗,

c1∥zk − z∗∥ ≤ ∥H(zk)∥ ≤ c2∥zk − z∗∥

with positive constants c1, c2. Hence,

Ck ≥ M(zk) ≥
1
2

c2
1∥z

k − z∗∥2.
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Since M(̃zk+1) = O(∥zk − z∗∥4) and 1 − σ(2 −
√

2γ) > 0, the full Newton trial satisfies the full-step
test (3.12) whenever zk is sufficiently close to z∗. Because NBB tests the full Newton step before using
the safeguarded BB factor, αk = 1 is then accepted. Hence, zk+1 = zk + ∆zk, and

∥zk+1 − z∗∥ = O(∥zk − z∗∥2).

More explicitly, we choose a closed ball Bδ(z∗) = {z : ∥z − z∗∥ ≤ δ} and a constant c > 0 such that the
preceding full-step acceptance and the estimate

∥zk+1 − z∗∥ ≤ c∥zk − z∗∥2

hold whenever a generated iterate zk belongs to Bδ(z∗). By reducing δ if necessary so that cδ ≤ 1/2,
any such iterate satisfies

∥zk+1 − z∗∥ ≤ cδ∥zk − z∗∥ ≤ 1
2∥z

k − z∗∥.

It therefore remains in the same local region. Since z∗ is an accumulation point, some sufficiently late
iterate enters this ball. Induction shows that every subsequent iterate remains there and converges to
z∗, while the preceding quadratic estimate gives the asserted rate. □

Corollary 4.2. Under the assumptions of Theorem 4.3, there exists an integer K such that αk = 1 for
all k ≥ K. Consequently, the safeguarded BB trial factor and the step-length memory do not affect the
local tail of the sequence.

Proof. The proof of Theorem 4.3 shows that the full Newton step satisfies (3.12) for all sufficiently
large k. Since Step 4 tests the full Newton step before using the safeguarded BB factor, NBB accepts
αk = 1 from that point onward. □

The following result verifies the local regularity condition for a concrete class, including degenerate
complementarity components.

Corollary 4.3. (Positive-definite linear problems) Let m = 0 and F(x, s) = Bx + q − s, where B is
symmetric positive definite. For every fixed w ≥ 0 and τ ∈ [0, 2), the WCP has a unique solution. From
any initialization satisfying Algorithm 3.1, the generated sequence converges to the corresponding zero
of H, eventually accepts full Newton steps, and converges quadratically. Strict complementarity is not
required.

Proof. Example 3.1 and Proposition 4.1 establish the structural assumption and boundedness of the
initial level set. Theorem 4.2 therefore yields at least one solution. If (x, s) and (x̂, ŝ) are two solutions,
then componentwise nonnegativity and xisi = x̂i ŝi = wi imply

(xi − x̂i)(si − ŝi) = 2wi − xi ŝi − x̂isi ≤ 0,

where the last inequality follows from the arithmetic–geometric mean inequality. Since s− ŝ = B(x− x̂),
positive definiteness forces x = x̂ and s = ŝ. Thus, the solution is unique, and Corollary 4.1 gives
convergence of the whole sequence to it.

It remains to verify nonsingularity of every V ∈ ∂H(z∗). Each such matrix has the block form

V =


1 0 0
0 B −I
a Dx Ds

 ,
AIMS Mathematics Volume 11, Issue 10, 33673–33726.



33691

where Dx and Ds are diagonal. If x∗i + s∗i > 0, direct differentiation gives

(Dx)ii =
(2 − τ)s∗i
x∗i + s∗i

, (Ds)ii =
(2 − τ)x∗i
x∗i + s∗i

.

Both entries are nonnegative and their sum is 2 − τ > 0. If x∗i = s∗i = 0, then wi = 0. In the norm
representation used in Lemma 4.1, the derivatives with respect to xi and si at this point are

tx = (1, 0, 0, 0)⊤, ts = (τ − 1,
√
τ(2 − τ), 0, 0)⊤.

The norm-subgradient chain rule represents each pair of generalized derivative entries as 1 − v⊤i tx

and 1 − v⊤i ts for some ∥vi∥ ≤ 1. Since ∥tx∥ = ∥ts∥ = 1 and ∥tx + ts∥ =
√

2τ, these entries satisfy

(Dx)ii ≥ 0, (Ds)ii ≥ 0, (Dx)ii + (Ds)ii ≥ 2 −
√

2τ > 0.

These inequalities also hold for convex combinations of limiting Jacobians. If V∆z = 0, then ∆µ = 0,
∆s = B∆x, and Dx∆x + Ds∆s = 0. The last relation and the nonnegative coefficients with positive sum
imply ∆xi∆si ≤ 0 for every i. Hence,

0 ≥ ∆x⊤∆s = ∆x⊤B∆x,

which gives ∆x = ∆s = 0. Thus, V is nonsingular. Since F′ is constant, Theorem 4.3 and Corollary 4.2
prove the rate and full-step conclusions. □

This corollary applies to the fixed-grid linear obstacle, Reynolds, and positive-weight models below.
It does not cover the nonlinear Bratu or random nonconvex tests. The general local theorem still
requires generalized-Jacobian nonsingularity; the corollary supplies a verifiable sufficient model class
rather than removing that requirement for arbitrary WCPs.

5. Numerical experiments

In this section, we report numerical experiments for NBB. We first compare one-step methods on
fixed nonconvex instances, isolate the BB mechanism by ablation, and examine parameter sensitivity.
In Sections 5.2.5 and 5.2.6, we add a recent independent one-step comparator, monotone linear tests,
and tests at nonzero values of τ. In Section 5.3, we study three zero-weight physical models,
including failure diagnostics, nested meshes, and an independent discrete contact-set check, followed
by a separate analytical-solution benchmark. In Section 5.4, we test larger sparse problems, including
positive weights.

5.1. Experimental settings

NBB solves one Newton system per outer iteration, while its safeguarded BB update requires only
vector inner products and scalar truncation. We denote the real-coordinate nonmonotone smoothing
Newton algorithm by Rn-NSNA and the fixed-trial smoothing Newton method by FT-SNM. Rn-NSNA
provides a literature-based one-step comparator, and the controlled FT-SNM ablation isolates the BB
trial factor within the same smoothing equation and globalization framework. We denote our real-
coordinate implementation of the smoothing Newton method under a local error bound by Rn-SNEB.
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In Section 5.2.5, we compare this independent one-step method, retaining its own smoothing and
monotone acceptance rules. Linear-system and mapping-evaluation counts are reported separately
from outer iterations.

All experiments are implemented in MATLAB (matrix laboratory), version R2023b. They run on a
computer with an advanced micro devices (AMD) Ryzen 5 6600H processor at 3.30 gigahertz (GHz).
The machine has 16 gigabytes (GB) of random-access memory (RAM). Unless otherwise stated, the
tolerance for the method-specific smoothing residual is 10−8, and the maximum number of iterations
is 220. The line search permits at most 92 trial evaluations per outer iteration, including the initial
full-step trial. In Rn-SNEB, the full trial is reused if its second acceptance test is needed at the same
point. Fresh runs of NBB and Rn-NSNA on the original 150 instances reproduce their previous success
flags and work counts. A run is counted as successful only if its method-specific smoothing residual
satisfies the stopping tolerance and its common Karush–Kuhn–Tucker (KKT) residual

RKKT = max{∥Ax − b∥∞, ∥∇ f (x) − s − A⊤y∥∞, ∥x ◦ s − w∥∞, ∥x−∥∞, ∥s−∥∞}

is at most 10−7. This residual is evaluated on the original complementarity variables rather than on a
method-specific smoothed equation. It therefore provides a common accuracy measure for all
methods and variants. Wall-clock time is included only as a supplementary indicator because
linear-algebra timings depend on the local MATLAB environment. The historical raw-data fields
named cpu or cpu time are recorded with tic/toc; they measure elapsed solver time, excluding
model construction, not process central processing unit (CPU) time. In Section 5.4, we report
repeated complete-call timings, construction times, and separately measured process CPU times. Less
hardware-dependent work measures are the numbers of Newton systems, residual evaluations, and
rejected line-search trial steps.

The original Bratu and Reynolds experiments use a 200-iteration budget and at most 82 line-search
trials per iteration. The later nested-grid and analytical-solution studies use the default 220-iteration
and 92-trial budgets; extended failure diagnostics are identified separately.

All random instances in the one-step comparison use fixed MATLAB random streams. In the tests
with different dimensions, the problem seed is

920000 + 1000n + j

and the starting-vector seed is
925000 + 1000n + j,

where j is the instance index. In the tests with different initialization scales, the corresponding seeds
are

960000 + 1000r + j and 965000 + 1000r + j.

MATLAB’s backslash operator solves the reduced Newton systems. The raw instance-level comma-
separated values (CSV) files record the seed, success flag, iteration count, residual evaluations, Newton
linear solves, rejected trial steps, number of iterations with an admissible positive BB factor, and
final residual. Unless otherwise stated, the main tables average successful runs only. Failure counts
and paired win rates are reported in the surrounding text. Together with the tolerances, metrics, and
averaging convention, the seeds and records specify the protocol used to generate the tables.
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Implementation checks are included in the supplementary code. Across 48 combinations of
parameter value, sign pattern, and equality-constraint dimension, the largest relative central-difference
Jacobian discrepancy is 1.46 × 10−10, and the largest relative reduced/full Newton-direction
discrepancy is 1.41 × 10−15. Separate tests check known roots, domain boundaries, the scalar
unconstrained case, and exact trial-count accounting when the search budget is exhausted. These
finite tests check implementation consistency; they do not replace the convergence assumptions or
constitute a proof of correctness for every input.

The literature baseline, denoted by Rn-NSNA, is a coordinatewise Rn specialization of the one-step
nonmonotone smoothing Newton framework of Tang and Zhang [9]. It solves one Newton system per
iteration and uses the published rational reference-value update with geometric backtracking. We also
implement a fixed-trial control, FT-SNM, which uses the same smoothing equation, reduced Newton
system, forcing term, and stopping rules as NBB but disables the BB factor and accepted-step memory.
Thus, FT-SNM starts the post-rejection sequence at λ, after the full step has been tested. Across all 150
paired instances reported below, FT-SNM and Rn-NSNA have identical success flags, iteration counts,
residual-evaluation counts, and rejected-trial counts. This empirical identity does not make the two
formulations mathematically identical. To avoid duplicate rows, the main comparison tables report Rn-
NSNA. The FT-SNM records are retained in the raw data, and the fixed-trial mechanism is examined
directly in the ablation study.

NBB, Rn-NSNA, and FT-SNM use µ0 = 10−4, γ = 10−5, σ = 0.2, and τ = 0, together with the
common tolerances and reduced linear solver stated above. The geometric contraction value is 0.5: It
is denoted by λ in NBB and FT-SNM and by δ in Rn-NSNA. NBB additionally uses pmin = 0.25 and
pmax = 0.5; these safeguards do not enter Rn-NSNA or FT-SNM. The choice τ = 0 is the
natural-residual member of the family in Section 3.2. The main paired comparisons retain this value
to isolate the line-search mechanism; additional nonzero values are tested in Section 5.2.6. No
uniform robustness claim is made over τ ∈ [0, 2).

The number of outer Newton iterations (IT), number of function evaluations (NF), and number of
rejected trial steps (RED) are individual-run counts. Their successful-run means are AIT, ANF, and
ARED. Paired and dispersion tables summarize these counts as specified in their captions.

The random benchmark construction follows numerical-testing practice in smoothing Newton
studies for WCPs and related complementarity problems. Dense random matrices, nonlinear
componentwise perturbations, and infeasible or noninterior starting points test globalization
behavior [9, 10, 12]. The dimensions and initialization scales are chosen to activate the line search and
expose the effect of the safeguarded BB trial factor.

The supplementary reproducibility archive contains the MATLAB implementations, seeded
instance generators, original and added instance-level CSV files, paired statistical summaries, saved
field/trajectory data, and scripts for the added tables and figures. Its README gives the exact entry
points and settings. It also includes derivative and reduced/full-system verification records. The
archive permits reconstruction of the comparisons from unrounded instance-level records.

5.2. Test problems and comparative experiments

The two benchmark groups below are nonconvex stress tests. We do not assume that they satisfy
Assumption 3.1 along every generated trajectory, and empirical success on them is not a verification
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of the global theorem. They use the equality-constrained WCP mapping

F(x, s, y) =
(

Ax − b
∇ f (x) − s − A⊤y

)
, x ≥ 0, s ≥ 0, x ◦ s = w.

This is also the fixed row order in the implementation:

z = (µ, x, s, y) and H(z) = (µ, Ax − b,∇ f (x) − s − A⊤y, φ).

An independent permutation of the residual rows would preserve the Newton step but could change the
BB inner product, so the same order is used in all comparisons. The nonlinear objective defining the
stationarity block is

f (x) =
1
2

x⊤Qx + (c + P(x))⊤x,

Q =
n
4

N⊤N
∥N⊤N∥2

,

Pi(x) = x2
i + sin xi + cos xi + 1.

The gradient and Hessian used in the Newton equations are

∇ f (x) = Qx + c + P(x) + x ◦ P′(x),
∇2 f (x) = Q + diag

(
2P′(x) + x ◦ P′′(x)

)
,

where
P′i(x) = 2xi + cos xi − sin xi and P′′i (x) = 2 − sin xi − cos xi.

Here,

N = randn(n, n), c = rand(n, 1), w = rand(n, 1), A = randn(m, n), and b = Ax̂

for x̂ = rand(n, 1). Thus, Q is positive semidefinite after scaling, whereas the diagonal nonlinear term
can make ∇2 f (x) indefinite. The choice b = Ax̂ ensures feasibility of the equality constraints. The
initial points are mixed-sign noninterior points

x0 = r randn(n, 1), s0 = r randn(n, 1), y0 = r randn(m, 1),

which are deliberately outside the usual positive-start local regime. The Gaussian vectors are not
normalized, so r is an initialization scale, not a prescribed Euclidean radius or distance to a solution.
Scaling a fixed signed vector by r > 0 also scales its distance to the nonnegative orthant. These tests
therefore emphasize globalization rather than only local Newton behavior near a solution.

5.2.1. Tests with different problem dimensions

The first group fixes r = 20 and tests (n,m) = (100, 50), (150, 75), and (200, 100). For each
dimension, 20 independent instances are generated. This experiment examines whether the BB
globalization remains useful as the number of complementarity variables and the number of linear
equality constraints increase. Table 3 gives the results.
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Table 3. Comparison of NBB and Rn-NSNA for nonconvex nonlinear WCPs of different
dimensions at r = 20 (20 instances per dimension; averages over successful runs). NBB
denotes the proposed nonmonotone NBB algorithm. ABB is the average number of BB-
initialized searches after full-step rejection, not accepted BB trials.

n Method SR (%) AIT ANF ARED ABB AKKT

100 NBB 100 23.90 76.50 27.70 5.55 8.45 × 10−10

Rn-NSNA 100 26.50 91.20 37.20 0 1.18 × 10−9

150 NBB 100 34.90 121.95 51.15 11.25 1.59 × 10−9

Rn-NSNA 100 42.05 161.25 76.15 0 6.40 × 10−10

200 NBB 90 78.78 320.50 161.94 33.44 1.42 × 10−9

Rn-NSNA 85 89.00 394.35 215.35 0 5.38 × 10−10

Both methods solve all instances for n = 100 and n = 150. For n = 200, NBB fails on two instances
and Rn-NSNA fails on three. Of the 20 paired instances, both methods solve 15, NBB alone solves
three, and Rn-NSNA alone solves two. A two-sided exact McNemar test on these five discordant
outcomes gives p = 1.000, so the one-instance difference is descriptive rather than evidence of a
systematic success-rate improvement. Relative to Rn-NSNA, the successful-run means for NBB are
lower by 9.8%, 17.0%, and 11.5% in iteration count; 16.1%, 24.4%, and 18.7% in residual evaluations;
and 25.5%, 32.8%, and 24.8% in rejected trial steps for n = 100, 150, 200, respectively. Because one
Newton system is solved per iteration, ALS equals AIT and is omitted from the table. Elapsed-time
measurements are retained in the raw files but are not used as the primary comparison metric.

On jointly successful instances, NBB uses fewer residual evaluations on 80.0%, 75.0%, and 66.7%
of the runs and fewer rejected trial steps on 80.0%, 80.0%, and 66.7% for n = 100, 150, 200,
respectively. The final common residuals have the same order of magnitude. All instance-level counts
are retained in the raw files, from which standard deviations can be computed. The increase in ABB
with dimension indicates that an admissible positive BB factor is available on more post-rejection
iterations as the line search becomes harder. These observations motivate the paired statistical
assessment in Section 5.2.2.

5.2.2. Tests with different initialization scales

The second group fixes (n,m) = (200, 100) and varies the initialization scale r. Thirty independent
instances are generated for each of r = 20, 50, 100. The seeds depend on r, so the three groups have
the same dimensions but different problem instances and starting-vector directions; only the methods
within each group are paired. Consequently, cross-group differences cannot be attributed solely to the
change in r. All three groups are reported, including r = 20, where the methods have different failure
sets. Table 4 gives the results; the column abbreviations have the same meanings as in Table 3.
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Table 4. Comparison of NBB and Rn-NSNA for nonconvex nonlinear WCPs at different
initialization scales, with (n,m) = (200, 100) (30 instances per scale; averages over successful
runs). ABB counts positive BB availability after full-step rejection, not accepted BB trials.

r Method SR (%) AIT ANF ARED ABB AKKT

20 NBB 90.00 68.67 272.22 133.89 27.85 9.72 × 10−10

Rn-NSNA 93.33 94.96 416.04 225.11 0 1.10 × 10−9

50 NBB 100 44.90 164.63 73.83 15.07 3.40 × 10−10

Rn-NSNA 100 60.03 242.10 121.03 0 5.93 × 10−10

100 NBB 100 38.37 135.77 58.03 11.83 7.46 × 10−10

Rn-NSNA 100 41.37 155.13 71.40 0 1.01 × 10−9

At r = 20, NBB solves 27 instances and Rn-NSNA solves 28. Both methods solve 25 instances,
NBB alone solves two, and Rn-NSNA alone solves three. The two-sided exact McNemar test again
gives p = 1.000. Among successful runs, NBB has a 27.7% lower mean iteration count, 34.6% fewer
residual evaluations, and 40.5% fewer rejected trial steps. At r = 50, the corresponding reductions
are 25.2%, 32.0%, and 39.0%; at r = 100, they are 7.3%, 12.5%, and 18.7%. NBB uses fewer residual
evaluations on 76.0%, 73.3%, and 73.3% of jointly successful runs for r = 20, 50, 100, and fewer
rejected trial steps on 76.0%, 76.7%, and 76.7%, respectively. Thus, the most consistent reduction
occurs in rejected trial steps, the metric most directly affected by the post-rejection BB factor.

Because successful-run means can be influenced by a small number of long runs, Table 5
supplements Tables 3 and 4 with medians and interquartile ranges. Each entry has the form median
[Q1,Q3] and is computed using the same successful-run subsets as the main tables.

Table 5. Distributional summary of work counts. Entries are median [Q1,Q3] over successful
runs.

Setting Method IT NF RED

n = 100 NBB 24 [20, 26.5] 77 [58, 92.5] 26 [17, 38.5]
Rn-NSNA 24.5 [19, 29.5] 79 [56.25, 110] 30 [17.5, 49]

n = 150 NBB 31.5 [24.75, 42] 108.5 [78.75, 147.75] 43.5 [28.75, 64.25]
Rn-NSNA 40 [27.5, 46.75] 149.5 [94.75, 186.75] 68 [42.25, 95.25]

n = 200 NBB 56.5 [42.5, 99.5] 244 [157.75, 397.75] 130 [72.25, 198.75]
Rn-NSNA 72 [44, 106] 311 [172, 427] 166 [86, 233]

r = 20 NBB 55 [33, 93.5] 214 [124, 378.5] 107 [57, 187.5]
Rn-NSNA 76.5 [53, 129.25] 325 [216.75, 592] 172.5 [109.75, 332.5]

r = 50 NBB 39 [31.75, 50.5] 145 [114.25, 185.75] 68 [47.75, 81.75]
Rn-NSNA 44 [36.5, 73] 173 [132.5, 294] 86 [57.75, 151]

r = 100 NBB 34.5 [27.25, 44.5] 120.5 [90, 170.5] 50.5 [33, 76.25]
Rn-NSNA 34.5 [27, 46.75] 120.5 [90.5, 184] 50.5 [36.25, 94.5]

The marginal median rejected-trial count is lower for NBB in five settings and equal at r = 100.
Median residual evaluations are also lower in five settings and equal at r = 100, while median iteration
counts are lower in five settings and equal at r = 100. The interquartile ranges widen for the hardest
n = 200 and r = 20 tests, explaining why means alone are not a sufficient summary. These descriptive
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distributional results are consistent with, but do not replace, the paired inference below.

Paired statistical assessment. The preceding summaries describe successful-run distributions but do
not account for pairing. We therefore apply a two-sided exact sign test to each collection of jointly
successful paired instances. This nonparametric test uses the direction of each nonzero paired
difference and does not require a normality assumption [23]. For notational brevity in this paragraph,
NSNA denotes the Rn-NSNA comparator. For any reported work metric, define

∆(·) = NBB(·) − NSNA(·), (5.1)

where the two metric values are obtained on the same problem instance. Thus, ∆(·) < 0 favors NBB,
∆(·) > 0 favors NSNA, and ∆(·) = 0 is a tie. The entries denoted by ∆ in Table 6 are the medians of
these instance-wise paired differences.

For a fixed setting and metric, let di denote the paired difference (5.1) on instance i, omit ties, and
define n− = #{i : di < 0}, n+ = #{i : di > 0}, Ns = n− + n+. Under the null hypothesis that neither
algorithm is systematically favored, a negative or positive sign has probability 0.5, so the number
of signs in either specified direction follows X ∼ Binomial(Ns, 0.5). The two-sided exact p-value is
therefore

p = min

1, 2
min{n−,n+}∑

j=0

(
Ns

j

) (
1
2

)Ns
 . (5.2)

This p-value is the probability, under the null hypothesis, of observing a sign imbalance at least as
extreme as the one obtained. A smaller p-value indicates stronger incompatibility with the null
hypothesis, whereas a large p-value indicates insufficient evidence against it and does not prove that
the two algorithms are equivalent [24]. We use 0.05 as the nominal significance level. Because six
setting-wise tests are conducted within each work-metric family, Holm correction is applied to control
the family-wise error rate [25]. Table 6 reports the unadjusted exact p-values, and the adjusted
conclusions are stated below the table.

Table 6. Paired exact sign tests on jointly successful instances. Entries are median differences
∆(·) with unadjusted p-values in parentheses.

Setting Pairs ∆(IT) (p) ∆(NF) (p) ∆(RED) (p)

n = 100 20 0 (0.754) −4.5 (0.0118) −3.5 (0.00443)
n = 150 20 0 (0.424) −7.5 (0.0414) −7.5 (0.0118)
n = 200 15 −2 (0.581) −23 (0.302) −19 (0.302)
r = 20 25 −10 (0.115) −51 (0.0146) −31 (0.0146)
r = 50 30 −10 (0.108) −51.5 (0.0161) −31.5 (0.00232)
r = 100 30 0 (0.503) −8 (0.0161) −6 (0.00522)

For example, consider RED in the n = 100 row of Table 6. Here, IT is the number of outer Newton
iterations, NF is the number of function evaluations, and RED is the number of rejected trial steps.
Their successful-run averages are AIT, ANF, and ARED. Among the 20 jointly successful pairs, NBB
has fewer rejected trial steps on 16 instances, NSNA has fewer on three instances, and one pair is tied.
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After the tie is omitted, n− = 16, n+ = 3, and Ns = 19. Substitution into (5.2) gives

p = 2
3∑

j=0

(
19
j

)
2−19 = 0.004425 ≈ 0.00443.

The accompanying value ∆(RED) = −3.5 means that the median of the 20 paired differences is −3.5;
in other words, NBB requires 3.5 fewer rejected trial steps in the median paired comparison. The small
unadjusted p-value shows that the observed 16-to-3 sign imbalance would be unlikely under equal
sign probabilities; its Holm-adjusted value is 0.0221 < 0.05, so the difference remains statistically
significant after correction. By contrast, the same row has ∆(IT) = 0 and p = 0.754, which provides
no evidence of a systematic difference in iteration count.

The iteration-count differences are not significant in any setting. Residual-evaluation differences
have unadjusted p < 0.05 in five of six settings, but none remains significant after the within-metric
Holm correction. For rejected trial steps, five of the six comparisons remain significant after correction
at the 0.05 level, with adjusted p-values between 0.0139 and 0.0355; the n = 200 comparison is not
significant (adjusted p = 0.302). Success-rate tests give p = 1.000, and wall-clock-time differences
are not consistent across settings. The evidence therefore supports a narrow conclusion. Within these
tests, the safeguarded BB mechanism reduces line-search rejections in most settings and often lowers
residual-evaluation work. It does not establish a general improvement in success rate, Newton iteration
count, or wall-clock time.

5.2.3. Ablation study of the BB globalization mechanism

To separate the effects of the safeguarded BB trial factor, step-length memory, and the safeguard
interval, we perform an ablation study on the same nonconvex WCP family with (n,m) = (80, 40) and
r = 30. Thirty independent instances are generated with problem seeds 970000 + j and starting-vector
seeds 975000 + j, where j = 1, . . . , 30. This experiment addresses a narrower question than the Rn-
NSNA comparison. It examines which component of the trial-factor update reduces line-search cost
after full-step rejection. The four variants are

NBB the proposed safeguarded BB method,
NBB-M0 NBB without the accepted-step memory,
FIXED a fixed post-rejection trial factor with no BB factor,
NBB-U an unclipped positive BB factor with the same line search.

The full Newton step is tested first in all variants; the differences concern only the initial trial factor
used after this full step is rejected. Table 7 reports averages over successful runs.

Table 7. Ablation of the BB globalization mechanism on 30 nonconvex WCP instances with
(n,m) = (80, 40) and r = 30. ANF is the average number of function evaluations; ARED is
the average number of rejected trial steps.

Variant SR (%) AIT ANF ARED ABB AKKT

NBB 100 20.73 61.43 18.97 3.73 4.10 × 10−10

NBB-M0 100 20.70 61.37 18.97 3.47 3.60 × 10−10

FIXED 100 20.83 65.73 23.07 0 4.10 × 10−10

NBB-U 100 22.67 69.00 22.67 5.17 7.21 × 10−11
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All variants solve all 30 instances, so the ablation compares computational work without
confounding from failed runs. Because the four variants use the same Newton system and stopping
test, ANF and ARED reflect changes induced by the line-search trial factor rather than changes in the
local model. Compared with FIXED, NBB has nearly the same average iteration count but 6.5%
fewer residual evaluations and 17.8% fewer rejected trial steps. In the paired exact sign tests, NBB
has lower NF and RED values than FIXED on 23 instances and higher values on six, with one tie.
After Holm correction across the three NBB-versus-variant contrasts within each metric, the NF and
RED comparisons with FIXED remain significant (adjusted p = 0.00695). NBB-M0 is nearly
indistinguishable from NBB, and neither its NF nor RED contrast is significant, indicating that
accepted-step memory is not the dominant source of improvement on this set. NBB-U has larger
successful-run means than NBB, but the paired differences between these two variants are not
significant. The ablation therefore supports a specific, limited conclusion: The safeguarded BB
initializer reduces line-search work relative to the fixed initializer on these instances, while the
separate effects of memory and clipping are less decisive.

5.2.4. Parameter sensitivity and convergence profiles

We next test whether the observed behavior depends strongly on a single parameter choice. The
sensitivity study uses

(n,m) = (200, 100), r = 50,

and 12 independent instances with problem seeds 980000 + j and starting-vector seeds 985000 + j,
where j = 1, . . . , 12. The base setting is

(pmin, pmax) = (0.25, 0.50), λ = 0.5, and γ = 10−5.

The interval (pmin, pmax) controls truncation of the BB factor. Parameter λ is the backtracking
contraction factor, and γ controls the forcing term in the smoothing-parameter update. Table 8
perturbs these three components separately.

Table 8. Parameter sensitivity of NBB on 12 nonconvex WCP instances with (n,m) =
(200, 100) and r = 50.

Setting (pmin, pmax) λ γ SR (%) AIT ANF ARED AKKT

baseline (0.25, 0.50) 0.5 10−5 100 46.17 175.25 81.92 5.40 × 10−10

interval A (0.10, 0.40) 0.5 10−5 100 45.25 159.50 68.00 1.40 × 10−10

interval B (0.25, 0.80) 0.5 10−5 100 41.42 157.08 73.25 3.89 × 10−10

interval C (0.40, 0.80) 0.5 10−5 100 48.17 202.50 105.17 6.62 × 10−10

λ = 0.4 (0.25, 0.50) 0.4 10−5 100 40.08 141.67 60.50 6.36 × 10−10

λ = 0.7 (0.25, 0.50) 0.7 10−5 100 45.08 201.58 110.42 4.43 × 10−10

γ = 10−6 (0.25, 0.50) 0.5 10−6 100 41.08 154.33 71.17 1.32 × 10−9

γ = 10−4 (0.25, 0.50) 0.5 10−4 100 44.50 163.33 73.33 5.96 × 10−14

All tested settings solve all 12 instances. The average iteration count ranges from 40.08 to 48.17,
and the mean final common residual is below 1.4 × 10−9 for every setting. Across the 96 individual
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runs, the largest final common residual is 8.56 × 10−9, still below the common 10−7 threshold. The
larger trial factors associated with (0.40, 0.80) and λ = 0.7 are accompanied by more backtracking.
No failure occurs under any tested single-component perturbation, although the work counts remain
sensitive to the initial trial scale.

Figure 1 shows an illustrative trajectory for a reproducibly generated instance with
(n,m) = (200, 100) and r = 50. The problem and starting-vector seeds are 990001 and 995001,
respectively. The upper panel plots the smoothing residual, while the lower panel records the accepted
step length and safeguarded BB trial factor. NBB reaches

∥H(zk)∥2 = 1.04 × 10−13

in 52 iterations, whereas the fixed-trial variant reaches 2.79 × 10−9 in 65 iterations. NBB uses small
safeguarded trial factors away from the solution and eventually accepts full Newton steps. This single
trajectory illustrates the mechanism and is not used in the paired inference. Its full-step tail agrees with
Corollary 4.2: BB globalization acts in the nonlocal phase, while full Newton steps govern the local
tail.

Figure 1. Convergence profile for the illustrative nonconvex WCP instance. The upper panel
compares residual decay for NBB and the fixed-trial variant. The lower panel shows the
accepted step length and safeguarded BB trial factor used by NBB.

5.2.5. Comparison with a recent one-step smoothing Newton method

We implement Algorithm 3.1 of Tang and Zhou [11], whose article appeared online in 2023 and in
a 2025 journal issue. We call our Euclidean-coordinate implementation Rn-smoothing Newton under
an error bound (SNEB); this is not the authors’ original software. It computes one Newton direction
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per iteration, without a second correction. Its local quadratic convergence theorem requires the rank-
monotonicity assumption, a local error bound, local Lipschitz continuity, a quadratic linearization
remainder, and a uniformly bounded inverse on a neighborhood with positive smoothing parameters,
together with an accumulation point. An error bound alone is not the complete hypothesis.

With

HE(z) = (µ, F(x, s, y), ψE(µ, x, s)),

the method uses

ψE(µ, x, s) = x + s −
√

x2 + s2 + 2w + 4µ2e, ΨE(z) = ∥HE(z)∥2,

where squares and square roots are componentwise. The direction satisfies

H′E(z)∆z = −HE(z) + γEΨE(z)e1.

The full step is accepted if its residual norm is at most τE times the current norm. Otherwise, it tests
α = δl, l = 0, 1, . . ., in

ΨE(z + α∆z) ≤ (1 − λ1α
2)ΨE(z) − λ2∥α∆z∥2.

We retain the published numerical choices

µ0 = 10−3, δ = τE = 0.5, λ1 = λ2 = 10−5,

and the fixed

γE = µ0/(ΨE(z0) + 1).

Here, τE is a full-step acceptance factor, not our complementarity-family parameter τ. The already
evaluated full trial is reused in the fallback test; it is not counted twice. The residual tolerance is
tightened from the source’s 10−6 to 10−8 for our comparison.

The same 150 nonconvex problems and initial x, s, y vectors are used for all three methods. Their
distinct smoothing parameters and forcing rules are retained, including µ0 = 10−4 for NBB and
Rn-NSNA. All use the common KKT threshold, 220-iteration budget, and 92-trial cap. The 300
NBB/Rn-NSNA reruns reproduce their previous success flags and work counts. For Rn-SNEB, four
small Jacobian checks have a maximum relative finite-difference error of 8.52 × 10−11; full and
reduced directions agree to 7.28 × 10−16. Twenty independently computed dense first steps also verify
the fallback test, including acceptance at α = 1 after the initial norm test fails. Final native and
common residuals are independently recomputed from saved fields.

Table 9a reports the nonconvex stress tests. Rn-SNEB succeeds on none of these 150 instances: 135
reach the iteration budget and 15 exhaust the trial budget. These tests lie outside its monotonicity
guarantee as well as ours. There is consequently no common-success subset for a three-method work
comparison; dashes must not be interpreted as zero work or infinite running time. The supplement
retains every terminal residual and failure status. No claim of general inferiority of Rn-SNEB follows
from this experiment.
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Table 9. Independent one-step comparison with Rn-SNEB. Work means include successful
runs only.

Setting Method Successes AIT ALS ANF ARED

(a) Original nonconvex signed-start suite

n = 100 NBB 20/20 23.90 23.90 76.50 27.70

n = 100 Rn-NSNA 20/20 26.50 26.50 91.20 37.20

n = 100 Rn-SNEB 0/20 – – – –

n = 150 NBB 20/20 34.90 34.90 121.95 51.15

n = 150 Rn-NSNA 20/20 42.05 42.05 161.25 76.15

n = 150 Rn-SNEB 0/20 – – – –

n = 200 NBB 18/20 78.78 78.78 320.50 161.94

n = 200 Rn-NSNA 17/20 89.00 89.00 394.35 215.35

n = 200 Rn-SNEB 0/20 – – – –

r = 20 NBB 27/30 68.67 68.67 272.22 133.89

r = 20 Rn-NSNA 28/30 94.96 94.96 416.04 225.11

r = 20 Rn-SNEB 0/30 – – – –

r = 50 NBB 30/30 44.90 44.90 164.63 73.83

r = 50 Rn-NSNA 30/30 60.03 60.03 242.10 121.03

r = 50 Rn-SNEB 0/30 – – – –

r = 100 NBB 30/30 38.37 38.37 135.77 58.03

r = 100 Rn-NSNA 30/30 41.37 41.37 155.13 71.40

r = 100 Rn-SNEB 0/30 – – – –

(b) Monotone linear construction of Tang–Zhou, Example 6.2

n = 100 NBB 6/6 4.83 4.83 11.50 0.83

n = 100 Rn-NSNA 6/6 4.83 4.83 11.50 0.83

n = 100 Rn-SNEB 6/6 5.50 5.50 12.67 0.67

n = 500 NBB 6/6 5.67 5.67 14.33 2.00

n = 500 Rn-NSNA 6/6 5.50 5.50 14.00 2.00

n = 500 Rn-SNEB 6/6 5.83 5.83 13.83 1.17

n = 1000 NBB 6/6 5.67 5.67 14.50 2.17

n = 1000 Rn-NSNA 6/6 5.50 5.50 14.17 2.17

n = 1000 Rn-SNEB 6/6 5.67 5.67 13.67 1.33

Note: Panel (a) uses the original 150 instances: The first three groups have r = 20, and the last three have n = 200. Panel
(b) uses three generated problems and two starts per dimension (18 matched instances). All methods use a 220-iteration
budget, 92 trial points per iteration, native residual tolerance 10−8, and common KKT tolerance 10−7. Method-specific
smoothing and forcing parameters are retained. Dashes mean no successful run, not zero cost. ALS counts reduced linear
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solves.

To also compare within a monotone class, we use the construction of [11, Example 6.2]:

F(x, s) = Bx − q − s,

where B consists of four normalized Gram blocks, q = − rand(n, 1), and w = rand(n, 1).
At n = 100, 500, 1000, three generated problems and the two published starting-point types give 18

matched instances. The source provides no seeds, so these are reproducible new instances of its
construction, not a reproduction of its exact tables. All methods succeed on all 18 instances; Table 9b
therefore compares identical successful subsets. Across these instances, the mean
iteration/evaluation/rejection counts are 5.39/13.44/1.67 for NBB, 5.28/13.22/1.67 for Rn-NSNA,
and 5.67/13.39/1.06 for Rn-SNEB. Thus, NBB has no uniform work advantage, and Rn-SNEB
rejects fewer trials here. Three additional sparse positive-weight checks at n = 100, 400, 1600 also
succeed for all methods and are retained in the supplement. All methods in this subsection use one
reduced linear solve per attempted Newton iteration; no timing ranking is inferred from these tests.

5.2.6. Further parameter sensitivity tests

The complementarity-family parameter τ ∈ [0, 2) is fixed within each run and is distinct from the
iteratively updated smoothing parameter µ. Theorem 3.1 gives the same WCP solution set for every
admissible τ; nonzero values are also allowed in Theorem 4.2 under its structural and bounded-level-
set assumptions. These statements do not guarantee convergence within a fixed budget for arbitrary
nonconvex starts. We test τ ∈ {0, 10−8, 10−6, 10−4, 10−3, 0.01, 0.1, 0.25, 0.5, 1, 1.5, 1.9} on the same 12
nonconvex weighted instances, keeping the signed starts at initialization scale r = 50, other parameters,
and the 220-iteration budget fixed. All 12 runs succeed at zero and at each of the four tested positive
values up to 10−3. Every run at each of the seven tested values from 0.01 to 1.9 reaches the iteration
limit. Table 10a summarizes all 144 runs. A zero success count means that the stated tolerances are
not reached, not that the solver returns no iterate or that the WCP has no solution.

Independent implementation checks reproduce the success flags and work counts of all 144 runs.
At 96 initial/final states, an independently evaluated sum-of-squares/rationalized residual agrees with
the implemented mapping to 1.34 × 10−14 relative to max{1, ∥H∥}. Blockwise central-difference
derivative discrepancies are at most 5.72 × 10−8, and reduced versus directly assembled full-Jacobian
directions differ relatively by at most 1.52 × 10−11, with normwise backward errors
below 1.70 × 10−17. Full-system runs on the first instance retain the same success/failure pattern at all
twelve values, although work counts change on these sensitive trajectories. These checks reveal no
missing τ term, derivative-sign error, or reduced-system inconsistency; finite checks are not a proof of
numerical reliability at every iterate.

Increasing only the original-start iteration budget to 2200 leaves all 84 previously unsuccessful
runs unsuccessful. Their final ∥H∥ values range from 6.05 × 104 to 1.88 × 105, C2200/C0 lies
between 0.99999960 and 0.99999990, and µ remains at 10−5. Thus, these are large-residual
trajectories, not solutions rejected solely by an overly strict final tolerance. The structural hypothesis
is also violated at every original start: For an orthonormal basis Z of ker A, the minimum eigenvalues
of Z⊤∇2 f (x0)Z range from −695.0 to −426.7. The global theorem therefore does not cover these
starts. The large retained reference values document weak progress of the nonmonotone globalization
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on this stress set; they do not identify a unique failure cause or prove nonconvergence with an
unlimited budget. Separate initialization diagnostics use the same problems, not replacement
instances. For τ = 0, 0.5, 1, 1.5, 1.9, replacing x0, s0 by their absolute values at r = 50 gives success
counts of 12, 0, 0, 0, 0 out of 12. Scaling the original Gaussian directions for all three variables to
initialization scale r = 1, without using any solution information, instead gives 11, 7, 3, 0, 0 successes
at those five values. Near-singular-system warnings occur in three unsuccessful τ = 1.9 runs with
r = 1 and are retained in the audit log. Finally, perturbing each computed τ = 0 solution by fixed-seed
noise of scale 10−3 gives 12/12 successes at every tested τ ∈ {0.01, 0.1, 0.25, 0.5, 1, 1.5, 1.9}, each in
two iterations, with maximum

RKKT = 2.80 × 10−10;

see Table 10b. This last check uses a computed solution and is explicitly a local-usability diagnostic,
not an independent-start performance comparison or an analytical solution test. None of these
outcomes replaces the original-start results.

Table 10. Fixed-τ sensitivity and follow-up diagnostics on the same 12 nonconvex weighted
problems.

τ Successes AIT ANF ARED AKKT

(a) Original signed starts, 220-iteration budget

0 12/12 46.17 175.25 81.92 5.40 × 10−10

10−8 12/12 37.50 140.25 64.25 3.32 × 10−9

10−6 12/12 49.50 186.33 86.33 2.61 × 10−9

10−4 12/12 34.00 115.25 46.25 2.73 × 10−10

10−3 12/12 45.08 164.92 73.75 1.01 × 10−9

0.01 0/12 – – – –

0.1 0/12 – – – –

0.25 0/12 – – – –

0.5 0/12 – – – –

1 0/12 – – – –

1.5 0/12 – – – –

1.9 0/12 – – – –

(b) Larger budget and separate near-solution diagnostics

Original starts, 2200 iterations Near-solution starts

τ Successes Final ∥H∥ range Successes AIT Max. RKKT

0.01 0/12 [9.26 × 104, 1.85 × 105] 12/12 2.00 4.22 × 10−11

0.1 0/12 [7.69 × 104, 1.82 × 105] 12/12 2.00 4.39 × 10−11

0.25 0/12 [8.18 × 104, 1.88 × 105] 12/12 2.00 4.67 × 10−11

0.5 0/12 [9.74 × 104, 1.76 × 105] 12/12 2.00 5.15 × 10−11

1 0/12 [1.17 × 105, 1.71 × 105] 12/12 2.00 8.22 × 10−11

1.5 0/12 [8.35 × 104, 1.71 × 105] 12/12 2.00 1.72 × 10−10

1.9 0/12 [6.05 × 104, 1.56 × 105] 12/12 2.00 2.80 × 10−10
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Note: Panel (a) retains every original result; means use successful runs only, and dashes do not mean that the solver was not
run. In panel (b), only the budget changes for the original-start runs. The near-solution runs instead perturb the computed
τ = 0 solution by fixed-seed noise of scale 10−3 and retain the 220-iteration cap. They test local usability, not success from
an independent start, and do not replace panel (a). All runs require ∥H∥ ≤ 10−8 and RKKT ≤ 10−7.

The monotone checks independently confirm that larger nonzero values are usable. On the 20 × 20
active-obstacle grid, the five values 0, 0.5, 1, 1.5, 1.9 all succeed with iteration counts 8, 10, 10, 12, 22
and rejected-trial counts 0, 0, 0, 1, 23, respectively. On the monotone positive-weight linear model
with n = 400 defined in Section 5.4, the same five values succeed in 3, 4, 4, 5, 5 iterations without
rejected trials, and the common residual is at most 2.30 × 10−9. The primary comparison uses τ = 0.
These results establish neither a sharp parameter threshold nor uniform optimality of zero; changing τ
changes the smoothing geometry and Newton trajectory even though the limiting WCP solution set is
unchanged. Improving robustness from difficult nonconvex starts or choosing τ adaptively requires a
separate algorithmic study. We examine the forcing and contraction parameters in the two blocks on
the same 12 instances, with τ = 0 and σ = 0.2. The first block fixes

µ0 = 10−4

and tests all nine combinations of

γ ∈ {10−6, 10−5, 10−4} and λ ∈ {0.4, 0.5, 0.7}.

All 108 runs succeed. Their mean iteration counts range from 34.00 to 48.17, and their mean rejected-
trial counts range from 45.08 to 117.17.

The second block tests all six values

γ ∈ {10−6, 10−5, 10−4, 10−3, 10−2, 0.1}

with the same three contraction factors. Since Algorithm 3.1 requires γ ≤ µ0, we set a common
µ0 = 0.1 in this block to accommodate the larger forcing coefficients. The condition

σ(2 −
√

2γ) < 1

holds throughout this grid. The problem instances, signed (x0, s0, y0) starts, other parameters, and
computational budgets remain unchanged. Fixing µ0 within each block permits within-block
assessment of γ and λ; differences between the blocks also reflect the changed initial smoothing value.

All 216 runs in the second block succeed. Their mean iteration counts range from 37.75 to 59.17,
and their mean rejected-trial counts range from 50.67 to 156.17. In particular, γ = 0.1 gives 12/12
successes at each λ = 0.4, 0.5, 0.7, with mean iteration counts 42.17, 44.58, and 46.42 and mean
rejected-trial counts 55.08, 67.83, and 97.50, respectively. Table 11 reports both blocks. These results
support the usability of larger γ on this test set, but establish neither uniform parameter insensitivity
nor a general advantage of γ = 0.1. The primary comparisons use µ0 = 10−4 and γ = 10−5; their
parameters are not selected using these sensitivity results.
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Table 11. Joint forcing and contraction study at two initial smoothing values on the same 12
instances.

γ λ Successes AIT ANF ARED

(a) Original block: µ0 = 10−4

10−6 0.4 12/12 35.92 125.25 52.42
10−6 0.5 12/12 41.08 154.33 71.17
10−6 0.7 12/12 44.25 191.83 102.33
10−5 0.4 12/12 40.08 141.67 60.50
10−5 0.5 12/12 46.17 175.25 81.92
10−5 0.7 12/12 45.08 201.58 110.42
10−4 0.4 12/12 34.00 114.08 45.08
10−4 0.5 12/12 44.50 163.33 73.33
10−4 0.7 12/12 48.17 214.50 117.17

(b) Expanded block: µ0 = 0.1

10−6 0.4 12/12 40.42 141.08 59.25
10−6 0.5 12/12 57.00 217.50 102.50
10−6 0.7 12/12 48.17 217.33 120.00
10−5 0.4 12/12 39.08 133.33 54.17
10−5 0.5 12/12 46.33 172.00 78.33
10−5 0.7 12/12 43.58 207.58 119.42
10−4 0.4 12/12 37.75 127.17 50.67
10−4 0.5 12/12 45.83 170.17 77.50
10−4 0.7 12/12 59.17 275.50 156.17
10−3 0.4 12/12 43.33 146.75 59.08
10−3 0.5 12/12 42.42 153.75 67.92
10−3 0.7 12/12 56.92 259.92 145.08
10−2 0.4 12/12 43.92 149.25 60.42
10−2 0.5 12/12 43.17 156.08 68.75
10−2 0.7 12/12 47.25 205.00 109.50
0.1 0.4 12/12 42.17 140.42 55.08
0.1 0.5 12/12 44.58 158.00 67.83
0.1 0.7 12/12 46.42 191.33 97.50

Note: Each row uses the same 12 problems and signed (x0, s0, y0) starts, with τ = 0, σ = 0.2, and 220 iterations at most.
The initial smoothing value is fixed within each block to satisfy γ ≤ µ0. Means include successful runs only. Cross-block
differences also reflect the change in µ0; neither block is used to retune the primary comparisons.

5.3. Physical-model benchmarks

The preceding tests isolate algorithmic behavior on controlled dense instances. We now examine
three complementarity models arising from continuum mechanics. In all three applications, w = 0
and there are no equality constraints. The WCP therefore reduces to the nonlinear complementarity
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problem
q ≥ 0, F(q) ≥ 0, q ◦ F(q) = 0.

This reduced problem fits the present formulation when we set x = q and use the WCP equation
block F (q, s) = F(q) − s = 0. Sparse five-point finite differences are used. Consistently with the
implementation, the reported common residual is

max{∥F(q) − s∥∞, ∥q ◦ s∥∞, ∥q−∥∞, ∥s−∥∞}.

When the equation block is satisfied exactly, eliminating s = F(q) gives the familiar nonlinear
complementarity problem (NCP) residual based on q ◦ F(q), q−, and F(q)−. The implemented form
also records the finite-precision equation-block error and simultaneously measures feasibility of the
gap or pressure, feasibility of the multiplier or residual force, and complementarity. The
physical-model tables use SR, IT, and NF as defined in Section 5.1. LSys denotes the number of
Newton linear-system solves, whose successful-run mean is ALS. BTR denotes the rejected-trial
count, with the same counting rule as RED; its successful-run mean is ARED. The combined heading
IT/NF/LSys lists three separate counts in that order, not their ratio. Time (s) denotes elapsed solver
time, with any repeated-run averaging stated alongside the table. The main physical-model tables
report NBB alone. In Section 5.3.4, we add an independent quadratic-programming reference for the
contact set, rather than a timing comparison with a specialized physical solver. The purpose is to
check whether NBB solves these discrete models to a small complementarity residual and whether
selected field quantities stabilize under mesh refinement. The first obstacle example has a nonempty
active contact set, the obstacle Bratu problem tests a nonlinear nonmonotone membrane operator, and
the Reynolds model displays complementarity and free-boundary behavior through cavitation.

These zero-weight examples illustrate the NCP special case and do not alone validate the
nonzero-weight extension. A separate sparse positive-weight test is given in Section 5.4. The
active-obstacle and Reynolds mappings also connect directly to the global theory. Their Jacobians are
the symmetric positive-definite finite-difference matrices LN and Kh, respectively. Since m = 0, the
rank condition on F ′y is vacuous. Moreover, every direction in the null space of the linearized
equation block satisfies ∆s = F′(q)∆q, and hence ∆q⊤∆s = ∆q⊤F′(q)∆q ≥ 0. This verifies the
monotonicity part of Assumption 3.1; Proposition 4.1 also verifies boundedness of their fixed-grid
level sets. The nonlinear Bratu Jacobian need not be positive semidefinite, so that benchmark remains
a stress test outside this guaranteed monotone subclass.

5.3.1. Active obstacle problem with a nonempty contact set

We first consider a linear obstacle problem [26–28] with an active contact region. We denote the
membrane displacement and the obstacle by u and ψ, respectively, and define the gap variable by
q = u − ψ. The continuous complementarity conditions are discretized in the form

q ≥ 0, LN(q + ψ) − ℓ ≥ 0, q ◦
(
LN(q + ψ) − ℓ

)
= 0,

where LN is the five-point discretization of −∆ with zero boundary data. We choose

ψ(ξ, η) = 0.1 sin(πξ) sin(πη), ℓ ≡ 1,
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on Ω = (0, 1)2. This obstacle is positive in the interior and zero on the boundary; the chosen obstacle–
load pair produces the nonempty active contact zone reported below. The starting point is q0 = s0 = 1.
Table 12 reports averages over five repeated runs.

Table 12. NBB results for the active obstacle problem with a nonempty contact set.

N n SR (%) IT/NF/LSys BTR RKKT Contact (%) umin umax

20 400 100 8/17/8 0 4.04 × 10−14 19.00 0.004258 0.099442
30 900 100 10/21/10 0 4.83 × 10−13 17.33 0.002212 0.099743
40 1600 100 13/27/13 0 1.78 × 10−13 16.50 0.001371 0.099853

NBB succeeds on all grids and keeps RKKT below 5 × 10−13. The active contact fraction, computed
as the proportion of nodes with qi ≤ 10−7, remains between 16.50% and 19.00%. The maximum
displacement approaches the obstacle amplitude 0.1 under refinement. BTR is zero in this example,
meaning that every accepted update uses the full Newton trial without a rejected line-search
evaluation. The small residuals indicate that the computed gap, multiplier, and complementarity
product are simultaneously accurate.

Figure 2 shows a central contact region where the membrane coincides with the positive obstacle,
while values near the outer boundary approach the prescribed zero displacement. The computed
contact contour has no visually apparent oscillations on this grid. Together with the contact fractions
in Table 12, this provides a qualitative consistency check, not a proof of active-set convergence.

Figure 2. Computed displacement field for the active obstacle problem on the 40×40 interior
grid. Color represents the displacement u, and the red contour marks the boundary of the
active contact region.
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5.3.2. Obstacle Bratu problem for an elastic membrane

We consider an elastic membrane over

Ω = (0, 1)2

that is constrained by an obstacle ψ and subjected to a Bratu-type load. The exponential source
follows the classical Bratu/Liouville–Bratu–Gelfand family of nonlinear elliptic problems [29, 30].
The unilateral obstacle constraint follows the variational-inequality formulation [26, 28]. The
equilibrium conditions can be written as

−∆u + κe−u ≥ 0, u − ψ ≥ 0, (−∆u + κe−u)(u − ψ) = 0, u|∂Ω = 0.

We set v = u − ψ, denote by LN the five-point approximation of −∆ on an N × N interior grid, and use
the test data ψ = −4 and κ = 1, where κ is the Bratu load parameter. The discrete mapping is

FN(v) = LN(v + ψ) + κ exp(−v − ψ), n = N2.

This mapping is nonlinear and nonmonotone in general. Table 13 reports NBB results obtained from
the starting point v0 = s0 = 1. Each timing is averaged over five runs. The columns umin and umax are
included to check whether the computed membrane shape stabilizes as the grid is refined.

Table 13. NBB results for the obstacle Bratu problem under grid refinement.

N n IT NF LSys Time (s) RKKT umin umax

20 400 5 13 5 0.0176 5.00 × 10−11 -0.077663 -0.004092

30 900 5 12 5 0.0552 5.00 × 10−11 -0.077900 -0.002137

40 1600 5 11 5 0.0248 5.00 × 10−11 -0.077986 -0.001328

NBB succeeds on every grid and keeps RKKT at or below 5.0 × 10−11. The iteration and linear-
system counts remain equal to five as n increases from 400 to 1600. The timing is not monotone
across these short runs and is reported only as a supplementary implementation-dependent quantity.
The minimum displacement changes from −0.077663 to −0.077986; the relative change between the
two finest grids is approximately 0.11%. Moreover, umax approaches the zero Dirichlet boundary value.
These observations provide a mesh-consistency check that is independent of the stopping residual.

For the data ψ = −4 and κ = 1, the computed gap v = u − ψ remains positive, and the contact
multiplier is zero to numerical precision. The obstacle is therefore inactive at equilibrium: This
benchmark tests the nonlinear nonmonotone Bratu operator rather than an active contact zone.
Figure 3 shows the resulting smooth, centrally depressed displacement profile, consistent with the
zero boundary condition and the displacement extrema in Table 13.
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Figure 3. Computed displacement field for the obstacle Bratu membrane on the 40 × 40
interior grid. The color scale represents the membrane displacement u; the most negative
displacement occurs near the center.

To test sensitivity to initialization, we fix the same discrete Bratu problem on the 30 × 30 interior
grid (n = 900) and use 20 signed starting pairs at each scale:

v0
j = rξ j, s0

j = rη j, j = 1, . . . , 20.

Here, ξ j, η j ∈ R
900 are independent standard normal vectors generated with seeds 830000 + j. The

same 20 vector pairs are reused at r = 0.5, 1, 2, 5. These vectors are not normalized: r is an initialization
scale, not a physical radius or the Euclidean distance to a solution. In particular, r = 2 doubles each
component of the corresponding starting pair at r = 1. The problem, mesh, and solver parameters are
unchanged; only the initial values vary.

A run is counted as successful if it satisfies ∥H(zk)∥2 ≤ 10−8 and RKKT ≤ 10−7 within 200 iterations.
Each line search permits at most 82 trials, including the full-step trial. For each scale, the empirical
success rate is

SR = 100
Nsucc

20
%,

where Nsucc is the number of successful starting pairs, not the number of solved grid nodes. Thus, the
entry 25% at r = 2 means that 5 of the 20 runs meet the stopping criteria, while the remaining 15
reach the iteration limit. It is neither a solution-accuracy percentage nor an estimate established for
arbitrary initial values. Table 14 reports the counts and percentages. Its work and timing means include
successful runs only; in particular, AIT = 13.00 at r = 2 averages the five successes and excludes the
fifteen 200-iteration failures.
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Table 14. Sensitivity of NBB to the initialization scale for one fixed obstacle Bratu problem
on the 30 × 30 interior grid. Each row uses 20 starting pairs; work and timing means include
successful runs only.

r Successes SR (%) AIT ATime (s) ANF ALS ARED ABB

0.5 20/20 100 17.65 0.0425 37.30 17.65 1.00 0.00
1 20/20 100 18.40 0.0414 37.80 18.40 0.00 0.00
2 5/20 25 13.00 0.0298 28.00 13.00 1.00 0.00
5 20/20 100 32.80 0.0754 106.50 32.80 39.90 12.30

Every successful run converges to the same membrane field as the grid-refinement experiment,
with an average common residual between 3.50 × 10−11 and 5.00 × 10−11. Success is not monotone
in the initialization scale. For example, the starting pair generated with seed 830002 succeeds in 18
iterations at r = 1 and 32 iterations at r = 5, but fails within 200 iterations at r = 2. Scaling a signed
start changes the trajectory through the nonlinear, nonmonotone Bratu mapping; a larger scale is not
necessarily harder. At r = 5, an admissible positive BB factor is available on 12.3 iterations and NBB
records 39.9 rejected trial steps on average. These tests demonstrate sensitivity to initialization, not
uniform robustness over all starts or a universal 25% success probability for Bratu problems.

Failure diagnostics. We rerun all 80 signed-start cases while recording accepted steps, the smoothing
parameter, the rational reference value, an estimate of the reciprocal condition number of the reduced
Newton matrix, and the normwise backward error of the full linear equation. All success flags,
termination statuses, and work counts are reproduced. The five successes at r = 2 correspond to
j = 1, 3, 4, 6, 14 and require 12, 14, 13, 11, 15 iterations, respectively. The other 15 runs reach 200
iterations with ∥H∥2 between 4.89 × 103 and 2.03 × 105, far above the 10−8 threshold. None succeeds
when rerun from the same initial pair with the budget increased to 800 iterations. Thus, these are
genuine failures of the specified finite-budget test, not rounding effects at the stopping threshold.
They do not establish nonconvergence with an unlimited budget.

The reference and smoothing updates explain an obstruction along these failed trajectories. With
Mk+1 = M(zk+1), the implemented rational update satisfies

Ck −Ck+1 =
Ck − Mk+1

Mk+1 + 1
.

Consequently, accepted steps with large merit values can reduce the reference only slightly relative to
its size. At iteration 200, the 15 failed runs retain between 99.9815% and 99.99998% of their initial
reference values. In the 200- and 800-iteration records, their reference values remain above 1 at every
step, so βk = γ = 10−5. The first Newton equation then gives

µk+1 = (1 − αk)µk + αkγ.

Since µ0 ≥ γ and 0 < αk ≤ 1, these steps keep µk ≥ γ, and therefore ∥H(zk)∥2 ≥ µk ≥ 10−5 > 10−8.
Thus, the stopping criterion cannot be met while the reference remains in this regime. This identifies
an observed obstruction; it does not prove that the reference must stay above 1 indefinitely or that the
forcing term is the sole cause of the large equation residuals.
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Across the failed 200-iteration trajectories, the smallest estimated reciprocal condition number
is 2.33 × 10−9. The largest normalized linear backward error,

∥H′(zk)∆zk − (−H(zk) + βkh)∥∞
∥H′(zk)∥∞∥∆zk∥∞ + ∥ − H(zk) + βkh∥∞

,

is 2.04 × 10−19. Small backward errors do not guarantee small forward errors for ill-conditioned
systems, but none of these failures is reported as a singular-solve exception. Figure 4 shows the
residual excursions and slow reference reduction. Independent checks reproduce all 80
original-budget and 15 extended-budget outcomes. Directional finite differences verify the Bratu
Jacobian at all four scales for seed 830002, with a maximum relative discrepancy of 6.49 × 10−9.
These checks support the reported observations but do not establish a unique cause or characterize all
initial values that will succeed. The nonlinear Bratu problem is not asserted to satisfy Assumption 3.1
along these trajectories, so the global convergence theorem does not supply a guarantee for these
starts. BB safeguarding does not regularize the Newton matrix.
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Figure 4. Signed-start Bratu diagnostics at r = 2. Left: All 20 residual trajectories, including
the five successes and 15 failures. Middle: The merit and reference values for failed instance
2. Right: The reciprocal-condition estimate for that instance. Diagnostics stop at the original
200-iteration budget; extended-budget outcomes are reported in the text.

5.3.3. Reynolds cavitation in a finite journal bearing

Hydrodynamic lubrication with Swift–Stieber cavitation provides another inequality-governed
complementarity model [31–33]. Complementarity formulations have also been developed for
mass-conserving cavitation models [34]. In this experiment, we use the classical, simpler
Swift–Stieber conditions. The experiment should be interpreted as a numerical model benchmark
rather than a complete cavitation model. On Ω = (0, 2π/3) × (0, 1), we impose zero pressure on the
boundary and use the complementarity conditions

K p = −
∂

∂θ

(
d3∂p
∂θ

)
−

1
4
∂

∂y

(
d3∂p
∂y

)
, p ≥ 0, K p − g ≥ 0, p(K p − g) = 0,

where d(θ) = 1 − ε cos(θ − θ0), g = −6∂d/∂θ, and the circumferential phase is θ0 = 0.548388. The
minus-cosine convention fixes only the angular origin at the minimum film thickness. It is equivalent
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to the usual plus-cosine form after a phase shift. In the positive-pressure region, the Reynolds equation
is active. In the cavitated region, the pressure is zero, and the residual inequality is active. Flux
coefficients are evaluated at cell faces, giving the sparse linear complementarity mapping Fh(p) =
Kh p − gh with n = nθny. We set ε = 0.9 on all three grids. Table 15 reports the grid-refinement results.

Table 15. NBB results for Reynolds cavitation under grid refinement at ε = 0.9. Cav. denotes
the cavitation fraction.

nθ × ny n IT/NF/LSys Time (s) RKKT max p Wh Cav. (%)

30 × 10 300 5/11/5 0.0051 2.48 × 10−10 19.2297 6.0799 67.33
60 × 20 1200 8/17/8 0.0222 9.07 × 10−10 19.4088 6.2031 67.00
90 × 30 2700 13/27/13 0.0951 6.69 × 10−14 19.4248 6.2244 66.44

Wall-clock times are averages over five runs. Here, Wh =
∑

i, j pi j∆θ∆y is a scalar dimensionless
pressure integral, and the cavitation fraction is the percentage of interior nodes satisfying pi j ≤ 10−7.
The integral measures total pressure over the modeled sector; it is not the magnitude of the
journal-bearing resultant load, which requires angular projections of pressure. The cavitation fraction
describes the discrete zero-pressure area, not lubricant mass loss or a directly measured cavitation
volume. Neither quantity is used as an efficiency score for NBB. NBB succeeds on all three grids and
keeps RKKT < 10−9. The pressure peak changes by approximately 0.93% from the 30 × 10 to
the 60 × 20 grid and by 0.082% from the 60 × 20 to the 90 × 30 grid. The corresponding changes in
Wh are 2.03% and 0.34%, showing consistent pointwise and integral quantities over the tested
refinements.

Figure 5 shows positive pressure concentrated in a localized angular band, with zero pressure over
most of the remaining domain. These regions correspond to the active Reynolds equation and the active
pressure constraint, respectively. The small common residuals in Table 15 confirm that the computed
fields satisfy the discrete Swift–Stieber complementarity conditions to the reported tolerance.

Figure 5. Dimensionless Reynolds pressure at ε = 0.9 on the 90 × 30 grid. Color represents
the pressure p.
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5.3.4. Mesh convergence and contact-set checks

We assess spatial refinement through physical outputs, field profiles, and successive-grid
differences, separately from convergence of the nonlinear solver. Grid-refinement methodology
distinguishes stabilization of a computed output from its error relative to a continuum solution [35].
In lubrication studies, changes in hydrodynamic pressure under mesh refinement are used to assess
grid sensitivity [36, 37]. We adopt this reporting approach, not the geometries or multiphase models
of those studies.

Each model uses five nested meshes with its physical parameters and boundary conditions fixed.
For the square-domain models, the interior counts are N = 15, 31, 63, 127, 255, with h = 1/(N + 1).
For Reynolds, ny = 7, 15, 31, 63, 127 and nθ = 3(ny + 1) − 1; both coordinate spacings are halved at
each refinement, and h = 1/(ny + 1).

To check that algebraic inaccuracy does not dominate the grid comparisons, we apply three active-
set Newton corrections to each saved NBB field. At each correction, nodes satisfying U − ψ ≤ G(U)
are fixed to the obstacle, and the linearized equilibrium equation is solved on the remaining nodes.
Here, G is the discrete physical operator and ψ = 0 for Reynolds. For Bratu, this check evaluates the
equation directly in the displacement u, rather than repeatedly recovering it from the gap v = u + 4.
The corrected fields satisfy

Req = max{∥(U − ψ)−∥∞, ∥G(U)−∥∞, ∥(U − ψ) ◦G(U)∥∞} ≤ 2.27 × 10−11.

The largest change from a saved field is 8.51 × 10−10. For each adjacent pair, the sum of the two
correction norms divided by its infinity-norm grid difference is at most 4.45 × 10−7. This is an a
posteriori algebraic-accuracy check, not a rigorous continuum error bound or a competing-solver
experiment. We use these residual-checked fields for the following spatial comparisons.

The original finest-grid Bratu run still has ∥H∥2 = 1.14 × 10−8 after 220 iterations and therefore
fails the fixed 10−8 stopping test, despite RKKT = 1.05 × 10−10. Its post-solve displacement correction
is only 9.93 × 10−13. The extra corrections do not change the recorded NBB status or work counts; 14
of the original 15 nested-grid NBB runs pass both original tests.

For the obstacle membrane, we monitor Vh = ∆x∆y
∑

ui j, rather than the maximum displacement,
which is pinned by the obstacle height. For Bratu we use the maximum downward deflection dh =

−min ui j. For Reynolds, we report the peak pressure Ph = max pi j and the sector pressure integral
Wh = ∆θ∆y

∑
pi j. The sums are tensor-product trapezoidal quadratures, including the prescribed zero

boundary values. The quantities are dimensionless; Wh is not the resultant bearing load. The relative
change assigned to a refined grid is

δQh/2 = 100
|Qh/2 − Qh|

|Qh/2|
(%).

Figure 6 and Table 16 show the approach to stable physical outputs. On the last refinement, the
changes in Vh, dh, Ph, and Wh are 0.0114%, 0.0034%, 0.0080%, and 0.0647%, respectively. These are
relative changes between two grids, not percentages of error against an exact solution. The Reynolds
peak pressure approaches its fine-grid value nonmonotonically; we retain that behavior rather than
imposing a monotone fit or assigning a universal convergence order.
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Figure 6. Physical-output grid-convergence study with five meshes per model. The abscissa
is the number of interior nodes on a logarithmic scale. Panels show (a) the obstacle
displacement integral, (b) the Bratu maximum downward deflection, (c) the Reynolds peak
pressure, and (d) the sector pressure integral. Annotations give the last relative refinement
change. Lines connect computed values only. The post-solve accuracy check and the original
Bratu stopping-test exception are described in the text.

Table 16. Physical outputs under systematic grid refinement.

Model Grid Qh δQ (%) Wh δW (%) Req

Obstacle 15 0.04235627 – – – 1.07 × 10−14

Obstacle 31 0.04266975 0.7347 – – 6.39 × 10−14

Obstacle 63 0.04274792 0.1828 – – 2.84 × 10−13

Obstacle 127 0.04276762 0.0461 – – 1.14 × 10−12

Obstacle 255 0.04277249 0.0114 – – 4.55 × 10−12

Bratu 15 0.07787405 – – – 5.94 × 10−14

Bratu 31 0.07804406 0.2178 – – 2.53 × 10−13

Bratu 63 0.07808677 0.0547 – – 9.62 × 10−13

Bratu 127 0.07809746 0.0137 – – 4.50 × 10−12

Bratu 255 0.07810013 0.0034 – – 2.00 × 10−11

Reynolds 23×7 19.46179436 – 5.94623677 – 1.05 × 10−13

Reynolds 47×15 19.35072707 0.5740 6.16126067 3.4899 1.87 × 10−13

Reynolds 95×31 19.42318664 0.3731 6.22739540 1.0620 1.38 × 10−12

Reynolds 191×63 19.41654846 0.0342 6.24301075 0.2501 6.93 × 10−12

Reynolds 383×127 19.41809927 0.0080 6.24705064 0.0647 2.26 × 10−11

Note: Qh = Vh for the obstacle membrane, Qh = dh for Bratu, and Qh = Ph for Reynolds. Square-grid entries denote
N ×N interior nodes. All quantities are dimensionless. Relative changes use the finer-grid value as denominator. These are
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post-solve equilibrium checks, not additional successful NBB runs.

Let IhUh/2 be the restriction of the finer field to coincident coarse nodes. In addition to the midline
profiles in Figure 7a–c, we compute

Eh =

∆x∆y
∑

i, j

|Uh − IhUh/2|
2


1/2

and

E∞,h = max
i, j
|Uh − IhUh/2|.

These are self-convergence diagnostics, not errors against an exact continuum solution. The observed
orders in Table 17 are approximately two for the obstacle and Bratu fields, while the Reynolds orders
vary from 1.27 to 2.22. The two difference norms decrease on every tested refinement. Figure 7d–f
reports these values; the h2 guides for the two membrane models are not fitted bounds. We do not infer
a mesh-independent iteration count, a continuum convergence theorem, or a calibrated physical-model
error from these finite refinements.

Table 17. Successive-grid differences of the residual-checked physical fields.

Model N Eh E∞,h Order

Obstacle 15 5.55 × 10−5 1.24 × 10−4 2.08

Obstacle 31 1.31 × 10−5 2.39 × 10−5 1.93

Obstacle 63 3.42 × 10−6 7.34 × 10−6 2.13

Obstacle 127 7.83 × 10−7 1.91 × 10−6 –

Bratu 15 1.01 × 10−4 1.70 × 10−4 1.99

Bratu 31 2.53 × 10−5 4.27 × 10−5 2.00

Bratu 63 6.34 × 10−6 1.07 × 10−5 2.00

Bratu 127 1.59 × 10−6 2.67 × 10−6 –

Reynolds 7 9.09 × 10−2 2.63 × 10−1 1.27

Reynolds 15 3.76 × 10−2 1.12 × 10−1 2.22

Reynolds 31 8.05 × 10−3 2.50 × 10−2 1.87

Reynolds 63 2.21 × 10−3 8.08 × 10−3 –

Note: N is the coarse-grid interior count in each square-domain direction, or the axial count for Reynolds. Order is
log2(Eh/Eh/2). Neither the differences nor the orders use an exact continuum solution.
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Figure 7. Field-level mesh-convergence checks. Top row: Displacement or pressure along
the physical midline y = 1/2, with zero boundary values included; legend entries are interior
grid dimensions. Bottom row: Discrete L2 and infinity-norm differences between adjacent
residual-checked grids, evaluated at coincident nodes. The bottom-row horizontal axes run
toward finer meshes. The guides in (d) and (e) indicate an h2 slope only. No exact continuum
field is assumed.

For an independent discrete contact-set check, the obstacle problem is also solved as the strictly
convex bound-constrained quadratic program

min
q≥0

1
2q⊤LNq + (LNψ − ℓ)⊤q

using MATLAB’s quadprog interior-point-convex algorithm [38]. No NBB solution is supplied as its
starting point.

At
N = 3, 163, 127,

the infinity-norm differences between the two gap vectors are

4.03 × 10−8, 4.13 × 10−6, and 2.05 × 10−7,

respectively; their contact classifications at threshold 10−7 disagree at 0, 8, 0 nodes, respectively. The
corresponding reference-solver KKT residuals are

1.85 × 10−9, 2.15 × 10−7, and 1.24 × 10−8.

In particular, the N = 63 reference does not meet our 10−7 common threshold and its eight differing
nodes should not be interpreted as exact classification errors of NBB. Figure 8 shows the agreement at
N = 127. This is a cross-solver validation of a discrete contact set, not a comparison with an analytic
free boundary.
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Figure 8. Auxiliary cross-solver check: Active-contact contours obtained with NBB and an
independently solved quadratic program at N = 127, in physical coordinates. The two node
classifications agree at the 10−7 gap threshold. These are discrete numerical boundaries, not
the analytical-solution comparison, which is provided separately in Section 5.3.5.

5.3.5. Analytical solution and contact-boundary validation

The preceding cross-solver check compares two numerical solutions of the same discrete problem;
it does not measure error against an analytical solution. To provide that distinct validation, we add
Benchmark I from Harasim and Valdman [39], with the published contact radius R = 0.7. This is a
separate obstacle benchmark, not an analytical solution claimed for the sinusoidal-obstacle, Bratu, or
Reynolds models above.

On Ω = (−1, 1)2, set the obstacle to zero, write r2 = ξ2 + η2, and prescribe

u∗(ξ, η) =
(
max{r2 − R2, 0}

)2
, u|∂Ω = u∗|∂Ω,

f (ξ, η) =

−16r2 + 8R2, r > R,

−8(R4 + R2) + 8R2r2, r ≤ R.

The continuum conditions hold almost everywhere: u ≥ 0, s = −∆u − f ≥ 0, and us = 0. Outside the
contact disk, differentiating u∗ gives −∆u∗ = f . Inside, u∗ = 0 and

s∗ = 8(R4 + R2) − 8R2r2 ≥ 8R2 > 0.

The displacement and its first derivatives match at r = R, so there is no interface contribution to the
weak Laplacian. Thus, the analytical contact set is r ≤ R, and its free boundary is the circle r = R.

We discretize −∆ with the same five-point scheme, now with h = 2/(N + 1) and the nonzero
Dirichlet trace included on the right-hand side. The load is evaluated from its continuum formula
above, not formed by applying the discrete operator to u∗; consequently, the sampled analytical field is
not imposed as a discrete solution. NBB uses the unchanged standard settings and x0 = s0 = e, where
x is the interior displacement since the obstacle is zero. All five grids N = 15, 31, 63, 127, 255 meet
both stopping tests, without post-solve correction.
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For the raw numerical displacement uh, we report the actual solution errors

E∗∞,h = max
i, j
|uh,i j − u∗i j|, E∗2,h =

h2
∑

i, j

|uh,i j − u∗i j|
2


1/2

.

To evaluate the contact boundary, classify nodes by

uh,i j ≤ 10−7

and let Γh be the piecewise-linear 0.5 contour of this binary nodal indicator. Define

DΓ,h = max
z∈Γh

∣∣∣∥z∥2 − R
∣∣∣.

This measures the maximum radial deviation of the polygonal boundary from the exact circle; it is not
an error in a fitted radius or an unqualified symmetric Hausdorff distance. Segment interiors as well
as endpoints enter the calculation. Changing the classification threshold to 10−8 or 10−6 leaves every
contact mask unchanged in these five tests.

Table 18. NBB errors relative to the analytical obstacle solution and its contact circle.

N IT RKKT E∗
∞,h E∗2,h DΓ,h DΓ,h/h

15 8 5.68×10−14 3.97×10−3 1.89×10−3 8.31×10−2 0.665

31 9 2.84×10−13 4.55×10−4 3.03×10−4 4.28×10−2 0.685

63 15 2.36×10−12 2.14×10−4 8.03×10−5 2.03×10−2 0.649

127 25 6.37×10−12 7.61×10−5 2.19×10−5 1.37×10−2 0.875

255 51 2.91×10−11 2.43×10−5 5.78×10−6 7.42×10−3 0.950

Note: h = 2/(N + 1) and R = 0.7. All five runs satisfy both stopping thresholds; no post-solve correction is applied. E∗
∞,h

and E∗2,h compare the computed displacement with the continuous analytical solution sampled at grid nodes. DΓ,h is the
maximum radial deviation of the reconstructed numerical contact boundary from the exact circle, not a residual or a fitted
radius error.

Both displacement error norms decrease on every refinement. At

N = 255, E∗∞,h = 2.43 × 10−5, and E∗2,h = 5.78 × 10−6,

whereas the common algebraic residual is 2.91 × 10−11. The different magnitudes illustrate why a
small discrete residual is not a substitute for a continuum-solution error. The radial boundary deviation
decreases from 8.31×10−2 to 7.42×10−3 and is less than one grid spacing on every tested mesh. Figure 9
displays the analytical/numerical displacement overlay, the pointwise error, and the comparison with
the known circle. These are empirical accuracy checks for this benchmark, not a universal convergence-
order theorem or validation against physical measurements.
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Figure 9. Comparison with the analytical obstacle solution of Harasim and Valdman [39]. (a)
Analytical midline displacement and computed nodal values; markers on the N = 127 grid
are subsampled for visibility. (b) Actual absolute nodal error at N = 127. (c) Numerical
contact contours and the exact circle r = 0.7, using physical domain coordinates. (d)
Displacement errors relative to the analytical field on five grids. The h2 line is a slope guide
anchored at the coarsest E∗2,h, not a fitted bound or a claim of uniform second-order behavior.
All quantities are nondimensional.

5.4. Large sparse weighted problems

To separate a genuine nonzero-weight test from the zero-weight physical examples, let BN be the
positive-definite five-point Dirichlet Laplacian on an N × N grid, and define

F(x, s) = BN x + c − s, c = e − BNe, w = e.

The known solution is x∗ = s∗ = e. We use x0 = s0 = 0.5e and the standard NBB settings. This
monotone model satisfies Assumption 3.1 and Proposition 4.1. It is a structured scalability check with
a known solution, not a difficult random nonlinear instance. The active-obstacle model is also run on
the same grids for comparison of sparse problem sizes, without claiming that the two problems have
equal difficulty.

For each model and grid, we perform one warm-up followed by five measured runs, always
rebuilding the model and restarting from the specified initial point. The six cases are run serially, with
their order reversed on alternate repetitions. The environment is MATLAB R2023b on the AMD
Ryzen 5 6600H machine described in Section 5.1; MATLAB reports a maximum of six computational
threads. We separately measure model construction, the complete solver call, and their combined
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elapsed time using tic/toc. The complete call includes initialization, iterations, and final residual
and error reporting. MATLAB startup, file I/O, and independent post-run validation are outside these
intervals. Process CPU time is separately measured with cputime; it accumulates processor work
across threads and is not interchangeable with elapsed time. Table 19 reports solver-time medians and
ranges. Construction, combined, and process CPU times are medians of their own samples, so their
rounded entries need not add exactly.

Table 19. Sparse problem sizes, work, and repeated wall-clock timings.

Model n nnz(B) IT NF BTR Runs RKKT

Obstacle 10000 49600 23 49 2 5/5 1.14×10−12

w = e 10000 49600 4 9 0 5/5 1.64×10−11

Obstacle 40000 199200 39 82 3 5/5 5.00×10−12

w = e 40000 199200 4 9 0 5/5 8.00×10−11

Obstacle 102400 510720 56 116 3 5/5 1.30×10−11

w = e 102400 510720 5 12 1 5/5 1.31×10−10

Model n Solve: median [min, max] Build Total CPU

Obstacle 10000 0.664 [0.648, 0.685] 0.001 0.665 4.109
w = e 10000 0.109 [0.107, 0.114] 0.002 0.110 0.656
Obstacle 40000 5.146 [5.101, 5.198] 0.003 5.149 30.781
w = e 40000 0.478 [0.471, 0.481] 0.005 0.483 2.891
Obstacle 102400 22.220 [22.103, 22.898] 0.008 22.227 133.203
w = e 102400 1.824 [1.785, 1.825] 0.015 1.841 11.000

Note: All times are in seconds, after one warm-up per case. Solve, Build, and Total are elapsed wall-clock times; CPU is
separately measured process CPU time. Build, Total, and CPU are medians of five runs. Solve times cover the complete
solver call; Total covers model construction and that call, excluding startup, file I/O, and independent validation. Each run
starts afresh. IT, NF, and BTR are identical across repeats; one linear system is solved per iteration. RKKT is the maximum
over the five repeats. The full smoothing vector has 1 + 2n entries.

All thirty measured runs meet both stopping thresholds, and their iteration, residual-evaluation,
linear-solve, and rejected-trial counts reproduce the original records. At N = 320, there are n = 102400
complementarity pairs and 204801 full smoothing variables, but only a reduced n × n sparse matrix
is assembled and solved with MATLAB backslash. The full smoothing Jacobian is not formed. The
Laplacian has 5N2 − 4N = 510720 nonzeros at this size, and diagonal scaling in the reduced system
preserves this pattern. Thus, these tests do not involve a dense matrix with n2 stored entries. Sparse
factorization still introduces fill-in and additional storage; no linear memory or time bound is inferred
from the input nonzero count.

The positive-weight problem takes five Newton solves at the largest size, with a median elapsed
solver time of 1.824 s (range 1.785–1.825 s), whereas the obstacle problem takes 56 solves and 22.220
s (22.103–22.898 s). Their median process CPU times are 11.000 and 133.203 s, respectively. The
short elapsed time of the positive-weight case is consistent with its sparse structure and small iteration
count; the known solution is used only for error checking, not to initialize at the root or replace a
Newton solve. Independent reconstruction of both model equations validates all six final fields saved
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from the last repetition. The reduced directions also satisfy the full Newton equations, with a maximum
normalized backward error of 4.64 × 10−16 in the six initial-state checks; small-grid full and reduced
solves agree to relative tolerance 10−10.

These measurements establish feasibility on the specified structured problems and hardware, not a
general runtime guarantee for large WCPs. The increasing obstacle iteration counts do not support
mesh-independent iteration complexity. The positive-weight case is deliberately simple and
complements, rather than replaces, the nonconvex stress tests.

5.5. Summary of numerical findings

The paired comparisons and fixed-initializer ablation support a specific benefit: reduced rejected-
trial work on the tested nonconvex problems. They do not establish a systematic reduction in outer
Newton iterations or a general timing or success-rate advantage. The separate effects of accepted-
step memory and clipping are not statistically established. The parameter tests show that larger forcing
coefficients are usable on the tested instances, but neither parameter insensitivity nor exclusive usability
of τ = 0 follows. The nonconvex and signed-start Bratu failures demonstrate dependence on the
problem and initialization; near-solution diagnostics do not replace these failed independent-start runs.

The physical tests provide complementary evidence: Successive-grid differences assess spatial
stabilization, the independent quadratic-programming solve checks a discrete contact set, and the
analytical obstacle benchmark measures error against a known continuum solution. These checks do
not establish universal continuum error bounds or replace comparisons with specialized physical
solvers. The finest Bratu run also shows sensitivity of the fixed aggregate stopping tolerance to
problem size, and the Reynolds test is limited to Swift–Stieber cavitation. The random nonconvex
tests lie outside the established global theory, while the sparse positive-weight tests assess feasibility
on a deliberately simple structured class. Broader comparisons remain necessary.

6. Conclusions and outlook

We have developed a safeguarded nonmonotone NBB method in which BB information initializes
backtracking only after rejection of the full Newton step. Under the structural rank–monotonicity
assumption and boundedness of the initial merit-function level set, the method is well defined and
globally convergent in the precise sense that its smoothing residual tends to zero and every
accumulation point solves the WCP. A unique zero in that level set ensures convergence of the whole
sequence. The estimate Ck ≤ (C0 + 1)M(zk) makes the forcing term second order;
generalized-Jacobian regularity and local Lipschitz continuity of F′ then yield eventual full steps and
quadratic convergence. For symmetric positive-definite linear models, the level-set and local
regularity conditions are verified, giving convergence to the unique solution without strict
complementarity.

The numerical evidence supports the role of the BB factor as a post-rejection line-search initializer,
rather than a modification of the Newton direction. Its benefit is problem dependent: NBB reduces
rejected-trial work relative to Rn-NSNA on the paired nonconvex tests, whereas the independent one-
step Rn-SNEB comparator fails on that stress suite but succeeds on all 18 monotone linear instances,
with fewer mean rejected trials than NBB. No general timing or success-rate advantage is claimed.

Sparse positive-weight problems up to n = 102400 and discrete PDE checks extend the range of

AIMS Mathematics Volume 11, Issue 10, 33673–33726.
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tested models. The nonconvex parameter failures and persistent signed-start Bratu failures also
identify limits of the present globalization strategy. In future work, researchers should examine
adaptive selection of τ, alternative reference-value updates, and inexact sparse solves. For physical
applications, comparisons with specialized solvers and mass-conserving cavitation models remain
necessary beyond the discrete and analytical-benchmark validation provided here.
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