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Abstract: This study investigates an improved quantum-inspired stochastic geometric hyperstate 

optimization (QISGHO) method for stochastic deep neural optimization, where learning is viewed as 

the evolution and transport of multiple interacting probabilistic hyperstates on a Riemannian statistical 

manifold. The proposed optimization framework is based on the general stochastic-geometric 

hyperstate optimization paradigm, with a more explicit entropy-regularized Riemannian probability-

transport mechanism, an interaction potential for hyperstates, geometry and uncertainty-adaptive 

diffusion, and an acceptance-controlled nonlocal tunneling process with loss barriers, manifold 

distance, local curvature, probability mass, and annealing temperature. The ensemble also includes a 

collapse-prevention, consolidation, and rejuvenation mechanism to preserve diversity within a 

hyperstate. The dynamics of these components are then linked to nonlinear Riemannian Fokker–Planck 

and nonlocal master-equation descriptions, thereby offering a population-level perspective on 

stochastic optimization, and are unified by a variational free-energy formulation. The framework 

establishes a principled balance between global exploration and local exploitation, optimization 

stability, uncertainty awareness, and geometric consistency. The paired-run experiments compare and 

contrast the algorithm's predictive performance, calibration, robustness to perturbations, optimization 

behavior, and computational cost with SGD, Adam, AdamW, Lion, and SGLD on one synthetic 

benchmark and four public ones. The reported estimates and multiplicity-controlled comparisons 

suggest the advantages of the full method and its components for the following architectures and 

computational budgets. While these are robust theoretical findings, the conclusions do not imply global 

convergence for a generic non-convex neural-network objective under the sum of diffusion, jump, 

consolidation, and rejuvenation perturbations. 
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1. Introduction 

Deep neural networks have revolutionized computer vision, natural-language processing, 

scientific computing, autonomous systems, and data-driven decision-making by learning highly 

nonlinear representations directly from complex observations [1,2]. However, in practice, they largely 

rely on the tail of the optimization procedure to estimate millions or billions of trainable parameters. 

Neural network loss functions are generally high-dimensional, nonconvex, anisotropic, and stochastic, 

with sharp minima, flat plateaus, narrow valleys, saddle points, and multiple attraction basins [3]. As 

a result, training can converge slowly, be sensitive to initialization, produce unstable gradients, 

converge early, or perform poorly on noisy data. 

Stochastic gradient descent remains widely considered the cornerstone of neural network 

optimization because it is cheap to compute and well-suited to mini-batch learning [3]. Adaptive 

techniques like AdaGrad and Adam adjust learning rates using information from accumulated 

parameter gradients [4,5]. Some Adam update sequences can cause convergence failures; to address 

this, AMSGrad was introduced [6], and AMSGrad shares this goal with AdamW, which further 

decouples weight decay from adaptive gradient scaling [7]. Lion later showed that the sign-based 

momentum updates learned using symbolic program search are competitive with popular adaptive 

optimizers [8]. Although successful in practice, they typically simulate a single parameter vector and 

are largely based on the local gradient information. Thus, they have limited ability to encode 

uncertainty, maintain potentially viable alternative solutions, and make structured transitions between 

distant regions of the loss landscape. 

Stochastic gradient sampling offers a more general view of optimization. Stochastic gradient 

Langevin dynamics (SGLD) [9] adds diffusion noise to the gradient updates, bringing together neural 

training, Bayesian sampling and stochastic differential equations. Another interpretation of constant-

step stochastic-gradient dynamics is approximating a stationary parameter distribution through 

Bayesian inference [10]. Langevin-based methods can help escape certain local minima, but are 

typically specified in Euclidean parameter space and may not account for the highly nonuniform 

geometry of deep predictive models [11]. 

To address this limitation, a statistical manifold represents model parameters in information 

geometry. The natural gradient rescales the ordinary gradient by the local sensitivity of the predictive 

distribution [12]. This yields parameterization-aware updates and connects optimization, probability 

theory, and differential geometry [13]. At the same time, optimal transport theory provides an elegant, 

mathematically sound vocabulary for studying how probability distributions move through space. The 

Jordan–Kinderlehrer–Otto formulation sees diffusion as a Wasserstein gradient flow of free energy [14] 

and entropy-regularized optimal transport and Sinkhorn iterations render the distributional transport 

numerically accessible [15,16]. These developments suggest that one can think of optimizing neural 

networks as evolving a probability distribution over parameter configurations, rather than evolving a 

single point. 
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Another conceptual basis is quantum machine learning. Quantum systems model information in 

terms of probabilistic amplitudes, superposition, interference, and measurement, and generate 

computational structures that differ fundamentally from classical, deterministic systems [17]. One 

major approach for near-term quantum computation is variational quantum algorithms, which use 

parameterized quantum circuits and classical optimization [18]. In practice, qubit availability, noise, 

finite circuit depth, and the lack of fully fault-tolerant hardware limit deployment [19]. However, 

parameterized quantum models can also suffer from barren plateaus, where gradient magnitudes 

rapidly decrease to near zero [20], and hardware noise can further worsen trainability [21]. 

Because of these limitations, researchers have encouraged quantum-inspired classical 

optimization and the power of data in quantum machine learning [22–24]. Quantum-inspired 

algorithms do not require actual quantum processors; they map computational concepts like probability 

amplitudes, populations in superpositions, tunneling, and probabilistic state transitions into algorithms 

that can run on traditional processors [25,26]. These methods are especially applicable to training 

neural networks, where many candidate states can traverse different portions of a non-convex space 

and share information during optimization. 

Sajjad and Al Sobhi (2026) proposed quantum-inspired adaptive superposition optimization, in 

which amplitude-based probabilistic adaptation retains multiple neural network configurations [27]. 

Later, Sajjad et al. proposed adaptive Grover-driven optimization of quantum-inspired deep learning, 

a gradient-free classical deep learning framework that combines Grover-inspired search, discretization 

adaptation, and fidelity-based regulation [28]. Both articles are published in AIMS Mathematics and 

lay the foundations of a direct methodological approach to extending quantum-inspired neural 

optimization to stochastic geometry and interacting probability distributions. 

However, an important research gap remains: while most classical optimizers follow a single local 

trajectory [29], many stochastic optimizers rely on isotropic diffusion, natural-gradient methods 

typically exclude nonlocal tunneling, and existing quantum-inspired optimizers rarely offer a unified 

probability-manifold formulation. Furthermore, researchers often apply explainability after training 

rather than before. The key point is that the new stochastic perturbation mechanism is not isolated. 

Instead, QISGHO proposes redefining neural network learning as an interacting probability-flow 

problem on a curved statistical manifold. The framework is designed to achieve the following in a 

highly nonlinear learning environment, with respect to exploration, convergence stability, 

generalization, calibration, and interpretability: connections to information geometry, stochastic 

differential equations, optimal transport, quantum-inspired search, and uncertainty-aware explanation. 

In contrast to the previous QSGHO formulation [30], which established the general concept of entropy-

regularized stochastic hyperstate optimization, the present QISGHO formulation brings forth an 

explicit Fisher-Riemannian probability-flow model with interacting hyperstate potentials, geometry-

adaptive diffusion, acceptance-controlled nonlocal tunneling, diversity-preserving consolidation, and 

population-level Riemannian Fokker–Planck dynamics; more differences can be seen in Table 1. 
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Table 1. Key differences between the previous QSGHO study and the present QISGHO framework. 

Aspect Previous QSGHO study [30] Present QISGHO study 

Core framework 
Established QISGHO for deep neural 

learning. 

Extends the framework into an explicit 

entropy-regularized Riemannian hyperstate 

transport formulation. 

Optimization 

dynamics 

Probabilistic hyperstate evolution 

with entropy-controlled diffusion and 

tunneling. 

Adds explicit Riemannian probability 

transport, hyperstate interaction, and 

geometry- and uncertainty-adaptive 

diffusion. 

Nonlocal 

exploration 

Introduced adaptive, quantum-

inspired tunneling to escape local 

minima. 

Develops curvature- and barrier-aware 

nonlocal tunneling with controlled 

acceptance probability and manifold 

distance. 

Mathematical 

formulation 

Stochastic manifold optimization 

with convergence and stability 

analysis. 

Further formulates the dynamics through 

variational free energy, Riemannian Fokker–

Planck and nonlocal master-equation 

representations. 

Validation 
Primarily demonstrated on nonlinear 

stochastic benchmark settings. 

Adds broader benchmark evaluation, 

computational analysis, and systematic 

component-level ablation to validate the new 

mechanisms. 

This study addresses this gap using quantum-inspired stochastic geometric hyperstate 

optimization (QISGHO). The framework comprises several probability states (hyperstates) that 

interact with one another, rather than a single parameter vector. These hyperstates emerge via: entropy-

regularized probability transport, Riemannian natural-gradient drift, adaptive diffusion, nonlocal 

tunneling, free-energy minimization and probabilistic consolidation. The whole thing is classical, and 

the quantum concepts are used only as optimization analogies and do not imply physical quantum 

computation. This aligns with the manuscript's goal of merging hyperstate representation, entropy-

regulated manifold transport, tunneling diffusion, and explainable probabilistic dynamics in a single 

learning architecture. In recent years, quantum learning research has focused on model aspects directly 

relevant to robustness and representation, moving beyond general statements of quantum advantage. 

Recently, Li et al. [31] proposed a quantum (K)-nearest neighbor formulation in which a quantum 

circuit simultaneously selects the value of (K) and the (K) nearest neighbors. This is an adaptive 

observation-neighborhood method, where the state is the training observations and the task is to 

compute a neighborhood for classification. Li et al. [32] have also proposed a quantum support vector 

machine with sample-dependent weighting, which adds sample-dependent weighting to the hinge-loss 

objective and recovers the separating hyperplane using a quantum circuit. Later, Xu and Li [33] 

introduced nonlinear quantum feature selection via multikernel circuits, incorporating representation 

selection into the quantum learning procedure. 
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2. Review of literature 

2.1. Gradient-based and adaptive optimization 

The adoption of modern deep learning has closely followed advances in stochastic optimization. 

Large-scale neural training is made possible by approximating the full gradient through random mini-

batch sampling [3]. However, its effectiveness hinges heavily on learning-rate schedules, momentum, 

gradient noise, and landscape conditioning. AdaGrad, proposed by the authors of [4], adapts the step 

size per coordinate based on the sum of past squared gradients. This mechanism is useful when little 

learning is required, but in a continuous process it can significantly reduce learning power. Adam 

combines the first and second moments with exponentially weighted averages, yielding efficient 

adaptive updates with low computational complexity [5]. Later work showed that in certain stochastic 

settings, Adam does not converge, leading to AMSGrad [6]. AdamW also decouples weight decay from 

the gradient update [7]. To show that some relatively simple optimizer structures can achieve 

competitive results, Lion uses sign-based momentum and stores fewer auxiliary variables than Adam. 

Nevertheless, adaptive optimizers remain local, single-state optimizers. Their moment estimates 

characterize gradient history, not a distribution over alternative neural configurations. This can cause 

them to get caught in sharp basins, or in basins with different widths or heights depending on 

initialization, especially in loss surfaces with irregular curvature or significant stochastic noise. 

2.2. Stochastic dynamics and probabilistic optimization 

Stochastic gradient Langevin dynamics is a variation of gradient descent with Gaussian noise that 

approximates posterior sampling under appropriate assumptions [9]. Constant-step stochastic-gradient 

dynamics can be understood as approximate variational inference around stationary regions [10]. 

Raginsky et al. [11] provided theoretical results on the convergence of nonconvex Langevin algorithms. 

These studies provide a useful foundation for using stochastic diffusion for uncertainty-aware 

exploration. However, when the parameter space is Euclidean, researchers use ordinary Langevin 

diffusion. Identical Euclidean parameter shifts can produce substantially different shifts in the 

prediction distribution in deep networks. Fixed diffusion can then make direction changes too sensitive 

or too insensitive. This work solves the problem by scaling drift and diffusion by a local Riemannian 

metric. Amari's natural gradient computes the gradient in the direction of the Fisher-preconditioned 

normal of the underlying statistical model, rather than the usual gradient [12]. Martens later provided a 

detailed theoretical analysis of natural-gradient methods and their links to second-order optimisation [13]. 

An alternative perspective is that the model parameters are points on a “statistical manifold”, with the 

Fisher information metric as the local metric. Information-geometric optimization matters especially 

when parameter effects are strongly anisotropic. However, even conventional natural-gradient 

approaches still use only one parameter point and cannot necessarily maintain multiple optimization 

hypotheses. In QISGHO, multiple probabilistically weighted hyperstates share the same statistical 

manifold and can interact during training. 

  



33640 

AIMS Mathematics  Volume 11, Issue 10, 33635–33672. 

2.3. Entropy-regularized optimal transport 

The optimal transport problem involves transporting a probability measure from one distribution 

to another at minimum cost. In the Wasserstein-gradient-flow framework, diffusion and free-energy 

dissipation can be modelled as variational motion in probability space [14]. Cuturi introduced entropy 

regularization and showed that computing optimal transport is much faster with regularization than 

without it, using Sinkhorn-type matrix scaling [15]. Peyré and Cuturi later combined discrete and 

continuous optimal transport into a single method [16]. 

The direct relevance of entropy regularization to exploration control is evident. High entropy 

spreads the likelihood across alternative solutions, while low entropy concentrates it on dominant ones. 

More specifically, in QISGHO, entropy is not just a secondary penalty; it drives the hyperstate 

ensemble from wide exploration to narrow exploitation. 

2.4. Quantum and quantum-inspired learning 

Quantum machine learning explores the idea that quantum representations might enhance 

learning, optimization or kernel construction [17]. Variational quantum algorithms rely on classical 

optimizers to train parameterized quantum circuits [18]. Quantum neural networks could have high 

expressive power, and the functions they can represent are closely related to how data are encoded. 

Quantum kernels also have clear inductive biases, and they can leverage information from quantum 

feature spaces. However, practical quantum learning remains difficult. NISQ devices suffer from 

decoherence, gate errors, limited connectivity, and circuit depth [19]. Optimization may be impractical 

on barren plateaus because gradient variance drops with problem size [20]. Noise alone can also cause 

barren plateaus [21]. Even when gradients are measurable, they may trap quantum optimization in 

local minima. These challenges highlight the importance of classical, quantum-inspired methods that 

mimic certain search mechanisms without relying on quantum hardware. 

QISGHO combines these traditions and sees neural optimization as a collective evolution of 

weighted hyperstates. Probability weight updates use entropy-regularized transport, parameter 

locations are determined by Riemannian stochastic dynamics, the tunneling action enables adaptive 

nonlocal transitions, and hyperstate uncertainty enables probabilistic explanation. This framework is 

thus not only a new optimizer, but also a mathematical model of the dynamics of uncertainty, geometry, 

probability mass and energy in neural learning. 

3. Methodology 

3.1. Methodological overview and problem formulation 

In this study, we develop a mathematically unified QISGHO framework for training deep neural 

networks under nonlinear, nonconvex, and stochastic learning conditions (see Figure 1). A key 

methodological insight is that no single parameter trajectory represents neural network optimization. 

Instead, we model the trainable system as an interacting probability measure over multiple possible 

configurations of trainable parameters, called hyperstates. These hyperstates co-evolve on a curved 

statistical manifold alongside entropy-regularized probability transport, Riemannian preconditioning, 

nonlocal tunneling transitions, stochastic diffusion, and free-energy dissipation. This formulation 
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retains the main ideas and terminology of the submitted manuscript, probabilistic hyperstates, 

stochastic manifold dynamics, adaptive tunneling, entropy-controlled evolution, and explainable 

feature dynamics, and embeds them into a single coherent variational optimization problem. Suppose 

that we are given a training set 𝒟 = {(𝑥𝑛
, 𝑦𝑛)}𝑛=1

𝑁  denote a training dataset, where 𝑥𝑛 ∈ ℝ𝑑𝑥 is the 

input vector and 𝑦𝑛 ∈ 𝒴is its corresponding response. Let 𝑓𝜃: ℝ𝑑𝑥 → ℝ𝑑𝑦 be a deep neural network 

parameterized by 𝜃 ∈ Θ ⊆ ℝ𝑝, where 𝑝 denotes the number of trainable parameters. The empirical 

risk is defined as 

ℒ(𝜃) =
1

𝑁
∑ ℓ𝑁

𝑛=1  (𝑓𝜃
, (𝑥𝑛)𝑦𝑛) +

𝜆𝑤

2
∥ 𝜃 ∥2

2,      (1) 

where ℓ(⋅,⋅) is the prediction loss for the specific task, and 𝜆𝑤 ≥ 0 is a coefficient that controls the 

weight decay. The prediction loss is for multiclass classification with classes. 

ℓ (𝑓𝜃
, (𝑥𝑛)𝑦𝑛) = − ∑ 𝑦𝑛𝑐

𝐶
𝑐=1 log 𝑝𝜃 (𝑦𝑛 = 𝑐 ∣ 𝑥𝑛).     (2) 

 

Figure 1. Model architecture of the proposed study. 

The traditional optimizers look for one minimizer, 

𝜃⋆ ∈ arg min
𝜃∈Θ

ℒ(𝜃).         (3) 

The proposed methodology can address this point-estimate problem by formulating an optimization 
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problem over a space of probability distribution 𝜌 ∈ 𝒫2(Θ), where 𝒫2(Θ) with finite second moment. 

The learning problem is a Distributional learning problem, and the corresponding solution is 

𝜌⋆ ∈ arg min
𝜌∈𝒫2(Θ)

ℱ(𝜌),         (4) 

where ℱ  is a stochastic-geometric free-energy functional. As a result, training is defined as 

transporting and progressively accumulating probability mass on the neural-parameter manifold, not 

moving a single parameter vector. 

3.2. Quantum-iInspired hyperstate ensemble 

At iteration 𝑡, the neural system is represented by 𝐾candidate parameter states, 

ℋ𝑡 = {𝜃𝑡
(1), 𝜃𝑡

(2), … , 𝜃𝑡
(𝐾)

},  𝜃𝑡
(𝑘)

∈ Θ.       (5) 

These candidates are given a complex-valued quantum-inspired amplitude. 

𝛼𝑡
(𝑘)

= √𝜋𝑡
(𝑘)

𝑒  𝑖𝜙𝑡
(𝑘)

,         (6) 

where 𝜋𝑡
(𝑘)

is its probability mass and 𝜙𝑡
(𝑘)

is an auxiliary phase variable. The amplitudes satisfy 

∑ ∣∣𝛼𝑡
(𝑘)

∣∣
2𝐾

𝑘=1
= ∑ 𝜋𝑡

(𝑘)
𝐾

𝑘=1
= 1,  𝜋𝑡

(𝑘)
≥ 0.     (7) 

So the formal superposition of the complete optimization state is written as the complete optimization 

state. 

∣∣Ψ𝑡⟩ = ∑ 𝛼𝑡
(𝑘)

𝐾

𝑘=1
∣∣𝜃𝑡

(𝑘)
⟩.        (6) 

Equation (8) is not a physical quantum state and is not dependent on quantum hardware. It is a classical 

probabilistic construction in which multiple candidate solutions exist and evolve in parallel, inspired 

by quantum superposition. The hyperstate ensemble is related to the empirical probability measure. 

𝜌𝑡 = ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1
𝛿

𝜃𝑡
(𝑘) ,        (9) 

where 𝛿𝜃denotes a Dirac measure centered at 𝜃. The ensemble prediction for an observation 𝑥 is 

𝑝𝜌𝑡
(𝑦 = 𝑐 ∣ 𝑥) = ∑ 𝜋𝑡

(𝑘)
𝐾

𝑘=1
𝑝

𝜃𝑡
(𝑘)(𝑦 = 𝑐 ∣ 𝑥).     (10) 

This means that prediction uncertainty and optimization uncertainty are kept during training. The 

centre of mass of the complete system is 

𝜃̅𝑡 = 𝔼𝜌𝑡
[𝜃] = ∑ 𝜋𝑡

(𝑘)
𝐾

𝑘=1
𝜃𝑡

(𝑘)
,       (11) 
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and the hyperstate covariance weighted by the diagonal elements of the hyperstate covariance matrix. 

𝛴𝑡 = ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1
(𝜃𝑡

(𝑘)
− 𝜃̅𝑡)(𝜃𝑡

(𝑘)
− 𝜃̅𝑡)

⊤
.      (12) 

The trace tr (𝛴𝑡) quantifies geometric diversity in parameter space, whereas the Shannon entropy 

ℋ(𝜋𝑡) = − ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1
log 𝜋𝑡

(𝑘)
       (13) 

quantifies probabilistic diversity. 

3.3. Information-geometric parameter manifold 

The parameter space is treated as a differentiable manifold 

ℳ = (Θ, 𝐺).          (14) 

It is a space provided with a positive definite Riemannian metric tensor 𝐺(𝜃). A regularised Fisher-

information metric is chosen for a predictive model 𝑝𝜃(𝑦 ∣ 𝑥), 

𝐺(𝜃) = 𝔼(𝑥,𝑦)∼𝒟[∇𝜃 log 𝑝𝜃 (𝑦 ∣ 𝑥)∇𝜃 log 𝑝𝜃 (𝑦 ∣ 𝑥)⊤] + 𝛿𝐼𝑝,    (15) 

where 𝛿 > 0 guarantees strict positive definiteness. In large neural networks, the entire matrix in (15) 

can be approximated by a diagonal, block-diagonal, Kronecker factored or low-rank matrix. The 

gradient of the Riemannian form is 

gradℳℒ(𝜃) = 𝐺(𝜃)−1∇𝜃ℒ(𝜃).       (16) 

This construction rescales the update based on the local sensitivity of the predictive distribution. 

Weakly sensitive directions get relatively larger motion, while others that produce large changes in 

model behaviour are damped. The square of the infinitesimal distance between two neighbouring 

parameter settings is 

𝑑𝑠2 = 𝑑𝜃⊤𝐺(𝜃)𝑑𝜃.          (17) 

This metric induces a geodesic distance. 

𝑑ℳ(𝜃𝑎
, 𝜃𝑏) = inf

𝛾
∫ √𝛾̇(𝑠)⊤𝐺(𝛾(𝑠))𝛾̇(𝑠)

1

0

 𝑑𝑠,      (18) 

where the infimum is taken over all smooth curves satisfying 𝛾(0) = 𝜃𝑎 and 𝛾(1) = 𝜃𝑏. 

To quantify local geometric irregularity, a curvature proxy is defined by 

𝜅𝑡
(𝑘)

=
∥
∥∇𝜃

2 ℒ(𝜃𝑡
(𝑘)

)∥
∥

𝐹

1+∥
∥∇𝜃ℒ(𝜃𝑡

(𝑘)
)∥

∥
2

,         (19) 

where ∥⋅∥𝐹 is the Frobenius norm. Later, this number controls diffusion and tunnelling so that the 

exploration intensity is influenced by the geometry of the loss landscape. 
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3.4. Unified stochastic free-energy functional 

Optimization dynamics are created by minimizing a single free-energy functional. Let the 

function ρ be a probability measure, 

ℱ𝑡(𝜌) = ∫ ℒ
Θ

(𝜃) 𝑑𝜌(𝜃) + 𝜏𝑡 KL(𝜌  ∥  𝜌0)

                                          +
𝜆𝑐

2
∬ 𝒦

Θ×Θ
(𝜃, 𝜗) 𝑑𝜌(𝜃) 𝑑𝜌(𝜗) + 𝜆𝑔ℛ𝑔(𝜌).

    (20) 

In this case, the first term represents the expected prediction loss. The second term is a divergence 

from a reference measure 𝜌0 , where 𝜏𝑡 > 0  is an annealed temperature. The third term captures 

interactions between hyperstates, followed by the fourth term, which regularizes geometric instability. 

The Kullback–Leibler divergence is 

KL (𝜌 ∥ 𝜌0) = ∫ log
Θ

(
𝑑𝜌

𝑑𝜌0
) 𝑑𝜌.       (21) 

The interaction kernel is repulsive-attractive if 

𝒦(𝜃, 𝜗) = 𝜔𝑎𝑑ℳ(𝜃, 𝜗)2 − 𝜔𝑟 exp [−
𝑑ℳ(𝜃,𝜗)

2

2ℎ𝑡
2 ],    (22) 

where 𝜔𝑎, 𝜔𝑟 ≥ 0and ℎ𝑡 > 0. Its radial derivative is  

𝜕𝒦old

𝜕𝑟
= 2𝜔𝑎𝑟 +

𝜔𝑟𝑟

ℎ𝑡
2 exp   (−

𝑟2

2ℎ𝑡
2) > 0,  𝑟 > 0. 

Therefore, under the negative-gradient drift, both terms are attractive. The current equation is not 

consistent with the claimed attractive repulsive interpretation. Using gradℳ,𝜃 [
1

2
𝑑ℳ(𝜃, 𝜗)2] =

−Log𝜃(𝜗), the negative-gradient interaction force is  

−gradℳ,𝜃𝒦𝑡(𝜃, 𝜗) = [𝜔𝑎 −
𝜔𝑟

ℎ𝑡
2 exp   (−

𝑑ℳ(𝜃, 𝜗)2

2ℎ𝑡
2 )] Log𝜃(𝜗). 

When 𝜔𝑟 > 𝜔𝑎ℎ𝑡
2, the force is repulsive at short distances and attractive at sufficiently large distances. 

The preferred equilibrium separation is separation is separation is 𝑟𝑡
⋆ = ℎ𝑡√2 log (

𝜔𝑟

𝜔𝑎ℎ𝑡
2). The first 

promotes anti-fragmentation when the hyperstates are too spread out, while the second slows early 

collapse and avoids empty spaces. The geometric regularizer is 

ℛ𝑔(𝜌) = ∫ ∥∥𝐺(𝜃)−1/2∇𝜃ℒ(𝜃)∥∥2

2

Θ

𝑑𝜌(𝜃).      (23) 

For the discrete empirical measure in Eq (9), the functional becomes 
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ℱ𝑡(𝛩𝑡
, 𝜋𝑡) = ∑ 𝜋𝑡

(𝑘)
𝐾

𝑘=1
ℒ(𝜃𝑡

(𝑘)
) + 𝜏𝑡 ∑ 𝜋𝑡

(𝑘)
𝐾

𝑘=1
log

𝜋𝑡
(𝑘)

𝜋0
(𝑘)

+
𝜆𝑐

2
∑ ∑ 𝜋𝑡

(𝑘)𝐾
𝑗=1

𝐾

𝑘=1
𝜋𝑡

(𝑗)
𝒦 (𝜃𝑡

(𝑘), 𝜃𝑡
(𝑗)

)

+𝜆𝑔 ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1 ∥
∥
∥

𝐺(𝜃𝑡
(𝑘)

)
−1/2

∇ℒ(𝜃𝑡
(𝑘)

)
∥
∥
∥

2

2

,

   (24) 

where 𝛩𝑡 = [𝜃𝑡
(1), … , 𝜃𝑡

(𝐾)
].  Equation (24) is the central optimization objective of the proposed 

methodology. It simultaneously minimizes prediction risk, regulates probability concentration, 

preserves controlled ensemble diversity, accounts for information geometry, and stabilizes the 

stochastic trajectories. 

3.5. Entropy-regularized hyperstate amplitude transport 

For fixed hyperstate locations, the probability masses are updated through KL-proximal mirror 

descent: 

𝜋𝑡+1 = arg min
𝜋∈Δ𝐾−1

{⟨𝜋, 𝐸𝑡⟩ +
𝜏𝑡

𝜂𝜋,𝑡
KL(𝜋 ∥ 𝜋𝑡)}.      (25) 

The simplex is 

Δ𝐾−1 = {𝜋, ∈ ℝ𝐾: 𝜋(𝑘) ≥ 0  ∑ 𝜋(𝑘)𝐾

𝑘=1
= 1}                                  (26) 

is the probability simplex and 𝐸𝑡 is the effective hyperstate-energy vector. Its 𝑘-th component is self-

interactions: 

𝐸𝑡
(𝑘)

= ℒ (𝜃𝑡
(𝑘)

) + 𝜆𝑐 ∑ 𝜋𝑡
(𝑗)

𝐾

𝑗=1
𝑗≠𝑘

𝒦𝑡 (𝜃𝑡
(𝑘), 𝜃𝑡

(𝑗)
) + 𝜆𝑔𝑟𝑡

(𝑘)
.                            (27) 

with 

𝑟𝑡
(𝑘)

=
∥
∥
∥

𝐺(𝜃𝑡
(𝑘)

)
−1/2

∇ℒ(𝜃𝑡
(𝑘)

)
∥
∥
∥

2

2

.                                           (28) 

The closed-form solution of Eq (25) is 

𝜋𝑡+1
(𝑘)

=
(𝜋𝑡

(𝑘)
)

𝜏𝑡
𝜏𝑡+𝜂𝜋,𝑡 exp [−

𝜂𝜋,𝑡

𝜏𝑡 + 𝜂𝜋,𝑡
𝐸𝑡

(𝑘)
]

∑ (𝜋𝑡
(𝑗)

)

𝜏𝑡
𝜏𝑡+𝜂𝜋,𝑡

𝐾

𝑗=1

exp [−
𝜂𝜋,𝑡

𝜏𝑡 + 𝜂𝜋,𝑡
𝐸𝑡

(𝑗)
]

.                             (29)
 

A simplified Gibbs transport form is obtained when the KL proximal exponent is absorbed into the 

temperature: 
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𝜋𝑡+1
(𝑘)

=
𝜋𝑡

(𝑘)
exp(−𝜂𝜋,𝑡𝐸𝑡

(𝑘)
/𝜏𝑡)

∑ 𝜋𝑡
(𝑗)

𝐾

𝑗=1
exp (−𝜂𝜋,𝑡𝐸𝑡

(𝑗)
/𝜏𝑡)

.                                           (30) 

The temperature follows a bounded annealing schedule, 

𝜏𝑡 = 𝜏min + (𝜏0 − 𝜏min)exp (−𝛾𝜏𝑡),  𝜏0 > 𝜏min > 0.                             (31) 

If the initial temperature is high, the probability of any one candidate is diminished, and if the 

final temperature is low, it focuses probability towards stable low-energy hyperstates. 

3.6. Riemannian drift and interacting hyperstate dynamics 

The deterministic component of each hyperstate trajectory is defined by a natural-gradient drift. 

Let 

𝑔𝑡
(𝑘)

= ∇𝜃ℒ(𝜃𝑡
(𝑘); ℬ𝑡)                                                         (32) 

be a mini-batch stochastic gradient computed on batch ℬ𝑡. The Riemannian preconditioned gradient 

is 

𝑔̃𝑡
(𝑘)

= 𝐺(𝜃𝑡
(𝑘)

)
−1

𝑔𝑡
(𝑘)

.                                                         (33) 

Theinteraction potential experienced by the 𝑘-th hyperstate is 

𝑈𝑡
(𝑘)

= ∑ 𝜋𝑡
(𝑗)

𝐾

𝑗=1
𝑗≠𝑘

𝒦𝑡 (𝜃𝑡
(𝑘), 𝜃𝑡

(𝑗)
) .                                             (34) 

and its manifold gradient is 

𝑞𝑡
(𝑘)

= gradℳ𝑈𝑡
(𝑘)

.                                                         (35) 

The deterministic drift is therefore 

𝑏𝑡
(𝑘)

= −𝑔̃𝑡
(𝑘)

− 𝜆𝑐𝑞𝑡
(𝑘)

− 𝜆𝑏(𝜃𝑡
(𝑘)

− 𝜃̅𝑡),                                  (36) 

where 𝜆𝑏 ≥ 0 regulates the contraction towards the weighted barycenter. The first term reduces 

prediction errors, the second term ensures cooperative manifold organization, and the third term 

mitigates uncontrolled dispersion. 

3.7. Geometry-adaptive stochastic diffusion 

The hyperstates are modeled as undergoing Itô diffusion on the parameter manifold to keep 

exploration controlled. The continuous-time dynamics are 
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𝑑𝜃𝑡
(𝑘)

= 𝑏𝑡
(𝑘)

 𝑑𝑡 + √2𝛽𝑡
(𝑘)

 𝐺(𝜃𝑡
(𝑘)

)
−1/2

𝑑𝑊𝑡
(𝑘)

+ 𝑑𝐽𝑡
(𝑘)

,                             (37) 

where 𝑊𝑡
(𝑘)

 is a 𝑝-dimensional Brownian motion, 𝛽𝑡
(𝑘)

 is an adaptive diffusion intensity, and 𝐽𝑡
(𝑘)

 

is a nonlocal tunneling jump process. The three adaptive factors in Eq (38) have different functions. 

The relative-suboptimality factor 𝑠𝑡
(𝑘)

  assigns more exploratory noise to comparatively poor 

hyperstates, while the normalized entropy 𝑢𝑡maintains exploration when probability mass remains 

distributed across several candidate states. In contrast, the factor exp [−𝛾𝜅𝜅𝑡
(𝑘)

] decreases as local 

curvature increases. The adaptive diffusion increment is therefore suppressed in sharply curved regions, 

where large stochastic displacements may be unstable. Accordingly, relative suboptimality and 

ensemble entropy increase diffusion, whereas local curvature decreases it. The diffusion coefficient 

depends on uncertainty, geometric curvature, and relative hyperstate quality: 

𝛽𝑡
(𝑘)

= 𝛽min + (𝛽max − 𝛽min)𝑠𝑡
(𝑘)

𝑢𝑡 exp(−𝛾𝜅𝜅𝑡
(𝑘)

) ,                             (38) 

where 

𝑢𝑡 =
ℋ(𝜋𝑡)

log 𝐾
∈ [0, 1]                                                         (39) 

is normalized hyperstate entropy and 

𝑠𝑡
(𝑘)

=
ℒ(𝜃𝑡

(𝑘)
) − ℒ𝑡

min

ℒ𝑡
max − ℒ𝑡

min + 𝜀
                                                        (40) 

is a relative measure of suboptimality. The exploratory diffusion is thus larger for the poor candidates, 

while the good candidates are being refined with smaller perturbations. The Euler–Maruyama 

discretization of Eq (37) (without the jump part) is 

𝜃̃𝑡+1
(𝑘)

= 𝜃𝑡
(𝑘)

+ 𝜂𝜃,𝑡𝑏𝑡
(𝑘)

+ √2𝜂𝜃,𝑡𝛽𝑡
(𝑘)

 𝐺(𝜃𝑡
(𝑘)

)
−1/2

𝜉𝑡
(𝑘)

,                             (41) 

where 

𝜉𝑡
(𝑘)

∼ 𝒩(0, 𝐼𝑝).                                                         (42) 

Because the noise is multiplied by 𝐺−1/2 , which makes stochastic exploration anisotropic and 

sensitive to the local information geometry, but not all parameter directions. 

3.8. Adaptive nonlocal tunneling operator 

In the case of hyperstates which trap inside sharp separation attraction basins, local Gaussian 

diffusion might be inadequate. Therefore, a nonlocal jump mechanism is introduced. Let bk be a barrier 

score for candidate k, 
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𝐵𝑡
(𝑘)

= [ℒ(𝜃𝑡
(𝑘)

) − ℒ𝑡
ref]

+
+ 𝜁𝜅𝜅𝑡

(𝑘)
,                                           (43) 

where [𝑧]+ = max (𝑧, 0), and 

ℒ𝑡
ref = ∑ 𝜋𝑡

(𝑗)

𝐾

𝑗=1

ℒ (𝜃𝑡
(𝑗)

) .                                                         (44) 

For every configuration to which the asymptotic theory applies, set 𝑞min = 0, and use  

𝑞𝑡
(𝑘)

= 𝑞0𝑒−𝛾𝑞𝑡𝜎(𝑎𝐵𝐵𝑡
(𝑘)

+ 𝑎𝑠𝑠𝑡
(𝑘)

+ 𝑎𝑢𝑢𝑡 − 𝑏𝑞),  𝛾𝑞 > 0. 

However, 0 < 𝜎(𝑧) < 1, it follows that 0 ≤ 𝑞𝑡
(𝑘)

≤ 𝑞0𝑒−𝛾𝑞𝑡 , and 

∑ 𝑞𝑡
(𝑘)

∞

𝑡=0
≤ 𝑞0 ∑ 𝑒−𝛾𝑞𝑡∞

𝑡=0
=

𝑞0

1−𝑒−𝛾𝑞
< ∞.     (45) 

A positive tunneling floor may be used in a prespecified finite-horizon exploratory experiment. 

However, when 𝑞min > 0 , the tunneling probabilities are not summable, and Theorem 3 and the 

associated asymptotic stationarity statements do not apply. All configurations used to support the 

asymptotic analysis therefore set 𝑞min = 0. The tunneling probability is  

𝑞𝑡
(𝑘)

= 𝑞min + (𝑞0 − 𝑞min)exp (−𝛾𝑞𝑡) 𝜎(𝑎𝐵𝐵𝑡
(𝑘)

+ 𝑎𝑠𝑠𝑡
(𝑘)

+ 𝑎𝑢𝑢𝑡 − 𝑏𝑞), 

where 

𝜎(𝑧) = (1 + 𝑒−𝑧)−1. 

The exponential factor gradually suppresses global jumps as training progresses, while the 

sigmoid term increases tunneling for candidates located in high-loss or highly curved regions. When a 

Bernoulli variable 

𝑍𝑡
(𝑘)

∼ Bernoulli(𝑞𝑡
(𝑘)

) ,                                                         (46) 

takes the value one, a destination hyperstate 𝑗 ≠ 𝑘is selected according to 

𝜔𝑘𝑗,𝑡 =
𝜋𝑡

(𝑗)
exp [−ℒ (𝜃𝑡

(𝑗)
) /𝜏𝐽] exp [−𝑑ℳ (𝜃𝑡

(𝑘), 𝜃𝑡
(𝑗)

)
2

/(2ℎ𝐽
2)]

∑ 𝜋𝑡
(𝑟)

𝑟≠𝑘
exp [−ℒ(𝜃𝑡

(𝑟)
)/𝜏𝐽] exp [−𝑑ℳ(𝜃𝑡

(𝑘), 𝜃𝑡
(𝑟)

)
2

/(2ℎ𝐽
2)]

.               (47) 

The proposed destination is generated in the tangent space by 

𝜃𝑡+1,prop
(𝑘)

= Exp
𝜃̃𝑡+1

(𝑘) [𝜒𝑡
(𝑘)

Log
𝜃̃𝑡+1

(𝑘) (𝜃𝑡
(𝑗)

) + 𝜎𝐽𝐺−1/2𝜁𝑡
(𝑘)

] ,                             (48) 

where Exp  and Log  are the manifold exponential and logarithmic maps, 𝜒𝑡
(𝑘)

∈ (0, 1]  controls 
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jump length, and 𝜁𝑡
(𝑘)

∼ 𝒩(0, 𝐼). The proposal is accepted with probability 

𝐴𝑡
(𝑘)

= min {1, exp [−
ℒ(𝜃𝑡+1,prop

(𝑘)
) − ℒ(𝜃̃𝑡+1

(𝑘)
)

𝜏𝐽,𝑡
]} .                             (49) 

Thus, improvements are accepted automatically, while a controlled proportion of uphill transitions 

remains possible during high-temperature stages. The final state is 

𝜃𝑡+1
(𝑘)

= {
𝜃𝑡+1,prop

(𝑘)
, with probability 𝑍𝑡

(𝑘)
𝐴𝑡

(𝑘)
,

𝜃̃𝑡+1
(𝑘)

, otherwise.
                            (50) 

Equations (43)–(50) differ from the unstructured random restart mechanisms in that they explicitly 

consider the loss, the curvature, the probability mass, the manifold distance, and the annealing 

temperature, when and where and to what degree a nonlocal transition should occur. 

3.9. Hyperstate consolidation without irreversible collapse 

Through optimization, a number of candidates could become close to each other. Keeping all such 

states increases computing cost without contributing much diversity. As a result, a soft consolidation 

procedure is employed. The size of the ensemble is 

𝐾eff,𝑡 = exp[ℋ(𝜋𝑡)] .                                                         (51) 

A pair of hyperstates (𝑘, 𝑗) is eligible for merging when 

𝑑ℳ (𝜃𝑡
(𝑘), 𝜃𝑡

(𝑗)
) < 𝜀𝜃                                                         (52) 

and 

∣
∣ℒ(𝜃𝑡

(𝑘)
) − ℒ (𝜃𝑡

(𝑗)
)∣

∣ < 𝜀ℒ .                                                         (53) 

The merged probability is 

𝜋𝑡
(𝑘 ⊕ 𝑗)

= 𝜋𝑡
(𝑘)

+ 𝜋𝑡
(𝑗)

,                                                                       (54) 

and the merged location is the local Riemannian barycenter 

𝜃𝑡
(𝑘 ⊕ 𝑗)

= arg min
𝜃∈ℳ

{𝜋𝑡
(𝑘)

𝑑ℳ(𝜃, 𝜃𝑡
(𝑘)

)
2

+ 𝜋𝑡
(𝑗)

𝑑ℳ (𝜃, 𝜃𝑡
(𝑗)

)
2

} .               (55) 

To prevent irreversible collapse, a minimum number 𝐾min of active hyperstates is maintained. When 

𝐾eff,𝑡 < 𝐾min, low-probability candidates are rejuvenated around the dominant state: 

𝜃𝑡
(new)

= Exp𝜃𝑡
⋆[𝜎re𝐺(𝜃𝑡

⋆)−1/2𝜖],  𝜖 ∼ 𝒩(0, 𝐼),                             (56) 
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where 

𝜃𝑡
⋆ = 𝜃𝑡

(𝑘⋆)
,  𝑘⋆ = arg max

𝑘
𝜋𝑡

(𝑘)
.                                           (57) 

The proposed consolidation mechanism therefore eliminates redundancies and maintains a controlled 

stochastic neighborhood around the dominant basin. 

3.10. Explainable probabilistic feature dynamics 

Explainability is incorporated directly into the evolving hyperstate distribution. For input feature 

𝑟, the local sensitivity associated with hyperstate 𝑘 is 

𝑠𝑛𝑟,𝑡
(𝑘)

=
∣
∣
∣
∣𝜕 log 𝑝

𝜃𝑡
(𝑘) (𝑦𝑛 ∣ 𝑥𝑛)

𝜕𝑥𝑛𝑟 ∣
∣
∣
∣

.                                                         (58) 

The global ensemble importance is 

𝐼𝑟,𝑡 =
1

𝑁
∑ ∑ 𝜋𝑡

(𝑘)

𝐾

𝑘=1

𝑁

𝑛=1

𝑠𝑛𝑟,𝑡
(𝑘)

.                                                         (59) 

The normalized feature-importance distribution is 

𝐴𝑟,𝑡 =
exp (𝐼𝑟,𝑡/𝜏𝐴)

∑ exp
𝑑𝑥
𝑞=1  (𝐼𝑞,𝑡/𝜏𝐴)

,  ∑ 𝐴𝑟,𝑡

𝑑𝑥

𝑟=1

= 1.                                           (60) 

The uncertainty of the importance assigned to feature 𝑟is measured through the weighted hyperstate 

variance 

𝑉𝑟,𝑡 = ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1

(𝐼𝑟,𝑡
(𝑘)

− 𝐼𝑟,𝑡)
2

,                                                         (61) 

where 

𝐼𝑟,𝑡
(𝑘)

=
1

𝑁
∑ 𝑠𝑛𝑟,𝑡

(𝑘)

𝑁

𝑛=1

.                                                         (62) 

A high value of 𝐴𝑟,𝑡 and a low value of  𝑉𝑟,𝑡 indicates that a feature is important across the 

entire hyperstate ensemble. A large value of 𝑉𝑟,𝑡 indicates that apparent importance strongly depends 

on the parameter basin. For class-level uncertainty, predictive entropy is calculated as 

𝒰pred(𝑥) = − ∑ 𝑝𝜌𝑡

𝐶

𝑐=1
(𝑦 = 𝑐 ∣ 𝑥) log 𝑝𝜌𝑡

(𝑦 = 𝑐 ∣ 𝑥),    (63) 
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whereas expected within-hyperstate uncertainty is 

𝒰ale(𝑥) = − ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1
∑ 𝑝

𝜃𝑡
(𝑘)

𝐶

𝑐=1
(𝑦 = 𝑐 ∣ 𝑥) log 𝑝

𝜃𝑡
(𝑘) (𝑦 = 𝑐 ∣ 𝑥).  (64) 

The epistemic component is then 

𝒰epi(𝑥) = 𝒰pred(𝑥) − 𝒰ale(𝑥).       (65) 

This decomposition separates uncertainty due to class ambiguity from uncertainty due to 

disagreement in feasible neural parameter states. 

3.11. Complete discrete optimization system 

The complete update system is the combination of probability transport, Riemannian drift, 

adaptive diffusion and nonlocal tunneling. 

𝜋𝑡+1
(𝑘)

=
𝜋𝑡

(𝑘)
exp[−𝜂𝜋,𝑡𝐸𝑡

(𝑘)
/𝜏𝑡]

∑ 𝜋𝑡
(𝑗)

𝐾

𝑗=1
exp[−𝜂𝜋,𝑡𝐸𝑡

(𝑗)
/𝜏𝑡]

,       (66) 

𝜃̃𝑡+1
(𝑘)

= 𝜃𝑡
(𝑘)

− 𝜂𝜃,𝑡𝐺𝑡
(𝑘)−1[𝑔𝑡

(𝑘)
+ 𝜆𝑐∇𝜃𝑈𝑡

(𝑘)
] − 𝜂𝜃,𝑡𝜆𝑏(𝜃𝑡

(𝑘)
− 𝜃̅𝑡) + √2𝜂𝜃,𝑡𝛽𝑡

(𝑘)
𝐺𝑡

(𝑘)−1/2
𝜉𝑡

(𝑘)
, (67) 

followed by the tunneling correction 

𝜃𝑡+1
(𝑘)

= 𝒯𝑡
(𝑘)

(𝜃̃𝑡+1
(𝑘)

),        (68) 

where 𝒯𝑡
(𝑘)

  denotes the acceptance-controlled jump operator defined by Eqs (43)–(50). The final 

trained parameters may be obtained through the maximum-probability state, 

𝜃MAP = 𝜃𝑇
(𝑘⋆)

,  𝑘⋆ = arg max
𝑘

𝜋𝑇
(𝑘)

,       (69) 

the minimum-loss state, 

𝜃min = arg min
𝜃𝑇

(𝑘)
ℒ(𝜃𝑇

(𝑘)
),        (70) 

or the Riemannian barycenter, 

𝜃bar = arg min
𝜃∈ℳ

∑ 𝜋𝑇
(𝑘)

𝐾

𝑘=1
𝑑ℳ(𝜃, 𝜃𝑇

(𝑘)
)

2
.      (71) 

For uncertainty-aware prediction, one keeps the ensemble distribution instead of reducing it to a 

single parameter vector, as in Eq (10). When 𝐾 → ∞, the empirical measure in Eq (9) approaches a 

continuous density 𝜌𝑡(𝜃) . Ignoring jump events temporarily, the density satisfies a nonlinear 

Riemannian Fokker–Planck equation: 
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𝜕𝜌𝑡

𝜕𝑡
= ∇ℳ ⋅ [𝜌𝑡∇ℳ (ℒ + 𝜆𝑐𝒦 ∗ 𝜌𝑡 + 𝜏𝑡 log

𝜌𝑡

𝜌0
)] + ∇ℳ ⋅ (𝛽𝑡∇ℳ𝜌𝑡).  (72) 

Let 𝑑𝑉𝐺(𝜃)  denote the Riemannian volume measure and let 𝜌𝑡  be the density of the limiting 

empirical hyperstate measure with respect to 𝑑𝑉𝐺 . Between tunneling, consolidation, and rejuvenation 

events, consider the intrinsic Itô process, 

𝑑Θ𝑡 = 𝑏𝑡[𝜌𝑡](Θ𝑡) 𝑑𝑡 + √2𝛽𝑡(Θ𝑡) 𝑑𝐵𝑡
ℳ , 

where 𝐵𝑡
ℳ is intrinsic Brownian motion on ℳ. In local coordinates, this notation includes the Levi–

Civita connection drift required for intrinsic Brownian motion. For a smooth test function 𝜑 , the 

infinitesimal generator is 

𝒜𝑡𝜑 = ⟨𝑏𝑡
, [𝜌𝑡]𝑔𝑟𝑎𝑑ℳ𝜑⟩𝐺 + 𝛽𝑡𝛥ℳ𝜑. 

The weak Kolmogorov equation is  

𝑑

𝑑𝑡
∫ 𝜑

ℳ
(𝜃)𝜌𝑡(𝜃) 𝑑𝑉𝐺(𝜃) = ∫ 𝒜𝑡ℳ

𝜑(𝜃)𝜌𝑡(𝜃) 𝑑𝑉𝐺(𝜃).  

After integration by parts under the no-flux condition, the corresponding Fokker–Planck equation is  

𝜕𝜌𝑡

𝜕𝑡
= −𝑑𝑖𝑣ℳ(𝜌𝑡𝑏𝑡[𝜌𝑡]) + 𝛥ℳ(𝛽𝑡𝜌𝑡). 

Because 𝛽𝑡 depends on the state through Eq (38), the correct Itô diffusion term is Δℳ(𝛽𝑡𝜌𝑡), not 

merely divℳ(𝛽𝑡gradℳ𝜌𝑡), unless 𝛽𝑡 is spatially constant or the SDE includes the corresponding 

noise-induced drift correction. The combined mean-field potential defined as 

Φ𝑡[𝜌𝑡](𝜃) = ℒ(𝜃) + 𝜆𝑐(𝒦𝑡 ∗ 𝜌𝑡)(𝜃) + 𝜆𝑔𝑟𝑔(𝜃)

+
𝜆𝑏

2
𝑑ℳ(𝜃, 𝜃‾ 𝑡)2 + 𝜏𝑡 log

𝜌𝑡(𝜃)

𝜌0(𝜃)
,

 

where 

(𝒦𝑡 ∗ 𝜌𝑡)(𝜃) = ∫ 𝒦𝑡
ℳ

(𝜃, 𝜗)𝜌𝑡(𝜗) 𝑑𝑉𝐺(𝜗). 

Under the mean-field closure 

𝑏𝑡[𝜌𝑡] = −gradℳΦ𝑡[𝜌𝑡], 

it becomes 

𝜕𝜌𝑡

𝜕𝑡
= divℳ[𝜌𝑡gradℳΦ𝑡[𝜌𝑡]] + Δℳ(𝛽𝑡𝜌𝑡). 

Including tunneling gives 
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𝜕𝜌𝑡(𝜃)

𝜕𝑡
= divℳ[𝜌𝑡(𝜃)gradℳΦ𝑡[𝜌𝑡](𝜃)] + Δℳ[𝛽𝑡(𝜃)𝜌𝑡(𝜃)]

+ ∫ [𝑄𝑡(𝜗, 𝜃)𝜌𝑡(𝜗) − 𝑄𝑡(𝜃, 𝜗)𝜌𝑡(𝜃)]
ℳ

𝑑𝑉𝐺(𝜗).
   (73) 

Including tunneling produces a nonlocal master term: 

𝜕𝜌𝑡(𝜃)

𝜕𝑡
= ∇ℳ ⋅ [𝜌𝑡∇ℳ

𝛿ℱ𝑡

𝛿𝜌
] + ∇ℳ ⋅ (𝛽𝑡∇ℳ𝜌𝑡)

+ ∫ [𝑄𝑡(𝜗, 𝜃)𝜌𝑡(𝜗) − 𝑄𝑡(𝜃, 𝜗)𝜌𝑡(𝜃)]
Θ

𝑑𝜗,
     (74) 

where 𝑄𝑡(𝜃, 𝜗) is the tunneling transition kernel. The proposed optimizer explicitly uses the local 

gradient flow, entropy diffusion, interacting-particle transport, and nonlocal jump dynamics in Eq (74). 

3.12. Theoretical properties 

The analysis is developed under the following conditions. The loss ℒis bounded below by ℒinf >

−∞. It is L-Lipschitz on the region of the hyperstates that it visits. The metric tensor is subject to the 

following condition: 

𝑚𝐼 ⪯ 𝐺(𝜃) ⪯ 𝑀𝐼, 0 < 𝑚 ≤ 𝑀 < ∞.       (75) 

The stochastic gradient is conditionally unbiased, 

𝔼[𝑔𝑡
(𝑘)

∣ ℱ𝑡] = ∇ℒ(𝜃𝑡
(𝑘)

),        (76) 

and has bounded conditional variance, 

𝔼 [∥
∥𝑔𝑡

(𝑘)
− 𝛻ℒ(𝜃𝑡

(𝑘)
)∥

∥
2

2
∣ ℱ𝑡] ≤ 𝜎𝑔

2.      (77) 

The step sizes satisfy the Robbins–Monro conditions 

∑ 𝜂𝜃,𝑡
∞

𝑡=0
= ∞,  ∑ 𝜂𝜃,𝑡

2∞

𝑡=0
< ∞,      (78) 

and the cumulative late-stage tunneling intensity is finite: 

∑ 𝑞𝑡
(𝑘)

∞

𝑡=0
< ∞.         (79) 

Proposition 1. For any initialization 𝜋0 ∈ Δ𝐾−1, the update in Eq (66) satisfies 

𝜋𝑡 ∈ Δ𝐾−1 for every 𝑡 ≥ 0.        (80) 

The numerator in Eq (66) is nonnegative, and the denominator is its sum over all candidates. Therefore, 

𝜋𝑡+1
(𝑘)

≥ 0  and ∑ 𝜋𝑡+1
(𝑘)

𝐾

𝑘=1
= 1.  Thus, the probabilistic hyperstate representation remains valid at 

every iteration. 

Proposition 2. For every probability vector 𝜋𝑡 ∈ Δ𝐾−1, 

0 ≤ ℋ(𝜋𝑡) ≤ log 𝐾.         (81) 
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The minimum is achieved by a degenerate distribution, while the maximum is achieved by the uniform 

distribution. As such, the normalized entropy in Eq (39) will be in the range [0, 1]. 

Proposition 3. Because 𝜋𝑡+1minimizes Eq (25), 

⟨𝜋𝑡+1
, 𝐸𝑡⟩ +

𝜏𝑡

𝜂𝜋,𝑡
KL(𝜋𝑡+1 ∥ 𝜋𝑡) ≤ ⟨𝜋𝑡

, 𝐸𝑡⟩.      (82) 

Therefore, 

⟨𝜋𝑡+1
, −𝜋𝑡𝐸𝑡⟩ ≤ −

𝜏𝑡

𝜂𝜋,𝑡
KL(𝜋𝑡+1 ∥ 𝜋𝑡) ≤ 0.      (83) 

Equation (83) shows that the energy of the mirror-transport step is reduced by at least a quantity 

proportional to the KL displacement of the amplitude distributions between which the step is 

performed. The results below will be presented at the component level, distinct from those of the full 

hybrid procedure. Propositions 1–3 are about the probability-transport subproblem. Theorem 1 addresses 

only the isolated, diffusion-free natural-gradient loss substep without suppression of interaction, 

barycentric contraction, diffusion, tunnelling, consolidation, or rejuvenation, and should not be taken as 

a global-convergence result for QISGHO. Theorem 2 is a conditional moment bound for a dissipative 

drift that has bounded diffusion. When the proposal probability is summable, Theorem 3 concerns the 

number of tunneling proposals. Theorem 4 provides a perturbable free-energy balance for the entire 

jump-diffusion component (continuous) and the structural events (discrete). 

Theorem 1. The local update is diffusion-free and satisfies for a sufficiently small 𝜂𝜃,𝑡, under the 

Eqs (75)–(78). 

𝔼 [ℒ(𝜃𝑡+1
(𝑘)

) ∣ ℱ𝑡] ≤ ℒ(𝜃𝑡
(𝑘)

) − 𝑐1𝜂𝜃,𝑡 ∥
∥gradℳℒ(𝜃𝑡

(𝑘)
)∥

∥
𝐺

2

+𝑐2𝜂𝜃,𝑡
2 𝜎𝑔

2,
    (84) 

for constants 𝑐1, 𝑐2 > 0. Here, 

∥ 𝑣 ∥𝐺
2 = 𝑣⊤𝐺𝑣.         (85) 

Summing Eq (84) over 𝑡and applying Eq (78) gives 

∑ 𝜂𝜃,𝑡
∞

𝑡=0
 𝔼 [∥

∥gradℳℒ(𝜃𝑡
(𝑘)

)∥
∥

𝐺

2
] < ∞.      (86) 

Consequently, 

lim inf
𝑡→∞

𝔼 [∥
∥gradℳℒ(𝜃𝑡

(𝑘)
)∥

∥
𝐺

2
] = 0.       (87) 

This is a step toward convergence to the set of Riemannian stationary points, but it does not 

necessarily guarantee convergence to a global minimizer, which cannot be guaranteed in nonconvex 

deep neural networks in general. 

Theorem 2. Let 

𝑉𝑡
(𝑘)

= ∥∥𝜃𝑡
(𝑘)

− 𝜃†
∥∥2

2
,        (88) 
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where 𝜃†is a stable stationary point. If the drift satisfies a dissipativity condition 

⟨𝜃, −𝜃†𝑏(𝜃)⟩ ≤ −𝑎∥∥𝜃 − 𝜃†∥∥2

2
+ 𝑏      (89) 

for constants 𝑎 > 0 and 𝑏 ≥ 0, and if the diffusion is bounded, then Itô’s lemma gives 

𝑑

𝑑𝑡
𝔼[𝑉𝑡

(𝑘)
] ≤ −2𝑎𝔼[𝑉𝑡

(𝑘)
] + 2𝑏 + 𝜎̅2.      (90) 

Gronwall’s inequality yields 

𝔼[𝑉𝑡
(𝑘)

] ≤ 𝑒−2𝑎𝑡𝑉0
(𝑘)

+
2𝑏+𝜎̅2

2𝑎
(1 − 𝑒−2𝑎𝑡).     (91) 

Therefore, the second moment remains uniformly bounded: 

sup
𝑡≥0

𝔼[𝑉𝑡
(𝑘)

] < ∞.         (92) 

Theorem 3. Under Eq (79), the first Borel–Cantelli lemma implies 

ℙ(𝑍𝑡
(𝑘)

= 1 infinitely often) = 0.       (93) 

Therefore, almost surely, every hyperstate has only finitely many accepted tunneling events at the 

end of the states. The early dynamics are nonlocal and still explore the space, while the asymptotic 

dynamics are local and stochastic Riemannian optimization. This condition maintains convergence 

stability and prevents persistent jumping from ruining it. 

Theorem 4. For the smooth diffusion component of Eq (72), the first variation of the free-energy 

functional is 

𝜇𝑡(𝜃) =
𝛿ℱ𝑡

𝛿𝜌
(𝜃) = ℒ(𝜃) + 𝜆𝑐(𝒦 ∗ 𝜌𝑡)(𝜃) + 𝜆𝑔𝑟𝑔(𝜃) + 𝜏𝑡 (log

𝜌𝑡(𝜃)

𝜌0(𝜃)
+ 1),  (94) 

where 𝑟𝑔(𝜃) = ∥∥𝐺(𝜃)−1/2∇ℒ(𝜃)∥∥2

2
. Assume sufficient regularity, no-flux boundary conditions, and a 

nonincreasing differentiable temperature 𝜏𝑡 . Between consolidation and rejuvenation events, the 

jump-diffusion equation satisfies 

𝑑

𝑑𝑡
ℱ𝑡(𝜌𝑡) = −𝒟𝑡 + 𝜏̇𝑡 KL(𝜌𝑡 ∥ 𝜌0) + ℛ𝛽,𝑡 + 𝒥𝑡, 

with 

𝒟𝑡 = ∫ ∥∥∇ℳ𝜇𝑡(𝜃)∥∥𝐺−1
2

Θ

𝜌𝑡(𝜃) 𝑑𝜃, 

ℛ𝛽,𝑡 = − ∫ 𝛽𝑡
Θ

(𝜃)⟨∇ℳ
, 𝜇𝑡(𝜃)∇ℳ log 𝜌𝑡 (𝜃)⟩𝐺−1𝜌𝑡(𝜃) 𝑑𝜃, 

and 
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𝒥𝑡 = ∬ [𝜇𝑡(𝜗) − 𝜇𝑡(𝜃)]
Θ×Θ

𝑄𝑡(𝜃, 𝑑𝜗)𝜌𝑡(𝜃) 𝑑𝜃. 

Suppose that 0 ≤ 𝛽𝑡(𝜃) ≤ 𝛽̅𝑡 , that ∣ 𝜇𝑡(𝜃) ∣≤ 𝑀𝜇  on the visited set, and that the total jump rate 

satisfies 

∫ 𝑄𝑡
Θ

(𝜃, 𝑑𝜗) ≤ 𝑞̅𝑡 . 

Define the Riemannian Fisher information of the density as 

ℐ𝐺(𝜌𝑡) = ∫ ∥∥∇ℳ log 𝜌𝑡 (𝜃)∥∥𝐺−1
2

Θ
𝜌𝑡(𝜃) 𝑑𝜃.                    (95) 

Young’s inequality and the jump-rate bound give 

[ℛ𝛽,𝑡]
+

≤
1

2
𝒟𝑡 +

1

2
𝛽̅𝑡

2ℐ𝐺(𝜌𝑡),  [𝒥𝑡]+ ≤ 2𝑀𝜇𝑞̅𝑡 . 

At a consolidation time 𝑡𝑚 and a rejuvenation time 𝑠𝑚, impose the one-sided controls 

[ℱ𝑡𝑚
(𝜌𝑡𝑚

+ ) − ℱ𝑡𝑚
(𝜌𝑡𝑚

− )]
+

≤ 𝜀𝐶,𝑚, 

and 

[ℱ𝑠𝑚
(𝜌𝑠𝑚

+ ) − ℱ𝑠𝑚
(𝜌𝑠𝑚

− )]
+

≤ 𝜀𝑅,𝑚.                       (96) 

Because 𝜏̇𝑡 ≤ 0, integration of Eq (95) and application of Eq (96) yield 

ℱ𝑇(𝜌𝑇) +
1

2
∫ 𝒟𝑡

𝑇

0

 𝑑𝑡 ≤ ℱ0(𝜌0) +
1

2
∫ 𝛽̅𝑡

2
𝑇

0

ℐ𝐺(𝜌𝑡) 𝑑𝑡

+2𝑀𝜇 ∫ 𝑞̅𝑡

𝑇

0

 𝑑𝑡 + ∑ 𝜀𝐶,𝑚

𝑡𝑚≤𝑇

+ ∑ 𝜀𝑅,𝑚

𝑠𝑚≤𝑇

.
 

Therefore, if ℱ𝑡 is bounded below and 

∫ 𝛽̅𝑡
2

∞

0

ℐ𝐺(𝜌𝑡) 𝑑𝑡 < ∞,  ∫ 𝑞̅𝑡

∞

0

 𝑑𝑡 < ∞,  ∑(

𝑚

𝜀𝐶,𝑚 + 𝜀𝑅,𝑚) < ∞, 

then 

∫ 𝒟𝑡

∞

0

 𝑑𝑡 < ∞, lim inf
𝑡→∞

𝒟𝑡 = 0. 

If 𝒟𝑡  is additionally uniformly continuous, then 𝒟𝑡 ⟶ 0.  This is a conditional stationarity 

statement for the free-energy gradient. It does not guarantee that the parameter distribution converges 

to a single limit value, to a global minimizer of the free energy, or that the free energy decreases 

monotonically at each stochastic, tunneling, consolidation, or rejuvenation event.  
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Proof. Multiplying the continuous master equation by the first variation 𝜇𝑡, integrating by parts with 

the no-flux condition and applying the gain–loss form of the jump operator yields Eq (94). Use Young's 

inequality on the diffusion cross-term and on the upper and lower bounds on 𝜇𝑡, and the total jump 

intensity to get Eq (95). Sum the positive impulses caused by consolidation and rejuvenation and use 

𝜏̇𝑡 ≤ 0  to obtain Eq (96). The lower bound on ℱ𝑡 and the summability conditions give finite 

accumulated dissipation. The final statements follow from the nonnegativity of 𝒟𝑡 , with uniform 

continuity supplying the stronger limit through Barbalat’s lemma. 

3.13. Optimization procedure 

The training procedure starts with K neural parameters initialized around a common initialization. 

They are all initially drawn from a uniform distribution with amplitudes 𝜋0
(𝑘)

= 1/𝐾 , when no 

information is available. For each mini-batch iteration, we compute the loss and stochastic gradient 

independently in each hyperstate. We then regularize the Fisher metric and use this approximation to 

transform Euclidean gradients into Riemannian natural-gradient directions. We compute the energy for 

each candidate using the prediction loss, interaction potential, and geometric regularization. We 

redistribute the probability amplitudes using the KL-proximal Gibbs transport in Eq (66). We then 

update a series of candidate locations using an approach that combines Riemannian drift, ensemble 

interaction, barycentric stabilization, and geometry-adaptive diffusion, as defined in Eq (67). 

Equations (43)–(50) describe the nonlocal tunneling of hyperstates that satisfy the barrier criterion. 

Geometrically redundant hyperstates are consolidated at user-specified time intervals, using the 

Riemannian barycenter in Eq (55). If diversity is inadequate, Eq (56) rejuvenates the low-mass 

candidates. The temperature, diffusion, and tunneling schedules decrease slowly, transitioning the 

system from global stochastic sampling to local probabilistic sampling. Training terminates when the 

relative free-energy variation 

Δℱ𝑡 =
∣∣ℱ𝑡−ℱ𝑡−1∣∣

1+∣∣ℱ𝑡−1∣∣
         (97) 

satisfies 

Δℱ𝑡 < 𝜀ℱ           (98) 

for 𝑅 consecutive iterations, while the weighted Riemannian gradient norm 

𝒢𝑡 = ∑ 𝜋𝑡
(𝑘)

𝐾

𝑘=1
∥
∥gradℳℒ(𝜃𝑡

(𝑘)
)∥

∥
𝐺

2
      (99) 

satisfies 

𝒢𝑡 < 𝜀𝑔.          (100) 

These two conditions prevent termination merely because the prediction loss temporarily plateaus 

while the probability distribution remains unstable. 
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3.14. Computational complexity and practical approximation 

Let 𝐶𝑓  denote the computational cost of one forward-backward evaluation of the underlying 

neural network. Evolving 𝐾 hyperstates requires approximately 

𝒪(𝐾𝐶𝑓),          (101) 

operations per iteration. Computing all pairwise interaction terms requires 

𝒪(𝐾2𝑝),          (102) 

operations in the direct implementation. When 𝐾  is moderate, this cost is small relative to the 

forward-backward cost of a large neural network. For larger ensembles, sparse neighborhoods, kernel 

truncation, random feature approximations, or low-rank barycentric summaries can reduce interaction 

computation. A full Fisher matrix would require 𝒪(𝑝2)  storage and is impractical for modern 

networks. The proposed implementation therefore uses a diagonal or block-diagonal approximation, 

𝐺̂𝑡
(𝑘)

= diag(𝑣𝑡
(𝑘)

) + 𝛿𝐼,        (103) 

where 

𝑣𝑡
(𝑘)

= 𝛽𝐺𝑣𝑡−1
(𝑘)

+ (1 − 𝛽𝐺)(𝑔𝑡
(𝑘)

⊙ 𝑔𝑡
(𝑘)

).      (104) 

The inverse metric action then becomes 

𝐺̂𝑡
(𝑘)−1𝑔𝑡

(𝑘)
=

𝑔𝑡
(𝑘)

𝑣𝑡
(𝑘)

+𝛿
,         (105) 

where division is element-wise. This approximation preserves geometry-aware adaptation but lowers 

𝒪𝑝 storage and 𝒪𝑝 inversion costs. During forward and backward propagation, the hyperstates are 

independent and can thus be processed in parallel on GPUs. However, the methodology comes with 

the cost of using more memory than before, but it allows better exploration, uncertainty representation, 

and robustness to poor initialization. 

3.15. Methodological novelty 

The methodological contribution is not just the “bag of tricks” of having multiple stochastic 

mechanisms within the same optimizer. Its novelty is to redefine deep neural training as an interacting 

probability-flow problem on the information-geometric parameter manifold. The hyperstate 

amplitudes are not informal (candidate) scores, but solutions to an entropy-regularized variational 

transport problem. The candidate parameters are not corrupted by isotropic random noise, but evolve 

according to metric-dependent stochastic differential equations. The tunneling mechanism is not a 

random restart, but a nonlocal Markov transition, where the “barrier” energy, “curvature”, “manifold” 

distance, and a “Metropolis-type” acceptance are all handled explicitly. The collapsing mechanism 

does not permanently destroy the ensemble; it is maintained via a minimum effective support 

mechanism: stochastic rejuvenation. Explainability is not only appended after training either, as feature 
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importance and its uncertainty are averaged with the changing hyperstate measure. This creates a single 

mathematical link among empirical-risk minimization algorithms, mirror descent, natural-gradient 

learning, interacting-particle systems, entropy-regularized optimal transport, Riemannian diffusion, 

nonlocal jump processes, and uncertainty-aware explanation. This formulation provides a much 

stronger theoretical basis than an unordered list of quantum-inspired heuristics, and all key components 

are directly implementable, measurable, and experimentally testable. 

4. Experimental design 

The evaluation tested optimisation procedures while keeping experimental conditions identical 

except for the pairing. They employed five datasets: one synthetic nonlinear benchmark and four public 

benchmarks - Fashion-MNIST, CIFAR-10, CIFAR-100, and AG News. To compare optimizers, they 

preconfigured the model architecture, initial parameter distribution, dataset split, preprocessing, mini-

batch order, maximum epochs, validation schedule, and stopping rule for each dataset. We used only 

validation observations to select hyperparameters, and evaluated test observations after each 

completed run. We provided the same ordered seed list for each of the 20 independent runs for each 

optimizer, so each method received the same split and initialization seed (r). This pairing enables run-

level statistical comparisons and lets us attribute differences to optimizer choices rather than random 

splits. The synthetic benchmark has 30 input variables (20 informative, 10 hidden but explicitly 

generated redundant ones, nonlinear interactions among the variables, additive stochastic disturbances, 

and 3% uniformly corrupted labels in the training set). A verbal description is not enough to recreate 

this manuscript or the public archive; we also include the full generation equation and coefficient 

arrays here. The manuscript and public archive provide the generation equation, coefficient matrices, 

random-number generator, and seed; a verbal description is not sufficient. We split the data into 

training, validation, and test sets in the proportions 70:15:15. The benchmark is a structured way to 

study optimization behaviour in complex non-convex landscapes. To further corroborate the proposed 

optimizer's ability to generalize, we evaluated it on four publicly available datasets: Fashion-MNIST, 

CIFAR-10, CIFAR-100, and AG News. Fashion-MNIST features grayscale fashion images from 10 

classes; CIFAR-10 is a natural image classification task with low-to-medium semantic complexity; 

and CIFAR-100 has higher semantic complexity. AG News is a benchmark for large-scale text 

classification optimization. These datasets provide diverse visual and textual learning environments 

for testing the proposed optimization framework across applications. 

Figure 2 shows the proposed QISGHO optimization steps during training. Figure 2(A) shows the 

validation trajectory for the conventional optimizers; QISGHO converges faster and achieves higher 

prediction accuracy, demonstrating improved optimization efficiency. The transition from broad 

exploration to stable exploitation is evident in Figure 2(B), which includes recorded curvature and 

dispersion summaries showing the redistribution of hyperstate mass: probability mass is dynamically 

redistributed among hyperstates, and variation, effective curvature, and dispersion gradually decrease. 

Figure 2(C) shows the coupled evolution of hyperstate entropy and normalized free energy, 

demonstrating a smooth optimization path to low-energy equilibrium in entropy-driven dynamics. 

Lastly, Figure 2(D) plots the empirical transition matrix between hyperstates. These are not diagnostic 

statements about the observed finite-run behaviour but about the expected asymptotic behaviour. 

Together, these observations offer qualitative evidence for the entropy-regularized hyperstate evolution 

dynamics, adaptive optimization dynamics, and probabilistic transport dynamics that underpin the 
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QISGHO framework. 

 

Figure 2. Comprehensive visualization of the optimization dynamics of the proposed study. 

(A) Convergence comparison of QISGHO with conventional optimization. (B) Evolution 

of hyperstate probability flow and variation, effective curvature, and dispersion during 

optimization. (C) Entropy–free energy phase-space trajectory. (D) Hyperstate transition 

probability matrix representing probabilistic. 

To ensure reproducibility and fairness, the experimental setup is summarized in Table 2, 

optimizers were initialized in the same way, with the same network architecture, learning schedule, 

and stopping criteria. As a result, the observed performance differences come from the optimization 

strategy, not from implementation or computational resources. The first goal is to determine whether 

the proposed optimizer can consistently improve the model's predictive performance across multiple 

datasets once the experimental environment is set up. We compare popular optimization algorithms, 

including SGD, Adam, AdamW, Lion, and stochastic gradient Langevin dynamics (SGLD). We use 

classification accuracy, macro F1-score, negative log-likelihood (NLL), and expected calibration error 

(ECE) to evaluate performance and measure predictive ability and probabilistic reliability. 
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Table 2. Experimental setup for testing the proposed optimization framework. 

Parameter Exact numerical value 

Independent runs 20 

Seed list 

2026, 2027, 2028, 2029, 2030, 2031, 2032, 2033, 2034, 

2035, 2036, 2037, 2038, 2039, 2040, 2041, 2042, 2043, 

2044, 2045 

Data partitions 70% / 15% / 15% 

Training samples 8,400 

Validation samples 1,800 

Test samples 1,800 

Synthetic generator 12,000 observations; 30 variables; 4 classes 

Informative variables 20 

Redundant nonlinear interactions 10 

Training-label corruption 3% 

Batch size 128 

Validation frequency Every 1 epoch 

Early-stopping monitor Validation loss 

Early-stopping patience 20 epochs 

Maximum epochs 200 

Initial learning rate 0.001 

Learning-rate schedule Cosine decay 

Minimum learning rate 1 × 10⁻⁶ 

Weight decay 0.0001 

Hyperstate count 𝐾 8 

Initial temperature 𝜏0 1.0 

Minimum temperature 𝜏min 0.10 

Temperature decay 𝛾𝜏 0.995 

Probability transport 𝜂𝜋,𝑡 0.10 

Attractive interaction 𝜔𝑎 0.20 

Repulsive interaction 𝜔𝑟 0.10 

Interaction step ℎ𝑡 0.01 

Curvature regularization 𝜆𝑐 0.001 

Barrier coefficient 𝜆𝑏 0.01 

Fisher EMA coefficient 0.95 

Fisher damping 1 × 10⁻⁴ 

Curvature estimator Frobenius-norm proxy 

Continued on next page 
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Parameter Exact numerical value 

Curvature update frequency Every 10 updates 

Curvature probe count 4 

Minimum diffusion 𝛽min 0.001 

Maximum diffusion 𝛽max 0.10 

Diffusion decay 𝛾𝜅 0.995 

Initial tunneling 𝑞0 0.20 

Minimum tunneling 𝑞min 0.01 

Tunneling decay 𝛾𝑞 0.995 

Barrier coefficient 𝑎𝐵 1.00 

State coefficient 𝑎𝑠 0.50 

Utility coefficient 𝑎𝑢 0.50 

Tunneling exponent 𝑏𝑞 2.00 

Jump proposal temperature 𝜏𝐽 0.50 

Jump step ℎ𝐽 0.05 

Jump mixing coefficient 𝜒𝑡 0.10 

Jump noise 𝜎𝐽 0.01 

Consolidation interval Every 10 epochs 

Consolidation probability 0.50 

Rejuvenation minimum 𝐾min 4 

Rejuvenation scale 0.10 

Rejuvenation cutoff 0.05 

Free-energy tolerance 𝜖𝐹 1 × 10⁻⁶ 

Gradient tolerance 𝜖𝑔 1 × 10⁻⁵ 

Maximum consecutive-stability criterion 𝑅 10 

Gradient clipping 1.0 

Numerical precision FP32 

Optimizers compared SGD, Adam, AdamW, Lion, SGLD 

Python 3.11 

PyTorch 2.4.1 

CUDA 12.4 

Profiler PyTorch Profiler 2.4.1 

RAM 64 GB 

The proposed framework explores several hyperstates simultaneously, unlike standard first-order 

optimizers that take one shot at one optimization trajectory, and it slowly shifts the probability toward 

desirable areas of the optimization landscape. Table 3 shows that QISGHO has the best overall 

predictive and calibration performance across all five datasets, with the highest accuracy and macro-
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F1 scores and the lowest NLL and ECE scores. The benefit is particularly apparent on the more 

challenging datasets of CIFAR-10 and CIFAR-100: On an accuracy metric, QISGHO is able to 

generate higher accuracy than the best conventional approach (Lion), with an increase of 1.38% on 

CIFAR-10 and 2.39% on CIFAR-100, while also yielding significantly lower NLL and calibration error. 

QISGHO also performs better on Fashion-MNIST and AG News; on the synthetic dataset, the accuracy 

difference between QISGHO and Lion is small, but QISGHO still performs better on macro-F1, NLL, 

and ECE. QISGHO's consistently smaller standard deviations indicate more consistent performance 

across 20 independent runs. Additionally, all post hoc paired comparisons are significant, with large 

rank-biserial effect sizes and p-values ranging from <0.001 to 0.006. Together, these findings suggest 

that QISGHO consistently improves predictive discrimination, probabilistic calibration, and run-to-

run stability across datasets of varying complexity. We compared the optimizers, for each dataset and 

metric, using a Friedman omnibus test. If we rejected the omnibus null hypothesis at the 0.05 

significance level, we compared QISGHO with each of the six competing methods using a two-sided 

paired Wilcoxon signed-rank test. We Bonferroni-corrected the six post-hoc p-values (Holm), and 

reported effect sizes as rank-biserial. All descriptive summaries and inferential tests were computed 

for the observations of the run and not based on rounded table means. 

Table 3. Performance comparison of competitive optimization algorithms in terms of prediction. 

Dataset Optimizer Accuracy (%) Macro-F1 NLL ECE 
Post-hoc comparison 

with QISGHO 

Synthetic SGD 93.84 ± 0.71 0.931 ± 0.009 0.154 ± 0.012 
0.039 ± 

0.005 
p < 0.001; rrb = 0.90 

Synthetic Adam 95.26 ± 0.54 0.948 ± 0.007 0.119 ± 0.010 
0.029 ± 

0.004 
p = 0.002; rrb = 0.76 

Synthetic AdamW 95.71 ± 0.48 0.953 ± 0.006 0.108 ± 0.009 
0.025 ± 

0.004 
p = 0.004; rrb = 0.71 

Synthetic Lion 95.93 ± 0.45 0.955 ± 0.006 0.103 ± 0.008 
0.024 ± 

0.003 
p = 0.006; rrb = 0.67 

Synthetic SGLD 94.88 ± 0.63 0.942 ± 0.008 0.128 ± 0.011 
0.032 ± 

0.004 
p = 0.003; rrb = 0.74 

Synthetic QISGHO 95.94 ± 0.37 0.957 ± 0.005 0.096 ± 0.007 
0.021 ± 

0.003 
Reference 

Fashion-

MNIST 
SGD 90.84 ± 0.39 0.906 ± 0.006 0.287 ± 0.014 

0.041 ± 

0.005 
p < 0.001; rrb = 0.95 

Fashion-

MNIST 
Adam 92.31 ± 0.34 0.921 ± 0.005 0.241 ± 0.012 

0.034 ± 

0.004 
p < 0.001; rrb = 0.90 

Fashion-

MNIST 
AdamW 93.12 ± 0.29 0.930 ± 0.004 0.219 ± 0.011 

0.030 ± 

0.003 
p = 0.001; rrb = 0.81 

Fashion-

MNIST 
Lion 93.48 ± 0.27 0.934 ± 0.004 0.211 ± 0.010 

0.028 ± 

0.003 
p = 0.002; rrb = 0.76 

Fashion-

MNIST 
SGLD 91.76 ± 0.43 0.915 ± 0.006 0.258 ± 0.013 

0.037 ± 

0.004 
p < 0.001;rrb = 0.86 

Continued on next page 
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Dataset Optimizer Accuracy (%) Macro-F1 NLL ECE 
Post-hoc comparison 

with QISGHO 

Fashion-

MNIST 
QISGHO 94.26 ± 0.24 0.942 ± 0.004 0.189 ± 0.009 

0.023 ± 

0.003 
Reference 

CIFAR-10 SGD 82.64 ± 0.58 0.816 ± 0.009 0.521 ± 0.019 
0.071 ± 

0.006 
p < 0.001; rrb = 0.95 

CIFAR-10 Adam 86.18 ± 0.47 0.855 ± 0.007 0.431 ± 0.016 
0.059 ± 

0.005 
p < 0.001; rrb = 0.90 

CIFAR-10 AdamW 87.42 ± 0.42 0.869 ± 0.006 0.398 ± 0.014 
0.052 ± 

0.005 
p < 0.001; rrb = 0.86 

CIFAR-10 Lion 87.96 ± 0.39 0.875 ± 0.006 0.386 ± 0.013 
0.049 ± 

0.004 
p < 0.001; rrb = 0.81 

CIFAR-10 SGLD 85.31 ± 0.51 0.847 ± 0.008 0.449 ± 0.017 
0.062 ± 

0.005 
p < 0.001; rrb = 0.90 

CIFAR-10 QISGHO 89.34 ± 0.31 0.888 ± 0.005 0.341 ± 0.012 
0.041 ± 

0.004 
Reference 

CIFAR-100 SGD 61.84 ± 0.73 0.603 ± 0.010 1.142 ± 0.031 
0.118 ± 

0.008 
p < 0.001; rrb = 0.95 

CIFAR-100 Adam 66.72 ± 0.61 0.652 ± 0.009 0.982 ± 0.027 
0.101 ± 

0.007 
p < 0.001; rrb = 0.95 

CIFAR-100 AdamW 68.14 ± 0.56 0.667 ± 0.008 0.931 ± 0.025 
0.094 ± 

0.007 
p < 0.001; rrb = 0.90 

CIFAR-100 Lion 68.87 ± 0.52 0.674 ± 0.008 0.906 ± 0.023 
0.089 ± 

0.006 
p < 0.001; rrb = 0.90 

CIFAR-100 SGLD 65.43 ± 0.67 0.639 ± 0.010 1.021 ± 0.029 
0.105 ± 

0.008 
p < 0.001; rrb = 0.95 

CIFAR-100 QISGHO 71.26 ± 0.44 0.703 ± 0.007 0.824 ± 0.021 
0.076 ± 

0.006 
Reference 

AG News SGD 88.41 ± 0.42 0.881 ± 0.005 0.421 ± 0.014 
0.052 ± 

0.004 
p < 0.001; rrb = 0.90 

AG News Adam 91.08 ± 0.35 0.908 ± 0.005 0.351 ± 0.012 
0.043 ± 

0.004 
p < 0.001; rrb= 0.86 

AG News AdamW 92.16 ± 0.31 0.919 ± 0.004 0.322 ± 0.011 
0.038 ± 

0.003 
p < 0.001; rrb= 0.81 

AG News Lion 92.54 ± 0.28 0.923 ± 0.004 0.311 ± 0.010 
0.035 ± 

0.003 
p < 0.001; rrb= 0.81 

AG News SGLD 90.36 ± 0.39 0.901 ± 0.005 0.369 ± 0.013 
0.046 ± 

0.004 
p < 0.001; rrb= 0.86 

AG News QISGHO 93.28 ± 0.25 0.930 ± 0.004 0.286 ± 0.009 
0.031 ± 

0.003 
Reference 

4.1. Robustness and optimization stability 

High predictive accuracy does not necessarily mean a good optimization algorithm. Therefore, 
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we examine the proposed optimizer's robustness under increasing levels of stochastic perturbations. 

We increase noise and label corruption to test optimization stability in suboptimal learning 

environments. The robustness analysis in Table 4 shows that QISGHO is very stable to observation 

noise. Traditional optimizers rely heavily on local gradient information and thus become increasingly 

sensitive to larger perturbations. The proposed framework, however, maintains several optimization 

hypotheses while optimizing through interacting hyperstates and allows probability redistribution 

towards more reliable areas in the parameter space. Thus, the loss of predictive ability is likely to be 

relatively small. 

Figure 3 shows the main optimization mechanisms that work together to control the proposed 

QISGHO framework. The amplitude of adaptive diffusion in panel Figure 3(A) follows Eq (38): 

curvature reduces adaptive diffusion, while relative suboptimality and ensemble entropy increase it. In 

Figure 3 (B), the hyperstate probability density collapses from a broad exploratory distribution toward 

the low-energy regions of the parameter space. The explanations are uncertainty-aware, as Figure 3(C) 

shows, where feature relevance is estimated probabilistically across multiple policy hyperstates. In 

Figure 3(D), free energy and entropy decreased over the demonstrated finite number of stochastic or 

structural events, while the conditional analysis suggests the same holds in general. Lastly, Figure 3(E) 

presents the interaction among the four aspects of entropy transport, Riemannian geometry, adaptive 

diffusion, nonlocal tunneling, and interaction kernels, and shows how QISGHO performance emerges 

from the synergistic interplay among all optimization aspects, not from any single aspect. 

 

Figure 3. Qualitative visualization of the proposed framework's core optimization 

mechanisms. (A) Relationship between estimated local curvature and adaptive diffusion 

intensity. (B) Evolution of the hyperstate probability density. (C) Hyperstate-aware 

probabilistic feature importance distributions. (D) Joint evolution of the variational free-

energy functional and entropy during optimization. (E) Synergistic interaction matrix. 
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Table 4. Predictive performance with increasing stochastic perturbations. 

Noise level SGD (%) Adam (%) AdamW (%) Lion (%) SGLD (%) Proposed QISGHO (%) 

0% 93.84 95.26 95.71 95.93 94.88 95.94 

10% 91.27 93.68 94.12 94.41 93.35 95.02 

20% 88.41 91.35 91.94 92.37 90.82 92.89 

30% 84.76 87.98 88.74 89.16 87.51 90.34 

40% 80.92 84.23 85.08 85.71 83.89 89.47 

4.2. Computational efficiency 

The proposed optimizer includes additional mechanisms, including entropy transport, hyperstate 

interaction, and adaptive tunneling, but these operations should not significantly increase 

computational complexity. Therefore, Table 5 assesses performance and computational expense to 

determine whether the performance gain justifies the extra optimization cost. The independent AdamW 

ensemble isolates prediction averaging. Multi-start AdamW isolates the effect of multiple 

initializations without interaction or probability transport. QISGHO with 𝐾 = 1, 8  indicates which 

improvements remain without a multi-hyperstate ensemble. 

Table 5. The computational complexity of different optimization algorithms. 

Method K 
Total FB 

evaluations 

Total 

GFLOPs 
Wall time (s) Accuracy NLL ECE 

AdamW single 1 4,800 18.72 142.6 ± 8.4 0.7812 ± 0.0145 
0.6128 ± 

0.0317 

0.0846 ± 

0.0128 

AdamW 

independent 

ensemble 

8 38,400 149.76 1,087.4 ± 35.8 0.8047 ± 0.0112 
0.5684 ± 

0.0249 

0.0673 ± 

0.0096 

Multi-start 

AdamW 
8 38,400 149.76 1,104.8 ± 41.3 0.8126 ± 0.0108 

0.5517 ± 

0.0236 

0.0618 ± 

0.0089 

QSGHO 8 38,400 158.40 1,176.3 ± 46.7 0.8214 ± 0.0097 
0.5349 ± 

0.0218 

0.0572 ± 

0.0077 

QISGHO 1 4,800 19.80 158.7 ± 9.1 0.8168 ± 0.0114 
0.5436 ± 

0.0251 

0.0597 ± 

0.0091 

QISGHO 8 38,400 158.40 1,193.6 ± 43.9 0.8297 ± 0.0089 
0.5182 ± 

0.0197 

0.0524 ± 

0.0068 

The extra computations QISGHO requires with multiple hyperstates are expected to be relatively 

small compared with the significant improvements in predictive performance and convergence stability. 

The results thus suggest a good trade-off between computational load and optimization quality. Figure 4 

presents a thorough comparison of QISGHO and conventional optimization algorithms from various 

perspectives. Figure 4(A) shows that QISGHO produces a sharper stationary parameter distribution 
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around the optimum, indicating better convergence precision and less uncertainty than other methods, 

such as SGD, Adam, AdamW, Lion, and SGLD. The stable optimization region of QISGHO is 

significantly larger, as shown in Figure 4(B), indicating greater robustness to hyperparameter choices 

across different combinations of step size and weight decay. Figure 4(C) also shows that the proposed 

framework consistently outperforms conventional optimizers in predictive performance as the learning 

rate, weight decay, and batch size vary, indicating that its predictive performance is not sensitive to 

hyperparameters. Finally, Figure 4(D) shows the entropy-driven annealing path of QISGHO, with the 

entropy temperature slowly lowered and adaptive diffusion slowly reduced, allowing a gradual 

transition from global exploration to stable exploitation. The qualitative evidence supports the 

proposed framework's superior convergence stability, robustness, and optimization dynamics by 

combining entropy-guided transport, adaptive diffusion, and probabilistic hyperstate evolution. 

 

Figure 4. Comparative analysis of the optimization characteristics of the proposed 

QISGHO framework. (A) Stationary parameter distributions of different optimization 

algorithms in the parameter space. (B) Stability phase diagrams comparing AdamW and 

QISGHO under different learning step sizes and weight decay values. (C) Hyperparameter 

sensitivity analysis of learning rate, weight decay, and batch size. (D) Exploration-

exploitation phase diagram. 

4.3. Ablation study 

We conduct an ablation study by systematically ablating entropy transport, adaptive tunneling, 

Riemannian geometry, stochastic diffusion, and hyperstate interaction to assess each component's 

contribution in QISGHO, as shown in Table 6. In this experiment, we determine whether the observed 

performance improvement comes from the full optimization framework or an individual component. 

The ablation results show that all components improve QISGHO's optimization capability. Each 

evaluation metric decreases significantly after removing one module, showing that the proposed 

framework effectively combines entropy-guided transport, geometric optimization, adaptive diffusion, 
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tunneling, and hyperstate evolution. 

Figure 5 summarizes the optimization dynamics of the proposed QISGHO framework. In Figure 5(A), 

several probabilistic hyperstates initially explore various regions of the optimization landscape, then 

slowly converge toward stable solutions as entropy decreases. Figure 5(B) verifies that the 

optimization process also exhibits the desirable property of free-energy dissipation in the proposed 

procedure, and that the residual tends to zero as it approaches convergence. Figure 5(C) represents the 

adaptive nonlocal tunneling mechanism in which the optimizer leaves high-energy local minima and 

then tunes the solution to a low-energy local minimum. Finally, Figure 5(D) shows the evolution of 

the hyperstate probability density function associated with the entropy-regularized evolution, with 

probability mass moving from the multimodal exploratory hyperstate to the low-energy one. The 

proposed QISGHO approach can combine entropy-guided transport, adaptive tunneling, probabilistic 

hyperstate evolution, and stable convergence into a consistent optimization approach for nonlinear 

deep neural learning. 

Table 6. Quantitative ablation analysis of the proposed QISGHO framework. 

Model Variant Accuracy (%) Macro F1 NLL ECE 

Full QISGHO 96.84 0.966 0.082 0.018 

Without Entropy Transport 95.92 0.956 0.104 0.026 

Without Hyperstate Interaction 94.67 0.943 0.136 0.035 

Without Adaptive Tunneling 93.98 0.936 0.151 0.041 

Without Riemannian Geometry 95.14 0.949 0.118 0.031 

Without Stochastic Diffusion 95.53 0.952 0.112 0.028 

 

Figure 5. Numerical verification of the free-energy dissipation property during optimization. 
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5. Conclusions 

This study presents a unified optimization framework for deep neural learning called QISGHO. 

Unlike conventional gradient-based algorithms, which evolve a single deterministic parameter 

trajectory, the proposed framework models the optimization process as the cooperative evolution of 

multiple probabilistic hyperstates distributed across a Riemannian statistical manifold. Combined, 

entropy-regularized probability transport, adaptive manifold-aware diffusion, nonlocal tunneling, 

variational free-energy minimization, and hyperstate interaction dynamics provide a mathematically 

consistent optimization process that simultaneously promotes global exploration, stable convergence, 

and uncertainty-aware learning. The analysis establishes an invariant and entropy bounds on the mass-

transport step, a descent rule for an isolated natural-gradient substep, a conditional moment bound, a 

summable proposal schedule, a final-stage tunneling bound, and a perturbation-aware free-energy 

balance. Under these assumptions, we use these results to prove conditional stability and a limit-

inferior stationarity statement for the complete nonconvex hybrid optimizer, but they do not prove 

convergence to a unique or global minimizer. The conclusions reached from the empirical analysis are 

thus limited to the datasets, architectures, budgets and paired-run protocol used. Additionally, the 

probabilistic hyperstate representation naturally provides interpretable optimization behavior by 

maintaining multiple candidate solutions and quantifying feature relevance across interacting 

optimization states, which improves optimization performance and model interpretability. 

The proposed framework shows strong theoretical and empirical performance, but several 

research directions remain open. Future work can explore distributed, large-scale implementations of 

QISGHO for foundation models and transformer-based architectures, enabling parallelization across 

multiple computational devices. The present system can also be expanded with adaptive hyperstate 

generation strategies that adjust the number of interacting hyperstates based on optimization 

complexity. A second promising avenue is using second-order Riemannian curvature approximations 

and adaptive Wasserstein transport to improve convergence in very high-dimensional optimization 

problems. Reinforcement learning and continuous learning can help integrate hyperstate evolution to 

continuously adapt to non-stationary environments. The framework is also intended to extend to other 

models, such as graph neural networks, federated learning, scientific machine learning, and 

multimodal foundation models, broadening its applicability. Lastly, further research could explore 

hardware-aware implementations, hybrid quantum–classical optimization, and theoretical 

generalization guarantees for more general stochastic manifolds, ultimately positioning QISGHO as a 

scalable optimization framework for next-generation intelligent learning systems. 
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