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Abstract: Zhou et al. (2025) proposed a distance Laplacian analog of Brouwer’s conjecture on partial
sums of Laplacian eigenvalues, asserting that for any connected graph G,

∑r
i=1 ∂

L
i (G) ≤ W(G) +

(
r+2

3

)
holds, where ∂L

i (G) are the eigenvalues of the distance Laplacian matrix and W(G) is the Wiener index.
We prove this inequality for three broad classes of graphs, thereby improving and extending existing
results. First, we prove that all connected graphs of diameter at most D satisfy the inequality once
the order n satisfies n ≥ ⌈ 4

9 (D + 1)3⌉. Second, we show that the inequality holds for every diameter-2
graph with the only exceptions being K1,3 at r = 2 and K1,4 at r = 3. Third, we prove that if the
maximum degree is ∆(G) = n − k, then the inequality holds for all n ≥ N(k), where N(2) = 10 and
N(k) = ⌈5(k − 1)3/2⌉ for k ≥ 3. Our proofs rely on decomposing the distance Laplacian matrix into
Laplacian matrices of auxiliary graphs whose edges are vertex pairs at distance at least a prescribed
value, together with some classical eigenvalue inequalities.

Keywords: distance Laplacian matrix; Brouwer’s conjecture; Wiener index; graph diameter; graph
eigenvalue
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1. Introduction

Brouwer’s conjecture for graph Laplacians asserts that, if λ1 ≥ · · · ≥ λn = 0 are the eigenvalues of
the Laplacian matrix L(G) of a graph G(V, E) with |E| = m edges, then

S r(G) B
r∑

i=1

λi ≤ m +
(
r + 1

2

)
. (1.1)

This conjecture was first introduced by Brouwer and Haemers in their monograph [1, p. 60], and has
generated a large body of work. The cases r = 2 and r = 3 were proved by Haemers et al. [2] and
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Wang et al. [3], respectively. Many further partial results and structural constraints are also known,
including work of Du and Zhou [4], Chen [5, 6] and Ganie et al. [7].

Independently, the distance Laplacian matrix was introduced by Aouchiche and Hansen [8] as the
Laplacian analog of the distance matrix:

DL(G) = diag(TrG(v) : v ∈ V(G)) − D(G). (1.2)

Here TrG(v) =
∑

u∈V(G) dG(u, v) is the transmission of the vertex v, and D(G) = (dG(u, v))u,v∈V(G) is the
distance matrix of G, where dG(u, v) is the distance between vertices u and v in the graph G.

Distance Laplacian spectra have since been studied from several perspectives, including spectral
properties, eigenvalue multiplicities, extremal eigenvalues, and cospectrality; see, for example, [9–13]
and the survey [14].

In the setting of distance Laplacian matrices, a natural analog of Brouwer’s conjecture is to
determine an upper bound for

Ur(G) B
r∑

i=1

∂L
i (G), (1.3)

where ∂L
1(G) ≥ · · · ≥ ∂L

r (G) are the r largest eigenvalues of DL(G). Motivated by the identity
tr(DL(G)) = 2W(G), Zhou et al. [15] proposed the following distance Laplacian analog of Brouwer’s
conjecture:

Ur(G) =
r∑

i=1

∂L
i (G) ≤ W(G) +

(
r + 2

3

)
, (1.4)

where
W(G) =

∑
{u,v}⊆V(G)

dG(u, v) (1.5)

is the Wiener index.
Before this conjecture was formulated, Pirzada and Khan [16] had already studied the sum of the

largest distance Laplacian eigenvalues and obtained bounds in terms of the order, diameter, and Wiener
index. Zhou et al. [15] then proposed this conjecture and proved it for diameter-1 graphs and for some
connected diameter-2 graphs with large maximum degree.

Recently, Mushtaq et al. [17] proved it for several diameter-3 and diameter-4 graph families,
including graphs in Γn (diameter-3 graphs that have a spanning tree of diameter at most 3) and graphs
with ∆ = n − 2 for n ≥ 95, sun graphs S (a, a) for a ≥ 12, and partial sun graphs S (a, k) for a ≥ 450.

This paper improves and extends some of these results. In the remainder of this paper, we refer to
the distance Laplacian analog of Brouwer’s conjecture, (1.4), as the target inequality.

The paper is organized as follows.
In Section 2, we collect notation and the eigenvalue inequalities used throughout the paper.
In Section 3, we prove that all connected graphs of order n and diameter at most D ≥ 2 satisfy the

target inequality once

n ≥
⌈
4
9

(D + 1)3
⌉
. (1.6)

In Section 4, we solve the case of diameter-2 graphs completely. We prove that apart from K1,3 at
r = 2 and K1,4 at r = 3, every connected diameter-2 graph satisfies the target inequality.

In Section 5, we prove that if a graph has maximum degree ∆(G) = n − k, then the target inequality
holds once n ≥ N(k), where N(2) = 10 and N(k) = ⌈5(k − 1)3/2⌉ for k ≥ 3.
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2. Preliminaries

All graphs G(V, E) in this paper are finite, simple, undirected, and connected, unless stated
otherwise. For a vertex u ∈ V(G), let degG(u) denote its degree in G. For vertices u, v ∈ V(G), let
dG(u, v) denote their distance in G. Then, the distance matrix of G is D(G) = (dG(u, v)), the transmission
of v is TrG(v) =

∑
u dG(u, v), and the distance Laplacian matrix of G is

DL(G) = diag(TrG(v) : v ∈ V(G)) − D(G). (2.1)

The eigenvalues of DL(G) are denoted by

∂L
1(G) ≥ ∂L

2(G) ≥ · · · ≥ ∂L
n(G) = 0, (2.2)

where the last equality follows from [9, Theorem 2.2]. The partial sum of these eigenvalues is
denoted by

Ur(G) =
r∑

i=1

∂L
i (G), (2.3)

while the Wiener index of G is denoted by

W(G) =
∑

{u,v}⊆V(G)

dG(u, v). (2.4)

The target inequality, which is an analog of the inequality in Brouwer’s conjecture, is

Ur(G) ≤ W(G) +
(
r + 2

3

)
(1 ≤ r ≤ n). (2.5)

We shall use two standard eigenvalue inequalities.

Lemma 2.1 (Ky Fan inequality). For Hermitian matrices A, B and 1 ≤ r ≤ n,

r∑
i=1

λi(A + B) ≤
r∑

i=1

λi(A) +
r∑

i=1

λi(B). (2.6)

Proof. This is a direct corollary of [18, Theorem 1]. □

Lemma 2.2. Let H be a graph with degree sequence d1, . . . , dn, m(H) edges, and Laplacian eigenvalues
λ1(H) ≥ · · · ≥ λn(H) = 0. Then

r∑
i=1

λi(H) ≤
∑

v∈V(H)

min{dH(v), r} ≤ m(H) +
nr
2

(2.7)

for 1 ≤ r ≤ n.

Proof. The first inequality is the Grone–Merris conjecture [19], which was proved by Bai [20]. The
second follows from min{d, r} ≤ (d + r)/2 and

∑
v dH(v) = 2m(H). □
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Lemma 2.3. Let H be a graph and let X ⊆ V(H) be a vertex cover of H. Then, for 1 ≤ r ≤ |V(H)|,

r∑
i=1

λi(L(H)) ≤ m(H) + |X|r. (2.8)

Proof. By the first inequality in Lemma 2.2,

r∑
i=1

λi(L(H)) ≤
∑

u∈V(H)

min{dH(u), r}. (2.9)

Since X is a vertex cover, V(H) \ X is independent, and hence∑
u<X

dH(u) ≤ m(H). (2.10)

Also
∑

u∈X min{dH(u), r} ≤ |X|r. The assertion follows. □

For the case r = n, the target inequality follows from a simple estimate as soon as the order of the
graph is large compared with its diameter.

Lemma 2.4. Let G be a connected graph of order n and diameter at most D. If n ≥ 3D, then the target
inequality holds for r = n.

Proof. Since Un(G) = tr(DL(G)) = 2W(G), it is enough to show W(G) ≤
(

n+2
3

)
. Indeed,

W(G) ≤ D
(
n
2

)
≤

n
3

(
n
2

)
=

n2(n − 1)
6

≤

(
n + 2

3

)
. (2.11)

This completes the proof. □

3. Graphs with bounded diameter

In this section we prove the target inequality for all connected graphs whose diameter is bounded
by a fixed constant D, provided that the order n is sufficiently large in terms of D. The main idea is to
decompose the distance Laplacian matrix into ordinary Laplacian matrices of graphs recording which
vertex pairs are at distance at least s, and then reduce the target inequality to a numerical estimate.

For an integer 2 ≤ s ≤ D, we define Ys = Ys(G) to be a new graph on V(G) in which two vertices
u and v are adjacent if and only if dG(u, v) ≥ s. Equivalently, the edge set of Ys consists of all pairs of
vertices whose distance in G is at least s. For convenience, we call it the distance-at-least-s graph of G.

Note that the t-th power of a graph G, denoted by Gt, is defined to be a graph with the same vertex
set as G in which two distinct vertices are adjacent if and only if their distance in G is at most t.
Therefore Ys is equal to Gs−1, the complement of the (s − 1)-th power of G.

We prove that D(G) can be expressed in terms of I (the identity matrix), J (the all-ones matrix) and
sums of A(Ys) (the adjacency matrix of Ys), while DL(G) can be expressed in terms of I, J and sums of
L(Ys) (the Laplacian matrix of Ys).
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Lemma 3.1. If G is connected and diam(G) ≤ D, then

D(G) = J − I +
D∑

s=2

A(Ys), DL(G) = nI − J +
D∑

s=2

L(Ys), (3.1)

where A(H) and L(H) denote the adjacency matrix and the Laplacian matrix of a graph H, respectively.

Proof. Let Ai be the i-th distance matrix of G, as in [21, Section 2.3], whose (u, v)-entry is 1 when
dG(u, v) = i, and is 0 otherwise. Then

J − I =
D∑

i=1

Ai, A(Ys) =
D∑

i=s

Ai. (3.2)

Therefore

J − I +
D∑

s=2

A(Ys) =
D∑

i=1

Ai +

D∑
s=2

D∑
i=s

Ai =

D∑
i=1

iAi = D(G). (3.3)

This is the first identity.
For the second identity, denote by 1 the all-ones vector. By definition,

DL(G) = diag

 ∑
u∈V(G)

dG(u, v) : v ∈ V(G)

 − D(G) = diag(D(G)1) − D(G). (3.4)

The map f : M 7→ diag(M1) − M is linear, so it may be applied to each summand of the first identity.
Since (J − I)1 = (n − 1)1, we have

f (J − I) = diag((J − I)1) − (J − I) = (n − 1)I − (J − I) = nI − J. (3.5)

For each s,
f (A(Ys)) = diag(A(Ys)1) − A(Ys) = L(Ys). (3.6)

Therefore
D(G) = (J − I) +

∑D
s=2 A(Ys)

↓ f ↓ f ↓ f
DL(G) = (nI − J) +

∑D
s=2 L(Ys).

(3.7)

This gives the second identity. □

These graphs also give a convenient expression for the Wiener index.

Lemma 3.2. If G is connected and diam(G) ≤ D, then

W(G) =
(
n
2

)
+

D∑
s=2

m(Ys). (3.8)

Proof. Each vertex pair {u, v} contributes one unit to W(G), and then contributes one additional unit for
every s ≥ 2 not exceeding dG(u, v). Thus

W(G) =
∑

{u,v}⊆V(G)

1 +
D∑

s=2

|{{u, v} : dG(u, v) ≥ s}| =
(
n
2

)
+

D∑
s=2

m(Ys). (3.9)

□

AIMS Mathematics Volume 11, Issue 10, 33617–33633.



33622

The next lemma converts bounds for the Laplacian eigenvalues of the graphs Ys into the target
inequality.

Lemma 3.3. Let G be connected, have order n, and satisfy diam(G) ≤ D. Suppose that for some
number B,

D∑
s=2

r∑
i=1

λi(L(Ys)) ≤
D∑

s=2

m(Ys) + Br (3.10)

holds for 1 ≤ r ≤ n − 1. Then the target inequality holds for such r once(
n
2

)
+

(
r + 2

3

)
− (n + B)r ≥ 0. (3.11)

Proof. By Lemma 3.1, DL(G) = nI− J+
∑D

s=2 L(Ys). The matrix nI− J has sum of its top r eigenvalues
equal to rn for r ≤ n − 1. Lemma 2.1 then gives

Ur(G) ≤ rn +
D∑

s=2

r∑
i=1

λi(L(Ys)) ≤
D∑

s=2

m(Ys) + (n + B)r. (3.12)

By Lemma 3.2, W(G) =
(

n
2

)
+

∑D
s=2 m(Ys). Therefore

W(G) − Ur(G) +
(
r + 2

3

)
≥ W(G) −

D∑
s=2

m(Ys) − (n + B)r +
(
r + 2

3

)
=

(
n
2

)
+

(
r + 2

3

)
− (n + B)r ≥ 0,

(3.13)

which is the target inequality. □

By the lemma above, we can derive the main result of this section.

Theorem 3.4. Let D ≥ 2. If G is connected, has order n, satisfies diam(G) ≤ D, and

n ≥
⌈
4
9

(D + 1)3
⌉
, (3.14)

then the target inequality holds for every 1 ≤ r ≤ n.

Proof. We first treat the range 1 ≤ r ≤ n − 1. Lemma 2.2 gives

D∑
s=2

r∑
i=1

λi(L(Ys)) ≤
D∑

s=2

m(Ys) +
(D − 1)nr

2
. (3.15)

Write c = (D + 1)/2. By Lemma 3.3 with B = (D − 1)n/2, the target inequality follows once(
n
2

)
+

(
r + 2

3

)
− cnr =

n(n − 1)
2

+
r(r + 1)(r + 2)

6
− cnr ≥ 0 (1 ≤ r ≤ n − 1). (3.16)
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Let PD(n, r) denote 6 times the left-hand side of (3.16), that is,

PD(n, r) B 3n(n − 1) + r(r + 1)(r + 2) − 6cnr (3.17)
= 3n(n − 1 − 2cr) + r(r + 1)(r + 2) (3.18)
= 3n2 − 3n + r3 + 3r2 + 2r − 6cnr. (3.19)

By (3.14) and D + 1 = 2c, we obtain

n ≥
4
9

(D + 1)3 =
32
9

c3. (3.20)

First suppose r <
√

n. Since D ≥ 2, we have c ≥ 3/2. Consider the function

f (c) B
32
9

c3 −
8
√

2
3

c5/2 − 1, f ′(c) =
32
3

c2 −
20
√

2
3

c3/2 =⇒ f ′(c) ≥ 0 when c ≥
25
32
. (3.21)

Therefore f is increasing for c ≥ 3/2. Also, f (3/2) = 11−6
√

3 > 0. So f (c) > 0 for c ≥ 3/2. Consider
another function

g(x) B x − 2c
√

x, g′(x) = 1 −
c
√

x
=⇒ g′(x) ≥ 0 when x ≥ c2. (3.22)

Therefore g is increasing for x ≥ c2. Hence

n − 1 − 2c
√

n ≥
32
9

c3 − 1 − 2c

√
32
9

c3 =
32
9

c3 −
8
√

2
3

c5/2 − 1 ≥ 0, (3.23)

where the first inequality follows from the monotonicity of g, since n ≥ 32c3/9 ≥ c2, while the last
inequality follows from f (c) > 0. Therefore

PD(n, r) = 3n(n − 1 − 2cr) + r(r + 1)(r + 2) (3.24)

> 3n(n − 1 − 2c
√

n) + r(r + 1)(r + 2) ≥ 0, (3.25)

which proves (3.16) for r <
√

n. Now suppose r ≥
√

n. Since the minimum of the function x3 − Bx
over x ≥ 0 is −2B3/2/(3

√
3), we have

r3 − 6cnr ≥
−2(6cn)3/2

3
√

3
= −4

√
2 c3/2n3/2 (3.26)

for every r ≥ 0. Also n ≥ 32c3/9 implies

n4 ≥
32c3n3

9
=⇒ n2 −

4
√

2
3

c3/2n3/2 ≥ 0 =⇒ 3n2 − 4
√

2 c3/2n3/2 ≥ 0. (3.27)

Adding (3.26) and (3.27) gives

r3 + 3n2 − 6cnr ≥ 0 =⇒ 3n2 − 6cnr ≥ −r3. (3.28)
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Thus
PD(n, r) = (3n2 − 6cnr) + (−3n + r3 + 3r2 + 2r) ≥ −3n + 3r2 + 2r ≥ 2r ≥ 0, (3.29)

where the second-to-last inequality follows from r ≥
√

n =⇒ 3r2 ≥ 3n. This proves (3.16) for
r ≥
√

n, and hence the target inequality, for every 1 ≤ r ≤ n − 1.
Finally, the case r = n follows directly from Lemma 2.4, because

D ≥ 2 =⇒ n − 3D ≥
⌈
4
9

(D + 1)3
⌉
− 3D ≥

4
9

(D + 1)3 − 3D ≥
4
9
· (2 + 1)3 − 3 · 2 = 6 > 0, (3.30)

where the last inequality follows from the fact that the function h(D) B 4
9 (D + 1)3 − 3D has positive

derivative h′(D) = 4
3 (D + 1)2 − 3 when D ≥ 2. □

By taking D = 3, 4, 5, we have the following corollary.

Corollary 3.5. The target inequality holds for every connected graph G of order n in each of the
following cases:

(1) diam(G) ≤ 3 and n ≥ 29;
(2) diam(G) ≤ 4 and n ≥ 56;
(3) diam(G) ≤ 5 and n ≥ 96.

Corollary 3.5 considerably strengthens the diameter-3 and diameter-4 results of Mushtaq et al. [17].
Their diameter-3 results apply to the special class Γn for n ≥ 95, while our corollary covers all
connected graphs of diameter at most 3 once n ≥ 29. For diameter 4, they proved the inequality
for sun graphs and partial sun graphs under additional parameter restrictions, whereas our corollary
applies to every connected graph of diameter at most 4 once n ≥ 56.

4. Diameter-2 graphs

In this section, we fully determine the diameter-2 case. The key technique is that, for such
graphs, the distance Laplacian matrix can be written in terms of the Laplacian matrices of their graph
complements. This allows us to reduce most values of r to known cases of the original Brouwer’s
conjecture and then handle the remaining small cases directly.

We first record the validity of the original Brouwer’s conjecture for several values of r, which will
be useful later.

Lemma 4.1. Let H be a graph of order n, size m, and ordinary Laplacian eigenvalues λ1(H) ≥ · · · ≥
λn(H) = 0. Put S r(H) =

∑r
i=1 λi(H). Then

S r(H) ≤ m +
(
r + 1

2

)
(4.1)

holds for r ∈ {2, 3, n − 1, n}. Moreover, if n ≥ 3, then this inequality also holds for r = n − 2; if n ≥ 5,
then this inequality also holds for r = n − 3.

Proof. The case r = 2 was proved by Haemers et al. [2]. The case r = 3 was proved by Wang et al. [3].
The cases r = n−2, n−3 follow from Chen [6, Corollaries 3.2 and 3.3]. For r = n−1, since λn(H) = 0,
we have S n−1(H) = 2m, and the desired inequality follows from 2m ≤ m +

(
n
2

)
. For r = n, we also have

S n(H) = 2m, and the desired inequality follows from 2m ≤ m +
(

n+1
2

)
. □
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For diameter-2 graphs, the distance Laplacian matrix can be expressed through the Laplacian matrix
of their complement graphs.

Lemma 4.2. Let G be a connected graph of order n and diameter 2, and put H = G, the complement
of G. Then

D(G) = J − I + A(H), DL(G) = nI − J + L(H). (4.2)

Consequently,
∂L

i (G) = n + λi(H) (1 ≤ i ≤ n − 1), ∂L
n(G) = 0. (4.3)

Proof. In a graph with diameter 2, nonadjacent vertex pairs are exactly the pairs at distance 2. Hence

D(G) = A(G) + 2A(H) = J − I − A(H) + 2A(H) = J − I + A(H). (4.4)

Also
TrG(v) = degG(v) + 2 degH(v) = n − 1 + degH(v), (4.5)

and so
DL(G) = diag(n − 1 + degH(v)) − (J − I + A(H)) = nI − J + L(H). (4.6)

Since J vanishes on 1⊥, the subspace 1⊥ is invariant under DL(G), and there DL(G) acts as nI + L(H).
On the span of 1, it acts as zero. The spectral formula then follows. □

This also gives the relations between Ur(G) and S r(H).

Lemma 4.3. Let G be a connected graph of order n and diameter 2, and put H = G. Then

Ur(G) = rn + S r(H) (1 ≤ r ≤ n − 1). (4.7)

Proof. This follows directly from Lemma 4.2. □

The Wiener index can be expressed through the graph order and the size of the complement graph.

Lemma 4.4. Let G be a connected graph of order n and diameter 2, and put H = G and m = m(H).
Then

W(G) =
(
n
2

)
+ m. (4.8)

Proof. The m edges of H are exactly the nonedges of G, hence exactly the vertex pairs at distance 2 in
G. Therefore

W(G) =
((

n
2

)
− m

)
+ 2m =

(
n
2

)
+ m, (4.9)

completing the proof. □

We will convert a bound for S r(G) into the target inequality by the following lemma.

Lemma 4.5. Let G be a connected graph of order n and diameter 2, and put H = G and m = m(H).
Let 1 ≤ r ≤ n − 1. If

S r(H) ≤ m + T, (4.10)

then the target inequality holds for such an r once(
n
2

)
+

(
r + 2

3

)
− rn − T ≥ 0. (4.11)
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Proof. Lemma 4.3 gives Ur(G) = rn + S r(H) and Lemma 4.4 gives W(G) =
(

n
2

)
+ m. Hence if (4.11)

holds, we have

Ur(G) ≤ rn + m + T ≤ m +
(
n
2

)
+

(
r + 2

3

)
= W(G) +

(
r + 2

3

)
, (4.12)

which is the target inequality. □

The next theorem handles the range 2 ≤ r ≤ n − 1 once the order is at least 8.

Theorem 4.6. Let G be a connected diameter-2 graph of order n ≥ 8. Then the target inequality holds
for every 2 ≤ r ≤ n − 1.

Proof. Put H = G and m = m(H). Lemma 2.2 gives

S r(H) ≤ m +
nr
2
. (4.13)

Therefore by Lemma 4.5, it is enough to prove(
n
2

)
+

(
r + 2

3

)
−

3nr
2
≥ 0. (4.14)

Let F(n, r) denote 6 times the left-hand side of this inequality. It then suffices to prove

F(n, r) B r3 + 3r2 + (2 − 9n)r + 3n2 − 3n ≥ 0. (4.15)

For n ≥ 9, write x = r + 1. Then

F(n, r) = 3n2 + 6n + x3 − (9n + 1)x. (4.16)

Since the minimum of x3 − Bx over x ≥ 0 is −2B3/2/(3
√

3), it is enough to show

H(n) B 3n2 + 6n −
2(9n + 1)3/2

3
√

3
≥ 0. (4.17)

In fact, the function H is increasing for n ≥ 9, because

H′(n) = 6n + 6 − 3
√

3(9n + 1)1/2 > 0, (4.18)

which follows from
(2n + 2)2 > 3(9n + 1), (4.19)

which holds for n ≥ 9. Also, H(9) = 297 − 164
√

246/9 > 0. Therefore (4.15) is true for all n ≥ 9. For
n = 8, direct calculation gives

r 2 3 4 5 6 7
F(8, r) 48 12 0 18 72 168

(4.20)

Therefore (4.15) also holds. □

The case 2 ≤ r ≤ n − 1 with n ∈ {6, 7} is covered by Lemma 4.1.
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Theorem 4.7. Let G be a connected diameter-2 graph of order n ∈ {6, 7}. Then the target inequality
holds for every 2 ≤ r ≤ n − 1.

Proof. Put H = G and m = m(H). By Lemma 4.1,

S r(H) ≤ m +
(
r + 1

2

)
(2 ≤ r ≤ n − 1) (4.21)

is true for n ∈ {6, 7}. Therefore by Lemma 4.5, it remains to check(
n
2

)
+

(
r + 2

3

)
− rn −

(
r + 1

2

)
≥ 0. (4.22)

In fact, direct calculation gives

n = 6
r = 2 r = 3 r = 4 r = 5

4 1 1 5
n = 7

r = 2 r = 3 r = 4 r = 5 r = 6

8 4 3 6 14
(4.23)

Therefore the target inequality holds. □

We now combine the preceding theorems with an analysis of the small-order graphs to obtain the
full diameter-2 graph classification.

Theorem 4.8. Let G be a connected graph of diameter 2. Then the target inequality holds for every
valid r, except for K1,3 at r = 2 and K1,4 at r = 3 (see Figure 1).

Figure 1. Illustrations of K1,3 and K1,4, respectively.

Proof. Put H = G and m = m(H) and suppose n ≥ 6.
For r = 1, the bound λ1(H) ≤ n gives U1(G) ≤ 2n. Since a diameter-2 graph is not complete, we

have m ≥ 1. Hence for n ≥ 5, we have

W(G) +
(
1 + 2

3

)
− U1(G) ≥

((
n
2

)
+ m

)
+ 1 − 2n ≥

(
n
2

)
+ 2 − 2n =

(n − 1)(n − 4)
2

> 0, (4.24)

so this proves the r = 1 case.
For 2 ≤ r ≤ n − 1, the assertion follows from Theorem 4.6 if n ≥ 8, and from Theorem 4.7 if

n ∈ {6, 7}.
For r = n, the trivial Wiener bound gives

W(G) ≤ 2
(
n
2

)
≤

(
n + 2

3

)
=

(
r + 2

3

)
. (4.25)

Hence Un(G) = 2W(G) ≤ W(G) +
(

r+2
3

)
.
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It remains only to discuss n ≤ 5. For n = 3, the only diameter-2 graph is P3 = K1,2, whose distance
Laplacian spectrum is {5, 3, 0}. The target inequality follows immediately.

Now let n = 4, and again put H = G and m = m(H) ≥ 1. For r = 1, the bound λ1(H) ≤ 4 gives

U1(G) = 4 + λ1(H) ≤ 8 ≤
(
4
2

)
+ m + 1 = W(G) + 1 = W(G) +

(
1 + 2

3

)
. (4.26)

For r = 3, since λ4(H) = 0, we have S 3(H) =
∑3

i=1 λi(H) =
∑4

i=1 λi(H) = 2m. Since G is connected and
has order 4, G has at least 3 edges, and so m ≤

(
4
2

)
− 3 = 3. Hence

U3(G) = 12 + S 3(H) = 12 + 2m < 16 + m = W(G) +
(
3 + 2

3

)
. (4.27)

The case r = 4 follows from U4(G) = 2W(G) and W(G) ≤ 2
(

4
2

)
<

(
4+2

3

)
. It remains only to consider

r = 2. By Lemma 4.5 with T = 2, it is enough to prove S 2(H) ≤ m + 2. If m ≤ 2, this follows from
S 2(H) ≤ 2m. If m ≥ 3, then G = H has at most 3 edges. Since G is connected and has order 4, it must
be a tree; diameter 2 then forces G = K1,3, or equivalently H = K3 ∪ K1.

Let n = 5. The cases r = 1, 2, 4 follow from the preceding arguments: for r = 1 use λ1(H) ≤ 5
and m ≥ 1, while for r = 2, 4 use Lemma 4.1. The case r = 5 follows from U5(G) = 2W(G) and
W(G) ≤ 2

(
5
2

)
<

(
7
3

)
. Thus only r = 3 remains. By Lemma 4.5 with T = 5, it is enough to prove

S 3(H) ≤ m + 5. If m ≤ 5, then this follows from S 3(H) ≤ 2m. If m ≥ 6, then G = H has at most 4
edges. Since G is connected and has order 5, it must be a tree; diameter 2 then forces G = K1,4, or
equivalently H = K4 ∪ K1.

Thus the only remaining cases are K1,3 at r = 2 and K1,4 at r = 3. We now verify directly that these
are indeed exceptions. In general, for the star K1,t,

Spec(DL(K1,t)) = {(2t + 1)(t−1), t + 1, 0}, W(K1,t) = t2. (4.28)

The former expression comes from the proof of [15, Theorem 3.6], while the latter expression can be
verified by direct calculation. Hence, for K1,3,

U2(K1,3) = 7 + 7 = 14 > 13 = 9 +
(
4
3

)
= W(K1,3) +

(
2 + 2

3

)
. (4.29)

For K1,4,

U3(K1,4) = 9 + 9 + 9 = 27 > 26 = 16 +
(
5
3

)
= W(K1,4) +

(
3 + 2

3

)
. (4.30)

Therefore these two cases are precisely the exceptions. □

For connected diameter-2 graphs, Zhou et al. [15] proved the target inequality for several classes
of such graphs, namely, sufficiently dense graphs, graphs whose complements satisfy the original
Brouwer’s conjecture, and graphs with maximum degree n − 1 or n − 2 where n ≥ 21 or n ≥ 26,
respectively. Here, Theorem 4.8 gives a complete solution for diameter-2 graphs.
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5. Graphs with maximum degree n − k

In this section we prove the target inequality for graphs whose maximum degree is close to the
order. If ∆(G) = n − k, then a vertex of maximum degree leaves only k − 1 vertices outside its closed
neighborhood. This small vertex subset controls the spectra of the distance-at-least-s graphs for s ≥ 3.

We first record the precise form of this observation.

Lemma 5.1. Let k ≥ 2, and let G be a connected graph of order n with maximum degree ∆(G) = n− k.
Let v be a vertex of degree n − k and X = V(G) \ N[v]. Then |X| = k − 1, diam(G) ≤ k + 1, and, for
every 3 ≤ s ≤ k + 1, every edge of Ys has at least one endpoint in X. Equivalently, X is a vertex cover
of Ys. Consequently, for 1 ≤ r ≤ n − 1,

r∑
i=1

λi(L(Ys)) ≤ m(Ys) + (k − 1)r (3 ≤ s ≤ k + 1). (5.1)

Proof. Put C = N[v]. Then |X| = k − 1, and any two vertices of C are within distance at most 2.
Contract C to one vertex c. Since G is connected, the contracted graph is also connected and has

n − |N[v]| + 1 = k vertices. Hence the distance between any two of its vertices is at most k − 1. For
arbitrary x, y ∈ V(G), let x′, y′ be their images in the contracted graph, and take a shortest path P from
x′ to y′ in the contracted graph. Now, lift P to G. If P does not contain c, it is already a path in G,
so its length in G is the same as that in the contracted graph. If P contains c, the lift replaces c by a
path in C joining two appropriate (possibly identical) vertices, using x when x′ = c and y when y′ = c.
Since any two vertices of C are at distance at most 2, this increases the path length by at most 2. Thus
dG(x, y) ≤ (k − 1) + 2 = k + 1. Since x and y were arbitrary, diam(G) ≤ k + 1.

Now let s ≥ 3. Every pair of vertices in C has distance at most 2, so no edge of Ys can have both
endpoints in C. Thus every edge of Ys is incident with X, and X is a vertex cover of Ys. The bound then
follows from Lemma 2.3. □

We now derive the main result of this section.

Theorem 5.2. Let k ≥ 2, and define

N(k) =

10, k = 2,
⌈5(k − 1)3/2⌉, k ≥ 3.

(5.2)

If G is a connected graph of order n ≥ N(k) and ∆(G) = n − k, then the target inequality holds for
every 1 ≤ r ≤ n.

Proof. Write a = (k − 1)2. By Lemma 5.1, diam(G) ≤ k + 1. Hence, by Lemma 3.1,

DL(G) = nI − J +
k+1∑
s=2

L(Ys). (5.3)

For 1 ≤ r ≤ n − 1, Lemmas 2.2 and 5.1 give

k+1∑
s=2

r∑
i=1

λi(L(Ys)) ≤ m(Y2) +
nr
2
+

k+1∑
s=3

(m(Ys) + (k − 1)r) (5.4)
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=

k+1∑
s=2

m(Ys) +
nr
2
+ ar. (5.5)

Thus Lemma 3.3, with B = n/2 + a, reduces the target inequality to(
n
2

)
+

(
r + 2

3

)
−

3nr
2
− ar ≥ 0 (1 ≤ r ≤ n − 1). (5.6)

Let Fa(n, r) denote 6 times the left-hand side of (5.6), that is,

Fa(n, r) B 3n2 − 3n + r3 + 3r2 + (2 − 6a)r − 9nr. (5.7)

First suppose k = 2, a = 1 and n ≥ 10. For fixed r, the quadratic F1(n, r) reaches its minimum at
n = (3r + 1)/2. Hence, for r ≥ 6,

F1(n, r) ≥ F1

(
3r + 1

2
, r

)
= r3 −

15
4

r2 −
17
2

r −
3
4
= r

(
r
(
r −

15
4

)
−

17
2

)
−

3
4
> 0, (5.8)

where the last expression is increasing and positive for r ≥ 6. For 1 ≤ r ≤ 5, since

∂F1(n, r)
∂n

= 6n − 3 − 9r ≥ 12 > 0, (5.9)

the polynomial F1(n, r) is increasing in n for n ≥ 10. Direct calculation gives

r 1 2 3 4 5
F1(10, r) 180 102 42 6 0

, (5.10)

so F1(10, r) ≥ 0. Thus (5.6) holds for n ≥ 10 when k = 2.
Now suppose k ≥ 3. Write b = k − 1, so b ≥ 2 and a = b2. Put x = r + 1. Since we have the identity

r3 + 3r2 + 2r = x3 − x, (5.11)

we obtain
Fa(n, r) = 3n2 − 3n + r3 + 3r2 + 2r − (9n + 6b2)r

= 3n2 + 6n + 6b2 + x3 − (9n + 6b2 + 1)x.
(5.12)

For B > 0, the minimum of x3 − Bx over x ≥ 0 is −2B3/2/(3
√

3). Thus it is enough to show that

H(n) B 3n2 + 6n + 6b2 −
2(9n + 6b2 + 1)3/2

3
√

3
≥ 0. (5.13)

We claim that the function H is increasing for n ≥ 5b3/2. Indeed,

H′(n) = 6n + 6 − 3
√

3(9n + 6b2 + 1)1/2, (5.14)

and
H′(n) > 0 ⇐⇒ (2n + 2)2 − 3(9n + 6b2 + 1) = 4n2 − 19n − 18b2 + 1 > 0, (5.15)
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which is increasing in n for n ≥ 19/8, and at n = 5b3/2 it is

100b3 − 18b2 − 95b3/2 + 1 > (100 − 9 − 34)b3 + 1 > 0, (5.16)

where the second-to-last inequality follows from

18b2 ≤ 9b3, 95b3/2 ≤
95

23/2 b3 < 34b3 (b ≥ 2). (5.17)

If k = 3, b = 2, then the assumption gives n ≥ 15, and

H(15) = 789 −
1280

√
30

9
> 0. (5.18)

Therefore (5.6) holds.
If k ≥ 4, b ≥ 3, then evaluate (5.13) at n = 5b3/2. Since 45b3/2 ≤ 26b2 if and only if b ≥ (45/26)2 ≈

2.996, and 1 ≤ b2 holds for b ≥ 3, we have

9 · 5b3/2 + 6b2 + 1 ≤ (26 + 6 + 1)b2 = 33b2 (b ≥ 3). (5.19)

We then obtain

H(5b3/2) ≥ 75b3 + 30b3/2 + 6b2 −
2(33b2)3/2

3
√

3
= (75 − 22

√
11)b3 + 6b2 + 30b3/2 > 0. (5.20)

This proves (5.6) for all k ≥ 2.
For r = n, the assumption n ≥ N(k) implies

k = 2 =⇒ n ≥ N(2) = 10 =⇒ n ≥ 9 = 3(k + 1), (5.21)
k ≥ 3 =⇒ n ≥ ⌈5(k − 1)3/2⌉ ≥ 5(k − 1)3/2 > 3(k + 1) =⇒ n ≥ 3(k + 1). (5.22)

Here, 5(k−1)3/2 > 3(k+1) for k ≥ 3 follows by writing x = k−1 ≥ 2 and deriving (5x3/2)2−(3(x+2))2 =

25x3 − 9x2 − 36x − 36 = (x − 2)(25x2 + 41x + 46) + 56 > 0, where 25x2 + 41x + 46 > 0 for all x ∈ R.
Lemma 2.4 therefore applies. □

Theorem 5.2 substantially improves the maximum-degree result of Mushtaq et al. [17]. They proved
the target inequality for graphs with ∆(G) = n − 2 under the assumption n ≥ 95. Theorem 5.2 applies
to the same class of graphs already for n ≥ 10. Moreover, our result is not restricted to the case
∆(G) = n − 2, as it applies to all connected graphs with ∆(G) = n − k (k ≥ 3) once n ≥ ⌈5(k − 1)3/2⌉.

6. Conclusions

We have proved the distance Laplacian analog of Brouwer’s conjecture for three classes of graphs:
connected graphs of bounded diameter and sufficiently large order, all diameter-2 graphs except for the
two stated star exceptions, and graphs whose maximum degree is n−k while n is large enough in terms
of k.

The common tool is the decomposition of the distance Laplacian matrices into Laplacian matrices
of distance-at-least-s graphs, which reduces the problem to familiar Laplacian eigenvalue estimates
and elementary numerical inequalities.

However, it would be interesting to further sharpen the order thresholds in the bounded-diameter
and maximum-degree cases.
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