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Abstract: Attribute reduction in fuzzy formal concept analysis (FFCA) constitutes a core research
issue of FFCA, which denotes the process of eliminating redundant attributes while preserving the
specific structural properties of the concept lattice. Nevertheless, most existing attribute reduction
methods work well merely for consistent fuzzy formal decision contexts (CFFDCs), yet fail to
produce valid outcomes for inconsistent fuzzy formal decision contexts (IFFDCs). Motivated by
this limitation, this paper concentrates on the research of IFFDCs. First, drawing on the upper
and lower approximation operators of rough sets, this paper defines the assignment function,
distribution function, maximum distribution function, upper approximation sum function, as well as
their corresponding reductions, and further explores the internal relationships among these diverse
reductions. Second, reduction approaches based on Boolean reasoning and hypergraph minimal
transversals are investigated, and the consistency of results yielded by these two approaches is
theoretically proven. On the basis of the above theoretical derivations, the algorithms corresponding
to each reduction theory are developed. Numerical examples are further utilized to verify the validity
and correctness of the proposed reduction theories and algorithms.

Keywords: inconsistent fuzzy formal decision contexts; attribute reduction; rough set; Boolean
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1. Introduction

Formal concept analysis (FCA) [1], as a key theoretical tool in knowledge representation and rule
mining, has been widely applied in knowledge engineering by using concept lattices to characterise
hierarchical relationships between extent and intent. In practice, however, with the continuous growth
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of high-dimensional and complex datasets, the original concept lattice suffers from structural
redundancy and computational complexity, which severely limit its practical application. Attribute
reduction, a key research area within FCA, enables the elimination of redundant attributes whilst
preserving core knowledge structures and semantic information. This simplifies the construction of
concept lattices and reduces algorithmic complexity, thereby providing a theoretical foundation for
efficient knowledge discovery and playing a significant role in refining the FCA theoretical
framework. To date, this method has been successfully applied in scenarios such as machine
learning [2], knowledge spaces [3], concept cognitive learning [4], information retrieval [5], and
recommendation systems [6], offering an effective technical approach for processing
high-dimensional data across multiple disciplines.

Attribute reduction is one of the main research areas in FCA. It can be divided into two categories:
reduction without decision attributes and reduction with decision attributes, with the latter further
classified into consistent and inconsistent subcategories based on consistency. Zhang [7] was the first
to propose an attribute reduction method based on Boolean reasoning that ensures the structural
invariance of the concept lattice, which was a pioneering work. Building upon this, Wu [8] introduced
granular computing into the concept lattice, presented the concept of object granules, and investigated
an attribute reduction method based on Boolean reasoning that ensures the structural invariance of
object granules; this reduction method is referred to as granular reduction. On this basis, Chen [9]
observed that, in data implementation, methods based on Boolean reasoning occupied a significant
amount of memory and were time-consuming. He therefore proposed a granularity reduction
algorithm based on hypergraph minimal transversals. In [9], the relationship between granularity
reduction and the minimal transversal of its derived graph was first discussed, their equivalence was
verified, and a new heuristic algorithm was constructed.

Given that fuzzy relations better capture the binary relationships between objects and attributes in
the real world, Brusco presented fuzzy formal concept analysis (FFCA) by combining fuzzy sets [10]
with formal concepts [11,12]. Furthermore, Yahia [13] and Kraj¢i [14] introduced the “one-sided fuzzy
concept” and studied several of its properties. Thereafter, a number of scholars have combined formal
concepts with various fuzzy set models, introducing a range of fuzzy formal concept models, such as
L-fuzzy concept lattices [15, 16], intuitionistic L-fuzzy [17], weighted fuzzy concepts [18].

Noting that Shao et al. built upon the work of [8] and incorporated fuzzy concept lattice theory,
defined fuzzy object granules, fuzzy granular reduction, and fuzzy consistent sets, and proposed a
granular reduction algorithm based on Boolean reasoning [19]. As this algorithm consumed excessive
memory and took too long to run during data experiments, Gong and Zhang proposed a new heuristic
algorithm based on graph vertex cover theory for fuzzy formal contexts (FFCs) [20]. This algorithm is
not only feasible but also highly efficient. It is worth noting that, in this paper, the authors proposed a
data processing method with better interpretability, which ingeniously transforms the binary
relationships between objects and attributes into fuzzy relationships.

In recent years, Fan et al. proposed a reduction method for symmetric formal contexts driven by
the concept of incremental pseudo-equivalence [21]. The proposed method preserves the binary
relation of the formal context. Experimental results demonstrated that pseudo-equivalent concept
reduction outperforms conventional equivalent concept reduction in terms of redundancy, relevance,
and computational time. Gong et al. developed a fuzzy-hypergraph-based visualization method within
the framework of rough set theory, aiming to simplify the processes of attribute identification and
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reduction in FFCs [22]. Niu et al. proposed several reduction methods for Boolean formal contexts,
including reductions that preserve the structure of the concept lattice, the extents of meet-irreducible
elements, the extents of join-irreducible elements, and column-vector granular concepts,
respectively [23]. Hu et al. improved the applicability of rule-based attribute reduction algorithms by
introducing a method to simplify the discernibility matrix, and further proposed a heuristic approach
for computing attributes using the ordered attributes method [24]. Moreover, To avoid the limitations
of attribute reduction, Zhang et al. proposed attribute combination reduction, which leverages the
strengths of both attribute reduction and concept reduction while keeping object intents
unchanged [25].

Almost all fuzzy formal decision contexts (CFFDCs), as well as FFCs, have been studied
simultaneously, as demonstrated by researchers such as Zhang [7], Wu [8], Shao [19], Chen [9],
Lin [26], Gong [20] and others. However, in practice, there are still situations that do not involve
CFFDCs, and the reduction methods mentioned above prove ineffective in such cases. Consequently,
a small number of scholars have begun to investigate inconsistent formal decision contexts (IFDCs) or
inconsistent fuzzy formal decision contexts (IFFDCs).

In response to the above issues, Li et al. proposed an attribute reduction method based on rough set
inclusion [27]. Subsequently, drawing on information entropy theory, Huang et al. introduced a new
granular reduction algorithm [28]. However, both methods are limited to classical formal contexts,
and no research has yet been conducted on FFDCs. Consequently, this paper focuses on exploring the
theory of attribute reduction for IFFDCs.

Existing studies, whether based on fuzzy rough sets, graph theory, or information entropy, have
mainly focused on CFFDCs, i.e., existing attribute reduction methods are no longer applicable to
IFFDCs. Consequently, one of our main motivations is to propose an effective attribute reduction
method tailored to such IFFDCs. Furthermore, given that rough sets require no prior knowledge and
can characterise fuzzy boundaries and quantify attribute importance through upper and lower
approximations, they offer a theoretically rigorous approach well suited to fuzzy data. Graph theory,
in turn, can transform attribute dependencies into graph optimisation problems, intuitively modelling
redundancy relationships and enhancing reduction efficiency. The integration of these two approaches
balances the handling of fuzzy uncertainty with structural optimisation, offering significant
advantages in attribute reduction for fuzzy information systems. Therefore, this paper takes [IFFDCs
as its research subject and proposes an attribute reduction method based on rough set inclusion theory
and hypergraph minimal transversals.

The contributions of this paper are mainly as follows:

(1) The assignment function, distribution function, maxmum distribution function, and upper
approximation sum function based on the inclusion degree of rough set in IFFDCs were first
introduced;

(2) A novel heuristic algorithm based on hypergraph minimal transversal in IFFDCs was proposed.

It should be emphasized that the reduction methods based on Boolean reasoning and minimal
transversal of hypergraph are not two independently constructed heuristic algorithms. Rather, they are
two different computational realizations of the same attribute reduction criterion established through
the equivalence-class function. Therefore, their theoretical validity originates from the common
reduction framework, while Boolean reasoning and hypergraph minimal transversal provide
alternative mechanisms for computing the corresponding reducts.
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The remainder of this paper is organised as follows. Section 2 primarily introduces the terminology,
concepts and fundamental theories required for this paper. The theory and algorithms of assignment
reduction are examined in Section 3. Section 4 discusses the theory and algorithms of distribution
reduction. The theory and algorithms of maximum distribution reduction are examined in Section 5.
Finally, in Section 6 we summarise this work and offer recommendations for future research. The
research framework of the paper see Figure 1.

{ Input a inconsist fuzzy formal decision context ]

! | !

Define upper approxi- Define assignment Define distribution Define maxmum
i mation sum function } function function i distribution function
Define upper approxi- Define assignment Define distribution Define maxmum ;
i mation sum reduction reduction reduction i distribution reduction
( Discuss the relationships among the above four reductions J
Introduce the theory of Introduce the theory of distri- | | Introduce the theory of maxm-um ;
assignment reduction based on i bution reduction based on i | distribution reduction based on
Boolean reasoning(Section 3.1) Boolean reasoning(Section 4.1) i © Boolean reasoning(Section 5.1)
Construct the corresponding | } Construct the corresponding Hconstruct the corresponding
algorithm(Algorithm 1) algorithm(Algorithm 3-5) algorithm(Algorithm 7-8)

Introduce the theory of assign- Introduce the theory of distri- | Introduce the theory of maxmum
ment reduction based on hyper- i i bution reduction based on hype- i distribution reduction based on
graph transversal(Section 3.2) | rgraph transversal(Section 4.2) | i hypergraph transversal(Section 52)
Construct the corresponding Construct the corresponding Hconstruct the corresponding
algorithm(Algorithm 2) algorithm(Algorithm 6) i i algorithm(Algorithm 9)

Figure 1. The research framework of the paper.

2. Preliminaries

2.1. Fuzzy formal concept

The paper focuses on a finite and nonempty universe O. For the terminology and operation symbols
used, please refer to Table 1. For more detailed information, please refer to [20].
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Table 1. Terminology in the paper.

Notation/operator Description

0 the finite and nonempty universe

P(O) the power set of all subsets of O

F(0) the power set of fuzzy subsets of O

7 a one-side fuzzy formal concept

M(x,q) the fuzzy binary relationship between object x and conditional attribute a
N(x, d) the fuzzy binary relationship between object x and decision attribute d

A =(0,C, M) a fuzzy formal context, O is the object set, C is the conditional attribute set
2=(0,C,M,D,N) a fuzzy formal decision context, D is the decision attribute set, CN D =
L(o,C, M) the concept lattice induced by (O, C, M)

T the distribution function on O with respect to a attribute subset C

Az the maximum distribution function on O with respect to a attribute subset C
e the assignment function on O with respect to a attribute subset C

& the an upper approximation sum function on the domain O with respect to C
XA the characteristic function of A C C (ya(a) = 1 if a € A, otherwise is 0)
ka(X) the intent of X under A (equals kc(X) N xa)

1e(B) the extent of K under C (equals {x € O|Va € C, K(a) < M(x, a)}))

Rc the fuzzy relation of objects and attribute subset C (equals {(x,y) € O X OlM(x,a) < M(y,a),Ya € C}))
[x]g. object granule of x (equals {y € O|(x,y) € Rc} ={y € OlM(x,a) < M(y,a)¥a € C})
0 a fuzzy set

0, 0, the sup of O, (x) and O,(x), equals O;(x) V O,(x)

0,nO0, the inf of O, (x) and O,(x), equals O;(x) A O,(x)

Krajci [14] and Yahia [13, 19] defined two operations «¢ and ¢ between P(O) and .% (C) in an FFC
7 = (0,C, M), which form a Galois connection.

Definition 2.1. [13, 19] Let # = (O, C, M) be an FFC. For X € P(0), K € .#(C), the operators
kc : P(O) — % (C) and (¢: .7 (C) — P(0O) are defined respectively, as follows:

ke(X)(a) = é\XM(x, a), ace€C, 2.1
te(K) = {x € O|Va € C,K(a) < M(x,a)). (2.2)

Additionally, the following properties are given [19]:

(1) 01 € 05 = kc(0,) S kc(0)), K1 € Ky = 1c(Ky) C te(Ky), (04, 02 € P(O), Ky, Ky € Z(C));
(2) 0; C tc 0 kc(0)), K C ke o 1e(K);

(3) kc(0;) = k¢ 0 tc 0 kc(0), te(K) = tc 0 k¢ 0 1e(K), O; € P(0);

“4)

AIMS Mathematics

Kc[Uoi] = [ c(0n, (2.3)

ieJ ieJ
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tc (Ufg] = [ (&, (24)

ieJ ie

K; € Z(C), where i € J (J is an index set). Based on the above properties, it can be deduced that k
and ¢ form a Galois connection, i.e., kc(X) = K and (¢(K) = X. # = (X, K) is called a one-sided fuzzy
formal concept, where X is the extent of 7 and K is the intent of 7. All concepts, ordered by a partial
order, form a lattice known as a concept lattice. This partial order is defined as (X;, K;) < (X,, K>) if
and only if X; C X», or equivalently, K, C K.

Example 2.1. Consider a given FFC J# = (0,C,M), where O = ({(xi,X2, X3, X4, X5},
C = {ay,ay,as,a4,as}, which is shown in Table 2. Table 3 lists all the one-sided fuzzy concepts
generated by /7. And, the Hasse diagram of the generated concept lattice L(O, C, M) is shown in
Figure 2.

Table 2. A formal fuzzy context 7.

2

a ap as ay as
X1 0.7 0.7 0.8 0.7 0.6
X 0.8 0.7 1 0.7 1
X3 0.9 0.9 0.8 0.3 0.8
X4 0.9 0.9 0.7 0.3 0.7
Xs 0.8 0.7 1 0.3 0.8

Table 3. The one-sided fuzzy concepts derived from .77.

Coneepts (object set, attribute set)

T ({x1, x2, X3, X4, X5}, {3_7’(;1_27’(1)1_31’(%53_56})
(5 G 21 85D
" (e, x2, x3h {55 63 050 050 06 )

. (b2 030wl 55 65 07 050 05D
. (2. 3. x5}, {55 07 01 637 o)
(-2} (5 65 55 57 65
(s 03 {55 55 535> 03)
(s, ). (55 65 65 65 57

ﬁm (el {555 65> F 55 TP

et ({x3}, {%,%’%’g_g,%})

e (0, {4, B d dsy

12121211
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Figure 2. The Hasse diagram of L(O, C, M).

For any A C C, %, = (0,A, M,) is called a sub context of .7, where M, = M N (O x A) [19].
Then, the operators k4: P(O) — #(A) and t4: % (A) — P(O) are defined respectively as follows:

ka(X)(a) = AM(X, a), VaceA, (2.5)
xeX
14(K) = {x € OVa € A, K(a) < M(x,a)}, (2.6)

where X € P(O) and B € .Z(A). y, is called the characteristic function, which is defined as ya(a) = 1
for a € A, otherwise is 0 for any A C C. Moreover, the following properties holds:

(1) ka(X) = kc(X) N xa,
(2) te 0 kx(X) C 14 0 ka(X).

For abbreviation, we let k-(x) stand for x-({x}).

2.2. Object granule

The purpose of granular reduction in an FFC is to ensure that the object granule is invariant, so
below we start with the definition and some properties of the object granule.

Definition 2.2. [19] Let # = (O, C, M) be an FFC, R¢ = {(x,y) € O X O|M(x,a) < M(y,a),Va € C}
be an ordered relation on object set. The granule of x € O generated based on R is defined as:

[x]ge : O = O, [x]g. =1{y € Ol(x,y) € Rc}, (2.7)
[x]g. =1y € O\M(x,a) < M(y, a),Ya € C}. (2.8)

Lemma 2.1. [19] Let 5# = (O, C, M) be an FFC, A C C and x € O, then ([x]r,> ka([x]&,)) 1s a one-sided
fuzzy formal concept of (O, A, M,) and

[x]r, = ta © ka(X). (2.9)
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Definition 2.3. [19] Let 2 = (O, C, M, D, N) be an FFDC, where (O, C, M) and (O, D, N) are FFCs,
C N D = (. Furthermore, 2 is said to be consistent if k¢ o tc(x) C kp o tp(x) for all x € O. Otherwise,
it is said to be inconsistent.

Example 2.2. Table 4 lists an FFDC 2 = (O,C, M, D,N), where O = {xi, x2, X3, X4, X5},
C ={ai,ar,a3,a4,as} and D = {d,, d>, d3}.

Table 4. A fuzzy formal decision context 2.

M/N a; a a3 ay as d, d, ds
X1 0.7 0.7 0.8 0.7 0.6 0.8 0.7 0.7
X 0.8 0.7 1 0.7 1 0.8 0.8 0.7
X3 0.9 0.9 0.8 0.3 0.8 0.9 0.6 1
X4 0.9 0.9 0.7 0.3 0.7 1 0.6 0.8
X5 0.8 0.7 1 0.3 0.8 0.8 0.6 0.7

By Definition 2.2 and Lemma 2.1, we have

[x11re = tc 0 ke(x1) = {x1, X2},

[x2]re = te © kc(x2) = {x2},
[x3]re = te © ke(x3) = {x3},
[x4]re = te © ke(xs) = {x3, X4},
[xs5]re = tc © kc(xs) = {x2, X5,
Xtlrp = tp 0 kp(x1) = {x1, x2},
X2 IRy =

)
}
Rp = tp © kp(x3) = {x3},
X4lr, = tp © kp(x4) = {x4},

{
{
{
= tp o kp(x2) = {x2},
{
{
Xs]r, = tp © kp(Xs5) = {X1, X2, X3, X4, Xs}.

Furthermore, for a discourse O = {xi,x,---,X,}, and X C O, the characteristic function ¢y is a
m-dimensional row vector ¢y, where

1, X; € X,
Yx = { 0. x¢X (2.10)
Example 2.3. (Continue from Example 2.2) From Example 2.2, we have [xi]z. = {x1,x2},

[X2]r. = (X2}, [x3lr. = {x3}, [xalg. = {x3,x4), [xs]lg. = {x2,xs}. Based on the definition of the
characteristic function ¢x, we easily derive ¢([x1]z.) = {1,1,0,0,0}, ¢([x2]z.) = {0,1,0,0,0},
e([x3]g.) = 10,0, 1,0,0}, o([x4]r.) = {0,0,1, 1,0}, ¢([xs]r.) = {0, 1,0,0, 1}. According Definition 2.3,
we know 2 is an IFFDC.

2.3. Definitions, properties of functions and reducts and relationships between different reducts

Definition 2.4. Let 2 = (O, C, M, D, N) be an FFDC,A C C, X C O,

R : P(O) — P(0), RA(X) = {x € Ol|[x]z, € X}, (2.11)
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R; : P(O) > P(O), Ri(X)={x€ Ollx]g, N X # 0}, (2.12)

called the set of granular upper approximations and the set of granular lower approximations of X
about A.

Definition 2.5. Let 2 = (O,C, M, D, N) be an FFDC, where O = {x|, x,--- , X,,}, and let O/R), =
{[x1]1Rp, [x2]Rp, . .., [xs]r,} be the set of distinct equivalence classes induced by the decision attributes,
where s = |O/Rp|, A € C. For any x € O, the following functions are defined

{y 1 O = P(O/Rp), {y(x) = {[xilz, € O/Rpl[x]g, N [xi]r, # 0, x; € O}, (2.13)
0 Y | Tl E o0 T 1B Nl E1 o e BV g B TN
7,10 —[0,11°, 74(x) =( Ol , 0l , , 0l ), (2.14)
ol oAk N [kl e, 0 [de,) I3k, 0 Doule,
Ay 10— [0,1], A,(x) = max( % , % , , 0l ), (2.15)
&0 [0,m], & = Lici 'Iel/‘O(l[x"]RD)l. (2.16)

£ is termed the assignment function on O with respect to a attribute subset A, 7 is termed the
distribution function on O with respect to a attribute subset A, A is termed the maxmum distribution
function on O with respect to a attribute subset A, &, is the an upper approximation sum function on
the domain O with respect to A.

Definition 2.6. Let 2 = (O, C, M, D, N) be an FFDC, where O = {x;, X5, -+ ,x,} and A C C.

(1) For all x € O, it holds that }(x) = {7(x), then A is termed a granular assignment consistent set
(GACS) of 2. If A is a GACS of 2, and an arbitrary proper subset of A is no longer a GACS of 2,
then A is termed the granular assignment reduct (GAR) of 2.

(2) For all x € O, it holds that 7 (x) = 7.(x), then A is termed a granular distribution consistent set
(GDCS) of 2. If A is a GDCS of 2, and an arbitrary proper subset of A is no longer a GDCS of 2,
then A is termed the granular distribution reduct (GDR) of 2.

(3) For all x € O, it holds that A (x) = A;(x), then A is termed a granular maximum distribution
consistent set (GMDCS) of 2. If A is a GMDCS of 2, and an arbitrary proper subset of A is no longer
a GMDCS of 2, then A is termed the granular maximum distribution reduct (GMDR) of 2.

(4) For all x € O, it holds that &, = &, then A is termed a granular upper approximation sum
consistent set (GUACS) of 2. If A is a GUACS of 2, and an arbitrary proper subset of A is no longer
a GUACS of 2, then A is termed the granular upper approximation sum reduct (GUAR) of 2.

It is easy to verify that the GDR, GMDR, GAR and GUAR are all identical for CFFDCs.

Remark 2.1. GACS is an attribute set that preserves possible decision class unchanged for any object,
GDCS is an attribute set that preserves the membership degree of objects in each decision class
unchanged, GMDCS is an attribute set that preserves the maximum distribution decision class
unchanged for each object, and GUACS is an attribute set that preserves the upper approximation sum
unchanged of any decision class.

Next, we discuss the relationship between these four kinds of reducts in IFFDCs. Before proceeding
further, we first prove the following properties for the four functions given in Definition 2.5.
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Property 2.1. Let 2 = (O, C, M, D, N)be an FFDC, A C C. For each x € O, the following conclusions
hold,

(1) Re([xilr,) € Ry ([xilr,);

(2) Te(x) < T3(%);

(3) A (x) < A5 (x);

(4) £e(x) < 3 (x);

G)1=<¢g <0

6) &, =1 © R ([xilry) = [xilry, Vi < |0} & = 10| & R ([xi]r,) = O, Vi < |0

(N &< &LV <0

Where 7.(x) < 7,(x) denotes that each component corresponding to the two vectors has a
corresponding magnitude relationship between them.

Proof. (1) Since A C C, we have

[x]g. = {y € OIM(x,a) < M(y,a)¥a € C}
C{y € O|M(x,a) < M(y,a)¥a € A}
= [xlg, (2.17)
ie., [xlg. € [x]g,-
Moreover, since
Rc([xilr,) = {x € Ollx]g. N [xilr, # 0}
C {x € OllxIg, N [xilr, # 0}
= R, ([xilrp), (2.13)

we have R;([x;]g,) € R,([xiIr,)-
(2) From the proof of Property (1), we have [x]g. C I[x]g, for any x € O. Further, from
Definition 2.5, it follows that 77.(x) < 7, (x).

(3) From the proof of Property (2), we have

[[x]re N [xilg,| < I[x]z, O [xi1R,l
O] Bl O]

. (2.19)

Thus, it follows that
ax{l[x]RC N [Xi]RD|} < max{l[x]RA N [xi]RD|} ’ (2.20)
@ @
e, 7o(x) < 7, (x).
(4) From the proof of Property (1), we have [x]g. € [x]g, for any x € O. Thus, it follows that
{[xilrpl[X]Re N [xilr, # O} C {[XilR,l[x]R, N [XilR, # 0}, 1ce., {E(X) C £ ().

(5) For any x; € O, there is [x;] C [x]g, N[xilr, € {X1, X2, -+, X} = O. Moreover, by Definition 2.4,
we have

01 < Y IRy ([xilk,)l <m-10], m = O], 2.21)

i=1
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Thus, it follows that 1 < &; < [O].
(6) If & =1, there is

D IR ([xilg,)l = 10, (2.22)
i=1
Le., [x]g, N [xilg, = [xilr, = Ry([xilrp)-
If & = |0, there is
DRIk, = m - 10, (2.23)
i=1
ie., [x]r, N [xilg, = {x1, X2, -+, x40} = O.
(7) By Property (1) and Definition 2.5, we have ;. < &, Vi < |O]. O

Lemma 2.2. Let 2 = (0,C, M, D, N) be an FFDC, A C C. A is a GACS of 2 iff for Vx;, x; € O, when
{o(x)) & L0(xi), there is [xj]g, € [Xilg,-

Proof. (=) If [x;]lg, C [xilg,, then we have {;(x;) € {;(x;), and since A is a GACS of 2, we have
{o(xj) = {i(x)), and £ (x;) = {(x;), so there is {7 (x;) € {7 (x;), which contradicts {/.(x;) & {/(x)).
Thus, there is [x;]z, & [Xilg,-

(<) To prove that A is a GACS of 2, it is sufficient to show that for any x € O, there is {.(x) = {(x),
which is known as {7.(x) € £3(x)(Vx € O), so it is sufficient to show that £} (x) C {7.(x) for all x € O
holds. Take any [x;]g, € {;(x), then [x;]g, N [x]g, # 0. Let x; € [x;]g, N [x]g,, then we have x; € [x;],
and x; € [x]g,. From x; € [x]g, it follows that [x;]z, N [x;]z, # O, hence, [x;]z, € {7(x;) € {7(x). From
the arbitrariness of [x;]g,, we have {}(x) € {Z.(x)(Vx € O). Thus, it follows that A isa GACS of 2. O

Theorem 2.3. Let 2 = (0, C, M, D, N) be an FFDC, A C C. If A is a GDCS of 2, then A is a GMDCS
of 9.

Proof. Since A is a GDCS of 2, there is 7 (x) = 7/.(x). By the definition of GDCS, and since equality
of vectors implies componentwise equality, for all x; € O we have

I[x]r, O [xilR,l _ [[x]re N [Xilg,

) (2.24)
10| 0]
which further implies that
[x]r, N [xilr,l I[x]re N [xil,l
A - =10|. 2.2
e T g o " 22
By the definition of A} (x), we have 4} (x) = A;.(x). Consequently, A is a GMDCS of 2. O

Theorem 2.4. Let 2 = (O,C, M, D,N) be an FFDC and let A C C. If A is a GDCS of 2, then A is a
GACS of 2.
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Proof. Since A is a GDCS of 2, by the definition of GDCS, this implies that 7}, (x) = 75(x). And
according to the definition of 7, (x), we have |[x]g, N [xi]g,| = |[x]r. N [xi]g,| for any [x;]g,. Proof by
the following two cases.

(1) Assume that [x;]z, € {;(x). By the Definition 2.5, [x]g, N [xi]lz, # O, which implies |[x]gz, N
[x:]r,| > 0. Using the equality above, we obtain |[x]g. N [x;]g,| > 0 and hence [x]g. N [x;]z, # 0. By
Definition 2.5, it is known that [x;]z, € {;(x), hence {(x) C {7 (x).

(2) Assume that [x;]z, € {.(x). By the Definition 2.5, we have [x]g.N[x;]g, # 0. Since [x]z. C [x]g,,
then we obtain [x]g, N[x;]z, # 0. By Definition 2.5, it is known that [x;]z, € {(x), hence {7.(x) € {3 (x).

Therefore {7.(x) = {}(x), for all x € O. By the definition of a GACS, A is a GACS of 2. O

Theorem 2.5. Let 2 = (0,C, M, D, N) be an FFDC and let A C C. Then A is a GACS of 2 if and
only if A is a GUACS of 2.

Proof. We prove the two implications separately.

(=) Since A is a GACS of 2, by the definition of GACS, we have {;.(x) = {;(x) for any x € O. That
is, there is {[x;]r, [[x]r, N[xilg, # 0,1 < i < m} = {[x;]g,|[x]r.N[Xilr, # 0,1 < i < m}. By the definition
of R, ([xi]z,), there is R} ([x;]z,) = R:([xi]g,) for any [x;]g,. Otherwise, if there exists [x;]g, such that
R, ([xilr,) # R:([xilr,), then there exists x € O such that [x]z. N [xi]g, # 0, but [x]g, N [xilz, = 0,
which is impossible. Or, there exists x € O such that [x]g. N [x;]g, = 0, but [x]g, N [x;]g, # 0, which
contradicts {7.(x) = {3(x), hence R, ([xilz,) = R:([xilz,). Therefore & = &.. By the definition of
GUACS, A is a GUACS of 2.

(<) Since A is a GUACS of 2, by the definition of GUACS, we have & = &, i.e.,

2imt IR ([xi]ry)] _ Diim IRC([xilr )

% = U (2.26)

Assuming {7(x) # {;(x), we have {[xi|g,|[xi]r, N [xilz, # 0,1 < i < m} # {[xi]r,l[x]r. N [xj]r, #
0,1 < j < m}, that is there exists [x,]g, such that [x]g, N [x,]g, = 0, while [x]g. N [x,]g, # 0, which is
impossible. Or, there exists [x]g, such that [x]g. N [x,]g, = 0, while [x]g, N [x,]z, # 0, hence there is
{x € Ollx]r. N [x:]r, = O} < [{x € Ol[x]g, N [x,]r, = OI, we have & < &, which contradicts &7 = &.
Therefore {7.(x) = {}(x). By the definition of GACS A is a GACS of 2. |

To provide a clearer and more intuitive view of the interrelationships among different reducts, we
constructed the diagram shown in Figure 3.

Granular distribution consistent Necessary condition : FGranular maximum distribution
set (GDCS) ) consistent set (GMDCS)
. Theory 2.3
gz =
=] o
=] g
Zz f 2
o ® [
5 3 N
Necessary and
: : i sufficient condition : S
Granular assignment consistent i | Granular upper approximation |
set (GACS) —— i . sum consistent set (GUACS) i
g Theory 2.5 Fi

Figure 3. The relationship between GMDCS, GDCS, GACS and GUACS.
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As can be seen from the above analysis, the GACS and GUACS are equivalent for IFFDCs,
therefore, we will focus solely on the GACS in this paper.

3. Assignment reduction of IFFDCs

In this section, two granular assignment reduction theories are introduced, one based on rough sets
and the other on hypergraph theory.

3.1. Boolean reasoning representation of granular assignment reduction

Definition 3.1. Let 2 = (O, C, M, D, N) be an FFDC, for any x;, x; € O, we denote

e _ [ laeCM(xi,a) > M(xj, @)}, i(x) & Le(x),
Dy (Gxis xj) = { 0, others. 3.1y
Dg(x,», x;) 1is referred to as the granular assignment difference attribute set. And

Dy = {D?(x,-, x;)|x;, x; € O} is referred to as the granular assignment difference matrices, and written
Z)? = {D?(xi, x))| D?(x,-, x;) # 0}. f(2) = A{vala € D{C(xi, x;), Xi, x; € O} is referred to as the granular
assignment difference formula.

Theorem 3.1. Let 2 = (0,C, M, D, N) be an FFDC, A C C. A is a GACS of 2 iff BN D¢ (xi, x)) # 0
for any Df(x,-, x)) € Z)?.

Proof. (=) When Dg(x,-, x;) # 0, according to Definition 3.1. that there must be {7.(x;) ¢ {7 (x;). Since
A is the GACS of 2, there is [x;]z, ¢ [xi]z,. Therefore, we discuss the following 3 cases:

(D) If [x;]z, ¢ [xjlr,. Since [x;lr, ¢ [x;l&,, there exists at least one x,, satisfying x,, € [x;]g,, but
Xm & [x:]r,, and hence there is a € A, such that M(xj,a) < M(x,,,a), and M(x;,a) £ M(x,, a). Thus,
there exists a € A C C, which satisfies M(x;,a) > M(x,,, a), and which further yields a € Dg(xi, X;),
that is, A N D?(x,-, x;) # 0.

(2) If [xilg, N [xjlr, = 0. Since [x;]z, N [x;]z, = 0, it is clear that there exists a € A such that
a € D?(x,-,xj). Otherwise, if for any a € A, there is a ¢ D?(xi,xj). Thus there is {a € A|M(x;,a) <
M(xj,a)} C A, and then there is [x;]z, C [xilg,, and so we get [xilr, N [xlz, = [xjlr, # O, which is
contradictory to [x;]g, N [x;]z, = 0, hence, AN Dg(xi, x;) # 0.

(3) If [x;]g, N [xjlr, C [xilr, and [xi]z, N [x;]r, C [x;l&,. The proof is analogous to that of case (1).

(<) Since Dg(xi, x;) # 0, there is {{.(x;) ¢ {;(x;), and since A N Dg(xi,xj) # 0, there is a €
AN DE(x;, xj) # 0, hence, there exists a € A N D (x;, x)), i.e. a € (b € C|M(x;,b) > M(x;,b)} N A, i.e.
a €{b e AlM(x;,b)} N A, which means a € {b € A|M(x;,b) > M(xj,b)}, 1.e. M(x;,a) > M(xj,a), That
is, M(x;,a) > M(xj, a), and further, there is M(x;,a) £ M(x;,a), i.e., there is [x;lg, & [xilg,. Thus, by
Lemma 2.2 , A is a GACS of 2. O

For the IFFDCs 2 = (0O,C,M,D,N), the minimal disjunctive normal form for the granular
distribution difference function of 2 is

f(2) = \Z(Z\la) (3.2)
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where a, € 1)2, written A,, = {a,ln = 1,2,--- , g}.

Theorem 3.2. Let 2 = (O, C, M, D, N) be an FFDC, A C C, R/(2) is the set consisting of all GARs
of 2, then there is {A,,(m = 1,2,--- , p)} = RA(2).

Proof. Denote Q = {A,,(m = 1,2,---, p)}. Prove first that R/(2) C Q. For any R € R/(2), it follows
from Theorem 3.1 that R N Dg(x, y) £ 0 (VDg(x, y) € 1)2), ie, ReQ, s0R(2)CQ.

Next, we prove Q C R/(2). For any Dg(x, y) € 1)2), there is A N Dg(x, y) # 0 (YA € Q). According
to Theorem 3.1, we know A is a GACS of 2. Removing any attribute from A, the set is denoted A,
and hence there exists x;, x; € O such that A; N Dg(xi, x;) =0,i.e., A is nota GACS of 2, and by the
arbitrariness of A;, A is a GAR of 2, which means that A € R,(2), and hence Q C R/(2).

In summary, {A,,(m = 1,2,---, p)} = R(2). O

Example 3.1. Continue From Example 2.2, it can be seen that 2 represented in Table 4 is an IFFDC.
According to Definition 2.5, we can obtain the granular assignment function of x; € O hereinafter
presented:

Lo(x1) = L) = {o(xs) = {[x1]ry, [x2]ry» [X5]R, ) (3.3)
Le(x3) = {[x3]rps [X5]R, ) (3.4)
Lo(xa) = {[x3]Rps [XalRys [X5]R, ) 3.5

The granular assignment difference matrix for 2 is shown in Table 5.

Table 5. The granular assignment difference matrix for 2.

C

D;(x,y) x| X2 X3 X4 Xs
X1 0 0 ay azay 0

X2 0 0 asdads aszduds 0

X3 a1a,as aas 0 azas aa;
X4 aiardas aap 0 0 aap
X5 0 0 asz asas 0

The granular assignment difference function for 2 is

fg(g) =as N\ (Cl3 \Y a4) A (613 VagV ClS) A (Cl] Va,V 615) A (Cl] \Y Clz) A (613 \Y a5) A ajs
=(ai Naz Nag) V (ax AN as N\ ay). (3.6)

Let Ay = {ai,a3,a4} and A, = {ay, a3, a4}. It is easy to verify that for any x; € O, there is £} (x;) =
{((x;), j = 1,2. Therefore, A; and A, are two GACSs of 2. And no any proper subset of A, anél Ay is
a GACS of 2. Therefore, A; and A, are GARs of 2.

Considering the complexity of calculating the assignment function for large data, the following is a
discussion of the matrix operation method for calculating the assignment function.

Before that, the definitions of the granular assignment characteristic function and granular
assignment matrix are given.
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Definition 3.2. Let 2 = (O, C, M, D, N) be an FFDC, where O = {x;, X2, -+ , X}, X C O. The granular
assignment characteristic function of {;(X) is defined by the m-dimensional row vector ¢({7.(X))(x),
where

1’ [-xi]RD € X’

P(Lc(X))(x) ={ 0 Dol & X, (3.7)

Definition 3.3. Let 2 = (O, C, M, D, N) be an FFDC, M; is a|O|x|O| Boolean matrix. Then M, is said
to be the granular assignment matrix of 2, if M,(i, :) is the granular assignment characteristic function
of the object x;, i.e.,

M (i, :) = e(lc(xi), (3.8)

where M,(i, :) denotes the row vector of the i-th row of matrix M,.

Example 3.2. (Continue from Example 2.3) According to Definitions 2.4, the granular assignment
characteristic function of the object x; in Example 2.3 is as follows:

o(Le(x)) = {1,1,0,0, 1}, (3.9)
(Le(x2) = {1,1,0,0, 1}, (3.10)
¢(Lc(x3)) = {0,0,1,0, 1}, (3.11)
(Le(x4)) =10,0,1,1, 1}, (3.12)
@(Le(xs)) = {1,1,0,0, 1} (3.13)

The granular assignment matrix is

(3.14)

S = = O O
SO = O O O

1
1
1 .
1
1 5%5

Definition 3.4. Let A = (a(i, k))yxn, B = (b(j, k))4xn be two Boolean matrices, define the following
operations:

1, a(i,k) = b(j, k) #0,3k € {1,2,--- ,n},

0, others, (3.15)

(i, j) = a(i,?) ¥ b(j,:) = {

and A % B = (c(i, J))mxq-
The new matrix obtained after the operation % is also a Boolean matrix.

Example 3.3. (Continue from Example 3.2) For the given Boolean matrices Ay and Bsyg, the result
after operation by  is as follows.

1001
A=l0 1 0 0 , (3.16)
110 0],
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11 0 0]
0100
B=|1 00 0| , (3.17)
0010
010 1],
1100
100 0100 10101
C=Ax%B=[0 1 0 %[1 0 00 _llloOlw. (3.18)
1100, (0010 1110 1],
0101

5x4

The element corresponding to c¢;; is obtained by comparing the i-th row of A with the j-th row of
B. For example, ¢, is determined by comparing A(2, :) with B(2,:). Since ay, = by,, according to the
definition of the * operator, we obtain c¢;; = 1.

Theorem 3.3. Let 2 = (O,C, M, D, N) be an FFDC, where |0| = m, if Mc and M), are the object
granule and decision granule of 2, then M, = M¢ % M.

Proof. For any x; € O, there is

Lo(x) = xRl XilRe N [X1R, # 0, €{1,2,--- ,m}} (3.19)
= {[x;1r,|Mc(i, k) = Mp(j, k), Ik € {1,2,--- ,m}} (3.20)
={[x1r,|Mc (i, :) % Mp(j,:) = 1} (3.21)
= {[x;1r, 1M, j) = 1}. (3.22)

Therefore, the i-th row vector of M, is exactly the characteristic function of {c(x;). By Definition 3.1,
it follows that M, is the granular assignment matrix of 2. O

Example 3.4. (Continue from Example 2.2) From Example 2.2, the object granule matrix M. and the
decision granule matrix Mp generated by 2 in Table 4 are shown below, and according to
Definition 3.4, the granular assignment matrix M, can be obtained after % on M and Mp, as shown
below

11000 11000
01000 01 00O
Mc={0 01 0 Of , Mp=|0 O 1 O O] , (3.23)
00110 00010
0100 I L1 1 1 1],
1 1000 1 1000 1 1001
01000 01000 11001
My=McxMp=|0 01 0 Of %|0 O 1 0 O =10 01 01 (3.24)
00110 00010 00111
01001, [t 1T 1T 11 |1 10O 1,

M, is the granular assignment matrix of 2, and M,(i, :) is the characteristic function of {¢(x;), which
agrees with the result of Example 3.2.
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The above results establish the theoretical foundation for attribute reduction based on Boolean
reasoning.  Specifically, the reduction conditions established in Theorems 3.1 and 3.2 can be
represented by the corresponding minimal disjunctive normal form, whose solutions determine the
attribute subsets satisfying the reduction criterion. Based on these theoretical results, we therefore
develop Algorithm 1 to compute all GARs of an IFFDC.

Algorithm 1. Computing the GAR of IFFDC.

Input: An IFFDC 2 = (0,C, M, D, N);

Output: r,(2).// the GAR of 2.

1: Calculate the object granularity matrix Mc, and the decision granular matrix Mp of 2;

2: Calculate the granular assignment matrix M;;
3: Calculate the granular assignment difference matrix Dy;
4

: Calculat = A VD ;
Calculate f(2) AN, (X, ¥);

5: Calculate f;(.2) = ‘\t/l( Xla Pr

i=1 j=
6: Let Ny = {ajlj < i}, r/(2) = {Ni| k<1};
7: Return r,(2).

3.2. Hypergraph representation of granular assignment reduction

Definition 3.5. [29] A hypergraph is defined as a pair G = (V, E), where V is a finite set of vertices
and E is a family of subsets of V. The members of E are called hyperedges (or simply edges). A
transversal of G is a set M C V such that M N e # 0 for every edge e € E. Equivalently, a transversal is
a vertex set that intersects every edge. A transversal M is said to be minimal if no proper subset of M
is a transversal.

All minimal transversals of G,(2) are denoted by 7 G/(2), and R,(2) denotes all GARs of 2.
Without special explanation, the following graph all represent hypergraph.

Definition 3.6. Let 2 = (0, C, M, D, N) be an IFFDC, Dy is the granular assignment difference matrix
of 2. Notingthat V=C,E ={e € Z)g : e # 0}, the graph G/(2) = (V, E) is referred to as the granular
assignment induced graph derived from 2.

Lemma 3.4. [30] Let G = (V, E) be a graph (hypergraph), then a vertex subset V' C V is a minimal
vertex cover (minimal transversal) of G if and only if /\V v; is a prime implicant of the Boolean function
v;ieV’

Je-

Theorem 3.5. Let 2 = (0,C, M, D, N) be an IFFDC. If G/(2) = (V,E) is the granular assignment
induced graph of 2, then 7 G/(2) = R(2).

Proof. Evidently, by Definition 3.6, each edge in the granular assignment induced graph G, of 2
represents a set of granular assignment difference attribute of 2. In essence, the non-zero entries
of the granular assignment difference matrix in 2 are equivalent to the edges in G,. Therefore, by
Theorems 3.2 and Lemma 3.4, it is easy to see that f;, = f(2), thatis, T G(2) = R(2). O

Example 3.5. (Continue from Example 3.4) Table 5 shows the granular assignment difference matrix
for 2 in Example 3.4. From Definition 3.5, we obtain its corresponding granular assignment induced
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graph G(2) = (V,E), where V = {a;,a;,a3,a4,as}, E = {e; = (a3),ex = (as),e3 = (a3, as),e4 =
(as,as), es = (az,aq,as), e = (ay,a,), e7 = (ay, az, as)}, see Figure 4 for details.

Ve

4 €7
€1
es b, a,
e /€3 e
ay a;

Figure 4. The granular assignment induced graph G/(2) of 2.

By Lemma 3.4 it follows that all minimal transversals of the graph G,(2) can be obtained by the
following equation

fG((‘Q) =ag N\ (613 \Y 114) A (613 VagV 615) A (Cl] Va,V Cl5) A (a1 \Y (12) A (613 \Y 615) A ajs
=(ag NazANay) VvV (a Aas A ay). (3.25)

By Theorem 3.5, it is clear that the minimal transversal of the graph G,(<2) coincides with the GAR
of 2.

The preceding theoretical results further establish the correspondence between attribute reducts
and minimal transversals of the granular assignment induction graph. This correspondence enables
the theoretical reduction problem to be transformed into a hypergraph minimal-transversal problem.
Based on this relationship, Algorithm 2 is developed to efficiently obtain one GAR of an IFFDC.

Algorithm 2. Computing the minimal transversal algorithm for G,(2).
Input: An IFFDC 2 = (0,C, M, D, N);

Output: r,(2).//the minimal transversal of G/(2).

: Generate the granular assignment induction graph G,(2) of 2Z;

: Generate the incidence matrix MG,(2) for graph G/(2);

: Put all the vertices with ring into r;(2);

: For any vertex v in r(2), remove all edges incident with v;
: while MG(2) # 0 do

: Put the vertex vy with maximum degree into r,(2);

: Remove all edges incident with vertex vy;

: end while

O 00 1 O L A W N

: For any vertex v in r/(2), if r,(2) — {v} can cover all edges incident with v, then remove vertex v from r,(2);
10: Return r,(2).

Theorem 3.6. Let 2 = (O, C, M, D, N) be an IFFDC, then the result r,(2) output by Algorithm 2 is a
GAR of 2.

Proof. It can be seen from Theorem 3.5 that a minimal transversal of induced hypergraph G,(<2)
corresponds to a GAR of 2. In order to prove this result, it is only necessary to explain that the
result ,(2) output by Algorithm 2 is a minimal transversal of induced hypergraph G,(2). According
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to steps 3-8 of Algorithm 2, it is clear that r,(2) is a minimal transversal of induced graph G,(2),
because r,(2) covers all edges of G,(2). Let’s use the counter-proof method to assume that r,/(2) is
not a minimal transversal. That is, there is v € r/(2) so that the vertex set r,(2) — {v} can still cover all
edges of G,(2). However, it can be seen from step 9 of Algorithm 2 that there is no such v € r,(£2), so
that the vertex set r,(Z) — {v} can still cover all edges of G;(2). Therefore, the theorem is proved. O

It is worth noting that the Boolean-reasoning-based method (Algorithm 1) can obtain all GARs of
an FFDC, whereas the hypergraph-based minimal transversal method (Algorithm 2) yields only one
GAR.

4. Distributional reduction of IFFDCs

In this section, two granular distribution reduction theories are introduced, one based on rough sets
and the other on hypergraph theory.

4.1. Boolean reasoning representation of granular distribution reduction

Definition 4.1. Let 2 = (0, C, M, D, N) be an IFFDC, for any x;, x; € O, we denote

Cr.. N — {Cl € ClM(-xi’ Cl) > M(-xj’ a)}’ TZ'(-X]) £ TZ'(xi),
Dy (i, xj) = { 0, others, @.1
DTC (xi,xj) 1s referred to as the granular distribution difference attribute set. And

D, = {Df(x,-, xj)|x;, x; € O} is referred to as the granular distribution difference matrix, and written
DY = {DA(x;, x)| DA(x;, x;) # 0}, f:(2) = AMVala € DE(x;, x)), xi, x; € O} is referred to as the granular
distribution difference formula.

Lemma 4.1. Let 2 = (0,C, M, D, N) be an IFFDC, A C C. A is a GDCS of 2 if and only if for any
x;, x; € 0,1 T3.(x;) £ 75(x)), there is [x;]g, ¢ [X;]g,.

Proof. (=) If [x;lg, C [x]l,, then we have 7} (x;) < 7}(x;), and since A is a GDCS of 2, we have
To(x) = 73(x;) and 7.(x;) = 7,(x;), so there is 7¢(x;) < Tc(x;), which is contradictory to 77.(x;) %
7¢(x;), therefore, there is [x;]g, € [x/lr,

(&) To prove that A is a GDCS of 2, it is necessary to show that for any x € O, there is 7{.(x) =
7, (x). By Property 2.1, 77.(x) < 7),(x) holds. Therefore, it is sufficient to prove that 7, (x) < 7.(x), i.e.
[x]r, € [x]g.. For any x; € [x]g,, there is [x;]z, € [x]g,. Therefore, there is 7/(x;) < 7.(x), and so
there is [x;]Jg. € [x]g.. and then there is x; € [x]g.. That is, it is proved that [x]g, C [x]g.. Thus, there
is 75.(x) = 73 (x), i.e., it is proved that A is a GDCS of 2. O

Theorem 4.2. Let 2 = (0,C, M, D, N) be an IFFDC, A C C. A is a GDCS of 2 if and only if for any
DE(x;, x) € DY, there is A N D (x;, x;) # 0.

Proof. (=) Since Df(xl-,xj) # 0, we have 77.(x;) £ 75(x;). Since A is a GDCS of 2, there are
7,(x) = 74(x) and 7, (x;) = 7(x;), and 7, (x;)) £ 7,(x;), and hence, there exists a € A, such that
M(x;,a) > M(x;,a),i.e.,a € DE(x;, x;), and then there is a € ANDE (x;, x;), therefore, ANDE (x;, x;) # 0.

(&) Let D€ (x;, x;) # 0, by Definition 4.1 we know that 7/.(y) ¢ 75(x), and since A N DS (x;, x;) # 0,
we get that there is at least one a € A N DE(x;, x;), such that M(x;,a) > M(x;,a) (a € A), and hence
there is M(x;, a) £ M(x;,a), that is [x;]g, ¢ [xilz,, and by Lemma 4.1, A is the GDCS of 2. O
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Theorem 4.3. Let 2 = (O, C, M, D, N) be an IFFDC,
f(2)=V ( &an) (4.2)

is the minimal disjunctive normal form for the granular distribution difference formula f.(2) of 2,
where a, € DY, noting C,, = {a,ln = 1,2,---,q}, and R(2) is the set of all GDRs of 2, then
{Cu(im =1,2,---, p)} = R(2).

Proof. The proof is analogous to that of Theorem 3.2. O

Definition 4.2. Let 2 = (0, C, M, D, N) be an IFFDC, M, is the |0 x|0] Boolean matrix. M. is termed
a granular distribution matrix of 2, if M,(i,:) is a granular distribution function of the object x;, i.e.,:
M. (i,:) = T.(x;), where M.(i, :) denotes the i-th row vector of the matrix M.

Example 4.1. (Continue from Example 2.3) From Example 2.3, it follows that 2 is an IFFDC. By
Definitions 2.4 and 4.1, the following result is obtained.

21 2
* =1%.-,0,0 = 4.3
TC(X]) 5755 ’ ’5)’ ( )
11 1
¢ =|=, = - 4.4
TC(XZ) 575’0’075)9 ( )
*()—00101 4.5)
TC‘ X3) = ’ 757 ,5 s .
112
p =10,0,-, =, -1, 4.6
Te(xs) 33 5) (4.6)
11 2
p =|-,=,0,0,-|. 4.7
Tclxs) =133 5) 4.7
The granular distribution matrix M, is given as follows:
P00
5 5003
M. =10 0 £ 0 ¢ (4.8)
005
s 5 00 5l

And the granular distribution difference matrix is shown in Table 6.

Table 6. The granular distribution difference matrix for 2.

C
D7 (x;, x;) X1 X2 X3 X4 Xs
X1 0 0 ay asdy ay
X2 ayasdas 0 asagds asagds auds
X3 ayads ayap 0 asds ayap
X4 aiayds aap 0 0 aap
X5 aaxas 0 as azas 0
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The granular distribution difference function is

f‘r(g) =ag N (03 \Y 614) A (Cl] VasV 615) A (Cl3 VagV 615) A (a4 \Y Cl5) A (Cl] \Y 612) (49)
A (Cll VaV 615) A (a3 \Y (15) A as (410)
=(ai Naz Nay) V (ax N as N\ ag). “4.11)

Let C; = {aj,a3,a4} and C, = {a,,a3,a4}. It is easy to verify that for any x; € O, there are
7o (X)) = 7.(x:), j = 1,2. Therefore, C; and C, are GDCSs of 2. And any true subset of C; and C; is
not a GDCS of 2. Therefore, C; and C, are GDRs of 2.

An algorithm for calculating the granular distribution matrix is designed according to Definition 4.2,
i.e., Algorithm 3.

Algorithm 3. Computing granular distribution matrix.
Input: An IFFDC 2 = (0, C, M, D, N), where |O| = m;
Output: M, .//the granular distribution matrix of 2.

1: Calculate the object granular matrix M¢ of 2, decision granular matrix Mp;

2: Replicate M(i,:) m times to get Mcc;

3: Form a one-dimensional array / by combining M¢c(i, :) with the number of M), that have 1 elements in the same
position in each row;

4: Let M (x;) = I';// I is the transpose of [

5: Return M.

According to Definition 4.1, construct an algorithm for computing the granular distribution
difference matrix, i.e., Algorithm 4.

Algorithm 4. Computing granular distribution difference matrix.
Input: An IFFDC 2 = (0, C, M, D, N), where |O| = m, |C| = n;
Output: D..//the granular distribution difference matrix of 2.

: Calculate the granular distribution matrix M, of 2 according to Algorithm 3;
: Replicate M, m times, and form a new matrix M5;

:LetL:Mf—MT;

: If L(j,:) is all 0, then D, (i, j) = 0;

2 If L(j,:) is not all 0, put {a € C|M(x;,a) > M(x;,a)} into D, (i, j);

: Return D;.

AN N AW N =

The above theoretical results provide the basis for developing the Boolean-reasoning-based
attribute reduction method. Specifically, the reduction conditions established in Theorems 4.3 can be
represented by the corresponding minimal disjunctive normal form, whose solutions determine the
attribute subsets satisfying the reduction criterion. Based on these theoretical results, we therefore
develop Algorithm 5 to compute all GDRs of an IFFDC.
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Algorithm 5. Computing granular distribution reduction of IFFDC.
Input: An IFFDC 2 = (0,C, M, D, N);
Output: r(2).//the granular distribution reduction of 2.

1: Calculate the granular distribution difference matrix D, of 2 according to Algorithm 4;

2: Calculati - = AV Di(x,y);
Calculation f.(2) oo (x,y)

3: Calculate f:(2) = '\t/l( ;{laj);

i=1 j=
4: Let Ny = {ajlj < si}, r(2) = {Ni| k<1};
5: Return r.(2).

4.2. Hypergraph representation of granular distribution reduction

Definition 4.3. Let 2 = (O, C, M, D, N) be an IFFDC, D, is the granular distribution difference matrix
of 2. Notingthat V=C,E ={e € 1)9 : e # 0}, the graph G (2) = (V, E) is referred to as the granular
distribution induced graph derived from 2.

All minimal transversals of G.(Z2) are denoted by 7 G.(2), and all GDRs of 2 are denoted by
R(2).

Theorem 4.4. Let 2 = (0,C, M, D, N) be an IFFDC. If G,(2) = (V,E) is the granular distribution
induced graph of 2, then 7 G (2) = R.(2).
Proof. The proof is analogous to that of Theorem 3.5. O

Example 4.2. (Continue from Example 4.1) Table 6 shows the granular distribution difference matrix
of 2 in Example 2.3. From Definition 4.3, we obtain its corresponding granular distribution induced
graph G(2) = (V,E), where V = {ai,a,a3,a4,as}, E = {e1 = (a3),e2 = (as),e3 = (a3,a4), €4 =
(a3, as), es = (as, as), e = (a1, a2), €7 = (a1, a2, as), €5 = (a1, a3, as), €9 = (a3, as, as)}, see Figure 5.

Figure 5. The granular distribution induced graph G.(<2) of 2.

By Lemma 3.4 it follows that all minimal transversals of the graph G.(<£) can be obtained by the
following equation

fGT(Q) =as AN(azVay)) ANlayVasVas)A(azVasVas) A(agVas) A(a; VvV ay) 4.12)
/\(Cll Vaz\/a5)/\(a3 \/615)/\613 (413)
= (611 Aaz N\ a4) \Y (612 Aaz N\ Cl4). (414)

Clearly, the minimal transversals of the graph G.(2) conformity with the GDRs of 2 computed in
Example 4.1. This is another example of Theorem 4.4.
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The established theoretical results show that a GDR can be characterized by a minimal transversal
of the granular distribution induction graph, thereby providing a hypergraph-based characterization of
the reduction problem. This characterization allows a GDR to be obtained by searching for a minimal

transversal of the corresponding hypergraph. Accordingly, Algorithm 6 is constructed to compute one
GDR of an IFFDC.

Algorithm 6. Computing the minimal transversal algorithm of G,(2).
Input: An IFFDC 2 = (0,C, M, D, N);
Output: r,(2).//the minimal transversal of G(2).

1: Generate the granular distribution induced graph G.(2) of 2,

2: Generate the incidence matrix D¢ for graph G.(2);

3: Put all the vertices with rings into r.(2);

4: For any vertex v in r-(Z2), remove all edges incident with v;

5: while D¢ # 0 do

6 Put the vertex vy with maximum degree into r.(2);

7:  Delete all edges incident with vertex vy.

8: end while

9: For any vertex v in r(2), if r.(£2) — {v} covers all the edges incident with v, then remove vertex v from r.(2);
10: Return r(2).

Theorem 4.5. Let 2 = (0, C, M, D, N) be an IFFDC, then the result 7.(2) output by Algorithm 6 is a
GDR of 2.

Proof. The proof is analogous to that of Theorem 3.6. m|

It is worth noting that the Boolean-reasoning-based method and its corresponding algorithm
(Algorithm 5) can obtain all GDRs of an FFDC, whereas the minimal transversal method for
hypergraphs and its corresponding algorithm (Algorithm 6) yield only one GDR of the FFDC.

5. Maximum distribution reduction of IFFDCs

In this section, two granular maximum distribution reduction theories are introduced, one based on
rough sets and the other on hypergraph theory.

5.1. Boolean reasoning representation of granular maximum distribution reduction

Definition 5.1. Let 2 = (0, C, M, D, N) be an IFFDC, for any x;, x; € O, we denote

la € CIM(x;,a) > M(x;,a)}, A(x)) # A(x),

0, others, .1y

Df(xi, xj) = {
Df(xi,xj) is referred to as the granular maximum distribution difference attribute set. And D, =
{Df(x,-,xj)lxi,xj € O} is referred to as the granular maximum distribution difference matrices, and
written DY = {D(x;, x)IDS (x;, x;) # 0). fi(2) = A{Vala € DS(x;, x;), x;, x; € O} is referred to as the
granular maximum distribution difference formula.
Theorem 5.1. Let 2 = (O, C, M, D, N) be an IFFDC, A C C. A is the GMDCS of 2 if and only if for
DS(x;, xj) € DY, there is A N DS (x;, x;) # 0.
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Proof. The proof is analogous to that of Theorem 3.1. O

Theorem 5.2. Let 2 = (O, C, M, D, N) be an IFFDC,
f(2) = 5(&%) (5.2)

is a minimal analysis paradigm for the granular maximum distribution difference formula, where a, €
Z)g, noting that D,, = {a,|ln = 1,2,--- , ¢}, and that R;(2) is the set of all GMDRs of 2, then

{Dp(m=1,2,---, p)} = Ry(2D).
Proof. The proof is analogous to that of Theorem 3.2. m|

Definition 5.2. Let 2 = (O, C, M, D, N) be an IFFDC, M, is a 1 x |O| vector, then M, is referred to as
the granular maximum distribution vector of 2, if M (i) is the granular maximum distribution function
of x;, 1.e., M;(i) = A;(x;), where M,(i) denotes the i-th column element of the vector M,.

Example 5.1. (Continue from Example 2.3) From Example 2.3, it follows that 2 is an IFFDC. By
Definition 2.4, the corresponding result can be obtained as follows.

; 2
Ai0n) = A0e) = Ay (xs) = =

) 53
5 (5.3)
* * 1
Ax(x2) = A4(x3) = 5. (5.4)
The granular maximum distribution difference matrix is shown in Table 7.
Table 7. The granular maximum distribution difference matrix for 2.
DS(x,y) X X X3 X4 X5
X 0 0 ay 0 0
X2 aasds (D (b asaads asds
X3 aidapds 0 0 asds apay
X4 0 aay 0 0 0
X5 0 0 as 0 0
The granular maximum distribution vector is
21122
M =\=z-=Z-Z>Z>Z%]- 5'5
1 (5 55’5 5) (5-5)
The granular maximum distribution difference function is
f,}(c,@) =asAN(@ayVasVas)AN(azVasVas)A(asVas) AN(a; VaV as)
A (Cl3 \Y a5) A (Cl] \ Clz) A aj
=(ai Nay Nay) V (ar Aas A ay). (5.6)
Let Dy = {aj,a3,a4} and D, = {ay,a3,a4}). It is easy to verify that for any x; € O, there are

Tj’)j(xi) = 7.(x;), j = 1,2. Therefore D, and D, are GMDCSs of 2. And any proper subset of D; and
D, is not a GMDCS of 2. Therefore, D, and D, are GMDRs of 2.
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According to Definition 5.1 and Theorem 5.2, we design the algorithm to compute the granular
maximum distribution difference matrix, i.e., Algorithm 7, which is constructed based on Boolean
reasoning.

Algorithm 7. Computing the granular maximum distribution difference matrix.
Input: An IFFDC 2 = (0, C, M, D, N), where |0| = m, |C| = n;

Output: D,.//the granular maximum distribution difference matrix of 2.

1: Calculate the granular distribution matrix M, of 2 using Algorithm 3;
2: Take the maximum value of M,(i, :) in i-th row is M, (i);
3:fori=1tomdo

4: for j=1tomdo

50 K= M) - M)

6 if K = 0 then

7 D, ) = 0;

8 else

9: Put a satisfying the condition: {a € C|M(x;,a) > M(xj, a)}into D, (, j);
10: end if

11: end for

12: end for

13: Return D;.

According to Theorem 5.2, the attribute reduction criterion can be formulated as a Boolean
reasoning problem and represented by the corresponding minimal disjunctive normal form. Each
solution of this form determines an attribute subset satisfying the reduction criterion, thereby
establishing a direct connection between the theoretical characterization and the computation of
reducts. Accordingly, Algorithm 8 is developed to obtain all GMDRs of an IFFDC.

Algorithm 8. Computing the granular maximum distribution reduction of IFFDCs.
Input: An IFFDC 2 = (0,C, M, D, N);

Output: r(2).// the granular maximum distribution reduction of 2.

1: Calculate granular maximum distribution difference matrix 9,(2) of 2 by using Algorithm 7,

2: Calcul = A VD ;
Calculate f1(2) A (%, ));

3: Calculate fi(2) = ,\t/I( ,Xlaj);

i=1 j=
4: Let Ny = {ajlj < si}, ra(2) = (Nil k < 1);
5: Return r(2).

5.2. Hypergraph representation of granular maximum distribution reduction

Definition 5.3. Let 2 = (0, C, M, D, N) be an IFFDC, D,(2) is the granular maximum distribution
difference matrix of 2. Notingthat V =C, E = {e € Df@ : e # 0}, the graph G(2) = (V, E) is referred
to as the granular maximum distribution induced graph derived from 2.

All minimal transversals of G,(2) are denoted by 7 G,(2), and all GMDRs of 2 are denoted by
RU(2D).
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Theorem 5.3. Let 2 = (0,C,M, D, N) be an IFFDC. If G(2) = (V,E) is the granular maximum
distribution induced graph, then 7G(2) = Ry(2).

Proof. The proof is analogous to that of Theorem 3.5. m|

Example 5.2. (Continue from Example 5.1) Table 7 shows the granular maximum distribution
difference matrix of 2 in Example 2.3. From Definition 5.3, we obtain its corresponding granular
maximum distribution induced graph G,(£2) = (V, E), where

V ={a, ay, a3, a4, as},
E =le; = (a3), ey = (a4), e3 = (a3, as,as), es = (a3, as),

es = (as, as), e = (ar,ay), e7 = (a1, az,as), eg = (a;,as,as)},

see Figure 6 for details.

Figure 6. The granular maximum distribution induced graph G,(<2) of 2.

By Lemma 3.4 it follows that all minimal transversals of the graph G () can be obtained by the
following equation

fG}(g) =ag N\ (Cl] VasV a5) A (613 VasV a5) A (614 \Y 615) A (Cll VaV a5)
A ((13 \ 615) A (a1 \Y Clz) A aj
=(ai Nay Nay) V (ar A az A\ ay). 5.7

Clearly, the minimal transversal of the graph G ,(2) coincides with the GMDR of 2.

According to the preceding theoretical results, the computation of a GMDR is equivalent to finding a
minimal transversal of the granular maximum distribution induction graph. This equivalence provides
a direct computational route from the theoretical reduction criterion to a hypergraph-based solution.
Accordingly, Algorithm 9 is developed to determine one GMDR of an IFFDC.
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Algorithm 9. Algorithms for computing the minimal transversal algorithm of G(2).
Input: An IFFDC 2 = (0,C, M, D, N);
Output: r,(2).//the minimal transversal of G,(2).

. Calculate granular maximum distribution difference matrix 9,(2) of 2 by Algorithm 7,
: Generate the granular maximum distribution induced graph G,(2) of 2 according to Definition 5.3;
: Generate the incidence matrix Dg for graph G,(2);

: Put all the vertices with rings into r,(2);

1
2
3
4
5: For any vertex v in r (2), remove all edges incident with v;
6: while D¢ # 0 do

7:  Put the vertex vy with maximum degree into r (2);

8:  Delete all edges incident with vertex vg.

9: end while

10: For any vertex v in ry(2), if ri(2) — {v} covers all the edges incident with v, then remove vertex v from r,(2);

11: Return r(2).

Theorem 5.4. Let 2 = (0, C, M, D, N) be an IFFDC, then the result 7,(.2) output by Algorithm 9 is a
GMDR of 2.

Proof. The proof is analogous to that of Theorem 3.6. O

It is worth noting that the Boolean-reasoning-based method and its corresponding algorithm
(Algorithm 8) can obtain all GMDRs of an FFDC, whereas the minimal transversal method for
hypergraphs and its corresponding algorithm (Algorithm 9) yield only one GMDR of the FFDC.

6. Conclusions

To our knowledge, while numerous attribute reduction approaches exist for CFFDCs, only a
limited number have been developed for IFFDCs. This paper presents the first application of
hypergraph transversal theory to attribute reduction in the IFFDCs. We define the distribution,
allocation, maximum distribution, and upper approximation sum functions, and accordingly establish
their corresponding reductions. And, we discuss the relationships between the various reductions and
establish that the allocation reduction is equivalent to the upper approximation sum reduction, and
that the distribution reduction is necessarily both the maximum distribution reduction and the
allocation reduction. Furthermore, we construct a reduction algorithm based on rough set inclusion
and a reduction algorithm based on hypergraph transversal theory, and prove that these two
algorithms are equivalent.

Previous studies have applied vertex cover theory mainly to CFFDCs. In contrast, this study
extends its application to attribute reduction in FFC, providing a graph-theoretic perspective on
attribute optimization in FFCA. Nevertheless, the proposed framework is currently limited to a single
granularity level, and the two developed algorithms have not yet been systematically compared
through extensive data experiments.

Future work will focus on two directions. First, we will extend the proposed framework to
multi-granulation FFCs and develop corresponding reduction algorithms, together with
comprehensive experiments to evaluate their effectiveness and efficiency against existing methods.
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Second, we will investigate attribute reduction for dynamic FFCs, with particular attention to efficient
reduction mechanisms under evolving data.

From an application perspective, attribute reduction in FFCs provides an effective means of
eliminating redundant attributes while preserving essential information, and thus has potential for
uncertain information mining. For instance, in intelligent fault diagnosis, it can identify informative
fault-related features from fuzzy and incomplete sensor data, thereby reducing model dimensionality
and computational complexity while improving the efficiency and interpretability of fault
identification.
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