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Abstract: In this study, we consider the estimator of true correlation matrix within generalized
estimating equations for high-dimensional longitudinal data. More precisely, a modified unit
correlation matrix structure is constructed, and initial estimator during the iterative procedure is
derived. Under mild regularity conditions, we establish the asymptotic consistency of the true
correlation matrix estimator by techniques including the existence theorem of roots and Markov’s
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variable case.
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1. Introduction

Longitudinal data arise frequently in biomedical and social science research, where the same
subjects are measured repeatedly over time. The generalized estimating equation (GEE) method of
Liang and Zeger [1] is now the standard approach for analyzing such data. A key ingredient of GEE
is the working correlation matrix, which describes the within-subject dependence among repeated
observations. The regression coefficient estimator remains consistent and asymptotically normal even
when this matrix is misspecified, but misspecification costs efficiency. To attain optimal efficiency, the
working correlation matrix must consistently estimate the true underlying correlation structure, and
this concern has driven much of the methodological development in GEE.

In the original formulation of Liang and Zeger [1], the working correlation matrix R(7) is indexed
by a finite-dimensional nuisance parameter 7, and the asymptotic theory requires /n-consistency of
7. This parameterized view dominated the early literature. Xie and Yang [2] and Balan and Schiopu-
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Kratina [3] studied asymptotic properties under large cluster sizes, and Fahrmeir and Kaufmann [4]
established consistency and asymptotic normality for generalized linear models. Zeger and Liang [5]
extended the framework to discrete and continuous outcomes. More recent work along these lines
includes Gosho et al. [6] on bias-adjusted GEE for sparse binary data and Yi, Zeng and Cook [7] on
robust pairwise likelihood for incomplete longitudinal data.

The correlation coefficient is not always a convenient parameterization, particularly for binary
outcomes where correlations are bounded and hard to estimate. Several alternatives were explored.
Prentice [8] added a second set of estimating equations for pairwise correlations, giving rise to GEE2.
Lipsitz, Laird and Harrington [9] used the odds ratio as the association measure, and Carey, Zeger
and Diggle [10] developed alternating logistic regressions. Qu, Lindsay and Li [11] proposed the
quadratic inference function, which represents R~'(7) as a linear combination of basis matrices and
avoids estimating the correlation parameter directly. Pan [12] introduced the QIC criterion for selecting
among working structures. Other parameterizations and selection criteria were studied by Lange et
al. [13], Shults and Ratcliffe [14], and Fu, Hao and Wang [15].

High-dimensional covariates changed the picture. When p, grows with n, the +/n-consistency
requirement on 7 is no longer the natural regime. Wang [16] bypassed the nuisance parameter entirely:
rather than estimating 7, Wang constructed a fixed positive-definite matrix R and assumed that

IR = Rl = 0,(\pa/n),

even as p, diverges. This result laid the foundation for high-dimensional GEE theory. Chen
and Yin [17] subsequently established the existence, consistency and asymptotic normality of the
general GEE estimator in this framework. Since then, high-dimensional GEE has developed along
several directions. Penalized variable selection was studied by Wang et al. [18], Green et al. [19],
Kamruzzaman et al. [20], and Zhou et al. [21]. Inference and testing were addressed by Xia and
Shojaie [22], Fang, Ning and Li [23], and Dumitrescu et al. [24]. Robust estimation of the correlation
matrix itself was considered by Lu, Xue and Hu [25], Lu, Xue and Cai [26], and Tang and Wang [27].

However, Wang’s [16] consistency result, is restricted to binary responses. In fact, polytomous
ordinal outcomes are common in two broad settings. The first involves high-dimensional longitudinal
clinical follow-up: In chronic disease cohort studies, patients are assessed repeatedly, and outcomes
such as disease severity (mild/moderate/severe) or treatment response are recorded along with a
large set of biomarker and genomic covariates [28,29]. The second involves consumer panel data:
Respondents are tracked across multiple survey waves, and satisfaction or preference ratings are
measured alongside a high-dimensional bank of questionnaire items [30]. In both settings, the
within-subject correlation structure is unlikely to follow a simple exchangeable or AR-1 form. A
misspecified working correlation matrix then reduces the efficiency of regression coefficient estimates.
By providing a consistent estimator of the true correlation matrix for multi-category longitudinal data
with diverging covariates, our method directly improves GEE inference precision. Existing GEE
methods for polytomous longitudinal data, such as Miller, Davis and Landis [31] and Heagerty and
Zeger [32], operate in the fixed-dimensional regime and do not address consistency of the correlation
matrix estimator when p,, diverges.

This paper extends Wang’s [16] consistency result to multinomial responses. We use a two-step
logit model for a three-category ordinal response. The extension involves more than a change of
notation. The response vector doubles in dimension, the design matrix is block diagonal, and the
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initial estimating equation differs structurally from Eq (3.2) in Wang [16]. The proof relies on a block-
matrix decomposition (Lemma 4.2) that do not arise in the binary case. Under regularity conditions,
we prove the asymptotic consistency of the true correlation matrix. Finally, the performance of the
established theory is illustrated using Monte Carlo simulations.

The remainder of this paper is organized as follows: Section 2 introduces the two-step logit model
and derives the corresponding generalized estimating equations. Section 3 presents the asymptotic
properties of the true correlation matrix estimator. Section 4 provides a detailed proof of the main
result. Section 5 presents Monte Carlo simulations to verify the theoretical analysis. Section 6 gives a
brief conclusion.

/7

Notation: Throughout this paper, superscript always denotes the transpose of a vector or a
matrix. Tr(A) is the trace of a matrix A. Moreover, we use || - || to denote the Frobenius norm. For a
matrix D, |D|| = [Tr(DD")]'2. Particularly, for a vector x, [lx|| = [lx|l» = (x* + - -+ + x2)/2. For any
vector v, diag(v) represents a diagonal matrix whose diagonal elements are the elements of v.

2. Model description

2.1. Preliminaries

Suppose (Y;;, X;;) are observations for the jth measurement on the ith subject, i = 1,2,--- ,n, and
Jj=1,2,---,m, where Y;; is a response variable, X;; is a p,-dimensional vector of covariates. Let
Y; = (Yu, -, Y denote the vector of responses for the ith subject, and assume X; = (X;1,--- , Xim)

be the associated m X p, matrix of covariates. The dimension of the covariates p, is allowed to depend
on the number of subjects n. Note that, the observations are independent if they are from different
subjects, but are correlated if they are from the same subject.

Denote the marginal expectation and variance of Y;; by m;;(B,) = Eg (¥;;) and A;;(B,,) = Varg (Y;)).
Let m(B,) = (ma(B,), - ,nim(ﬁn))' and A,(B,) = diag(As(B,), - ,Am(B,)). According to [1], the
optimal estimating equations for 8, is given by

n

g Y ~0
;(G—M (BT - m(B,) = 0,

where V(B,, T) is a working covariance matrix of Y;. In applications, the true correlation matrix of
Y;, denoted by Ry, is unknown. The GEE procedure adopts a working covariance matrix, which is
specified through a working correlation matrix R(t) : Vi(B,,7) = A;/ z(ﬁn)R(T)Ail/ 2(ﬂn), where T is a
finite dimensional parameter. It should be noted that, if R(7) is equal to the true correlation matrix R,
then V,(B,,7) = Cov(Y,) at the true parameter 8,,. This motivates the need for consistent estimation
of Ry, which is the primary focus of this paper.

2.2. Two-step logit model

Without loss of generality, consider a response variable Y with three categories, denoted as § =
{1,2,3}. Suppose S is partitioned into two subsets: §; = {1} and S, = {2, 3}. The model is constructed
in two stages as follows.
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Stage 1: Define the probability that Y belongs to S as

exp(X'B,)
1 +exp(X'B,)’

where X is a covariate vector and 3, is the corresponding regression parameter vector.
Stage 2: Conditional on Y € §,, define the probability that Y = 2 as

exp(X'B,)
1 +exp(X'B,)’

where S, is another regression parameter vector. From these definitions, the marginal probabilities for
each category are derived as follows:

PYeS | |X)=

P(Y=2|YeSy,X) =

3 B exp(X'B,)
P = = By
P(Y=2]|X)= xpXPy)
[T+ exp(X B[l + exp(X B,)]
PY=3|X)= !

[1 + exp(X'B,)I[1 + exp(X'B))]’

This model is referred to as the two-step logit model. Further details are comprehensively provided by
Morawitz and Tutz [33].

2.3. Two-step logit model in GEE

Suppose (¥}, X;;) represents the observed data for the jth measurement of the ith subject, where
i=1,...,n,j=1,...,m. Y is the response, and X ij 1s a p,-dimensional covariate vector. Define the
category probabilities as

ﬂ'z‘jr:P()_)ij:rlXij)’ r = 1,2,3.

Since m;j; + mijp + 73 = 1, it suffices to model 7;;; and ;. Additional notation is introduced

17 _i': 17 17 _i':27
Yij = 0 )_)j_ Yip = )_)J_
b Yij—20r3’ O, yl]_ 101’3.

Let
Yi = (Y;p- .. ’Yl,'m),’ Yl] = (Yijla YijZ),’ Xi = (Xi]’ .. '7Xim) ’

where the design matrix is
, ((1, X) 0

0 (1, Xl]))2X2(1+ﬁn) ‘

The parameter vector of interest is 8, = (Boi1, B}, B0z, B5)’s which has dimension p,
not hard to show that there exists a 2-dimensional link function g such that g(z;;)
example, [34, pp. 63-95]). Furthermore, the expectation of ¥; is

2(1 + p,). Itis
Xijﬂn (see, for

mi(B,) = EB,,(Yi) = (7TE1 B - ’ﬂ-;m(ﬁn))/s Fij(ﬂn) = (ﬂijl,ﬂijz)'-
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The variance of Y; is given by the diagonal matrix
Ai(B,) = diag (Var(Yiy), Var(Y;12), . . ., Var(Yim1), Var(Yip2)) .

Let R is the working correlation matrix, the GEE for the two-step logit model as follows:
S,B) = > XiH(B)A; *(BIR AT (B)Y; - m(B,) =0, M
i=1

where H,(B,) = diag(H;(B,),...,H,(B,)), H;;(B,) = 571';.,-(ﬂn)/5tij, with ¢;; = (tij1, ;i) = X;jﬁn'
Note that, the explicit forms of the marginal expectation and variance are

, et,'jl etij2
ﬂij(ﬁn) - (1 + eliit ’ (1 + et;jl)(l + €Zi./2)) s (2)
Ay(B,) = diag (i (B,)(1 - 71 (B,). mip(B,)(1 - mip(B,)).
We also consider a modified estimating equations
8.8, = > X H(B)A B)Y; —7(B,) =0, (3)
i=1

where 8, denotes the solution to Eq (3), which will be used to establish the asymptotic properties in
the subsequent sections.

General k-class extension. Let Y;; denote ordinal responses with k categories, and X jrepresent p,-
dimensional covariate vectors for cluster i at occasion jfori =1,...,nand j=1,...,m;. Define y;; as
a vector of g(= k—1)-dimensional variables, where y;; = (yij1, . . ., Yij)" With y;;» = 1 if response Y;; = r
and O else. Besides, let &r;; and n;;. be the vector of marginal probabilities and marginal cumulative
probabilities, respectively, where zr;; = (7;j1, ..., 7j,) with m;;, = P(Y;; = r | xi5) = P(yijr = 1| x;5),
and n;j, = P(Y;; < 7| xij) = Xy mije.

Furthermore, the cumulative logit model for describing the dependence of Y;; on x;; is given by

Nijr
I - nijr

logit(;j,) = log = ¢, + X0 = Vijr, r=1,...,q,

where the intercepts ¢, ..., ¢, satisfy ¢; < --- < ¢, 6 is the vector of regression coeflicients, and ;;,

is the rth element of a g-dimensional linear predictor y; = ijts -5 Y iq) - Note that 7r;;; = n;;; and
exp(Yijr) exp(Yijr-1)

— - , r=2,...,q.
I +exp(yijr) 1+ exp(¥ijr—1) 1

Tijr

Then, the linear predictor y;; can be represented as y;; = X 8,, where B, = (¢1,..., ¢, ¢’) is the
pn-dimensional parameter vector of interest, and

10 0 X
o |01 0 X
Xij: o

00 U X g
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is the g X p, design matrix. It is not hard to show that there exists a g-dimensional link function g such
that g(mr;;) = X B, (see Fahrmeir and Tutz [34], pp.73-84).

Compared with the three-class (¢ = 2) case, the response dimension expands from 2m to gm, the
design matrix expands from 2 X 2(1 + p,) to g X (¢ + p,). Since g and m are fixed, the block-matrix
proof in Lemma 4.2 extends naturally. Besides, the Theorem 3.1 remains valid for arbitrary k > 3.

3. Main results

To prove consistency for the true correlation matrix Ry, we shall impose some regularity conditions
as follows:

(A1) sup; [ X;ll = OC/pa);
i
(A2) the unknown parameter 8, belongs to a compact subset B C R”", the true parameter value 3,
lies in the interior of B and there exist positive constants ¢y, ¢, such that

0 <c; <mij(Bry) mipp(Bo) < 2 < 1, Vi, j;

Note that condition (A2) imposes bounds on marginal probabilities, which correspond to the
expectations of our binary-indicator responses. Since these responses only take values 0 and 1, their
variances are fully determined by the marginal probabilities, so no extra conditions on responses are
needed.

(A3) there exist positive constants, c3, ¢4, such that
n n
e3 < Apin(n™' D XX < D™ D XX S €4
i=1 i=1

where Ay, (resp. Amax) denotes the minimum (resp. maximum) eigenvalue of a matrix;
(A4) p,zl/n — 0 (n > o0).
Now let us give the main theorem in this paper.

Theorem 3.1. Under assumptions (Al)-(A4), then we have

IR™ = Ryl = 0,(\/puln).
where R = 1 zl AT PBIY - m(B)Y - 7B AT (B,

Remark 1. Conditions (A1)—(A4) are identical to those in Wang [16].

Remark 2. As a special case for clustered binary data, the generalized estimating equations in (1)
reduce to Eq (3.1) presented by [16].

Remark 3. Our main result generalizes that of [16] from a binary to a multinomial response and can
be naturally extended to the case where the k response categories are partitioned into 7 subsets.
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4. Proof of main results

Throughout this section, let ¢, ¢y, ¢, . . . denote generic positive constants that may vary from line to
line. For notational simplicity, when functions of B, are evaluated at the true parameter value f3,,, we
omit the argument; for instance, we write S, = S,(8,0), S» = S,(B,). etc.

Our proofs adapt and extend some key ideas from Wang [16]. To establish Theorem 3.1, we first
present two essential lemmas.

Lemma 4.1. Let C be an open and bounded set in R", with closure C and boundary dC. Suppose
F : C c R" — R"is a continuous function satisfying

(x-x"F(x)<0
for some x° € C and all x € dC. Then the equation F(x) = 0 has a solution in C.

Proof. For a detailed proof, the reader could refer to the Theorem 4.6.3 of Ortega and Rheinboldt [35].
Lemma 4.2. Under assumptions (Al )—(A4), Eq (3) have a solution ﬁn such that

1B, = Byoll = O,(\pa/n).

Proof. Combining (A2) with Lemma 4.1, it suffices to show: Ye > 0, there exists a constant A > 0 such
that for all n sufficiently large,

P{ sup B, = B.0)S.(B,) < 0} >1-e “)
1B, ~Buoll=A \/pu/n

Firstly, an application of Taylor expansion yields that

(ﬂn _BnO),Sn(ﬂn)
= (ﬂn _ﬁno)/sn + (ﬁn _BnO)’Fﬂ(ﬂZ)(ﬂn _ﬂnO) (5)

A
=1L+ L,

where F,(B8,) = and B, lies between B, and 8,,. Next, we will evaluate 1,; and [,
respectively. For I,,l, it follows from (A1), (A2) and (2) that

ElIS.I* =E

D (¥ —m) AT H X, X HAT (Y, - m)]

i=1

<E Z Amax (X X)) - IHP - AT IP - 1Y = m-||2]
i=1

<c-Tr [Z X,-le) = O(npy),

i=1

which implies IS, = O,(+/np,). It is easy to derive that

sup Ll < Aypa/n-1IS,ll < AO,(pa). (6)
1B, =Boll=A \ pu/n
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For I,,, define H; in‘jl = (W;j1,Wij), then H iAi_l(Y,- — ;) can be written as a column vector:
Wi it = 7i1) + Wi Oz = T12)s s W Oimt = i) + Wiy Qi — i) -

Denote w;j;, = Ow;j,/0t; i and let Wl(.js.) be a block-diagonal matrix with the j-th block equal to w;j; and
0 elsewhere, for s = 1,2. It is not hard to get that

88,(B,)
F, = !
== > X{H(B)AT' B)H/(B,)X,
i=1 (7)
n m 2
D Z D IXWO B - i BX
i=1 j=1 s=1
= Lot + I
Utilizing (A1) and (A4), we immediately get that
sup 1X:,(By = Buo)l = 0.
1B, =Boll<A N/ pu/n
Moreover, from (A2) and (2) we have
0<ci <mpB)mipPB,)<c<l
It is easily seen that
inf  Awin [Hi(B)AT' BIH/(B,)] > 0. ®)
”ﬁn_ﬁno”SA Vpn/n
Using (A3) and (8), we can get that
sup a,la, <—cn. 9)

1B, =Broll<A \ pu/n, llanll=1

For 1,5,, one can easily derive that

n

m 2
n22 - Z Z Z ,(;)(ﬁ )[Yl]S ﬂl]?(ﬂ )]X

i=1 j=1 s=1

Z X;WEJS-)[Yijs - 7Tijs]Xi

j=1 =1

MN

Il
—

S

M1~

X W(B,) - WY, — ms(BIX

1 s

i=1 j 1

N

[WS)(B )~ W(S) 1mijs — mijs(B)IX;

1l
—_
~.
Il
—_
v
1l
—_

5 MN

M=
MN

X;W g — mijs(B)1X

i=1 j=1 s

= Jnja + Jnjb + Jnjc + Jnjd-

~.
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According to (A2) and (2), we have
IH(BII < ¢, 10H(B,)/0t; ]l < c,
1A;BIII < ¢, 1104;;(B,)/dt|l < c.
Since WE;) 1s a 2m X 2m matrix, s = 1,2, we obtain
Wl <e, IWDll<c, Vij

which, together with (A1), give
Ellujall* < np}.

It follows from Markov’s inequality that
”Jnja” = Op( \/ﬁpn) = Op(n)-

By (Al) and (A4), we have

sup  [W(B,) - Wl < c- IXll- 1B, = Byoll = o(1).

|Wn_ﬁn()”SA VPn/"
From (A3) and (11), we obtain

sup a,J,ppa, = o(n).

1B, =Buoll<A N pa/n, llayli=1

By the same arguments,

4
sup a,J,j.a, = o(n),
1B =Boll<A N pn/n, llall=1
’
sup a,J,jq.a, = o(n).

”ﬁn_ﬂnOHSA Vpn/n, [la,|l=1
(10), (12) and (13) give the result that

sup a lna, = o(n).

”Bn_ﬁnOHSA Vl’n/", la|l=1

In fact,

P{ sup a,F,(B)a, < —cn} — 1.

llan|l=1

with the help of (7), (9) and (14). This implies that

P{ sup (ﬁn _ﬂnO)/Fn(ﬁZ)(ﬂn _ﬁnO) < _CAzpn} — L

”Bn_ﬁn()”:A Vpn/n

From (6), (15) and the arbitrariness of A, we can choose A sufficiently large so that (4) holds.

(10)

(1)

(12)

(13)

(14)

(15)
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Proof of Theorem 3.1. It follows from Chebyshev’s inequality,

IR* — Roll = O,(1/ V). (16)

where

1 & ’
= - A._l/z Y, — )Y, —m; A._l/z.
" E_ i Yi—m)(Y; —m) A,

It is clear that ER* = R,). Consider the (k, j)-th entry R; ;. By the Markov inequality and the moment
conditions Var(RZj) = O(1/n), for any & > 0, there exists M = M(g) > 0 such that

nEIR;, — RosjP  nVar(R;)

P(ViIR;; - Royl = M) < e =—n <&

Hence \/ﬁ(R,’;j — Roxj) = 0,(1) for every (k, j). It follows that |R* — Ryl = O,(1/ v/n).
We now prove IR — R*|| = O,(+/pn/n). Note that

m m 2
IR-RIP =) > > [Rijs — Ry, I (17)
k=1 j=1 s=1

where

R R 1 (Yiks - ﬁiks)(Yijs - 7_Tijs) (Yiks - Tr?ks)(Yils l]Y)
kjs = Djs =- _ — - ’
" i=1 VAiks \,Aijs \’A?ks '\,A?JS

with 7% = mus(Boo)s Tis = mas(B,), AY, = 7% (1 — 7Y ), and Ay, = 7u,(1 — Tyrs). We then obtain

A " 1 & (Yiks - ﬁiks)(Yijs - 7_Tijs) - (Yiks ﬂ,ks)(Ytjs Us v)
|Rkjv - k,sl = Z !

< |-
n 4 [40  [40
i=1 Ak Aijs
5 (Yies — Tis) Yijs — Tijs)

5ijks
=1 ) /A(.)k JAY
iks ijs

A
= Iijs1 + Iijsos

(18)

1
+ |=
n

where &, s = [A?kSA?]‘]I/Z[A,-ksﬁ,-js]‘l/z — 1. From (17) and (18), we can get

m m 2 m m 2
IR-RIP<2) Z DR +2) Z D s 2 L+ . (19)
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By triangle inequality, it is not difficult to obtain

n (A, — nm;xnux ijol

ijsl < -

+ li Kﬂ?ks - friks)(Yijs ﬂ,jé)l
i=1 A?ks A?]s
4 l a |(7T,JS ﬂl]?)(YlkY ﬂzks)l
n

i=1 \vl A?ks ‘\, A?js

A
= Iijsn + Lijsao + Ijs 3.

Using (19) and (20), we can derive

m m 2 m m 2
Iy < 6222 k}511+62221k1512+6222 kjs,13

= L In12+Inl3-

By Cauchy-Schwarz inequality, we have

(7T ﬁ'iks)z— >1 (7Tl s ﬁijv)z
]2_ <|= ’k‘— B s TUY
kit = [nz (1-n nzn (A -n))|

i=1 lkS iks’”1 L7 i=1 “ijs
Hence,
11 2
IS & @ -7 | (1S & & @ mjs)
eI I IE s I M 3 W i
n i=1 k=1 s=1 ”tks( _ﬂzks | _I’L i=1 j=1 s=1 ﬂUY( l]Y
Let A, be the unit vector with 1 in the s-th entry and O elsewhere. We have
67rk
al;s = A HB)X,;, s=12.

For some f3, between ﬁn and B,,, It follows from (23) and (A3) that

e
ne K 7((') s(l - ﬂ-?ks

C Zm: ZZ] n _Bno),XikH;k(BH)AAYA;Hik(Bn)X;k(ﬁn _ﬂno)
(1 = )

C (ﬁn nO) (Z X’ l')(Bn_ﬂnO)

Pa. 2 ’
—C- - : /lmax § X,XL
nc ”Bn ﬁnO” [i:l )

= 0(B, - Bl

I/\

IA
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(23)

(24)
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From (22), (24) and Lemma 4.2, we get I,,;; = O,(p>/n?). Similarly,

Ly = Op(pn/n)a I3 = Op(pn/n)

Hence we have
I = Op(pn/n)- (25)

To evaluate 9, i, define g(B,) = [A?kSA?JY]I/Z[Aiks(ﬁn)Aijs(Bn)]_l/za then 6 jus = g(Bn) - g(B,y)- By mean
value theorem,

16651l = 18(B,) — 8B < c1 - 1X3(B, = Bill + 2 - I X},(B, = B,o)ll. (26)

Using Cauchy-Schwarz inequality, (26), (A3) and Lemma 4.2, we obtain

5 1S (Yay = 72 (YVijs — 7jy)? .
1n2<2ZZZ[ZZ7T”:(1 ﬂ;?ks)ﬂgsj(l - ” Zdz‘zjks]

i=1 ljS) i=1

n m m 2
<4235 Y~ X+ X~ =
<4c-1IB, - Bl { max (7! Z XiX)) + Aax(n™ > X »]
i=1
= Op(pn/n).
From (19), (25) and (27), we conclude
IR = Rl = 0,(\/pa/n). (28)
Combining (16) and (28), we obtain
IR = Roll < IR = R*|| + IR* = Roll = O,(\/pa/m). (29)

Finally, since
a1 _ PO _
IR —Ry'II=IIR (R-R)R,Il,

Theorem 3.1 follows from (29).

5. Monte Carlo simulations
In this section, we conduct Monte Carlo simulations to verify the theoretical result established in
Theorem 1. The data are generated from a two-step logit model for multinomial responses with three

categories, as described in Section 2. For each subject i = 1,...,n, we generate m = 4 repeated
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measurements. The covariate vector X; ; € R7" is drawn from a multivariate normal distribution with
mean 0 and covariance matrix X, where X;; = 0.5%/. The true parameter vector is set as

B =(05,02-1,, -05, -02-1; Y,

where 1;, denotes a p,-dimensional vector of ones. The true correlation matrix R, is specified as an
exchangeable structure with correlation coefficient p, and we consider three levels of within-subject
correlation: p = 0.3,0.5,0.8. To evaluate the asymptotic behavior under increasing dimensionality, we
consider three sample size-dimension configurations: (i) n = 200, p, = 5, hence p, = 2(1 + p,) = 12;
(i1) n = 400, p, = 10, hence p, = 22; (ii1) n = 800, p,, = 20, hence p, = 42. These settings satisfy the
conditions as required by Section 2.3.

To obtain the initial estimator f3,, we iterate a modified Fisher scoring algorithm for the estimating
equations in (3), following the procedure in Liang and Zeger [1]. The estimated correlation matrix is
then constructed as

R R . i
R== A7P@)Y~ B - m(B)Y AT (B,
i=1
We measure the estimation error by the Frobenius norm of the inverse-matrix:

Error = |[R™ - R;'|\.

All results are based on 500 independent replications.

The average normalized errors and their standard deviations over 500 replications are reported in
Tables 1-3 for p = 0.3,0.5,0.8, respectively. According to these tables, we can see that when the
covariate dimension p, grows at a suitable rate as the sample size n, the accuracy of the correlation
matrix estimator is satisfactory for all three correlation levels. To verify that the theoretical result is
not specific to the exchangeable correlation structure, we repeated the simulations under an AR-1 true
correlation matrix (Ro) x = p~* with p = 0.5. The results are reported in Appendix A.

Table 1. Average error (||IA€_1 - R, 1)) for o = 0.3 over 500 replications.

n pn  pn  Error SD

200 5 12 0.0104 0.0029
400 10 22 0.0053 0.0019
800 20 42 0.0029 0.0008

Table 2. Average error (||IA2_1 - R, 1) for p = 0.5 over 500 replications.

n pn pn Error SD

200 5 12 0.0109 0.0030
400 10 22 0.0056 0.0020
800 20 42 0.0030 0.0009
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Table 3. Average error (IIIAQ_1 - R, ")) for o = 0.8 over 500 replications.

n pn  pn  Error SD
200 5 12 0.0117 0.0032
400 10 22 0.0060 0.0022

800 20 42 0.0032 0.0009

6. Conclusions

This paper investigates the true correlation matrix estimator in generalized estimating equations
for high-dimensional longitudinal multinomial data. Under mild regularity conditions, we establish
its asymptotic consistency with a convergence rate of O,(+/p,/n), extending the classical result
from binary responses to the multinomial setting. The proof employs a block-matrix decomposition
technique to accommodate the expanded response dimension, and the conclusion naturally generalizes
to ordinal outcomes with an arbitrary number of categories. Finally, Monte Carlo simulations under
both exchangeable and AR-1 correlation structures verify our theoretical findings. Future research
may extend to scenarios with missing observations, penalized variable selection, and more general
categorical response models.

Appendix A. Simulation results under the AR-1 correlation structure

Table A.1. Average error (||1Ai’_1 - R, 1)) with p = 0.3 over 500 replications.

n  p, p. Error SD
200 5 12 0.0104 0.0029
400 10 22 0.0053 0.0019
800 20 42 0.0029 0.0009

Table A.2. Average error (||IA{_1

- R, ") with p = 0.5 over 500 replications.

n  p, pn Error SD
200 5 12 0.0109 0.0030
400 10 22 0.0056 0.0020
800 20 42 0.0030 0.0009

Table A.3. Average error (||IA€_1

- R, 1)) with p = 0.8 over 500 replications.

n  p, pn Error SD
200 5 12 0.0117 0.0033
400 10 22 0.0060 0.0022
800 20 42 0.0032 0.0010

Note: All settings are identical to those

in Section 5 except that the true correlation matrix R,

follows the AR-1 structure with (Ro) % = "™, jk=1,....,m = 4.
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