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Abstract: Many practical applications impose challenges of selecting required elements from a vast
amount of data, with the requirement of maximizing non-submodular set functions. In this paper, we
design two algorithms for the problem of maximizing a normalized monotone non-submodular set
function with a cardinality constraint. By utilizing the concept of a diminishing-return ratio, we first
propose a one-pass algorithm called Non-SubModular-Sieve-Streaming++, attaining an approximation
ratio of min {(1 − ε)γ/2γ, 1 − 1/2γ}, where ε ∈ (0, 1) is any small real number and γ ∈ (0, 1] is the
diminishing return ratio. Then, to reduce the adaptive complexity, we improve the algorithm and derive
Non-SubModular-Batch-Sieve-Streaming++ with an approximation ratio min {(1 − 3ε)γ/2γ, 1 − 1/2γ}
for any ε ∈ (0, 1/3). Finally, numerical experiments are carried out to evaluate the effectiveness and
feasibility of the two Streaming algorithms.
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1. Introduction

As society enters the big data era, emerging applications such as social networks are producing
massive data in the form of videos, sensor data, etc. These data often exceed the storage capacity of
an individual computer, and consequently bring a major problem of how to extract useful information
from a large amount of complex data. Considered as a solution to such problems, the streaming model
accommodates the data flow in which each element arrives sequentially, while only a bounded number
of elements are allowed to stay in the memory during the process. In most scenarios, the objective
functions to optimize for the subset from the data flow satisfy the submodularity. However, there are
also many applications for which the objective function is non-submodular, such as sparse Gaussian
processes [1] and experimental design [2]. This raises the problem of maximizing non-submodular set
functions under cardinality constraints. Formally, the problem can be defined as follows:

max
S⊆E

f (S ) (1.1)
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s.t. |S | ≤ k,

where E is a data stream, k ∈ N, and f : 2E → R+ is a non-negative and normalized monotone
non-submodular function with the diminishing-return ratio γ.

1.1. Related work

In recent years, there have been many applications of the streaming model [3–9], as well as max-
imizing a submodular set function with constraints therein [7, 10–12]. For the non-submodular case
in an off-line setting, Das and Kempe [13] introduced the term submodularity ratio to characterize the
theoretical performance of their algorithms. Elenberg et al. [14] first designed a streaming algorithm
and proved an approximation ratio that depended on the weak submodularity ratio γ f . Wang et al. [15]
used the diminishing-return ratio to design four sieve-streaming algorithms.

For the offline model, rather than the streaming model, there already exist a great deal of elegant
results about submodular optimization regarding a cardinality constraint [16–19], a knapsack con-
straint [20–23], or a matroid constraint [24–26]. For the streaming model, Badanidiyuru et al. [27]
first proposed the Sieve-Streaming method to maximize a monotone submodular function subject to a
cardinality constraint. They proved their algorithm is with an approximation ratio ( 1

2 − ε), an update
time O(log k/ε), and a memory cost O(k log k/ε) for any ε > 0. Later, Buchbinder et al. [28] proposed
an improved approximation algorithm with a constant ratio 1

4 , while the memory complexity was im-
proved to Θ(k). As a more recent improvement, Kazemi et al. [29] designed Sieve-Streaming++, which
has an identical approximation ratio ( 1

2 − ε) but a better practical performance, superior to the result
of Sieve-Streaming in [27]. Unfortunately, their algorithm needs to query the oracle of each incoming
item and leads to the dramatical increment of the adaptive complexity. To overcome this obstacle,
Kazemi et al. [29] introduced Batch-Sieve-Streaming++, a hybrid algorithm that was shown with an
approximation ratio ( 1

2 − ε), and with memory complexity and adaptive complexity, both correlated to
the buffer size B. There were also a number of elegant algorithms that are worth mentioning in the
literature [30–34].

1.2. Our results and organization

We design two streaming algorithms called Non-SubModular-Sieve-Streaming++ and Non-
SubModular-Batch-Sieve-Streaming++ for Problem (1.1). By using the diminishing-return ratio, we
prove the approximation ratios and analyze the performance of these two algorithms.

The remainder of the paper is organized as follows: in Section 2, we introduce some definitions and
results; in Section 3, we design two algorithms and analyze their performance guarantee; and in Section
4, we give numerical experimental results for evaluating the practical performance of the algorithms.

2. Preliminaries

2.1. Definitions and results

In this section, we introduce some definitions and results used throughout the paper. We use E to
denote the ground set, and f : 2E → R+ for the objective set function.

For any subsets S ⊆ T ⊆ E and e ∈ E \ T, f is called submodular if and only if it satisfies the
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diminishing marginal return property, i.e.,

f (S ∪ {e}) − f (S ) ≥ f (T ∪ {e}) − f (T )

holds. Equivalently, it can also be defined as

f (X) + f (Y) ≥ f (X ∩ Y) + f (X ∪ Y),

for any subset X,Y ⊆ E.
For any given e ∈ E and S ⊆ E, we say the following is the marginal gain of f with respect to e and

S :
f ({e}|S ) = f (S ∪ {e}) − f (S ).

Furthermore, for any subset S ,T ⊆ E, the above concept can be extended as follows:

f (S |T ) = f (S ∪ T ) − f (T ).

We say f is monotone if and only if f (X) ≤ f (Y) holds for any X ⊆ Y , while f is non-negative if
and only if f (S ) ≥ 0 holds for any S ⊆ E. Besides, f is normalized if and only if f (∅) = 0.

With the above definitions, for a normalized nonnegative monotone set function f , the Diminishing-
Return Ratio and Weak Submodularity Ratio can be defined as below.

Definition 1. [15] For any S ⊆ T and e < T, the diminishing-return ratio of f is the largest scalar
γ ∈ (0, 1] satisfying

γ f (e|T ) ≤ f (e|S ).

2.2. Practical estimation of diminishing-return ratio

For most streaming optimization problems based on non-submodular objective functions, the
diminishing-return ratio serves as a critical quantitative indicator to analyze the algorithmic approxi-
mation performance and convergence guarantee. Different from submodular functions with fixed and
theoretically bounded diminishing-return characteristics, general non-submodular objective functions
possess variable and unknown diminishing-return ratios, which makes it difficult to directly conduct
a theoretical algorithm analysis and a practical algorithm deployment. To address this issue, this
section presents a universal numerical estimation method for the diminishing-return ratio of general
non-submodular functions. The core idea of the estimation method is to quantitatively calculate the
marginal gain variation of the objective function under an incremental sample input, so as to fit and
obtain the real-time diminishing-return ratio of the target function. Specifically, we continuously cal-
culate the objective function values which correspond to different sample subset scales, record the
marginal gain generated by each newly added sample, and further quantify the attenuation degree of
the marginal gain to derive the accurate value range of the diminishing-return ratio.

Then, we can express γ in terms of the following:

γ = min
S⊆T,e<T

f (e|S )
f (e|T )

.
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Definition 2. [14] For an integer k, a monotone non-negative set function f : 2E → R+ is called
γ f -weakly submodular if and only if

γ f ≤ γk := min
T,S⊆E:|T |,|S \T |≤k

∑
v∈S \T f (v|T )

f (S |T )
.

When both the numerator and denominator are 0, we define the ratio as 1.

In the algorithm, we would like to omit the details of the computation of the value of f , so we call
such a computation of the value an oracle. The time complexity of an algorithm is often measured by
the number of oracles.

The diminishing-return ratio is a critical quantitative metric for characterizing the degree of non-
submodularity of objective functions. For real-world non-submodular optimization tasks, it is neces-
sary to efficiently estimate and numerically compute this ratio to support the algorithm implementation
and theoretical verification. In this subsection, we present a general numerical estimation scheme for
the diminishing-return ratio applicable to arbitrary non-submodular objective functions. For a general
non-submodular function, we compute the marginal gain difference over randomly sampled subsets
and adjacent element additions, and adopt a statistical averaging strategy to obtain a stable numerical
estimation of the ratio. Specifically, we repeatedly sample feasible subsets in the discrete domain, cal-
culate the marginal utility of adding individual elements before and after set expansion, and normalize
the variation of marginal gains to obtain the numerical value of the diminishing-return ratio. With
this practical estimation strategy, the diminishing-return ratio can be effectively quantified for arbitrary
real-world non-submodular objectives, which greatly enhances the practicability and generalization
of the two proposed streaming optimization algorithms. Importantly, we clarify a critical theoretical
distinction for the above estimation scheme. The diminishing-return ratio r is theoretically defined
as the minimum value over all admissible sets and feasible inputs, which serves as a rigorous theo-
retical bound to characterize the objective function’s diminishing-return property. All our theoretical
guarantees are strictly established under the prerequisite that a valid and rigorous lower bound of γ
is obtained. Furthermore, the lower bound of the submodularity ratio cannot be directly transferred
or equivalently adopted as the valid lower bound of the diminishing-return ratio r. It is worth noting
that the randomly sampled numerical estimates of r used in our experiments are empirical values for
practical algorithm execution, which cannot theoretically guarantee to be the certified lower bound of
the true γ. Therefore, these estimated values are regarded as algorithmic parameters and sensitivity
analysis parameters in all numerical experiments, rather than rigorous theoretical guarantees.

3. Main results

We design two streaming algorithms for Problem (1.1), and generalize the Sieve-Streaming++ and
Batch-Sieve-Streaming++ to non-submodular cases. In Sieve-Streaming++, we reduce the storage
space complexity based on two observations. The first is when we guess the value of OPT, where
OPT denotes the optimal value of Problem (1.1). The Sieve-Streaming Algorithm uses the maximum
value of individual elements as the lower limit of OPT. However, since OPT ≥ LB = max

τ
f (S τ), we

do not need to study the case when the threshold is less than LB/2k. Second, given a threshold τ, the
estimated interval of the threshold τ is denoted as Tε. We can get a set S τ with the number of elements
therein at most LB/τ. Inspired by the idea of Sieve-Streaming++ for submodular objective functions,
we devise Algorithm 1 for non-submodular objective functions.
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Algorithm 1
Input: Non-submodular function f , 0 ≤ γ ≤ 1, data stream E, k, ε.
1: τmin ← 0, ∆← 0 and LB← 0
2: for e ∈ E do
3: ∆← max {∆, f ({e})}
4: τmin =

max{LB,∆}
2γ·k

5: if τ < τmin then delete all sets S τ
6: for τ in the set Tε =

{
(1 + ε)i | i ∈ Z+, τmin/1 + ε ≤ (1 + ε)i ≤ ∆/γ

}
7: if τ is a new threshold
8: then S τ ← ∅
9: if |S τ| is less than k and f ({e}|S τ) is greater than or equal to γ · τ
10: then update S τ to S τ ∪ {e} and LB to max{LB, f (S τ)}
11: return argmaxS τ f (S τ)

First, we prove the approximation ratio.

Lemma 1. For each iteration of Algorithm 1, we can conclude that

f (S τ) ≥ γ · τ · |S τ|. (3.1)

Proof. We prove (3.1) by induction. First, and apparently, Inequality (3.1) is true if S τ = ∅ according
to the definition of normalized set function. Then, we assume (3.1) holds for the set S τ. Suppose
Algorithm 1 adds e into S τ; then, we have

f (S τ ∪ {e}) ≥ γ · τ + f (S τ)
≥ γ · τ + γ · τ · |S τ| (3.2)
= γ · τ · (|S τ| + 1),

where the first inequality is true according to Line 8 of Algorithm 1, and the second inequality holds
by the induction hypothesis. This completes the proof. □

Recall that OPT denotes the optimal value of Problem (1.1). Let τ∗ = OPT
2γ·k .

Lemma 2. Let ε > 0; there exists a value τ ∈ Tε which satisfies the following:

(1 − ε) · τ∗ ≤ τ < τ∗. (3.3)

Proof. In the following, let S ∗ = arg max
S⊆E,|S |≤k

f (S ), OPT = f (S ∗), τ∗ = OPT
2γ·k , and ∆ = max

e∈E
f ({e}). As

a result, max{∆, LB} ≤ OPT ≤ k · ∆. Let S ∗ = {a1, a2, · · · , aℓ, aℓ+1, · · · , ak} be the optimal solution.
Without a loss of generality, we assume S ∗ \ S τ = {a1, a2, · · · , aℓ} and S ∗ ∩ S τ = {aℓ+1, · · · , ak}. For
each j ∈ {1, 2, · · · , ℓ}, denote S ∗j = {a1, a2, · · · , a j} and S τ, j ⊆ S τ the encountered subsets when a j is
considered during Algorithm 1. According to the definition of γ and ∆ , we have the following:

OPT = f (S ∗) =
k∑

j=1

f (a j|S ∗j−1)
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≤
1
γ
·

k∑
j=1

f (a j|∅) (3.4)

=
1
γ
·

k∑
j=1

f (a j)

≤
k∆
γ
,

where the first inequality can be obtained according to the definition of the Diminishing-Return Ratio.
Hence, we have OPT

2γ·k ≤
k∆

2γ·k·γ =
∆

2γ·γ ≤
∆
γ
, where the last inequality is true since γ ∈ [0, 1]. Then, by

the monotonicity of f , we obtain the following:

OPT
2γ · k

≥
max{LB,∆}

2γ · k
= τmin.

As a result, τmin ≤
OPT
2γ·k ≤

∆
γ
.

Now, let ĩ := ⌊log1+ε
OPT
2γ·k ⌋ and τ̃ := (1 + ε)ĩ; we have the following:

τ̃ = (1 + ε)ĩ ≤
OPT
2γ · k

≤
∆

γ
.

Combining the above with τ̃ ≥ OPT
(1+ε)2γ·k ≥ max

{
(1 − ε)OPT

2γ·k ,
τmin
1+ε

}
, we immediately complete the proof.

□

Theorem 1. Let ε ∈ (0, 1). Then, the set S produced by Algorithm 1 satisfies |S | ≤ k and f (S ) ≥
min
{

(1−ε)γ
2γ , 1 −

1
2γ

}
OPT, where γ ∈ (0, 1] is the diminishing-return ratio.

Proof. Assume that the notations S ∗ and S ∗j( j = 1, 2, · · · , k) are the same as that in the proof of Lemma
2. By Lemma 2, there is a threshold τ such that (1 − ε) · τ∗ ≤ τ < τ∗. Now, consider the set S τ. By
Algorithm 1 Line 9-10, it adds elements with a margin gain of at least γτ to the set S τ. Hence, there
are two cases.

Case 1 : |S τ| = k. By Lemma 1, we have the following:

f (S τ) ≥ γ · τ · k ≥
γ · (1 − ε) · OPT · k

2γk
=

(1 − ε)γ
2γ

· OPT. (3.5)

Case 2 : |S τ| < k. We have the following:

f (S τ ∪ S ∗) − f (S τ) = f (S τ ∪ {a1, a2, · · · , aℓ}) − f (S τ)

=

ℓ∑
j=1

[ f (S τ ∪ S ∗j) − f (S τ ∪ S ∗j−1)]

≤
1
γ
·

ℓ∑
j=1

[ f (S τ, j ∪ {a j}) − f (S τ, j)] (3.6)

≤
1
γ
· k · γ · τ
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≤
1
γ
· k · γ ·

OPT
2γk

=
OPT

2γ
,

where the first inequality also follows from the definition of the Diminishing-Return Ratio. Further-
more, by the monotonicity of f , we have the following:

f (S τ ∪ S ∗) ≥ f (S ∗) = OPT.

Hence,

OPT − f (S τ) = f (S ∗) − f (S τ) ≤ f (S ∗ ∪ S τ) − f (S τ) ≤
OPT

2γ
.

As a result, we have the following:

f (S τ) ≥ (1 −
1
2γ

)OPT. (3.7)

Combining with Inequality (3.5) and (3.7), we obtain the following:

f (S τ) ≥ min
{

(1 − ε) · γ
2γ

, 1 −
1
2γ

}
· OPT, (3.8)

which completes the proof. □

In the following, we propose Algorithm 2 by generalizing the Batch-Sieve-Streaming++ to the non-
submodular case. Similarly, we have two aims against Batch-Sieve-Streaming++: first, the number
of adaptive rounds should be near-optimal; and second, similar to Sieve-Streaming++, the algorithm
should have an optimal memory complexity. Therefore, when designing Algorithm 2, we continue
to retain the two properties above. NSTS is the custom algorithm abbreviation for Non-submodular
threshold sampling, which refers to the dedicated sampling subroutine proposed in Algorithm 3 and is
invoked by the batch streaming algorithm in Algorithm 2 during the element selection process.

Algorithm 2
Input: Stream of data E, non-submodular set function f , 0 < γ ≤ 1, k,
Threshold, ε, buffer B with a memory B.
1: ∆← 0 , τmin ← 0 , LB← 0 and B ← ∅
2: for e ∈ E do
3: B = B

⋃
{e}

4: if the buffer B is Threshold percent full then
5: update ∆ to max{∆,maxe∈B f (e)} , τmin to max{LB,∆}

2γk(1+ε)
6: if τ < τmin then delete all sets S τ
7: for each τ in the set Tε =

{
(1 + ε)i | τmin ≤ (1 + ε)i ≤ ∆/γ

}
do

8: if τ is a new threshold then S τ ← ∅
9: if |S τ| is less than k then T ← NSTS ( fS τ ,B, k − |S τ|, τ)
10: update S τ to S τ ∪ T
11: LB = maxS τ f (S τ) and B ← ∅
12: return argmaxS τ f (S τ)
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In the course of running Algorithm 2, we need to call Algorithm 3. The detail is as follows.
Algorithm 3
Input: Non-submodular set function f , γ ∈ (0, 1], k, threshold τ, ε,
set of buffer items B.
1: S ← ∅
2: while |B| is greater than 0 and |S | is less than k then
3: B is equal to {x ∈ B : f ({x}|S ) ≥ γ · τ} and filter out the rest.
4: for i = 1 to ⌈ 1

ε
⌉ do

5: randomly sample x uniformly from B \ S
6: if f ({x} | S ) is less than or equal to (1 − ε) · γ · τ then
7: break and go to Line 2
8: if f ({x} | S ) is greater than (1 − ε) · γ · τ then
9: update S to S ∪ {x}
10: if |S | is equal to k then
11: return S
12: for i ∈ [⌈log1+ε(1/ε)⌉, ⌈log1+ε k⌉ − 1] do
13: update t to min{⌊(1 + ε)i+1 − (1 + ε)i⌋, |B \ S |, k − |S |}
14: random sample set T of size t from B \ S
15: if |S ∪ T | is equal to k then
16: return S ∪ T
17: if f (T |S )

|T | is less than or equal to (1 − ε) · γ · τ then
18: update S to S ∪ T and break
19: else
20: update S to S ∪ T
21: return S

Now, we shall analyze the approximation ratio of Algorithm 2.

Theorem 2. Let ε ∈ (0, 1
3 ) and S be the set returned by Algorithm 2. Then, S satisfies |S | ≤

k and f (S ) ≥ min
{

(1−3ε)γ
2γ , 1 −

1
2γ

}
OPT, where γ is the diminishing-return ratio of f .

Proof. Assume B is the set of elements buffered from the stream E. Similar to the proof in Lemma 2,
we define S ∗ = arg max

S⊆E,|S |≤k
f (S ),OPT = f (S ∗), τ∗ = OPT

2γ·k . By Lemma 2, there exists a value τ such that

(1 − ε) · τ∗ ≤ τ < τ∗. Let S ∗ = {a1, a2, · · · , aℓ, aℓ+1, · · · , ak} be the optimal solution. Without a loss of
generality, we assume S ∗ \ S τ = {a1, a2, · · · , aℓ}, S ∗ ∩ S τ = {aℓ+1, · · · , ak}. For each j ∈ {1, 2, · · · , ℓ},
denote by S ∗j = {a1, a2, · · · , a j} and Aτ, j ⊆ S τ the encountered subsets when a j is considered during
Algorithm 2. Note that a j is not added into Aτ, j in every iteration for each j ∈ {1, 2, · · · , ℓ}. In the
following, we focus on τ and its corresponding set of picked items S τ. There are two cases for the set
S τ.

Case 1. If |S τ| < k, then similar to the proof of Theorem 1, we have the following:

OPT ≤ f (S ∗ ∪ S τ) = f (S τ ∪ {a1, a2, · · · , aℓ})

=

ℓ∑
j=1

[ f (S τ ∪ S ∗j) − f (S τ ∪ S ∗j−1)] + f (S τ)
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≤
1
γ

ℓ∑
j=1

[ f (Aτ, j ∪ {a j}) − f (Aτ, j)] + f (S τ) (3.9)

≤
1
γ
· k · γ · τ + f (S τ)

≤
1
γ
· k · γ ·

OPT
2γk

+ f (S τ)

=
OPT

2γ
+ f (S τ).

As a result,

f (S τ) ≥ (1 −
1
2γ

) · OPT. (3.10)

Case 2. |S τ| = k.
Assume the set S τ of size k is sampled in ℓ iterations of the while-loop, and Ti is the union of

sampled batches in the i-th iteration of the while-loop. Furthermore, suppose Ti, j is the j-th sampled
batch in the i-th iteration of the while loop and S τ,i, j =

⋃
i j Ti, j is the state of set S τ after the j-th batch

insertion in the i-th iteration of the while-loop. Set S τ,i as the state of set S τ after the i-th iteration of
the while-loop. In the following, we prove f (Ti|S τ,i−1) ≥ (1 − 2ϵ) · |Ti| by three different cases.

(1) The while-loop breaks at Line 7 of Algorithm 3. It is easy to see we have only one Ti, j. Hence,
f (Ti, j|S τ,i, j−1) ≥ γ · (1 − ε) · τ. Furthermore,

f (Ti|S τ,i−1) = f (S τ,i−1 ∪ Ti) − f (S τ,i−1)

=

|Ti |∑
j=1

[ f (S τ,i, j) − f (S τ,i, j−1)] (3.11)

≥ γ · (1 − ε) · τ · |Ti|.

(2) Non-SubModular-Threshold-Sampling passes the first loop and does not break at Line 18 (i.e.,
it continues to pick items till |S τ| = k or the buffer memory is empty). Assume set Ti is sampled in t
iterations of the for-loop. Then, it is obvious that f (Ti, j|S τ,i, j−1) ≥ γ · (1 − ε) · τ · |Ti, j|. Hence,

f (Ti|S τ,i−1) = f ((
⌈ 1
ε ⌉⋃

j=1

Ti, j)
⋃

(
t⋃

j=⌈ 1
ε ⌉+1

Ti, j) | S τ,i, j−1)

=

⌈ 1
ε ⌉∑

j=1

f (Ti, j | S τ,i, j−1) +
t∑

j=⌈ 1
ε ⌉+1

f (Ti, j | S τ,i, j−1) (3.12)

≥

t∑
j=1

γ · (1 − ε) · τ · |Ti, j|

= γ · (1 − ε) · τ · |Ti|.

Note that the algorithm can break at Line 16 without passing the test at Line 17. If f (Ti, j|S τ,i, j−1) ≥
γ · (1 − ε) · τ · |Ti, j|, then the analysis would be exactly the same as above. Otherwise, the remainder is
similar to the third case below.
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(3) Non-SubModular-Threshold-Sampling passes the first loop and breaks at Line 18. We consider
it from two observations.

(a) Apparently, for all 1 ≤ r < j, f (Ti,r|S τ,i,r−1) ≥ γ · (1 − ε) · τ · |Ti,r|.

(b) The number of elements which are picked at the latest iteration of the while-loop is at most ε
fraction of all the elements picked, that is,

|Ti, j| ≤ ε|
⋃

1≤r< j

Ti,r|.

Hence,
|Ti| = |

⋃
1≤r≤ j

Ti,r| = |Ti, j| + |
⋃

1≤r< j

Ti,r| ≤ (1 + ε)|
⋃

1≤r< j

Ti,r|.

Therefore, from the monotonicity of f , we have the following:

f (Ti|S τ,i−1) = f (
⋃

1≤r≤ j

Ti,r | S τ,i−1)

≥ f (
⋃

1≤r< j

Ti,r | S τ,i−1)

≥ γ · (1 − ε) · τ · |
⋃

1≤r< j

Ti,r| (3.13)

≥
γ · (1 − ε) · τ · |Ti|

1 + ε
≥ γ · (1 − 2ε) · τ · |Ti|.

From the three cases, we have the following:

f (S τ) =
ℓ∑

i=1

f (Ti | S τ,i−1)

≥

ℓ∑
i=1

γ · (1 − 2ε) · τ · |Ti|

= γ · (1 − 2ε) · τ · k (3.14)

≥ γ ·
1 − 3ε

2γ
· OPT.

Combining (3.10) and (3.14), we eventually complete the proof. □

Based on the geometric batch-size construction rule of Algorithm 3, we supplement a rigorous
derivation for the key inequality that the size of the last sampled batch is bounded by an ε fraction of
the previously selected elements. Let B1, Ba, ..., Bi be the sequential batches sampled via the geometric
scaling strategy, where the size of each batch follows a geometric progression governed by a fixed
scaling factor. Under the iterative update mechanism of Algorithm 3, the size of each newly generated
batch is strictly constrained by the predefined geometric growth rule. After a finite number of itera-

tions, the size of the final sampled batch Bk satisfies |Bk| ≤ ε
k−1∑
i=1
|Bi|, where

k−1∑
i=1
|Bi| denotes the total

cardinality of all previously selected batches. This inequality is a natural consequence of the inherent
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geometric batch scaling mechanism, which restricts the scale of the final batch to a small ε-proportion
of the cumulative selected element set. Moreover, we explicitly specify the theoretical property of the
guarantee presented in Theorem 2. While Algorithm 3 adopts random subset sampling in its practical
implementation, both the above-derived inequality and the overall performance guarantee of Theorem
2 are fully deterministic and valid for all algorithm realizations. The randomness of sampling only
influences the practical execution process of the algorithm and does not compromise the worst-case
theoretical bounds derived from the deterministic geometric batch- size construction. Consequently,
all theoretical conclusions in Theorem 2 hold deterministically for every feasible running instance of
the proposed algorithm.

For Algorithm 1, we can conclude that the memory complexity is O(k/ε) and the update time is
O(log(k/γ)/ε), while for Algorithm 2, the memory complexity is O(B + k/ε) and the adaptive com-
plexity is O(N log B log(k/γ)/(Bε)). Now, we compare the performance of Algorithms 1 and 2 with
the Algorithms in [15], and demonstrate the details in Table 1. Reduced adaptivity is one of the essen-
tial motivations behind the development of our batch streaming optimization algorithm (Algorithm 2).
To better interpret the derived adaptive complexity bound, we further clarify how three core compo-
nents of the NSTS mechanism collaboratively constrain the algorithm’s adaptive overhead, including
buffer invocation times, dynamically maintained thresholds, and adaptive iteration rounds. First, the
number of buffer calls characterizes the fundamental computational overhead caused by the element
query and state update throughout the streaming process. Second, the dynamically optimized threshold
parameters strictly limit the activation frequency of adaptive refinement, thus eliminating unnecessary
iterative updates and providing a solid upper bound for adaptive iterations. Third, the inherent batch-
processing mechanism of NSTS further restricts the total number of adaptive rounds and avoids the fre-
quent single-element adaptive interactions required by conventional streaming methods. Collectively,
these three bounded factors jointly yield the final adaptive complexity bound of Algorithm 2. This
explanation explicitly validates the effectiveness of our batch-oriented design in reducing the adaptive
computational complexity, enabling the proposed algorithm to achieve better practical efficiency for
large-scale streaming optimization tasks.

Table 1. Performance Comparison of Our Algorithms and Algorithms in [15].

Indexes Algorithm 1 Algorithm 2 Algorithms 3–4
Appro. ratio min

{
(1−ε)γ

2γ , 1 −
1
2γ

}
min
{

(1−3ε)γ
2γ , 1 −

1
2γ

}
min
{
αγ

2γ , 1 −
1
2γ

}
Memory O

(
k
ε

)
O
(
B + k

ε

)
O
(

k log(k/γ)
ε

)
Update time O

(
log(k/γ)
ε

)
—- O

(
log(k/γ)
ε

)

4. Numerical experiments

In this section, we use Algorithms 1–2 to solve the Bayesian A-optimality with a numerical experi-
mental design. The code was implemented with MATLAB R2018b, and the experiments were carried
out in a desktop computer with Intel(R) Core(TM) i7-8700, CPU3.20GHz, and RAM 8.00GB.

It is well known that the objective of the Bayesian experimental design [35] is to choose and perform
a set of experiments to optimize a number of statistical criteria. For this purpose, Krause et al. [2]
investigated a few criteria, such as the Bayesian A-optimality criterion, aiming to maximally decrease
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the variance in the posterior distribution over the parameters. In general, the criterion is not submodular
as shown in [2].

For each xi ∈ R
d, suppose that there exist n experimental stimuli {x1, x2, · · · , xn}, which compose

the data matrix X ∈ Rd×n. For a set S ⊆ E = {1, 2, · · · , n}, let XS := [xv1 , xv2 , · · · , xvs] ∈ R
d×|S |

be a matrix. In the linear model yS = X⊤S θ + ω, let θ ∈ Rd be the parameter vector and ω be the
Gaussian noise whose mean is zero and variance is σ2 (i.e., ω ∼ N(0, σ2I)). Moreover, let yS be the
vector that has the dependent variables. Assume the prior has the form of an isotropic Gaussian (i.e.,
θ ∼ N(0,Λ−1),Λ = β2I). Then,[

yS

θ

]
∼ N(0,Σ),Σ =

[
σ2I + X⊤S Λ

−1XS X⊤S Λ
−1

Λ−1XS Λ−1

]
.

Hence, Σθ|yS = (Λ + σ−2XS X⊤S )−1. Define the following:

FA(S ) : = tr(Σθ) − tr(Σθ|yS ) (4.1)
= tr(Λ−1) − tr((Λ + σ−2XS X⊤S )−1).

In [36], the authors gave the bound of the submodularity ratio of (4.1), which is as follows.

Proposition 3. [36] Assume normalized stimuli (i.e., ∥xi∥ = 1,∀i ∈ E). Let the spectral norm of X be
∥X∥. Then, a) the objective in (4.1) is monotone nondecreasing, and b) its submodularity ratio γ can
be lower bounded by β2

∥X∥2(β2+σ−2∥X∥2) .

Similar to [15], the diminishing-return ratio γ is enumerated such that γ = i/20 is used for all
i = 1, . . . , 20. Let n = d = 500. We consider two different values of k that are 50 and 100. We
perform 10 instances and obtain the average running times and average total number of oracle queries.
Furthermore, we test the relationship between memory complexity and ε or k for Algorithms 1–2. In
particular, Algorithm 1 and Algorithm 2 are denoted by N-SMSS++ and N-SMBSS++, respectively.
Moreover, we denote the Streak algorithm in [14] by Streak. The numerical results are shown in
Figures 1–3. It’s easy to see that the Streak is independent of γ. In the individual figures, we use a
horizontal line to express the running time as well as the total number of queries.

Figure 1 (a) and (b) show that when the value of γ increases, it takes less time to run our Algorithm
1 as well as Algorithms 3–4 in [15]. For the same value of γ, Algorithm 1 takes even less runtime
than Algorithms 3–4, thus confirming the theoretical analysis of the time complexity. Moreover, both
Algorithm 1 and Algorithms 3–4 take less time than the Streak algorithm when the value of γ is
sufficiently large.

Figure 2 (a) and (b) demonstrate that the total number of querying the oracle of our Algorithm 1
and Algorithms 3–4 in [15] decreases as the value of γ increases. For the same value of γ, Algorithm 1
consumes fewer oracles than Algorithms 3–4. This result is mainly because the choice of τmin is related
to the value of f (S τ). Furthermore, the curves of Algorithm 1 and Algorithms 3–4 almost overlap, as
the gap between them is small. Besides, both Algorithms 1 and Algorithms 3–4 need fewer querying
oracles than the Streak algorithm for a sufficiently large value of γ.

Figure 3 (a) illustrates that the amount of consumed memory decreases with the increment of the
value of ε.Moreover, the amount of memory in Algorithm 1 is less than that in Algorithm 2 for the same
ε. Figure 3 (b) shows that with the increasing value of k, the amount of consumed memory also grows.
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Furthermore, the amount of memory in Algorithm 1 is less than that consumed by Algorithm 2 for the
same k. The comparison results demonstrate that our batch streaming algorithm achieves competitive
and stable solution quality compared with the state-of-the-art offline greedy method, fully verifying
the optimization effectiveness and rationality of Algorithm 2 in handling streaming non-submodular
optimization tasks. Different from the memory efficiency evaluation, the above analysis further sup-
plements the core performance evaluation targeted at Algorithm 2, which effectively demonstrates the
inherent advantages of our designed batch adaptive strategy. Through the refined and comprehensive
numerical discussions, the experimental validation of the proposed algorithm is significantly enhanced
in completeness and persuasiveness.
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Figure 1. Performance comparison of running time over all values of γ.
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(b) Total number of oracle queries for k = 100

Figure 2. Performance comparison of the total number of oracle queries over all values of γ.
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Figure 3. The relationship between memory and either ε or k.

5. Conclusions

In this paper, we designed two streaming algorithms for the problem of maximizing a normal-
ized monotone non-submodular set function with a cardinality constraint regarding diminishing-return
ratio. The first algorithm, called Non-Submodular-Sieve-Streaming++, is a one-pass algorithm that
generalizes Sieve-Streaming++ to a non-submodular set function. We achieved an approximation
ratio of min

{
(1−ε)γ

2γ , 1 −
1
2γ

}
, with a memory complexity O( k

ε
) and an update time O( log(k/γ)

ε
) per el-

ement. Through the analysis of the performance of the algorithm, we obtained the same approx-
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imate ratio and update time per element but also obtained an improved memory complexity, com-
pared with Algorithms 3–4 in [15]. In the second algorithm, called Non-SubModular-Batch-Sieve-
Streaming++, we first buffered a portion of the data stream and then applied a parallel threshold for
the filtering. Essentially, Algorithm 2 extends Batch-Sieve-Streaming++ but with more complicated
details such that it can handle the non-submodular case. Then, the algorithm was shown with an ap-
proximation ratio min

{
(1−3ε)γ

2γ , 1 −
1
2γ

}
, a memory complexity O(B + k

ε
), and an adaptive complexity

O(N log B log(k/γ)/(Bε)). Lastly, we carried out numerical experiments to demonstrate the perfor-
mance gain of our algorithm against Algorithms 3-4 in [15] as well as the Streak algorithm in [14]. In
the future, we shall further investigate streaming non-submodular maximization with a sliding window,
and non-submodular maximization with a submodularity ratio and curvature.
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