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Abstract: Since some viruses share transmission routes, coinfection can occur. While most models
assume one target cell, many viruses infect and replicate in multiple cell types. The purpose of this
study is to develop and analyze a model describing coinfection by two viruses that grow and compete
within two distinct target-cell populations. We prove that the proposed model is mathematically
well-defined and admits unique, biologically meaningful solutions. Using the next-generation matrix
method, we derive expressions for the basic reproduction numbers corresponding to virus type 1 single
infection (R;), virus type 2 single infection (R;), and two-virus coinfection (R;). The model usually
admits an infection-free equilibrium. The existence conditions for the virus type 1 single-infection,
virus type 2 single-infection, and two-virus coexistence equilibria are also established. Applying the
Lyapunov direct method, we demonstrate the global stability of all steady states. The obtained results
reveal new insights into the factors that allow two viruses to coexist in a stable state, thereby enabling
the possibility of chronic coinfections. The model is further extended to examine the influence of two
reverse transcriptase (RT) inhibitors and to explore the role of a second target-cell population in two-
virus codynamics. We find that neglecting the second target-cell population leads to underestimation
of R, and R;; consequently, drug levels determined from a one-target-cell model may be insufficient
to clear the viruses. The model is extended to incorporate antiviral drug therapy and to determine the
minimum drug efficacies required to eliminate viral coinfection. The results provide deeper insight
into the dynamics of dual infections involving viruses that compete for distinct target-cell populations.
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1. Introduction

In recent decades, numerous human viruses have been identified, causing widespread illness and,
in some cases, millions of deaths. Some of these viruses lead to chronic infections and are costly to
treat, particularly those transmitted through bodily fluids, such as HIV-1, human T-cell lymphotropic
virus type 1 (HTLV-1), hepatitis B/C virus (HBV/HCV). Other viruses are transmitted by mosquitoes
and cause febrile illnesses, including Zika virus (ZIKV), dengue virus (DENV), and chikungunya virus
(CHIKYV). Respiratory viruses include influenza A virus (IAV) and the recently emerged SARS-CoV-2,
the causative agent of coronavirus disease 2019 (COVID-19).

When a person is infected with two or more viruses, the condition is referred to as a viral
coinfection. Some viruses share common transmission routes, such as HIV-1/HTLV-1 and HBV/HCV.
Other examples include respiratory viruses and vector-borne viruses. Viral coinfections may also
involve different strains of the same virus, such as SARS-CoV-2 (e.g., Delta and Omicron) [1], distinct
HIV strains (e.g., HIV-1, and HIV-2) [2], DENV serotypes (DENV 1-4) [3] or multiple influenza
virus strains. Because different viral infections can produce similar clinical symptoms, double viral
infections are often difficult to diagnose and may increase disease severity. Accurate identification of
such coinfections is therefore essential for effective clinical management and treatment.

Coinfection with HIV and HTLV-1 frequently occurs in regions where both viruses are endemic,
particularly among populations exposed to high-risk behaviors such as unprotected sexual activity and
needle sharing. These practices facilitate the exchange of infected bodily fluids, thereby increasing the
likelihood of simultaneous transmission of the two viruses [4]. Injection drug use, unsafe healthcare
procedures such as the reuse of contaminated needles, and unprotected sexual contact represent shared
risk factors for both HCV and HBV infections, thereby raising the probability of coinfection [S]. HBV
infection is frequently observed among individuals living with HIV, as both viruses share common
routes of transmission, including blood transfusion, unprotected sexual contact, needle sharing, and
mother-to-child transmission [6]. DENV, CHIKYV, and ZIKV are transmitted to humans through the
bites of infected female mosquitoes, primarily Aedes aegypti and Aedes albopictus [7]. IAV and SARS-
CoV-2 spread among humans mainly through respiratory droplets [8].

1.1. Mathematical modeling context

Within-host viral dynamics can be effectively examined using mathematical modeling, which helps
clarify how viruses interact with their susceptible host cells. An early and influential model in
this field was proposed in [9], focusing on a single viral population such as HIV-1 that infects and
reproduces within a single class of target cells, specifically CD4* T cells. The framework assumes that
infection occurs when uninfected cells encounter free virus particles, a pathway known as virus-to-cell
transmission.

In addition to infection mediated by free virus particles, many viruses are capable of spreading
through direct cell-to-cell interactions, a pathway that has been shown to be considerably more
effective than virus-to-cell transmission [10—12]. Viral infectivity may be further amplified through
cytokine-enhanced mechanisms, which have been documented in HIV-1 infection. In cases where
infection fails to complete, caspase-1-dependent pyroptosis is triggered, leading to inflammatory cell
death accompanied by the release of proinflammatory cytokines [13]. The resulting inflammatory
response recruits additional CD4* T cells to the affected tissue, thereby increasing susceptibility
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to infection and subsequent pyroptosis, ultimately sustaining a self-reinforcing pathogenic cycle.
Mathematical frameworks that incorporate cytokine-enhanced infection mechanisms have attracted
increasing attention in recent years (see, for example, [14—16]). The original framework proposed in [9]
has been generalized in numerous studies through the inclusion of additional biological mechanisms,
such as intracellular time delays, delayed immune responses, and spatial diffusion effects (see, for
instance, [17-19]).

Competition between two viruses for a shared target-cell population can be represented by the model
proposed by [20]:

recruitment of uninfected cells death infection driven by virus type 1 infection driven by virus type 2
. — — — —
X = A - dx - Brxv - Borxvy , (1.1)
formation of virus-1-infected cells death
. —
= Birxvy ="ayy, (1.2)
formation of virus-2-infected cells death
. —
V2 = Brxvy —"axys, (1.3)
release of virus type 1 o e 600 virus
— ——
Vi = kiaiy - v (1.4)
release of virus type 2 loss of free virus
S
. —
Vo = kaazy, - CVy . (1.5)

Here, x = x(¢), y; = y(¢), and v; = v;(¢) represent the time-dependent concentrations of uninfected
cells, infected cells, and free viruses, respectively, with i = 1,2 denoting virus types 1 and 2. For
SARS-CoV-2 coinfection with other respiratory viruses, including IAV, RSV, hRV, PIV, or hMPV, a
target cell-limited model is typically used. The uninfected target-cell dynamics are described by [21]:

X = —f1xvy — Brxvs.

Model (1.1)—(1.5) exhibits three equilibria: the infection-free equilibrium, a virus-1 single-infection
equilibrium, and a virus-2 single-infection equilibrium. Notably, the model does not permit
a coexistence equilibrium. Extensions can produce coexistence states under specific biological
conditions, such as:

(i) Superinfection, when one virus can invade cells already infected by another [22];

(i1) Immune interactions, where cytotoxic T lymphocytes (CTLs) or antibodies introduce regulatory
feedback allowing both viruses to persist [23,24];

(ii1) Viral saturation effects, where nonlinear infection dynamics mitigate competition [25,26]; and

(iv) Overlapping and distinct target cells, where one virus infects both shared and unique cell
types [27,28].

1.2. Examples of two-virus coinfection models

e SARS-CoV-2 and IAV: Dual infection models assume both viruses target the same cell type
(epithelial cells) [21]. Elaiw et al. [29] examined antibody-mediated immune interactions, while
Khumaeroh et al. [30] analyzed CTL-based immune dynamics.

e HIV-1 and HTLV-1: Several models [23,31] describe coinfection within CD4* T cells (x;), with
HIV-1 also infecting macrophages (x;). Other works introduced stochastic [32] and fractional-
order [24] frameworks or saturated incidence dynamics [33].
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e HIV-1 and HBV: Nampala et al. [27] modeled coinfection by assuming HBV infects hepatocytes
(x1) and that HIV-1 infects both hepatocytes (x;) and CD4* T cells (x;).

e HCV and HBV: Models with saturation and immune terms were developed in [25, 26], where
both viruses target hepatocytes.

e Two viral strains: Coexistence of wild-type and mutant strains has been studied for HIV-1 and
SARS-CoV-2 [34, 35]. Double-strain models for HCV [36] and HIV-1 [37-39] explore drug
resistance and competition on shared targets (CD4* T cells). In these HIV-1 models, it is assumed
that both drug-sensitive virus and drug-resistant virus are competing for the same target, CD4" T
cells. Shi et al. [28] formulated a two-strain HIV-1 model by considering that both drug-sensitive
virus and drug-resistant virus infect the same target, CD4" T cells; moreover, drug-sensitive have
another target, macrophages.

Therefore, simultaneous competition of two viruses across multiple target-cell populations remains
largely unexplored.

1.3. Target-cell diversity

There are documented cases where viruses replicate within multiple target-cell populations. For
HIV-1 and HTLV-1, HIV-1 infects CD4* T cells, dendritic cells, and macrophages [40,41]. HTLV-1
mainly targets CD4* T cells, but can also infect CD8" T cells, dendritic cells, and monocytes [42].
Regarding vector-borne viruses, several studies [43—45] have shown that DENV infects a variety of
cell types, including monocytes, hepatocytes, macrophages, dendritic cells, and mast cells. CHIKV is
transmitted through bites of infected mosquitoes and replicates in skeletal muscle satelliteOne major
limitation of this study is the difficulty in accurately cells, fibroblasts, macrophages, monocytes, and
skin cells [46,47]. In addition, monocytes and dendritic cells are known to serve as major targets
for ZIKV infection [48]. For hepatotropic viruses, both HBV and HCV infect hepatocytes but have
also been found in peripheral blood mononuclear cells (PBMCs). These PBMCs are composed of
lymphocytes (T cells, B cells, and natural killer cells) and monocytes, indicating possible extrahepatic
replication [49-51].

Although many viruses preferentially infect a specific class of host cells, they may also invade
and replicate within additional cell types. When multiple viruses are present in the host at the same
time, overlapping cellular tropism can give rise to intricate coinfection dynamics, in which different
viral agents compete across two or more populations of susceptible cells. Such interactions have
been reported in several settings, including HIV-1/HTLV-1 coinfection, hepatitis virus coinfections,
HIV-hepatitis combinations, mosquito-borne viral infections, and respiratory viruses. Despite this
biological complexity, most existing coinfection models simplify the interaction by assuming a single
shared target-cell population for both viruses. Under this assumption, the resulting dynamics primarily
reflect viral competition rather than true coinfection. Genuine coinfection may instead arise through
mechanisms such as cellular superinfection, evasion of adaptive immune responses, or limitations
imposed by infection saturation.

The transmission potential and within-host dynamics of coinfecting viruses are influenced by
several key factors. These include the abundance and diversity of target-cell populations, the efficiency
of viral spread through both free virus and direct cell-to-cell pathways, immune-mediated regulation,
and the extent to which viruses share or occupy distinct cell types. Accounting for these factors
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provides a biological foundation for the model, shaping viral coexistence, competition outcomes, and
the course and severity of infection. Explicit consideration of these elements enhances the relevance
of the framework for understanding viral coinfections and guiding treatment strategies.

To our knowledge, no mathematical framework currently describes within-host dynamics in which
two competing viruses (or strains) simultaneously infect two distinct target-cell populations. Motivated
by these biological observations, we develop a model that allows each virus to infect both cell classes
with different efficiencies. This structure permits coexistence driven solely by target-cell heterogeneity,
without invoking superinfection, immune regulation, or saturation effects.

In this study, we formulate a within-host model for two competing viruses interacting across
two target-cell populations. Explicit formulas for the basic reproduction numbers for single and
dual infections are derived, and the global asymptotic stability of all equilibria is established using
Lyapunov functions. The impact of secondary target-cell populations on long-term infection outcomes
is examined, and numerical simulations are provided to support the analytical results and explore
treatment effects. The proposed framework is applicable to a broad range of viral coinfections,
including HIV-1/HTLV-1, hepatitis viruses, vector-borne infections, and respiratory pathogens.

2. Viral coinfection model

This section presents the formulation of a within-host coinfection system with two types of viruses,
vi and vy, interacting with two types of target cells, x; and x,. Both viruses can infect either cell type,
producing infected populations y, y, from x; and z;, z, from x,. Viruses are generated by infected cells,
while natural cell turnover and viral clearance shape the dynamics. The viruses do not directly block
each other but compete indirectly for the available uninfected target cells, affecting their replication
within the host.

X1 = A4 —dyx; = Brxivy — Baxyva, 2.1
Y1 = B1x1vy — ay, (2.2)
V2 = Boxiva — asys, (2.3)
Yo = Ay — daxy — B3xavi — Baxava, 2.4)
21 = Ba3xovy — aszy, (2.5
22 = Baxava — a4z, (2.6)
Vi = kiaiyr + ksazz; — vy, (2.7)
V) = kyarys + ksaszp — covs. (2.8)

A description of all variables and parameters in the two-virus coinfection model is provided in Table 1.
All model parameters are assumed to have positive values. The within-host infection pathways of
the two viruses are depicted in Figure 1. The model is initialized with nonnegative starting values as
follows:

x1(0) > 0, y1(0) > 0, y2(0) > 0, x2(0) >0, z;(0) >0, z2(0) > 0, v;(0) >0, v,(0) > 0. (2.9)
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Table 1. Variables and parameters description of system (2.1)—(2.8).

Variable Description

X1 Target cells type 1

Vi vi-infected cells type 1

Y2 vy-infected cells type 1

X Target cells type 2

21 vi-infected cells type 2

2 vp-infected cells type 2

Vi Virus particles type 1

V) Virus particles type 2

Parameter Description

A4 Generation rate of target cells type 1, x;

Ay Generation rate of target cells type 2, x,

B Incidence rate between virus particles type 1 and target cells type 1 (v, and x;)
B> Incidence rate between virus particles type 2 and target cells type 1 (v, and x;)
B3 Incidence rate between virus particles type 1 and target cells type 2 (v; and x;)
on Incidence rate between virus particles type 2 and target cells type 2 (v, and x;)
d; Mortality rate of target cells type 1

d, Mortality rate of target cells type 2

a Mortality rate of v;-infected cells type 1

a Mortality rate of v,-infected cells type 1

as Mortality rate of v-infected cells type 2

as Mortality rate of v,-infected cells type 2

i Destruction rate of virus particles type 1

1) Destruction rate of virus particles type 2

ki,i=1,2,3,4 The average quantity of viral particles produced per infected cell during its lifespan

kia1y1 + kzazzq

Target cells 112 /\\ kzazz; |
type 2 (x2) Bax2¥h \_@Jvl—infe:led cells
) @@ type 2 (1)
Viruses type 1 (ul)@@ ________ 5 \a3zl

/'@ N A kia;yq
N _—

€1V A @ vy-infected cells

N dyx;

\ type 1 (¥1)
a1y

kyaysz;

Y
%) v,-infected cells
type 2 (zz)

Viruses type 2 (vz). > agzy

Target cells

Yo,
/ type 1 (x,) l kaazys
vy-infected cells
(212 , dyx; zh‘pe 172)

azy:

koazys + kyauzy
Figure 1. Diagrammatic representation of the within-host coinfection dynamics involving
two viruses.
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3. Well-posedness of solutions

The right-hand side of system (2.1)—(2.8) is continuous and satisfies the Lipschitz condition
on the interval [0,0], where 6 > 0. From the basic results of differential equation
theory, the system (2.1)—(2.8) with nonnegative initial data (2.9) has a unique local solution
(x1(0), y1(8), y2(0), X2(2), 21(), 22(2), v1(2), v2(2)) for 7 € [0, 7], where 0 < 1* < oo.

System (2.1)—(2.8) tracks cell and virus levels, which must stay nonnegative and finite. This is
ensured by the lemma below.

Lemma 1. The solutions of system (2.1)—(2.8) remain nonnegative and bounded.

Proof. We find that

X |x1=0: A > 0,

V1 ly,=0= Bix1vi 2 0, for all xy,v; >0,

V2 ly,=0= Bax1v2 > 0, forall x;,v, >0,

X2 |y=0= A2 > 0,

21 |y=0= B3xov1 > 0, for all x5, vy >0,

22 |z=0= Baxov2 2 0, for all xp,v, > 0,

Vi lv=0= kiaiy1 + ksazzy > 0, forall y;,z; > 0,

V2 |v,=0= kaaoys + ksasz, > 0, for all y,,z, > 0.

Hence, by Proposition B.7 in [52], the solution (x (), y1(?), y2(?), x2(t), z1(¥), 22(¢), v1(t), v2(¢)) remains in
Rio for all ¢ > 0, provided that the initial conditions (x1(0), y1(0), y2(0), x2(0), z1(0), z2(0), v1(0), v,(0))
belong to Rio. Letus define I' = x; + y; + y» + x + 71 + 2. Then, we get

I'=A —dixi —aiy) — axyr + Ay — drxyo — a321 — as2»

<h+lbh-ocx+y1+y+x+z21+2)=4+A —oT,

where o = min{d,, d», a1, @, a3, as}. Hence, 0 < T(¢) < 222 for all + > 0 if [(0) < 422, This implies
that 0 < x,(2), y1(2), y2(0), x2(2), 21 (1), 22(2) < Ly if 0 < x1(0) + y1(0) + y2(0) + x2(0) + 21(0) + 22(0) < Ly,

where L, = 41:12. Moreover, From Eqgs (2.7) and (2.8) we obtain

Vi = kiayy) + ksazzy — cyvi < kjaiLy + ksazLy — cyvy,

Vy = k2a2y2 + k4(l4Z2 — vy < kharly + k4a4L1 — CVs.

It follows that 0 < vi(f) < L, if 0 < v;(0) < Ly, and 0 < wy(t) < L3 if 0 < v(0) < L3, where
L, = i (kya Ly + k3asL,) and L; = é (koay Ly + ksaqLy). The compact set A defined by

A = {(-xbyl’yZa-xZaZlaZZ’ vl’VZ) € Rgzo : 0 < xl9yl’y29-x25Zl9Z2 < LI’O < V1 < L2’50 < %) < L3}
is positively invariant for system (2.1)—(2.8). O
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4. Steady states analysis

Here, the model’s steady states are explored and the corresponding existence criteria are derived.
Any steady state SS; = (x1,y1, Y2, X2, 21, 22, V1, V2) satisfies

0= —dix; = Bix1vi — Baxiva, 4.1)
0 = Bixivi — ayr, 4.2)
0 = Boxiva — azys, (4.3)
0 =1 — drxs — B3x2v1 — BaXava, (4.4)
0 = B3xovi — aszy, 4.5)
0 = Baxavy — aszz, (4.6)
0 = kjayy) + kzazzy — cyvy, 4.7)
0 = kaary, + kgasz, — covy. 4.8)

Substituting Eqs (4.2), (4.3), (4.5), and (4.6) into Eqgs (4.7) and (4.8), we obtain

(kiBi1x1 + kafzxs —ci) vy =0, 4.9)
(koBaxi + kafaxs — ) v = 0. (4.10)

Equations (4.9) and (4.10) provide the following cases:
Cased4.1. vi =0and v, = 0:

From Egs (4.1)—(4.6), we get the infection-free steady state SS, = (x?,O, 0,x9,0,0,0, 0), where
_ 4 0 _ A
= E and X2 = d_z

By applying the next-generation matrix approach (see Appendix), we obtain

kg1 N k333,

0

X

R =Ry +Rp = ,
1 11 12 Cldl C1d2
ko, i kafBy

Ry =Ry +Ryp = Py + el 2,
Czdl C2d2

Ry = max{R;, R,}.
Here, Ry, R,, and R, denote the basic reproduction numbers associated with infection by v; alone, v,
alone, and their coinfection, respectively.
Case4.2. vi # 0and v, = 0:
From Egs (4.1) and (4.4), we have

A Ay

= xy=—. (4.11)
di+Bvi’ T dy+ v

X1

Substituting in Eq (4.9) we obtain

kiBi4, N k33,
di+Bivi  dy+ B3

-c; =0,
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which gives
Avi+Bv+C =0, 4.12)

where

A = C]Blﬁ3a
B= Cldzﬁl + C1d1,33 - klﬁlﬁyll - k3ﬁ1ﬁ3/l2’

5 k8,1 k33,1
C= Cldle - delﬁl/h — d1k3ﬂ3/12 = _C1d1d2 lﬁl 1 + 3[33 2 _
cid, c1dy

1] = —C1d1d2 (R] — 1)

We have A > 0, and if R; > 1 then C < 0 and Eq (4.12) has a unique positive root given by

_ —B+ VB2 -4AC
v = — )
! A
From Eqgs (4.2), (4.5), and (4.11) we get
A A X1V XV
X1:—1_>0, 3_62:—2_>0, y1:ﬂ1X1V1>0’ 21:ﬁ3XZV1>0-
dy + Biv dy + B3V, ai as

Therefore, an infected v;-mono-infection steady state S S; = (X1, ¥1, 0, X2, Z1, 0, 1, 0) exists when R;>1.
Case4.3. vi =0and v, # O:
From Egs (4.1) and (4.4), we have

A A
X = m= (4.13)
dy + v, dy + Bavy
Substituting in Eq (4.10), we obtain
ko324 kafB4
22 N 4f3sdn =0,
di+ vy dy+Bava
which gives
A"V + B'vy + C* =0, (4.14)
where
A" = 24,

B = cadofy + c2d By — koPBofBsdi — kafByBy o,
ko A1 ks
C" = C2d1d2 - dgkzﬁz/ll - d1k4,84ﬂ2 = —C2d1d2 2ﬁ2 ! + 4184 2 _

1= —-cdidr, (R, — 1).
od, i crdidy (R, )

We have A* > 0, and if R, > 1 then C* < 0 and Eq (4.14) has a unique positive root given by

£

_ —B"+ VB2 —4AC

" 2A*
From Eqgs (4.3), (4.6), and (4.13), we get
. A A . Xk ot
XT:—1*>0, X;:—2 *>0, y;:ﬁ212>0, Z;:ﬂ422>0
d] +ﬂ2V2 d2 +ﬁ4V2 a ay

Therefore, an infected v,-mono-infection steady state S S, = (x’[, 0,y3,x5,0,2,0, vz) exists when R,>1.
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Cased.d. vi #0and v, #0:

In this case, we get a two-virus coexistence steady state S S; = (X1, V1, V2, X2, Z1, 22, V1, 12):

a1y e(@-)

X1 = , Xy = s
k() (o)

- _ BiXiv - _ B . BEavy . BiXais

)’I—a—la yz—a—z, Z1—a—3, Zz—a—4,

_aRe (R -1+ (R -1) [(’2— - DiRe (2272 - 1) +y (- 1)) }
V) = — -1 ,
B y(R-1)® -1 (R - 1) R (RR2 - 1)+ (R2 - 1))
R (R 1) R (B - ) [ (R - DR - 1)+ vRuRs (R - 1))
275, R _ 1) (Rs — Ry _ RaRi _ o)

4 (R )(R3 1) (Rzz 1){R 2(Rzan 1) +yR3 (Rn 1)}

where y = 4B - The threshold R; = el compares the cross-infection strengths of the two viruses

bp B1B4
across the tWé %[arget—cell populations. Then S 5 exists when the following conditions are satisfied:
R R
Lo, 21, R > 1, (C1)
Ry Ry,
(2~ ) {Ren (gt~ )+ (5 - 1) -
(Rzl 1){ (R21R12 _ ) (R12 _ 1)}
R RnRiy Ry
R R R
(& = DR = 1)+ vRuks (s - 1)) -
(=) s (B ) o (1)
Ry 22 R»nRyy
From condition (C1) we have the following:
ko3, S kiBi k3B S kaf3, and Baps o1
(&) 1 oc e’ B1Bs
The condition kZﬁ = > =E indicates that virus type 2 replicates more efficiently than virus type 1

in the first target- cell populatlon (x1), producing a larger number of viable virions per unit time and
gaining a competitive advantage that promotes its persistence and dominance in this niche. Similarly,
]‘Z—f} > k“ﬁ“ shows that virus type 1 is more efficient in the second target-cell population (x,), generating
more survwmg virions and allowing it to dominate this population, which acts as a refuge for virus
type 1 even when virus type 2 is present elsewhere. The condition B 5 1 reflects a complementary
structure in which virus type 2 dominates x; (large (3, relative to ,81) and virus type 1 dominates
x, (large B relative to S4), representing niche partitioning. When these requirements are satisfied
simultaneously, the intensity of direct competition is reduced, and each virus exhibits a preferential
replication advantage in one target-cell population while remaining less effective in the other. This
asymmetric replication pattern inhibits competitive exclusion and supports the stable persistence of
both viral populations.

We note that although conditions (C2) and (C3) are necessary to ensure the coexistence of the two
viral strains, their underlying biological interpretation is more nuanced.

The following lemma consolidates these findings:
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Lemma 2. The steady states of system (2.1)—(2.8) are characterized as follows:

o The infection-free steady state always exists, namely,
$So=(x,0,0,x3,0,0,0,0).
e If Ry > 1, then an infected v\-mono-infection steady state arises,
§81=(%1,51,0,%,21,0,91,0),

in addition to S S .
e If R, > 1, then an infected v,-mono-infection steady state appears,

SS2 = (xTa O9y;’ x;’ 05 Z;9 ()’ V;) )

in addition to S S .
o [f conditions (C1)—(C3) hold, then a two-virus coexistence steady state is present,

SS83=(X1,¥1, 52, %2,21, 22, V1, V2)

together with S S, SS 1, and S S ».
5. Global asymptotic stability

We employ a Lyapunov approach to analyze the global stability of the four steady states. Following
the strategy used by [18,53], we construct appropriate Lyapunov functions. For each j = 0, 1, 2, 3, let
O;(x1,Y1,¥2, X2, 21,22, V1, v2) be a Lyapunov candidate, and define the set as

_ do;
= = (X1, Y1, Y2, X2, 21,22, V1, V2) ? = .

Denote by Z; the largest invariant subset of Z;. The following arithmetic—geometric mean inequality
will be repeatedly used:

m 1 m
’"ﬂsf'ﬁ,;zsf" 5;20, j=1,2,.. (5.1)

J=1 J=1

To simplify the global stability analysis, we assume ki3 = k; = k3 (and similarly kyy = k, = ky).
Biologically, this corresponds to the scenario in which each virus produces a similar number of virions
per infected cell, regardless of whether the infection occurs in the primary or secondary target-cell
population. This assumption does not affect the qualitative dynamics but allows for the derivation of
analytical Lyapunov functions and the establishment of global stability results.

Theorem 1. If Ry = max{R;,R,} < 1, then SSy = (19,0,0,x9,0,0,0,0) is globally asymptotically
stable (G.A.S), otherwise it is unstable.
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Proof. Formulate a Lyapunov function @ as:

1 1
@o:x‘f(x—(l)—1—lnx—(1))+y1+y2+x2(——1—ln—)+zl+z2+—v1+—vz
xl xl x2 2 k13 k24

Calculate % along the solutions of model (2.1)—(2.8) as:

d®,

%O
dt (1 - —) (A —dyxy = Bixivi = Boxiva) + Bixivi — aiyi

0

X
2
+ Bax1va — azy + (1 - x_) (A2 = drxy — B3xavy — BaXava) + Baxavy — azzy
2

1
+ BaxoVy — aszo + - (kizaryy + kizaszy — civy)
13

1
+ o (kpaarys + kasaszy — c2v2)
24

x9 x°
= (1 - —1) (4 —dyx) + (1 - —2) (A — daxz) + B1x)vy + Box)vs
X1 X2

(6] (&)
—V— — V2.

ki3 ka4

Substituting 4; = dix? and A, = dpx), we obtain

+ ﬁgxgvl + ,84x(2)vz

4O o — x0)2 X — 02 .
Ak VARGt LA S (R D
dt X X2 ki3
Therefore, for all xy, yi, y2, X2, 21, 22, V1, V2 > 0 we have @ <0. Moreover, % 0 when x; = x(l),xz =

xz, and v = v, = 0. The solutions of system (2.1)— (2 8) tend to =, which contains elements that
satisfy x(7) = xl,xz(t) = xz, and v(t) = v,(¢) = 0 [54]. Hence, v,(¢) = V,(¢) = 0, and from Eqgs (2.7)
and (2.8), we have

0 = kia1y(t) + ksazz (1),
0 = kaazys (1) + kyasz(2),

which leads to y;(¢) = y»(¢) = z;(¢) = z2(t) = 0 for all 7, and hence = = {§§}. LaSalle’s invariance
principle (L.I.P.) reveals that S S is G.A.S [55].

To prove that S § is unstable when R, > 1, the Jacobian matrix J = J(xy, Y1, Y2, X2, 21, 22, V1, V2) Of
model (2.1)—(2.8) is calculated as:

—(d; + B1vi + fav2) 0 0 0 0 0 —Bi1x1 —Pax
ﬁ]V] —ay 0 0 0 0 ﬂlxl 0
ﬂsz 0 —ay 0 0 0 0 ﬁle
I 0 0 0 —(d+Bsvi+Psv2) O 0  —Bsxy —faxs (5.2)

0 0 0 ﬁg,Vl —asj 0 ﬁ3X2 0 ’ ’
0 0 0 ,34\/2 0 —dy 0 ,34)62
0 k13a1 0 0 k13a3 0 —Cq 0
0 0 k24a2 0 0 k24a4 0 —C)
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We calculate the characteristic equation at the equilibrium S§ as:
(€ +d)E+ D) (8 + A + AiE+A) (£ + BoE” + Big + By) = 0,
where £ is the eigenvalue and

A2:a1+a3+cl,

arkisfi i askizfyd
d, d, ’

Al = ajaz +a|c; +aszcy —

Ap=ajazc; (1 - Ry),

By =a, + a4 + ¢y,

Clzk24,32/11 _ a4k24ﬁ4/12

B, = aya4 + arcr + ascy —
d, d,

Bo = ara4C) (1 — Rz) .

(5.3)

Clearly, if R, > 1 and/or R, > 1, then Ay < 0 and/or By < 0; Therefore Eq (5.3) has a positive root, and

hence S'S is unstable.

O

When both reproduction numbers satisfy Ry, R, < 1, the infections are predicted to disappear over
time, regardless of the initial infection levels or disease state. Under these conditions, neither virus can

persist within the host, leading to complete clearance and recovery of the target-cell populations.

Theorem 2. IfR, > 1 and R, < 1, then S S| = (X1,)1,0, X2,71,0,v1,0) is G.A.S.

Proof. Consider a function:

o} _xl(x——l—1n—)+y1(y—1—1—1n¥)+y2+xz(¥—1—1n¥)

X1 X1 Y1 Y1 X2 X2

Y 1
Y | Y [ P

4| 21 13 \V1 V1 24

Calculate del as:

do,

d (1__)(/11 dyx; _ﬁl-xlvl —ﬁ2X1V2)+(1 —)l)(ﬂlxlvl _alyl)
t X Y1

X
+ Boxivy — azy, + (1 - x_z) (A — drxy — Ba3xavi — Baxavy)
2

7
+ (1 - Z—) (B3x2v1 — azzy) + Baxavs — as2s
i

1

Y 1
+— (1 - —) (kizaiy) + kizaszy — c1vi) + — (kaaaoys + kasaaza — c2v2)
k13 V1 k24

= (1 - x—l) (A1 —dix1) + BiXvi + BaXiva — @ + ay
1 1

X _ _ B3xaviZi _
+ (1 - x_) (A2 = drx2) + B3X2vy + BaXava — — +a37;
2 i
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C yivi v c
- — Vi —a— —a3—— + —V| — —W.
ki3 V1 V1 ki3 24

Use the steady state conditions for S §;:
Ay = di Xy + Bixvy, Ay = daXy + B3XaV1,

aryr = pixivy, azZ) = Baxavy,

civy = kiz(ar1y) +azzy).

Then, we have

dO, X _ _ _ XiViyi _ X2
— =l - —|di% + a1y —dix)) — a1y —— +2a;y, +|1 — —
dt X1 X1V1V1 X
_ XoviZy _ _ ViV _ 21V _ _ C2
—asZ1— +2a37 — a1y — — a3 — + (ﬁle + BaXy — —) Vv
X2V1Z1 Yivi 21V1 ka4
(x) — x1)? (X2 — X)? _ X1 xiviyr yivi
:_dl _dZ +a1y1 3___7___
X1 X2 X1 X1tViY1r Yivi
_ X2 xvizi v B Bads ()
+az7) (3 ——————= + — + — — — |
X2 XV v di+pivy  dy+ B3V kn

Since v; > 0, then we have

( B Bz Cz) (,32/11 Bada Cz) ) (ﬁ2k24/ll Bakas s )
+ —|n< vy =— + -1

di+p1v d2+,33\71_k24 d dy ko kos \ cod, cody

Therefore, Eq (5.4) takes the following form:

dO, (x1 — Xp)? (x2 — Xp)? X1 Xiviy 11
—— <-d —d> rag (3-2 220 A0
dt X X5 X1 Xviyr . Yivi
)_Cz xzvlzl Z]\_/l Cy
X2 X2V121 21Vl k24

If R, < 1, then using inequality (5.1), we obtain d%
do;

dt

V4

) (dz)?fz +aszZ) — dez)

(5.4)

VQZI:—Z (RQ—I)VQ.
24

< Ofor all xy, y1, y2, X2, 21, 22, V1, V2 > 0. Moreover,
= 0 occurs at x; = Xj, X, = X2, Y1 = y1, 21 = Z1, V1 = V1, and v, = 0. The solutions of the system

tend to =7, which contains elements that satisfy x,(f) = X, x2(¢) = Xp, y1(9) = 1, 21(8) = Z1, vi(t) = ¥y,

and v,(#) = 0. Hence v,(¢) = 0, and from Eq (2.8), we have

0 = (1) = koarya (1) + ksaszo(2),

which leads to y,(#) = zo(f) = 0 for all 7, and hence Z] = {S§}. LaSalle’s invariance principle (L.I.P.)

reveals that S S is G.A.S.
Theorem 3. IfR, > 1 and Ry < 1, then S S5 = (x;,0,y3,%3,0,25,0,v5) is G.A.S.

Proof. Let us formulate a function @, as:

0 = (2 - 1= ey o2 - 1) (2o 1w 2
X} x; Y, Ys X )

O
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1 Vs
+z1+z§(z—i—l—an—2)+—v1+—2(2—1—1nv—i).

25 Z5 13 kaa \v3 V)
Calculate % along the solutions of model (2.1)—(2.8) as:
do® X
d_t2 = (1 - x—l) (4 = dixy = Brxvi — Baxiva) + Brxivi — aiy
1

y* x*
+ (1 - y_z) (Bax1v2 — azys) + (1 - x_z) (A = drxy — B3x2vi — BaxaVa)
2 2

2
+ B3xovy — azzy + (1 - Z—) (Baxavy — as22)
2

1 1 v,
+ —(kiza1y1 + kizaszzy —cvy) + o (1 - —2) (kpaarys + kpsauzp — cov2)

ki 24 Va
X Baxivay;
1 2
= (1 - —) (A4 —dix)) + B1x(vi + Bax(va — ——= + vy,
X1 2
X Baxavazs
+{1 = 2| (A = dyxa) + Baxsvy + BaXsvy — ———2 + a7}
X2 22
1 () »2Vv; 2V o,
— V=TV —dy—— —a4—— + T V,.
ki3 ko4 V2 Vo koa
Utilize the following conditions for §'§5:
A = dlx]k +ﬂ2XTV;, Ay = de; +ﬁ4X;V;,
@y, = Pox|vy, asZs = Paxyv5,

Vs = kos (any; + aszy) .

Then, we get
d®, Xy X1V2Y, X
— =1 - —|(dix] + ay; —di X)) — @Yy ——— + 2a5y; + |1 — = |(daX; + auz; — drx2)
dt X X{Viya X
12
X222, »2v; 2V, C1
— (475 — + 20475 — Ay, —— — uZ—— + (B1X] + B3x; — — v
X Vr22 YoV2 V2 ki3
2 2

(x1 — x7) (X2 — x3) . X] X1y, YV,
=-d —d tay |3 s o
X1 X2 X1 XKV Y,W2

" x; xZVZZ; ZZV; 4 ﬁ]/l] + ﬁ3/12 Cq )v
-2 —
Xy XV Vs di+Bavy dy+Bavy ki3

Since v; > 0, then

( Biy Bl 01) (,31/11 Bl 01) _ (/31k13/11 Aoki3B5 ) _c
+ ViS|— vVi=— + -1 V=

di+Bov; d2+,34V§_k_13 d; dy ki3) ki3 \ dicy dyc

Therefore, we obtain

d®, (x; — x})? (X — x3)* . X] X1y, Yavs
—— <-4 —-d a3 S -2 -2
dt X X3 X X[Viy2  Yiw
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k * £

C1

———T—*—)Jf—(Rl—l)Vl-
X2 XyVy22 V2 13

If R, < 1, then using inequality (5.1) we get = d®2 < 0 for all xy,y1,y2, X2,21,22,V1,v2 > 0 and d®2 =0
when x; = xj,y» = y5,%x = x3,2 = z5,v2 = V5 and vi = 0. The solutions of the system tend to
&%, which contains elements that satisfy x;(r) = x7,y2(1) = 5, x(t) = x3,22(t) = 25, v2(f) = v, and
vi(¢) = 0. Then, from Eq (2.7), we get

0 =v1(0) = kiary1(0) + kzazz1 (1),
which gives y; () = z;(¢) = O for all z. Hence, =) = {S S}, and then L.L.P. implies that § §», is G.A.S. O

If one virus has a reproduction number above 1 while the other remains below 1, the virus with
the higher R; establishes a stable infection, and the other virus is eliminated, regardless of the initial
infection levels or disease state. These equilibria reflect competitive exclusion, where the surviving
virus determines the infection dynamics.

Theorem 4. Suppose that conditions (C1)—(C3) are satisfied, then S S5 = (X1, V1, V2, X2, 21, 22, V1, V2) IS
G.A.S.

Proof. Define

@S:xl(?—l—lnﬁ)wl(f——l—ln—) 5, (y—2—1—1n—)+ 2(——1—1 —)
X1 y Y2 Y2 X2 X2

+3 f—l—l—ln— +5 ——1—1 “), ﬁ—1—1n—)+2 Y 1-mZ).
<1 k13 Vi V1 koa \ V2 V2

d®3

Calculate as:
de 7
= (1 - —)(ﬂl dyx; — Brxyvy — axivy) + (1 - %)(ﬁmvl —aiy)
1

y X
+ (1 - i_z) (Baxi1va — azys) + (1 - x_z) (A — drxy — Ba3xovi — Baxovs)
2 2

+ (1 - Z—l) (B3xovi — azzy) + (1 - Z_z) (Baxavy — aszy)

71 22

1 % 1 %
+— (1 - —) (kizaiyy + kizaszzy — cvy) + — (1 - —) (kpaarys + kpaaszy — cov7)
ki3 Vi koa Vo

X1V
=(1 - x—l) (A —dixy) + BiXvi + BaX vy — @ + aiy
1 1

Baxivadn - X . .
-t @) + (1 — — (A2 = drx2) + B3Xovi + BaXovy
Y2 X2
B3xaviZi . PaxonZy Cq Yivi 2V
- g -t ah - —v —a—— — a3 —
21 2 ki3 Vi Vi
C1 . (&) Yo 22V (&) 5
ki3 2 V2 V2 k24
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Use the steady state conditions for S5 '5:

Ay = di X + B1X1V1 + a1V, Ay = dr Xy + B3XaV) + Bada ¥y,
aryr = BiXivi, @Yy = PoXiVa,  asZy = B3ioVi,  asZp = PBaXav,
vy = kiz (aiy) + azZy), C1Vy = kog (a2 + as?s) .

Then, we get

dO;
dt

X - - - - X1viyi - - X1y

= (1 - —) (di X + a1y + aryr — dix1) — a1y ——— + 24,y — aryr——
X1 X1Viy1 X122
- X2 . - - . XoViZ)

+ 2(12})2 +|1—-— (dz.Xz + a3y + asp — dez) — a3z ——
X2 X2V121

. Xoa2p - - iV _ AUV - »h _ oW
— a4 T2 + 2a4Z) — a1y1= —az71z —YrT—— — A4pT—
X2V2Z2 YiVi 21V1 YaVva 22V
X1 xiviyi )’1\71)
Xy Xiviyr v
X1 xi»my - X2 xXoviZi v
+ aszzy 3

+612}72(3———T—~— ~ = -
X1 X1V2Y2  YaV2 X2 X2V1Z1 21V

- X2 XonZ 22V
tasp|3-— - ——-—|.
X2 XoVo2o 22V2

+ 261321

(x) — Xp)? (x2 — %p)?
! —d
X1 X2

=—d

Clearly % < 0 for all xy, y1, y2, X2, 21,22, V1, v2 > 0 and % = 0 at the steady state S S 3. The solutions

of the system tend to =} = {§§3}. Then L.L.P. implies that §§3 is G.A.S. |

Under specific biological conditions, both viruses can persist at stable levels simultaneously,
regardless of the initial infection levels or disease state. Coexistence occurs when viruses exploit shared
or distinct target-cell populations or when immune feedback allows both to survive. This outcome
illustrates the potential for multi-virus infections to maintain long-term persistence within a host.

Remark 1. Examining memory effects in the proposed model through the use of fractional differential
equations (FDEs) represents a valuable direction for future research. Fractional-order formulations
are well suited to describe systems with nonlocal interactions and hereditary behavior, which frequently
arise in biological and epidemiological processes. In recent years, Lyapunov-based methods have
been increasingly employed to establish global stability in fractional-order within-host biological
models [56-58] as well as in fractional-order epidemiological models [59-61]. In this context, the
Lyapunov functions developed in the present study offer a solid analytical basis for extending the
model to a fractional-order formulation and for investigating the long-term dynamics of coinfection
systems.

6. Impact of a second target-cell population on two-virus codynamics

This section examines how adding a second target-cell group affects the progression of two viruses.
A modified system is considered by including two reverse transcriptase (RT) inhibitors that block fresh
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infections. The resulting equations are

X1 = A —dix; — (1 —e)Bixivi — (1 — &)Bax2,

yi = (1 = €e)Bixivi —ay,

V2 = (1 = &)Brxiva — azys,

Xy = A —daxy — (1 = fie)Bsxovy — (1 = fr&)Bsx2va,
21 = (1 = fie)Bsxavy — azzy,

22 = (1 = fh&)Baxavs — asza,

Vi = kiayyy + ksazzy — cyvy,

V2 = kaarys + kyaszo — covy.

(Gl

The coefficients € € [0,1], i = 1,2, measure the blocking strength of the two RT inhibitors. Their
effect is assumed to be higher in (x;, y;,y») and reduced in (x», 7, z2), where the diminished action is
written as fie;, with f; € [0,1],i = 1,2 [62].

The reproduction numbers for system (G1) are given as:

two target( ) — (1 - El)klﬁl/ll + (1 - flfl)k3ﬁ3/12

=1 -€)Ri +(1 - fie)Ry,

Cldl C1d2
1 — )k, 1- ka3,
two target( )_ ( 62) ZBZ 1 + ( fZEZ) 4:84 2 _ (1 _ 62)R21 + (1 —fzéz)Rzz- (61)
C2d1 Czdg

In the following corollary, we establish the conditions under which at most one virus can persist
chronically.

Corollary 1. For system (G1) and the threshold parameters given in (6.1), the following statements
hold:

o Ife > eiﬁﬁiﬁarger and € > eéw Iglrtlarge’, then Rtlwo'mrget(el) < 1and ngo'mrget(eg) < 1. In this case, the
infection-free steady state, S S, is G.A.S.

o Ife < eit”rgi';“rg” and & > eéw B then R (1) > 1 and Ry (&) < 1. In this case, the
infected vi-mono-infection steady state, S S 1, is G.A.S.

o Ife > eifvrﬁi';argel and & < eéwlzl;arge’ then R1""*“ (/) < 1 and R}"""*“(&) > 1. In this case, the

infected v,-mono-infection steady state, S S 2, is G.A.S.

We next present the coinfection system with a single target-cell class under the action of two RT
inhibitors:
X1 =4 —dix; — (1 —e)Brxivi — (1 — &)Baxiva,
1= =e)ixivi —ay,
Y2 = (1 — &)Baxiva — azys, (G2)
vi = kiayy; — ¢y,
f/z = k2a2y2 — CyV),

which has three steady states:

SSE = (x9,0,0,0,0),

0

X cid d;

S Sone—target — 1 141 one target —1 0 one target -1 0
: [ onetete))” (1 — eNaikiBy (=1 (1-e)B (=D,
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XY cod d;
SSone—target — ( 1 .0, 201 Rone—target ) —1),0, (Rone target(e ) — 1)) ,
2 R(Z)ne—target (62) ( |- 62) ar kz ﬁZ 2 ( 2) 132 2

where

R (e) = (1 - )Ry,

Rgne_wget(fz) = (I - e)Ra.

Itis clear that R)"™"*(;) < R"'"*%(¢), i = 1,2. Therefore, ignoring the second target-cell population
results in an underestlmatlon of the basic reproduction numbers.
The RT inhibitors in systems (G1) and (G2) are designed to block viral entry. We define the

-t t two-t t . .
minimum drug efficacies eone M and i‘zgnarge ,i=1,2, as the smallest values ensuring:

Rone tdrget( 1) < 1 fOI' all one-target < € < 1’

1 l min -

two-t t two-t. t .
R () < 1, forall el.jfno. g <1,i=1,2.

mn

LetR;; > 1,i=1,2, then

one'-target - 1= L
i,min Ril ’
E.twg—target — Ril + Ri2 - 1, i = 1,2
7,min Rll +ﬁR12
Since f; € [0,1],i = 1,2, then
two-target _ Ril +Ri2 -1 > Ril +Ri2 -1 - 1- 1 > 11— 1 _ one-target i=1.2
fmin Ry + fiRh ~  Ru+Rp Ri1 + R R b o

If the drug level satisfies eonirfdrget <€ < eﬁvrvnfrfdrget then R)"""*(g;) < 1, which drives system (G2)

to the infection-free steady state SS One- mget( 9.0,0,0, O) However, in the same range, we still have

(&) > 1, so the steady state SStWO target(xl, 0,0,x9,0,0,0,0) of system (G1) remains unstable.
Thus, drug levels determined from the one-target-cell model may not be sufficient to clear the viruses.
This highlights the importance of including the second target-cell type in coinfection models to obtain
accurate treatment thresholds. Accounting for the extra cell population provides stricter efficacy
requirements and a more reliable estimate for successful therapy.

two-target
R g

Remark 2. System (GI) can be formulated as a controlled dynamical system, where
X1, V1, Y2, X2, 21, 22, V1, and v, are the state variables, and €, and €, represent intervention controls. A
variety of control approaches have been employed in epidemiology and virology, including feedback-
based methods, adaptive strategies, model predictive control, and optimal control techniques. In
particular, optimal treatment policies are commonly formulated by minimizing disease burden while
simultaneously accounting for medication costs and adverse side effects. Recent studies in virological
modeling, including analyses of HTLV-I dynamics [63] and HIV/HTLV coinfection [24] as well as
epidemiological investigations of HIV/AIDS [64] and HIV/TB coinfection [65, 66], demonstrate the
effectiveness of optimal control approaches in capturing disease dynamics and evaluating intervention
strategies. These contributions highlight the practical value of control-based frameworks and provide
strong motivation for extending system (G1) to an optimal control formulation in order to assess and
design efficient treatment policies.
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7. Numerical simulations

In this section, the qualitative dynamics of system (2.1)—(2.8) are numerically investigated. The
extent to which the simulations confirm the analytical outcomes presented in Theorems 14 is assessed
using the parameter values in Table 2. The parameter values presented in the table were assumed
for the purpose of numerical simulations to illustrate that when the stability conditions are satisfied, all
solutions converge to the corresponding equilibrium points. These assumptions are necessary due to the
difficulty in estimating the parameters, as real patient data for dual infections are limited. We note that
if actual patient data become available, some parameters could be estimated more accurately, allowing
for proper validation of the model. System (2.1)—(2.8) is solved using the MATLAB solver ode45.
This solver is designed for non-stiff ordinary differential equations and is based on an explicit Runge—
Kutta (4,5) scheme. Its adaptive step-size control regulates local errors and provides accurate solutions
with moderate computational cost. Owing to its robustness and straightforward implementation within
MATLAB, ode45 is well suited for simulating the dynamics of the proposed model.

Table 2. The values of the parameters of model (2.1)—(2.8).

Parameter  Value Parameter  Value

A 10 cells mm~> day™! a, 0.3 day™!

A 5 cells mm™ day™! as 0.1 day™!

d, 0.01 day™! a, 0.2 day™!

dy 0.01 day™! ki 50 virus cells™
Bi (Varied) mm? virus™! day™' &, 40 virus cells™!
B> (Varied) mm? virus™! day™' k3 50 virus cells™
B3 (Varied) mm? virus™! day™'  k, 40 virus cells™!
Ba (Varied) mm? virus™! day™! ¢, 3 day™!

aj 0.5 day™! ) 4 day™!

The numerical study is divided into three parts. Subsection 7.1 investigates the stability of all steady
states across four regimes (I)-(IV) by varying the four infection rates and examining the asymptotic
dynamics of system (2.1)—(2.8) in each regime. Subsection 7.2 examines the impact of RT-inhibitor-
based treatment where the reduction in the infection rates is modeled through the parameters for drug
efficacy ¢ and f:€;. Then, it quantifies the stabilization of the resulting viral dynamics. Subsection 7.3
compares our two-target-cell coinfection model with a published HIV-HBV model. This comparison
is significant since the incorporation of a second target-cell population necessitates stronger antiviral
efficacy thresholds and results in different viral-clearance outcomes compared with the single-target-
cell model.

7.1. Stability of the steady states

We begin by investigating the four regimes produced by varying the infection rates (81,52, 53, 84)
while maintaining all other parameters as the given values in Table 2. We select the following family
of initial conditions:
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x1(0) =600 -30¢, y,(0)=2+15¢ y,(0)=9+0.3¢,
x(0)=400-30¢, z(0)=10+7¢, z(0)=0.2+ 3¢, ch
v1(0) =60 +20¢, v,(0)=40+10¢, t=1,2,..,12

The threshold parameters R;, R,, and the coexistence conditions (C1)—-(C3) are those stated in
Theorems 1-4. Moreover, we calculate the Jacobian matrix J = J (x1, y1, Y2, X2, 21, 22, V1, V2) Of system
(2.1)—(2.8) at each steady state and evaluate the signs of the real parts of its corresponding eigenvalues
ni, i =1,2,...,8, which serves as a numerical check of the local stability results. Consider the Jacobian
matrix J given in (5.2). Therefore, we have the following four regimes:

7.1.1. Regime I (spontaneous viral clearance)

With the parameter set (81, 55, 83,84) = (2x 107,3 x 10,3 x 107,2 x 1075), the threshold value
is computed as Ry = max{R;,R,} = max{0.58,0.40} < 1. Biologically, this regime represents either
strong host immune defenses, low viral infectivity, or effective antiviral intervention, which together
prevent either virus from establishing a lasting infection. For all initial conditions listed in (IC1),
the trajectories of target cells rise monotonically and approach their limiting values (1000, 500),
whereas the infected cells and virus particles of both types decline monotonically and tend to zero
(Figure 2). This result reflects full viral clearance and host recovery, indicating that low infection
rates are insufficient to sustain long-term viral presence. These simulations support Theorem 1, where
system (2.1)—(2.8) always converges to the infection-free steady state S.5, = (1000, 0, 0, 500, 0, 0, 0, 0).
Hence, S5 is G.A.S. Consistently, the Jacobian matrix evaluated at SS( exhibits eight eigenvalues

with strictly negative real parts (Table 3, Regime I), thereby confirming the local asymptotic stability
of S 0-
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Figure 2. Dynamics of system (2.1)—(2.8) showing the asymptotic stability of the infection-
free steady state S5, = (1000, 0, 0,500, 0, 0, 0,0) for Ry = max{R;, R,} < 1 (Regime I).

AIMS Mathematics Volume 11, Issue 1, 1489-1526.



1510

Table 3. Local stability of nonnegative steady states SS;,i =0, 1,2, 3.

Regime Steady states (Re(;),i=1,2,3,4) Stability
1 S8y = (1000,0,0,500,0,0,0,0) (-4.11,-3.21,-0.33,-0.24, -0.15,-0.06, -0.01, -0.01) stable
I S8 = (1000,0,0,500,0,0,0,0) (—4.44,-4.11,1.004,-0.24,-0.16,-0.15,-0.01,-0.01) unstable
S8 =1(195.46,16.09,0,69.69,43.03,0,205.81,0) (—4.02,-3.38,-0.28,-0.21, -0.2, —0.04, —0.04, —0.06) stable
m S§So = (1000,0,0,500,0,0,0,0) (—4.94,-3.21,0.66,-0.33, -0.22, -0.06, -0.01, —0.01) unstable
S§S, =(230.14,0,25.66, 154.79,0,17.26,0, 111.51) (-4.27,-3.05,-0.46,-0.23,—-0.09, -0.02, -0.02, —0.04) stable
S8 = (1000,0,0,500,0,0,0,0) (—5.34,-4.44,1.06, 1.004,-0.21,-0.16,—-0.01,-0.01) unstable
v S§S1 =1(195.46,16.09,0,69.69,43.03,0,205.81,0) (-4.32,-3.38,-0.21,-0.21, -0.04, —0.04, —0.06, 0.03) unstable
S8, =1(141.6,0,28.61,145.99,0,17.7,0,121.24) (-4.27,-3.32,-0.31,-0.22,-0.03, -0.03, —-0.04, 0.03) unstable

§S3=(163.64,7.31,15.7,90.91,30.44,5.23,111.62, 57.58) (—4.28,-3.33,-0.26,-0.22, -0.04, -0.04, —0.03, —-0.03) stable

7.1.2. Regime II (virus type 1 dominates)

For the parameter values (81, 8,3,84) = (2x 1074,3 x 1075,3 x 107, 2 x 1075), the corresponding
thresholds are Ry = 5.83 > 1 and R, = 040 < 1. Biologically, virus type 1 replicates more
efficiently in its preferred target-cell population, allowing it to establish a sustained infection. For
all initial conditions listed in (IC1), system (2.1)—(2.8) evolves toward the infected v;-mono-infection
steady state S5 = (195.46,16.09, 0, 69.69,43.03,0,205.81,0), as predicted by Theorem 2 (Figure 3).
As expected in this regime, the infection-free steady state SS( is numerically unstable due to one
positive eigenvalue, whereas S S is locally asymptotically stable since all eigenvalues corresponding
to the Jacobian at §§; exhibit negative real parts (Table 3, Regime II). Furthermore, the long-term
dynamics across all compartments exhibit the characteristic behavior of a v;-dominant mono-infection:
the populations of target cells tend to positive steady levels, the populations of virus particles and
infected cells associated with virus type 1 approach positive steady values, while all virus type 2
associated compartments decline to zero. This pattern illustrates competitive exclusion, in which the
more efficient virus inhibits the other strain and prevents its survival. This consistent convergence from
all initial conditions corroborates the theoretical outcomes established in Theorem 2 and highlights
numerical findings for the global asymptotic stability of the coexistence steady state S .
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Figure 3. Dynamics of system (2.1)—(2.8) showing the asymptotic stability of the infected
vi-mono-infection steady state S §; = (195.46, 16.09, 0, 69.69, 43.03, 0, 205.81,0) for R; > 1
and R, < 1 (Regime II).

AIMS Mathematics Volume 11, Issue 1, 1489-1526.



1511

7.1.3. Regime III (virus type 2 dominates)

Taking the parameter set (B1,055,53,8:) = (2 x 10,3 x 107%,3 x 107°,2 x 107*), we obtain
R, = 4 > 1and R, = 058 < 1. In this case, virus type 2 has a higher infection or
replication efficiency, which enables it to dominate over virus type 1. Simulations initiated from
all initial conditions in (IC1) converge to the infected v,-mono-infection steady state SS, =
(230.14,0,25.66,154.79,0,17.26,0,111.51), in accordance with Theorem 3 (Figure 4). As in the
previous regime, SS, loses its stability due to one positive eigenvalue, whereas S5, is locally
asymptotically stable, since the Jacobian at § S, possesses eigenvalues with negative real parts (Table 3,
Regime III). Compared with Regime II, the long-term dynamics across all compartments exhibit
the characteristic behavior of a v,-dominant mono-infection: The populations of target cells tend
to positive steady values, the populations of virus particles and infected cells associated with virus
type 2 approach positive steady values, while all virus type 1 associated compartments decline to zero.
This regime demonstrates how differences in infection rates influence which virus maintains a long-
term presence within the host. This consistent convergence from all initial conditions corroborates
the theoretical outcomes established in Theorem 3 and highlights numerical findings for the global
asymptotic stability of the coexistence steady state S.S ;.
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Figure 4. Dynamics of system (2.1)—(2.8) showing the asymptotic stability of the infected v,-
mono-infection steady state S5, = (230.14,0, 25.66, 154.79,0,17.26,0,111.51) for R, > 1
and R; < 1 (Regime III).

7.1.4. Regime IV (coexistence of the two viruses)

Taking the infection rate parameters as (8,52, /83,84) = 2 x 1074,5x 107*,3 x 1074,2 x 107™), the
coexistence requirements in (C1)—(C3) are fulfilled. The threshold parameters are calculated as
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R R
Ry=375>1, —2=25>1, —2=15>1,
R» 11
along with the composite inequalities in (C2) and (C3), respectively
1.71>1 and 145>1,

ensuring the feasibility of the two-virus coexistence steady state for this parameter regime.
Both viruses are able to persist by primarily exploiting distinct target-cell populations,
which limits direct competition between them. For all initial conditions specified in
(IC1), system (2.1)-(2.8) evolves toward the two-virus coexistence steady state SS;
(163.64,7.31,15.7,90.91, 30.44,5.23,111.62,57.58), in accordance with Theorem 4 (Figure 5). As
presented in Table 3 (Regime IV), the Jacobian spectra demonstrate that SS¢, SS;, and SS, are
unstable in this regime since each of them possesses a positive eigenvalue. In contrast, S S 3 is locally
asymptotically stable, as the Jacobian at S§; has eigenvalues with negative real parts. The long-
term dynamics across all compartments exhibit the characteristic behavior of a coinfection scenario
involving two viruses: The populations of target cells settle at positive steady values, the populations
of virus particles and infected cells associated with both types stabilize at positive steady values,
indicating the persistence of both types of viruses. Such coexistence leads to an effective partitioning
of the cellular environment, whereby each virus exhibits maximal replication efficiency in one target
cell population and reduced efficiency in the other. As a consequence, both viruses are able to persist

simultaneously within the same host.
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Figure 5. Dynamics of system (2.1)—(2.8) showing the asymptotic stability of the two-virus
coexistence steady state SS; = (163.64,7.31,15.7,90.91, 30.44,5.23,111.62,57.58) under
conditions C1-C3 (Regime IV).

The preceding analysis shows that changes in the infection rate parameters (81, 53,, 53, 84) can shift
the system among four distinct regimes: complete elimination of both viruses, dominance of virus
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type 1, dominance of virus type 2, and stable coexistence of the two viral populations. This illustrates
how sensitive the within-host dynamics are to viral infectivity and the preference for specific target-
cell populations. Likewise, adjusting the drug efficacy parameters €, and e reduces the effective
infection rates, showing how treatment can shift the system from persistent infection to suppression
or complete viral elimination. These findings emphasize the role of parameter variation in capturing
realistic disease dynamics and informing treatment strategies.

7.2. Effect of treatments

This subsection discusses the influence of the RT inhibitor-based treatment on the stability
properties of system (G1). In order to quantify the lowest therapeutic strength that is essential to

control each virus, we use Eq (6.1) to calculate the drug efficacy threshold parameters at €," “** and
two-target ’
min SO that

Rtlwo—target (61) — 1 an d R;wo—target (62) — 1

Then, we take under consideration the parameter values listed in Regime IV and fix f; = f, = 0.9 to

obtain the critical €, " and €, "*" as follows:
wouaget _ R+ Rio =1 ooy
1,min R11 + f1R12 ' ’
two-target _ M = (0.847458
2.min Roi + faRy . .

To analyze the dynamical behavior of system (G1) under a variety of treatment strengths, we solve
system (G1) under the selected initial conditions:

x1(0) =600, y(0)=5, y:(0)=10,
x(0) =300, z,(0)=20, z(0)=10, ac2)
v1(0) =60, v,(0) =50,

and examine several selections of (€, ). The numerical simulations illustrated in Figure 6 and the
steady states presented in Table 4 highlight the significant impact of €; and € on the dynamics of
system (G1). The outcomes are as follows:

e In the absence of treatment (¢, = € = 0), both viruses persist and the coinfection becomes
chronic. In this situation all solution trajectories converges to S s, and it is G.A.S.

¢ In the moderate treatment level (such as, €, = & = 0.75), both viruses persist and the coinfection
becomes chronic. However, a remarkable reduction in the populations of infected cells and virus

particles is seen, but still, szo'target > 1 for i = 1,2, which guarantees that all solution trajectories
converge to S §3, and it is G.A.S.

e In the case of asymmetric treatment levels (¢, > € i, While € < €min, € < € min While & >
€.min), particular eradication of one virus is noticed while the other persists, in accordance with

virus superiority and R,"*"“**" > 1 for i = 1, 2. In this situation, the solution trajectories converge
to the mono-infection state (S5 or §5,).

e In the case that both treatments exceed their minimal values (such as, ¢ = ¢, = 0.9 or ¢ =

6,=1), both viruses vanish, and this leads to the healthy situation. Hence, the solution trajectories
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converge to the infection-free equilibrium S S, where R**"®" < 1 for i = 1, 2. These outcomes

validate the analytical conditions and confirm that total coinfection clearance demands that both
treatment parameters €; and €, surpass their critical values.
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Figure 6. Dynamics of system (G1) under the effect of RT inhibitor-based treatment.

Table 4. Effect of RT inhibitor-based treatment on the dynamics of system (G1).

Treatment parameters Steady states R e) RY™ (&)

1

e=6=0 S§S3=(163.64,7.31,15.7,90.91,30.44,5.23,111.62,57.58) 5.83 6

e =6=0.75 8§83 =1(654.55,4.7,3.69,279.72,19.57,1.23,71.76,13.52)  1.64583 1.575
€ =09, =038 S8, =(761.74,0,7.94,425.47,0,3.73,0,31.28) 0.81 1.28
€ =08,6=09 S§S1=(804.61,3.91,0,331.14,16.89, 0, 60.71, 0) 1.37 0.69
e = 0.865672, e, = 0.847458 §S, = (1000, 0,0, 500, 0,0, 0,0) 1 1

e =6=09 S5y =(1000,0,0,500,0,0,0,0) 0.81 0.69
e=6=1 S§So = (1000,0,0,500,0,0,0,0) 0.25 0.1

7.3. Comparison results

In this subsection, we compare our system (G1) with a previously developed model describing
HIV-HBV coinfection given in [27], where both viruses target hepatocytes, while HIV additionally
infects CD4* T cells. The dynamics of HIV and HBV under the influence of two reverse transcriptase
inhibitors are formulated as:
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=4 —dix; — (1 = e)Brxivi — (1 — &)faxva,

yi =1 = e)Bixvi —apyy,

V2 = (1 = &)Brxiva — azys,

Jo = A — dyxy — (1 = fre)Bsxavy, (G3)
21 = (1 = fie)Bsxav1 — azzy,

V| = k1a1y1 + k3a3z1 - C1Vq,

V2 = kaazys — ¢V,

Here, xi(f), yi1(t), y2(t), x2(¢), z1(¢¥), vi(¢), and v,(¢) represent, respectively, the concentrations of
uninfected hepatocytes, HIV-infected hepatocytes, HBV-infected hepatocytes, uninfected CD4* T
cells, HIV-infected CD4" T cells, free HIV particles, and free HBV particles at time ¢.

The basic reproduction numbers for system (G3) are given by

(- eDkipdi | (1 - fieksBsds
C]dl Cldz

1 — &)k,5,4

(I -~ e)kafrdi _ (1 — )Ry,
Czdl

Ri(e) = = (1 —€&)Ri + (1 = fie)Ry,

Ry(&) =
We define the minimum drug efficacies and €] ;,, and €, ;,, as the smallest values ensuring:
Ri(e) <1, foralle,,, <<1,i=1,2,

where

*

. _R11+R12—1 & _R21—1
1,min Rll +f1R12 ’ 2,min R21 .

Using the values of the parameters given in Regime IV and choosing f; = f; = 0.9, we get

Ry +R;,p-1 Ry + Ry -1
two-target 11 12 two-target 21 22
€ . = — =0.865672, € . = —— =0.847458,
min Ry + fiR1» 2-min Ro1 + faRy»
Rii+Rp -1 Ry -1
€ min = —o——— = 0.865672, € = —— = 0.8.
Ry + fiR12 Ry

In Figure 7, we compare the stability characteristics of systems (G1) and (G3). The initial conditions
are chosen as follows:
x1(0) =920, y(0)=1, »(0) =3,
x0)=470, z(0)=3, 2O =1, (IC3)
vi (0) =10, v, (0) = 10.

We set the drug efficacies ¢, = 0.87 and ¢, = 0.82. Under these values, the effective reproduction
numbers become

Ri(e)=098 <1, Rie)=09<1,

which ensures that system (G3) remains stable at its infection-free equilibrium. In contrast, applying
the same efficacies to system (G1) yields

Rtlwo—target(el) — 098 < l, thwo—target(ez) — 116 > 1’

AIMS Mathematics Volume 11, Issue 1, 1489-1526.



1516

indicating instability of the infection-free state. Therefore, estimating drug thresholds from a simplified
model that ignores the secondary target-cell can lead to insufficient therapy and persistence of at least
one viral infection. This comparison underscores the necessity of incorporating all relevant target cell
populations in coinfection models to derive accurate efficacy thresholds. Including the additional cell
type results in stricter, but more realistic, treatment conditions for viral eradication.
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Figure 7. Solution trajectories for the full two-target infection model (G1) compared with its
restricted one-target setting (G3).

Neglecting the second target-cell population can lead to an underestimation of the basic
reproduction numbers, which may, in turn, influence clinical decision-making and intervention
strategies. To quantify this effect, we evaluate the discrepancy between the two effective reproduction
numbers for virus type 2, namely

R — Ry(e) = 1.16 — 0.9 = 0.26,
which corresponds to an approximate difference of 29%. Consequently, treatment strategies developed
from models that overlook the second target-cell population of virus type 2 may fail to achieve complete
clearance of this virus from the host. Consequently, the treatment efficacy required to eliminate
hepatitis C virus type 2 is underestimated by 0.847458—0.82 = 0.027, corresponding to an approximate
discrepancy of 3.35%. This emphasizes the importance of using a mathematical model that accounts
for both target-cell types of the two viruses when designing treatment schedules.

7.4. Sensitivity analysis

To assess the influence of each parameter of system (G1) on the threshold quantities defined in (6.1),
the normalized forward sensitivity index is employed, as given below:
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o g R;wo—target (€) ‘
Ao = R;wo—target(ei) dar , 1=1,2, (7.1)

where @ accounts for any parameter of interest. When A, takes a positive value, an increase in «
enhances R;"'**%(¢); conversely, a negative value reflects a suppressive impact. Thus, the proportional
impact of parameter « on the threshold quantity is quantified by its magnitude of A,. We take into
consideration the parameter set used in Regime IV and fix f; = f, = 0.9 and ¢, = ¢ = 0.6. Then,
we use Eq (7.1) to compute the normalized sensitivity indices A, for all parameters associated with
Eq (6.1). Tables 5 and 6 summarize all calculated outcomes describing, respectively, the sensitivity
of R (¢) and R, “"*"(&,) under the chosen parameter values. Figures 8 and 9 present their
corresponding graphical representations.

In the subsequent discussion, we outline the main sensitivity outcomes and highlight the parameters
that have the greatest effect on the infection dynamics.

Table 5. Sensitivity indices of R}"*"“*"(¢,) associated with the parameters of system (G1).
Parameter @ A, Parametera A, Parametera A,
A 0.537 B, 0.537 ¢ -1
A 0.463 5 0.463 ¢ —1.349
d, -0.537 Kk 0.537 f —0.544
d, -0.463 k; 0.463
Table 6. Sensitivity indices of R)""“"**'(e,) associated with the parameters of system (G1).
Parametera A, Parameter @ A, Parametera A,
A 0.813 B, 0.813 ¢, -1
Ay 0.187  p, 0.187 e —1.439
d; -0.813 k, 0.813 f, -0.22
d> —0.187 k4 0.187
S P A R R Ry A A

Forward sensitivity indices

. . .
. two—target
Parameters associated to R{""""“(¢;)

Figure 8. Parameter contribution pattern corresponding to R,""“*“(¢;) in system (G1).
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Figure 9. Parameter contribution pattern corresponding to R)""*"(e,) in system (G1).

7.4.1. Sensitivity of R\""*(¢;)

two-target

As reported in Table 5 and displayed in Figure 8, R, (€1) responds most strongly to the
parameters Ay, 51, ki, and €,. Positive sensitivity indices for A;, £, and k; suggest that enhancing
their values increases R|"""“"*"(), thereby supporting the persistence of virus type 1. On the other
hand, the RT inhibitor efficacy ¢, attains the highest negative sensitivity index. This strong negative
effect is caused by the multiplicative term (1 — €) that appears in the infection rate of system (G1),
signifying that even a slight increase in €; notably reduces viral replication. Consequently, increasing

treatment efficacy plays a crucial role in controlling virus type 1.

7.4.2. Sensitivity of R)""“*(e,)

A similar observation is found for R)""*"(e,), as reported in Table 6 and illustrated in Figure 9.

Positive sensitivity indices for A, B>, and k, suggest that enhancing their values increases R;"*“*“ (),
thereby supporting the persistence of virus type 2. However, the RT inhibitor efficacy e, attains the
highest negative sensitivity index. This strong negative effect is caused by the multiplicative term
(1 — &) that appears in the infection rate of system (G1), signifying that even a slight increase in €
notably reduces viral replication. Consequently, increasing treatment efficacy plays a crucial role in
controlling virus type 2. This sheds light on the importance of including a sufficiently strong inhibitory
response in the second target-cell compartment, thereby suppressing viral coexistence and controlling

the infection.
8. Conclusions

Earlier models of two-virus coinfection often indicated that chronic infection can occur, but usually
for only one virus; stable coexistence of two viruses was rarely predicted. These models commonly
include an infection-free steady state, where both viruses are cleared, and two boundary steady states,
where either virus type 1 suppresses virus type 2 or vice versa. In other approaches, both viruses
share the same target cells, and one of them can also infect another target-cell type. In such cases, a
coexistence steady state may arise, allowing both viruses to persist together. Stable coexistence may
also appear in models that include superinfection, immune control, or saturation effects. These results
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show that the persistence of both viruses depends on the interactions between their target cells and the
host’s internal regulation.

Based on evidence that many viruses can infect several cell types, we developed and analyzed a
two-virus coinfection model in which the viruses infect and compete within two distinct target-cell
populations. The model shows that both viruses can coexist and persist, giving a possible explanation
for chronic coinfection and the factors that allow such coexistence.

The basic reproduction numbers were obtained for virus type 1 (R;), virus type 2 (R,), and the
two-virus case (Ry = max{R;, R,}). The existence of infection-free, single-infection, and coexistence
equilibria was determined, and their stability was established by Lyapunov functions. Biologically, the
steady states can be interpreted as follows:

e 55 (Regime I, viral clearance): Both viruses are cleared (R, < 1), and target cells recover,
reflecting low viral infectivity or effective intervention.

e 55 (Regime II, virus type 1 dominance): Virus type 1 persists (R; > 1 and R, < 1) while virus
type 2 is cleared. This reflects competitive exclusion, where the more efficient virus suppresses
the other strain, preventing its survival.

e 55, (Regime III, virus type 2 dominance): Virus type 2 persists (R, > 1 and R; < 1) while
virus type 1 is cleared, illustrating competitive exclusion.

e 555 (Regime IV, coexistence): Both viruses persist (Conditions (C1)—(C3) hold) by exploiting
distinct target cells, reflecting niche partitioning and long-term coexistence.

Each of the four steady states of the system has been shown to be globally asymptotically stable
within its corresponding set of conditions.

We further investigated the impact of including the second target-cell population for both viruses
on the system’s dynamic behavior. The results show that the second target is necessary for coexistence
and increases the reproduction numbers:

Ry =Ri1 +Ri» >Ry, Ry =Ry + Ry >Ry

Consequently, neglecting the second target-cell population results in underestimated values of R, and
R», potentially compromising the design of treatments capable of fully clearing the viruses from the
host.

We examined the impact of antiviral therapy on viral dynamics and observed a marked reduction
in viral load. Additionally, we identified the minimum drug efficacy required to satisfy both R; < 1
and R, < 1, thereby stabilizing the uninfected equilibrium and ensuring the elimination of both viruses
from the host. To validate these theoretical results, numerical simulations were conducted, highlighting
the influence of collision rate parameters 5;, i = 1,2, 3,4 in producing four distinct outcomes: complete
viral clearance, elimination of type 2 virus with persistence of type 1, elimination of type 1 virus with
persistence of type 2, and stable coinfection of both viruses. We also compared the proposed model
with one that ignores the second target cell for type 2 virus and found that relying on the simplified
model may lead to insufficient treatment thresholds. In contrast, our model offers a more accurate and
reliable framework for determining the drug efficacy necessary to achieve the successful eradication
of both viral types. The enhanced model provides insights into the dynamics of coinfection involving
multiple viruses and offers a reliable framework for estimating the therapeutic doses required to achieve
complete viral clearance.

AIMS Mathematics Volume 11, Issue 1, 1489-1526.



1520

One major limitation of this study is the difficulty in accurately estimating the model parameters due
to the limited availability of clinical data from patients experiencing dual viral infections. Although
data for single-virus infections are more readily obtainable, gathering reliable information for co-
infected patients continues to be a considerable challenge.

Based on the findings of this study, the following extensions are suggested: (i) reformulating the
model using fractional-order differential equations to capture memory effects in viral codynamics,
(i1) integrating real-world clinical data to refine parameter estimates and enhance predictive accuracy,
(ii1) incorporating the host immune response into the model, and (iv) developing optimal treatment
strategies through optimal control theory. These directions offer promising avenues for future research
and may increase the model’s clinical relevance.
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Appendix. Basic reproduction number

The basic reproduction number represents the expected number of secondary infections generated
by a single infected cell during its entire infectious period, assuming that all target cells are initially
uninfected. This quantity is evaluated at the infection-free steady state.

A.1. Calculation of the basic reproduction number for a single-virus model

The subsystem corresponding to infection by virus type 1 is obtained by removing all variables
associated with virus type 2. This is accomplished by assigning v, = y, = zo = 0 in Eqgs (2.1)—-(2.8),
which leads to the following reduced model:

X1 =4 —dix; — Bixvi, (A.1)
Vi =pBixive — ay, (A.2)
Yo = Ay = dhxy — B3xavy, (A.3)
21 = B3xavi — aszi, (A.4)
vi = kiayy, + ksazzy — cyvy. (A.5)

The infection-free equilibrium of system (A.1)—(A.5) is
S8 = (x,0,x3,0,0).

The basic reproduction number R, is computed as the dominant eigenvalue of the next-generation
matrix p(F;V; 1. The matrix F, contains the new infection terms, and V, includes the transition terms
between infected classes, constructed using the method of [67]. The matrices are

B
00 d a 0 0
F, = 0 0 ﬁ3/l"2 , V| = 0 as 0 |.
d2 —a1k1 —Cl3k3 C1
00 O
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Accordingly, the basic reproduction number corresponding to a v;-only infection is given by
Ry = p(F1V{") = Ry + Ry,
where
R, = ki Ri = k3,33/12.
C1d2

Here, Ry, represents the expected number of infections generated by virus type 1 within the x;
target-cell population, whereas R;, captures the contribution of infections occurring in the x, cell

compartment.
Similarly we define the basic reproduction number corresponding to a v,-only infection:
ko 4 kaf3, A2
Ry = Ry + Ry, Ry = —%—, Ry = ==,
c2dy Crdy

A.2. Deriving the reproduction number for the two-virus coinfection model

We apply the next-generation method to system (2.1)—(2.8). Let F, collect the new infection terms
and Vj contain the transition and removal terms. The basic reproduction number is Ry = p(FoV;; .
The matrices are

Bidy

0 00O 7 0
1
B, a 0 0 0 0 0
0000 0 == 0 a 0 0 00
B3As 0 0 a 0 0 0
- {0 00 0 — 0 — 3

Fo d> ol Yo 0 0 0 a0 0
0 00 0 l% —a1k1 0 —a3k3 0 C1 0
0000 0 02 0 —Clzkz 0 —Cl4k4 0 C

0 00O 0 0

Thus,

kB | kfsds kafyli | kaByd
Cldl Cldz ’ Czdl C2d2

Ry = p(FoVyh) = max{ } = max{R;, R,}.

Biological considerations: R, measures the expected number of secondary infections produced by a
single infected cell in an otherwise uninfected host. Each term reflects contributions from specific
target-cell populations. For virus 1, R; = Ry; + Ry, with Ry representing infections in the primary
cells x; and R, in the secondary cells x,. Similarly, R, = Ry; + Ry, for virus 2. A value of Ry > 1
indicates that the infection can establish and spread, while Ry < 1 implies that the infection will die out.
Breaking R, into these components highlights which virus or cell population dominates the dynamics
and provides insight into which pathways are critical for viral proliferation, which can guide targeted
interventions or therapies.
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