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Abstract: In 1875, Glaisher systematically found several interesting determinant expressions of
numbers, including Bernoulli, Cauchy, and Euler numbers. In this paper, we identify several
determinants that express Euler polynomials. Goy and Shattuck presented several determinantal
expressions of some families of Toeplitz–Hessenberg matrices with Tribonacci number entries.
However, a determinant expression of Tribonacci numbers has not been studied much. By using a
similar form of determinants to Euler’s, we also give some determinant representations of generalized
Tribonacci numbers.
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1. Introduction

Historically, Glaisher [8] appears to have been among the first to systematically derive several
interesting determinant expressions for various number sequences, including Bernoulli, Cauchy, and
Euler numbers. These are results where these numbers are represented in terms of determinants. We
can see the Fibonacci determinants in [28, 29] where the Fibonacci numbers are elements of the
determinants. Several results such that Fibonacci numbers are expressed in terms of determinants can
be seen in [14, 23].

In [24, Corollary 2], a determinant expression of Cauchy polynomials cn(x), defined by

t
(1 + t)x log(1 + t)

=

∞∑
n=0

cn(x)
tn

n!
,
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is given by

cn(x) = n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

rx(2) 1 0 · · · 0

rx(3) rx(2) 1
...

rx(4) . . . 0
... rx(2) 1

rx(n + 1) · · · rx(4) rx(3) rx(2)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where

rx(n) =
d
dx

(−1)n−1(x)n

n!
=

1
n!

n−1∑
ℓ=0

(−1)ℓ(ℓ + 1)
[

n
ℓ + 1

]
xℓ ,

(x)n = x(x− 1) · · · (x− n+ 1) is the falling factorial with (x)0 = 1, and
[
n
m

]
is the Stirling number of the

first kind defined by

(x)n =

n∑
m=0

(−1)n−m

[
n
m

]
xm .

When x = 0, we have an expression of Cauchy numbers ( [8, p.50]):

cn = n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
2 1 0 · · · 0
1
3

1
2 1

...

1
4

. . . 0
... 1

2 1
1

n+1 · · ·
1
4

1
3

1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Euler polynomials En(x) are defined by

2ext

et + 1
=

∞∑
n=0

En(x)
tn

n!
. (1.1)

Euler numbers En = 2nEn(1/2) are given by

1
cosh t

=

∞∑
n=0

En
tn

n!
. (1.2)

A determinantal expression of Euler numbers is given by

E2n = (−1)nn!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
2! 1 0 · · · 0
1
4!

1
2! 1

...

1
6!

. . . 0
... 1

2! 1
1

(2n)! · · ·
1
6!

1
4!

1
2!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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( [8, p.52]). It is generalized in terms of hypergeometric Euler numbers ( [27]). Notice that a
determinantal expression of Euler numbers of the second kind Ên, defined by

t
sinh t

=

∞∑
n=0

Ên
tn

n!
, (1.3)

is given by

Ê2n = (−1)nn!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
3! 1 0 · · · 0
1
5!

1
3! 1

...

1
7!

. . . 0
... 1

3! 1
1

(2n+1)! · · ·
1
7!

1
5!

1
3!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1.4)

( [22, Corollary 2.2]).
In this paper, we give a determinantal expression of Euler polynomials, which is given as in

Theorem 1. From the relationship with Euler polynomials, we can also provide a determinant
expression for Bernoulli polynomials.

On the other hand, determinants related to Fibonacci numbers are also fascinating. There are many
references to matrices or determinants that have Fibonacci numbers as elements (see, e.g., [1, 2, 10,
12, 15, 17, 19, 20], [28, Ch. 33], [29, Ch. 39], [32]). Nevertheless, many of the results so far have
dealt with cases involving Fibonacci numbers or numbers related to them as elements, and there have
been relatively few results directly giving Fibonacci numbers themselves. In [25], several determinants
expressing Fibonacci and related polynomials are given, motivated by the results in [14,23]. The results
related to Tribonacci are even scarcer (see, e.g., [3, 5–7, 9, 13, 16, 18, 21, 29–31]), but we have found a
determinant representation that gives generalized Tribonacci polynomials.

The determinants discussed in this paper are of a type of Hessenberg matrices, and this type of
lower triangular matrices not only allows for the transformation between the outer and inner elements
using the inversion formula ( [26]), but also has the advantage of being able to express the elements
using a summation formula. See propositions in Section 2.

2. Euler determinants

Theorem 1.

En(x) = n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x+(x−1)
2·1! 1 0 · · · 0

x2+(x−1)2

2·2!
x+(x−1)

2·1! 1
...

x3+(x−1)3

2·3!
. . . 0

... x+(x−1)
2·1! 1

xn+(x−1)n

2·n! · · ·
x3+(x−1)3

2·3!
x2+(x−1)2

2·2!
x+(x−1)

2·1!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

When x = 1/2, that of Euler numbers can be reduced.
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Corollary 1.

E2n = 2nn!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 · · · 0
1
2!

(
1
2

)2
0 1

...

0 1
2!

(
1
2

)2
0

1
4!

(
1
2

)4
0 1

2!

(
1
2

)2 . . .
...

0 . . . 0
... 1

2!

(
1
2

)2
0 1

1
2·n!

((
1
2

)n
+

(
−1

2

)n)
· · · 0 1

4!

(
1
2

)4
0 1

2!

(
1
2

)2
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Note that En = 0 when n is odd.
In order to prove this result, there are several methods to find the determinantal representations.

One of them is due to the generating function method presented in [14, 23]. This method is due to
Cameron’s operator [4].

Lemma 1. We have

∞∑
n=0

hntn =
c

1 − z1t + z2t2 − z3t3 + · · ·

⇐⇒

hn = c

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

z1 1 0 · · · 0

z2 z1 1 . . .
...

z3 z2 0
...

. . . z1 1
zn · · · z3 z2 z1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where c is the constant independent of hn, n, and t.

Proof of Theorem 1. By the generating function in (1.1), ∞∑
n=0

En(x)
tn

n!

−1

=
et · e−xt + e−xt

2

=
1
2

 ∞∑
k=0

tk

k!

  ∞∑
ℓ=0

(−x)ℓtℓ

ℓ!

 + ∞∑
ℓ=0

(−x)ℓtℓ

ℓ!

=
1
2

∞∑
n=0

 n∑
ℓ=0

(
n
ℓ

)
(−x)ℓ + (−x)n

 tn

n!

=
1
2

∞∑
n=0

(−1)n

(
(x − 1)n + xn

n!

)
tn .

Hence, by Lemma 1, we have the desired determinant. □
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A different determinantal expression from (1.4) of Euler numbers of the second kind given in
Corollary 2, below. To this end, we consider the representation of Bernoulli polynomials. Bernoulli
polynomials Bn(x) are defined by

text

et − 1
=

∞∑
n=0

Bn(x)
tn

n!
. (2.1)

A determinant expression of Bernoulli polynomials is given as follows.

Theorem 2.

Bn(x) = n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x2−(x−1)2

2! 1 0 · · · 0
x3−(x−1)3

3!
x2−(x−1)2

2! 1
...

x4−(x−1)4

4!
. . . 0

... x2−(x−1)2

2! 1
xn+1−(x−1)n+1

(n+1)! · · ·
x4−(x−1)4

4!
x3−(x−1)3

3!
x2−(x−1)2

2!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Euler numbers of the second kind are given by Ên = 2nBn(1/2). When x = 1/2 in Theorem 2, a
different determinant expression from (1.4) of Euler numbers of the second kind can be reduced. Note
that Ên = 0 when n is odd.

Corollary 2.

Ên = 2nn!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 1 0 · · · 0

2
3!

(
1
2

)3
0 1

...

0 2
3!

(
1
2

)2
0

2
5!

(
1
2

)5
0 2

3!

(
1
2

)3 . . .
...

0
. . . 0

... 2
3!

(
1
2

)3
0 1

1
(n+1)!

((
1
2

)n+1
+

(
− 1

2

)n+1
)

· · · 0 2
5!

(
1
2

)5
0 2

3!

(
1
2

)3
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Proof of Theorem 2. By the generating function in (2.1), ∞∑
n=0

Bn(x)
tn

n!

−1

=
et − 1

t
· e−xt

=

 ∞∑
k=0

tk

(k + 1)!

  ∞∑
ℓ=0

(−x)ℓtℓ

ℓ!


=

∞∑
n=0

 n∑
ℓ=0

(−x)ℓ

(n + 1 − ℓ)!ℓ!

 tn

=

∞∑
n=0

 n+1∑
ℓ=0

(−x)ℓ

(n + 1 − ℓ)!ℓ!
−

(−x)n+1

(n + 1)!

 tn
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=

∞∑
n=0

(−1)nxn+1

(n + 1)!
tn +

∞∑
n=0

(1 − x)n+1

(n + 1)!
tn

=

∞∑
n=0

(−1)n

(
xn+1 − (x − 1)n+1

(n + 1)!

)
tn .

Hence, by Lemma 1, we get the desired result. □

2.1. More identities

By applying the inversion relation (see, e.g., [26]) to Theorem 2, we can have the determinant value
whose elements are Bernoulli polynomials.

Proposition 1. We have

xn+1 − (x − 1)n+1

(n + 1)!
=

∣∣∣∣∣∣∣∣∣∣∣∣∣

B1(x)
1! 1 0
...
. . .
. . .

...
. . . 1

Bn(x)
n! · · · · · ·

B1(x)
1!

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∑
t1+2t2 ···+ntn=n

t1 ,...,tn≥0

(
t1 + · · · + tn

t1, . . . , tn

)
(−1)n−t1−···−tn

(
B1(x)

1!

)t1 (B2(x)
2!

)t2

· · ·

(
Bn(x)

n!

)tn

=

n∑
k=1

(−1)k
∑

i1+···+ik=n
i1 ,...,ik≥1

Bi1(x)
i1!
· · ·

Bik(x)
ik!
,

where
(

t1+···+tn
t1,...,tn

)
=

(t1+···+tn)!
t1!···tn! is the multinomial coefficient.

Proof. By using the inversion relation

αn =

∣∣∣∣∣∣∣∣∣∣∣∣∣
R(1) 1 0

R(2) . . . . . .
...
. . .

. . . 1
R(n) · · · R(2) R(1)

∣∣∣∣∣∣∣∣∣∣∣∣∣
⇐⇒ R(n) =

∣∣∣∣∣∣∣∣∣∣∣∣∣
α1 1 0

α2
. . .
. . .

...
. . .
. . . 1

αn · · · α2 α1

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

we obtain the desired result. □

Proposition 2. We have

Bn(x) = n!
∑

t1+2t2+···+ntn=n

(
t1 + · · · + tn

t1, . . . , tn

)
(−1)t1+···+tn

×

(
x2 − (x − 1)2

2!

)t1

· · ·

(
xn+1 − (x − 1)n+1

(n + 1)!

)tn

= n!
n∑

j=1

(−1) j
∑

i1+···+i j=n
i1 ,...,i j≥1

xi1+1 − (x − 1)i1+1

(i1 + 1)!
· · ·

xi j+1 − (x − 1)i j+1

(i j + 1)!
.
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From Corollary 2, we also have the following.

Proposition 3. We have

1
(n + 1)!

(1
2

)n+1

+

(
−

1
2

)n+1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Ê1
21·1! 1 0
...
. . .
. . .

...
. . . 1

Ên
2n·n! · · · · · ·

Ê1
21·1!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∑
t1+2t2 ···+ntn=n

t1 ,...,tn≥0

(
t1 + · · · + tn

t1, . . . , tn

)
(−1)n−t1−···−tn

 Ê1

21 · 1!

t1  Ê2

22 · 2!

t2

· · ·

 Ên

2n · n!

tn

=

n∑
k=1

(−1)k
∑

i1+···+ik=n
i1 ,...,ik≥1

Êi1

2i1 · i1!
· · ·

Êik

2ik · ik!
.

Proposition 4. We have

Ên = 2n · n!
∑

t1+2t2+···+ntn=n

(
t1 + · · · + tn

t1, . . . , tn

)
(−1)t1+···+tn

×

 1
2!

(1
2

)2

+

(
−

1
2

)2t1

· · ·

 1
(n + 1)!

(1
2

)n+1

+

(
−

1
2

)n+1tn

= 2n · n!
n∑

j=1

(−1) j
∑

i1+···+i j=n
i1 ,...,i j≥1

1
(i1 + 1)!

(1
2

)i1+1

+

(
−

1
2

)i1+1
· · ·

1
(i j + 1)!

(1
2

)i j+1

+

(
−

1
2

)i j+1 .
3. Tribonacci determinants

In [9], several determinantal expressions of some families of Toeplitz–Hessenberg matrices are
presented with Tribonacci number entries. These determinant formulas may also be expressed
equivalently as identities that involve sums of products of multinomial coefficients and Tribonacci
numbers. However, as was the case in their paper, there are not many studies expressing Tribonacci
numbers in other papers either. Here, Tribonacci numbers Tn ( [29, Ch. 49]) are defined by

Tn = Tn−1 + Tn−2 + Tn−3 (n ≥ 3), T0 = 0, T1 = T2 = 1 . (3.1)

Note that some more different Tribonacci numbers are defined with different initial values. One of

AIMS Mathematics Volume 11, Issue 1, 1021–1035.
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the simplest expressions is

Tn+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 · · · · · · 0

−1 1 1
...

1 −1
...

0 . . . 1 0
... −1 1 1
0 · · · 0 1 −1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (3.2)

Notice that Tribonacci polynomials tn(x) ( [11], [29, Sec. 49.3]) are defined by

tn(x) = x2tn−1(x) + xtn−2(x) + tn−3(x) (n ≥ 3),
t0(x) = 0, t1(x) = 1, t2(x) = x2 .

For fixed real numbers a, b, c with (a, b, c) , (0, 0, 0), consider more general Tribonacci numbers
Tn = Tn(a, b, c), defined by the recurrence relation

Tn = aTn−1 + bTn−2 + cTn−3 (n ≥ 3), T0 = 0, T1 = T2 = 1 . (3.3)

Then we have the following determinant expression.

Theorem 3. For n ≥ 3,

Tn+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 · · · · · · 0

1 − a − b 1 1
...

D 1 − a − b 1

(1 − a)D D
. . .

...

(1 − a)2D
. . . 1 1 0

... D 1 − a − b 1 1
(1 − a)n−3D · · · (1 − a)2D (1 − a)D D 1 − a − b 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where D = (a − 1)(a + b − 1) + c.

Remark. When a = b = c = 1 in Theorem 3, the determinant expression of (3.2) is reduced.

Proof of Theorem 3. By the definition of (3.3), we get the generating function

∞∑
n=0

Tn+1tn =
1 − (a − 1)t

1 − at − bt2 − ct3

=
1

1 − t − (a + b − 1)t2 − Dt3 − (a − 1)Dt4 − (a − 1)2Dt5 − · · ·
.

By Lemma 1, we have the desired result. □

We shall introduce the inversion relation, which is to interchange the outer and inner elements of
the determinant. A simple version can be seen in [26].
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Lemma 2. For two sequences {αn}n≥0 and {βn}n≥0, we have for n ≥ 3

αn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1 1 0 · · · 0

c2 c1 1
...

β3
. . . 0

... c1 1
βn · · · β3 c2 c1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
⇐⇒ αn − c1αn−1 + c2αn−2 +

n−3∑
j=3

(−1) jβ jαn−3 + (−1)n−2βn−2(c2
1 − c2)

+ (−1)n−1βn−1c1 + (−1)nβn = 0

⇐⇒ βn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c1 1 0 · · · 0

c2
1 − c2 c1 1

...

α3
. . . 0

... c1 1
αn · · · α3 c2

1 − c2 c1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By using the inversion relation of Lemma 2, we have a determinantal expression with Tribonacci
number entries. Note that the simplest case where a = b = c = 1 is shown in [9, (3.4)]*.

Theorem 4. For n ≥ 3,

(1 − a)n−3((a − 1)(a + b − 1) + c
)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T2 1 0 · · · 0

T3 T2
...

T4
. . . 0

... T2 1
Tn+1 · · · T4 T3 T2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Proof. Applying Lemma 2 with c1 = 1 = T2, c2 = 1 − a − b, αn = (1 − a)n−3D (with D = (a − 1)(a +
b − 1) + c) and βn = Tn+1. By c2

1 − c2 = a + b = T3, we get the desired result. □

3.1. More determinantal representations of Tribonacci numbers

Theorem 5.

T2n+2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T4 1 0 · · · · · · 0

U1 T4 1
...

U2 U1 T4

(ab − b + c)U2 U2
...

(ab − b + c)2U2
. . . 1 0

... U2 U1 T4 1
(ab − b + c)n−3U2 · · · (ab − b + c)2U2 (ab − b + c)U2 U2 U1 T4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

*Since our definition and theirs are off by one number, their result in [9, (3.4)] is not a special case of ours.
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where T4 = a2 + ab + b + c, U1 = (ab + c)(a2 + ab + c) − a(ab + 2c) = T 2
4 − T6, and U2 =

(ab + c)2((a − 1)(a + b − 1) + c
)
.

When a = b = c = 1 in Theorem 5, we have the following.

Corollary 3.

T2n+2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

4 1 0 · · · 0

3 4 1
...

4 3 . . . 0
... 4 1
4 · · · 4 3 4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

In order to prove Theorem 5, we need the following relation.

Lemma 3. For n ≥ 0,
Tn+6 = (a2 + 2b)Tn+4 + (2ac − b2)Tn+2 + c2Tn .

In particular, when a = b = c = 1,

Tn+6 = 3Tn+4 + Tn+2 + Tn .

Proof. By the definition (3.3), we have

Tn+6 = aTn+5 + bTn+4 + cTn+3

= a(aTn+4 + bTn+3 + cTn+2) + bTn+4 + c(aTn+2 + bTn+1 + cTn)
= (a2 + b)bTn+3 + (aTn+3 + bTn+2 + cTn+1) + (2ac − b2)Tn+2 + c2Tn

= (a2 + 2b)Tn+4 + (2ac − b2)Tn+2 + c2Tn .

□

Proof of Theorem 5. It is clear that the identity is valid for n = 1. For convenience, put α = ab − b + c.
We shall prove that for n ≥ 2,

T2n+2 = T4T2n − U1T2n−2 + U2

n−2∑
i=0

(−α)iT2n−2i−4 . (3.4)

When n = 2, by U1 = T
2
4 − T6, (3.4) is valid.

Assume that the relation (3.4) is valid for some n. By Lemma 3, with the fact that T4 −α = a2 + 2b,
αT4 − U1 = 2ac − b2, and U2 − αU1 = c2, we get

T2n+4 = (T4 − α)T2n+2 + (αT4 − U1)T2n + (U2 − αU1)T2n−2 . (3.5)

By using the assumption of mathematical induction and the relation (3.5), we have

U2

n−1∑
i=0

(−α)iT2n−2i−2 = U2

T2n−2 − α

n−2∑
i=0

(−α)iT2n−2i−4


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= U2T2n−2 − α(T2n+2 − T4T2n + U1T2n−2)
= T2n+4 − T4T2n+2 + U1T2n .

Hence, (3.4) is also valid for n + 1.
Now, expanding the determinant in Theorem 5 along the first row repeatedly, we get

T4T2n −

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

U1 1 0 · · · 0
U2 T4 1

αU2 U1
. . .

α2U2 U2
. . .

...
...

. . . 1 0
αn−4U2 U1 T4 1
αn−3U2 α

n−5U2 · · · αU2 U2 U1 T4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= T4T2n − U1T2n−2 +

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

U2 1 0 · · · 0
αU2 T4 1

α2U2 U1
. . .

...
...

. . . 1 0
αn−4U2 U1 T4 1
αn−3U2 α

n−6U2 · · · U2 U1 T4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= T4T2n − U1T2n−2 + U2T2n−4 − αU2T2n−6 + α

2U2T2n−8 − · · ·

+ (−1)n−4

∣∣∣∣∣∣ αn−4U2 1
αn−3U2 T4

∣∣∣∣∣∣
= T4T2n − U1T2n−2 + U2

n−2∑
i=0

(−α)iT2n−2i−4 = T2n+2 .

We used the relation (3.4) in the final part. □

By using the inversion formula, we have a determinantal expression with Tribonacci entries.

Proposition 5. For n ≥ 3,

(ab − b + c)n−3U2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T4 1 0 · · · 0

T6 T4 1
...

T8 T6
. . . 0

... T4 1
T2n+2 · · · T8 T6 T4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

When a = b = c = 1 in Proposition 5, we have the following. See [9, Theorem 3.2]†.
†Note that our definition of Tribonacci numbers and theirs are off by one number.
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Corollary 4. ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T4 1 0 · · · 0

T6 T4 1
...

T8 T6
. . . 0

... T4 1
T2n+2 · · · T8 T6 T4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 4 .

3.2. A determinantal expression of T2n+1

The results mentioned above may seem to be straightforward and can be applied easily to any other
cases. It is a completely different problem whether an elegant or clean expression can be obtained.

In [9, Theorem 3.2], the following is presented for n ≥ 3. However, its generalization has not been
found yet. ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T3 1 0 · · · 0

T5 T3 1
...

T7 T5
. . . 0

... T3 1
T2n+1 · · · T7 T5 T3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 4(−1)n−1 .

By Lemma 2, its inverse relation is given by

T2n+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 1 0 · · · 0

−3 2 1
...

4 −3 . . .
...

−4 . . . 0
... 2 1

4(−1)n−1 · · · −4 4 −3 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By brute force, we can still obtain the determinantal representation by using the generating function
method ( [14, 23]), which is presented to find the determinantal representations.

By the recurrence relation in Lemma 3, we have
∞∑

n=0

T2n+1tn =
T1 +

(
T3 − (a2 + 2b)T1

)
t +

(
T5 − (a2 + 2b)T3 − (2ac − b2)T1

)
t2

1 − (a2 + 2b)t − (2ac − b2)t2 − c2t3

=
1 − (a2 − a + b)t − c(a − 1)t2

1 − (a2 + 2b)t − (2ac − b2)t2 − c2t3 .

Hence, we obtain that  ∞∑
n=0

T2n+1tn

−1

= 1 − z1t + z2t2 − z3t3 + z4t4 − · · · ,

where

z1 = a + b ,
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z2 = a2(a + b − 1) + (a + 1)c ,
z3 = −

(
a2(a + b − 1)(a2 − a + b) + a(a + 2)(a − 1) + 2ab + c)c

)
,

z4 = a2(a + b − 1)(a2 − a + b)2

+ c(a(a + 2)(a − 1)2 + (2ab + c)(2a2 − a + b − 1)) ,
· · · .

Then, by Lemma 1, we get

T2n+1 = c

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

z1 1 0 · · · 0

z2 a + b 1 . . .
...

z3 z2 0
...

. . . a + b 1
· · · · · · z3 z2 z1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

However, this is not an elegant expression at all different from that of T2n+2.

4. Concluding remarks

The results presented in this paper contribute to the broader field of matrix theory, particularly those
associated with specialized number sequences and their determinant representation.

Author contributions

Takao Komatsu: Writing – original draft; Fatih Yilmaz: Writing – review and editing; All authors
have read and agreed to the published version of the manuscript.

Use of Generative-AI tools declaration

The authors declare that they have not used Artificial Intelligence (AI) tools in the creation of this
article.

Acknowledgements

This work had been partly done when T.K. visited Ankara Hacı Bayram Veli University in July
2025. He thanks the hospitality by F. Y. and his collegue. T.K, who is the main author, was partly
supported by JSPS KAKENHI Grant Number 24K22835.

Conflict of interest

Prof. Dr. Fatih Yilmaz is the Guest Editor of special issue “Applied and Computational
Mathematics” for AIMS Mathematics. Prof. Dr. Fatih Yilmaz was not involved in the editorial review
and the decision to publish this article. The authors declare that they have no conflicts of interest.

AIMS Mathematics Volume 11, Issue 1, 1021–1035.



1034

References

1. H. Belbachir, A. Belkhir, I.-E. Djellas, Permanent of Toeplitz-Hessenberg matrices with
generalized Fibonacci and Lucas entries, Appl. Appl. Math., 17 (2022), 558–570.

2. A. T. Benjamin, N. T. Cameron, J. J. Quinn, Fibonacci determinants – a combinatorial approach,
Fibonacci Quart., 45 (2007), 39–55. http://doi.org/10.1080/00150517.2007.12428242

3. D. Bozkurt, C. M. da Fonseca, F. Yilmaz, The determinants of circulant and skew-circulant
matrices with Tribonacci numbers, Math. Sci. Appl. E-Notes, 2 (2014), 67–75.

4. P. J. Cameron, Some sequences of integers, Discrete Math., 75 (1989), 89–102.
http://doi.org/10.1016/0012-365X(89)90081-2

5. J. L. Cereceda, Determinantal representations for generalized Fibonacci and tribonacci numbers,
Int. J. Contemp. Math. Sci., 9 (2014), 269–285.

6. E.-M. Choi, Modular Tribonacci numbers by matrix method, J. Korean Soc. Math. Educ., Ser. B,
Pure Appl. Math., 20 (2013), 207–221.

7. J. Feng, Hessenberg matrices on Fibonacci and Tribonacci numbers, Ars Comb., 127 (2016), 117–
124.

8. J. W. L. Glaisher, Expressions for Laplace’s coefficients, Bernoullian and Eulerian numbers etc.
as determinants, Messenger Math., 6 (1875), 49–63.

9. T. Goy, M. Shattuck, Determinant identities for Toeplitz-Hessenberg matrices with tribonacci
entries, Trans. Comb., 9 (2020), 89–109.

10. T. Goy, M. Shattuck, Toeplitz-Hessenberg determinant formulas for the sequence Fn − 1, Online
J. Anal. Comb., 19 (2024), 1.

11. V. E. Hoggatt Jr., M. Bicknell, Generalized Fibonacci Polynomials, Fibonacci Quart., 11 (1973),
457–465. http://doi.org/10.1080/00150517.1973.12430785

12. A. Ipek, K. Arı, On Hessenberg and pentadiagonal determinants related with
Fibonacci and Fibonacci-like numbers, Appl. Math. Comput., 229 (2014), 433–439.
http://doi.org/10.1016/j.amc.2013.12.071

13. X. Jiang, K. Hong, Explicit inverse matrices of Tribonacci skew circulant type matrices, Appl.
Math. Comput., 268 (2015), 93–102.

14. N. K. Kanasri, T. Komatsu, V. Laohakosol, Cameron’s operator in terms of determinants and
hypergeometric numbers, Bol. Soc. Mat. Mex., 28 (2022), 9.

15. E. Karaduman, On determinants of matrices with general Fibonacci numbers entries, Appl. Math.
Comput., 167 (2005), 670–676. http://doi.org/10.1016/j.amc.2004.06.139
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