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1. Introduction

We consider the following: Kirchhoff-type system with critical exponents,

—bi(1 + e, VIP)Au+au=u> + v inQ,
—by(1 + |, MDAV + agv =V + u in Q, (1.1)
u=v=0 on 0Q,

with [|(w, VI]> = byllull> + ba|[vI* and ||u|* = fg |Vu|*, where Q c R* is a smooth bounded domain,
a; € R,i = 1,2, b;,A > 0 are constants. Such type equations were first considered by Kirchhoft [1].
The Kirchhoff term arises as a consequence of accounting for the variation in tension of a vibrating
string induced by the changes in its length.

The critical problems of Kirchhoff equations for four-dimensional case have already been
investigated in [2—4]. In particular, in [3,4], the authors analyzed the case 4 = 0 of (1.1),

(1.2)

—(1 + blulPHAu + au = u®, xeQ,
u=0 on 09,
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which can be regarded as a Brezis-Nirenberg problem with a Kirchhoff-type perturbation. They proved
the existence and multiplicity of solutions for a < —1;(2), where 4;(Q) is the first eigenvalue of
(—A, Hy(Q).

We remark that the behaviors of (PS) sequences of (1.1) in dimension N = 3 or N > 5 is drastically
different from the four-dimensional case. Consequently, the treatments for the cases N = 3 or N > 5
must be different from those adopted in this paper. Motivated by the previous works, we now turn to
the investigation of the existence and multiplicity of solutions of (1.1). Here,

‘. Jos IVuP
= ueD2(R4)\ {0} (\&4 u4)1/27

{A(Q)}(k € Z7) is the eigenvalue sequence of (—A, H&(Q)). It is customary to list the eigenvalue

sequence as a strictly increasing sequence

0<(Q) < Q)< ---.

Theorem 1.1. Assume that min{b,, b,} > S .

(i) If a; + bj3,(Q) > 0,i = 1,2, then system (1.1) has a global minimizer solution for
A> V(a; + b1 4,(Q))(ar + b,A,(Q)) and has no solution for 0 < A < V(a; + b1A,(Q))(ay + b,4,(Q)).

(ii) If ay + b1 A1 (Q) < 0 or ay + byA1(Q) <0, then system (1.1) has a global minimizer solution for
all 1> 0.

(iii) If a; + biA,(QQ) > 0,i = 1,2, then system (1.1) has at least k pairs of distinct solutions for
A> V(a) + by () (ay + by A(Q)).

(iv) If a1 + b1, (Q) < 0 or ay + bk () < 0, then system (1.1) has at least k pairs of distinct
solutions for all A > 0.

System (1.1) is often referred to as a non-local problem. Consequently, some classical estimates
and methods commonly used in the study of critical semilinear equations are not directly applicable.
For instance, given any (PS) sequences {(u,,v,)}, if (u,,v,) — (u,v) in Hé(Q) X H(l)(Q), we do not
know whether there hold

II(un,vn)IlszunV¢dx—> II(u,V)IlszuVsodx, ¢ € Hy(Q).
Q Q

In (1.1), the exponent of 7 in the Kirchhoff term #*||(u, v)||* coincides with that in #* fQ(u4 +v*). The
(PS) sequences lack the variant Ambrosetti-Rabinowitz condition, which is often employed in
Kirchhoff problems [5]. Hence, it is necessary to avoid the possibility of that (PS) sequences not only
concentrate but also be unbounded. To tackle these problems, we introduce a constant S, similar to
the Sobolev constant and an eigenfunction corresponding to the eigenvalue A4;(Q). Under the
assumptions of parameters of (1.1), we prove the (PS) condition, and derive estimates for the
associated energy functional. By combining these results with the arguments in [3, 4], we prove the
existence and multiplicity of solutions.

The paper is organized as follows: Section 2, presents the necessary preliminaries, while Section 3,
contains the proof of Theorem 1.1.
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2. Preliminaries

We denote the completion of C¥(R*) under the norm || - ||, := (fR4 [V - »)Y2 by D'?(R*), and
H = Hé(Q) X Hé(Q) with the norm ||(&, v)|| := (byllull* + ba|[VI*)/?, where || - || = (fQ [V - »)/? is the
standard norm of H,(Q).

It is well known that solutions of (1.1) correspond to the critical points of the functional I : H — R
defined by

1
I(u,v) = Slli(u, VI +f

(@ u® + axv?® = 2uv)] + %[Il(u, It - f u* +vh]. 2.1)
Q

Q

We say that (1, v) € H is a weak solution of (1.1), if and only if (u, v) satisfies

', ), (0, ) = bi(1 + I, v)II*) f VuVe + by(1 + [I(u, VI fg vy
Q
+ f(almp + av — Avp — Awy) — f(u3go + v3w) =0
Q Q

for all (p,¢) € H.
Define
¢ by [ooIVuP + by [, [V
=

= inf
UED2RHXDI2ZRNO.0)  ( fw ut + fw vhli2

(2.2)

We get the estimation of S.

Lemma 2.1. Assume that b; > 0,i = 1,2, then S, = min{b;, b,}S.

Proof. Assume that b; > b,. Define f(7) := 222 + > 0. Then f'(r) > 0in [0, \/2] and f/(r) < 0
by

= Ve
in ( Z—;,oo). Thus, Igiglf(r) = b,. For € > 0, define U(x) := 12+\|§2 and U.(x) := e‘lU(f). Then U,

achieves the best Sobolev constant §. Choosing u = TU(x), v = U(x), we get
Sy < mi(I)lf(T)S = b,S.

Now suppose that {(u,,Vv,)} is a minimizing sequence for §,. Choose 7, such that |u,||;+ = 7,[|v,|[z+.
Let z, satisfy u, = 7,z,. Then fw 4= fw Zrand

b1T2 4 |VZn|2 b2 4 |an|2
n R

Sy, +o0,(1) = + > min f(7)S = b,S,
’ N LN N I e
where 0,(1) —» 0 as n — oo. Hence, S, = min{b;, b,}S. |

The constant S, will play an important role in our compactness result.

Proposition 2.2. If min{b,,b,} > S~!, then every bounded sequence {(u,,v,)} in H such that
I'(u,,v,) — 0 has a strongly convergent subsequence.
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Proof. Since I'(u,,v,) — 0, we have

b1(1+||(un,vn)||2)fVunV90+bz(1+||(un,vn)||2)vanV¢
Q Q (2.3)

+ L (a1t + avaty — A — Ay — L e +viw) = o(ll(e, W)

for all (¢,y) € H. Passing to a renamed subsequence, we may assume that (u,,v,) — (u,v) in H,
1 = 1, v = VI> = 1,

(et vi)IP> = Nt WP + 2 =2 1,

u, — u and v, — v strongly in L>(Q) and a.e. on Q. So taking (¢, ) = (u,, v,) in (2.3) gives

(A + eI + ul + f (a1u* + av* = 2uv) — f (ut + v = o(1), (2.4)
Q Q

while taking (¢, ) = (u,v) and passing to the limit gives

(1 + )l V> + f (@ u® + axv? = 2uv) — f w* +v) = 0. (2.5)
Q Q

By Brézis-Lieb Lemma [6, Lemma 1.32], one has

fui—fu4=flun—ul4+o(l), fvf,—fv4:f|vn—vl4+o(l).
Q Q Q Q Q Q

By subtracting (2.5) from (2.4) and using the extension by zero (Hy(Q) ¢ D'*(R")) together with (2.2),
we obtain

u(l+n) = f(lun —ul* + v, = V") + o(1) < 8%, — u, v, = V)|I* + 0(1).
Q

Suppose ¢ > 0; then passing to the limit and noting that n > u gives (S ;2 — 1 > 1. It follows from
Lemma 2.1 that S;z — 1 < 0. This contradicts u > 0. Hence, u = 0 and (u,,v,) — (u,v) in H. |

In order to obtain the multiplicity of solutions, we need the following lemma [7, Theorem 5.2.23].

Lemma 2.3. Let X be a Banach space and g € C'(X,R) be an even function satisfying the (PS)
condition. Assume a <y and either g(0) < a or g(6) > y. If further,

(1) there are an m-dimensional linear subspace E and p > 0 such that sup g(x) <v,
x€ENB,(6)

(2) there are a j-dimensional linear subspace F such that iI}f g(x) > a, where F* is a
xeF+

complementary space of F,
(3)m> j,
then g has at least m — j pairs of distinct critical points.
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3. Proof of Theorem 1.1

Existence : Let min{b;, b,} > S~!. For (u,v) € H, we deduce that
1
I(w,v) = <[l )| + f(alu2 +ayv® — 2Auv)] + Z[Il(u,V)II“ - f(u4 +vh]
Q Q

1-S2
2 I, w1 (3.1)

min{b?, b2}S% - 1
— I, V)II",
4 min{b7, b5}S

1G, WP = Cll e, VI +

v
N == N =

1, WIP = CliCu, WP +

where C depends only on a;, a,, A, and 4,(€2). It follows that / is coercive and bounded from below in
H. Hence, any (PS) sequence has bounded energy and is bounded in H.
Let (u;5,v,) = t(s¢1,01),t, s € R, where ¢; is the eigenfunction corresponding to the eigenvalue
A1(2). We have
(by §?+ bz)tz
2

ll(ut,sa V) = ”(151”2 +

(a,8% + ay — 29)F f‘/’z
2 o !

r* , 4,4 | 4
+ Z||(S¢1,¢1)|| - ng(s | + ¢Y)

32
_ [(11 + bl/ll(Q)]Sz —2As + a, + bz/ll(gz)llq5 ||212 ( )
) 24 1
. lI(spr, p0II* = [ (s*¢} + ¢‘1‘>t4
2 .
Since min{b;, b,} > S !, we get
s pOI = [L(s* 0} + D) = (1 = S D1, I > 0. (3.3)
Now we prove that there exists § € R such that
[a; + bl/ll(Q)]Sz - 215 + a, + bz/ll(Q) < 0. (34)

There are two cases,

(i) assume that a; + b;4,(Q) > 0,i = 1,2, then there exists § € R such that inequality (3.4) holds for
A> V(a + b, (Q)(az + bA,(Q));

(i1) assume that a; + b14,(2) < 0, then there exists § € R such that inequality (3.4) holds for all
A>0.

It follows from (3.2)—(3.4) that I(u,5,v,) < O for [f| small. Thus m := inf I < 0. According to

(u,v)eH

Proposition 2.2 and [8, Theorem 4.4], there exists (ug,vy) € H such that I(uy,vo) = m < 0. Since
system (1.1) admits no semi-trivial solutions (namely, (i, 0) or (0, vy)) for 4 > 0, we conclude that
(ug, vo) with ug, vy # 0 is a global minimizer solution of (1.1). O

Nonexistence : Assume that a; + b;4;(Q) > 0,i = 1,2 and 0 < 2 < V(a; + b14,(Q))(ax + b,1,(Q)).
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Suppose that (1, vo) € H is a solution of (1.1), then

2 2 2 2 4 4, 4
0 = bylluoll” + ballvoll” + f(aluo + azvy — 2Augvo) + [|(uo, vo)ll” — f(uo +vp)

Q
> billuoll* + bollvol® = | (b1 i(Q)ug + byd (Q)vg) + (1 = S, 2)lI(uo, vo)ll* (3.5)
Q
g min{b?, b3}S? — " N
min{e?, p2}s2 0 O
Since min{b;, b,} > S, we get (uy, vo) = (0,0). o

Multiplicity : To prove multiplicity, it suffices to show that the energy functional / satisfies the
conditions of Lemma 2.3. Let X = H and w = (u,v) € X. Then we obtain I(-w) = I(w), which
implies that 7 is an even function. In view of (3.1), I is coercive and bounded from below in X
for min{b;,b,} > S~!. Hence, any (PS) sequence has bounded energy and is bounded in X. By
Proposition 2.2, the energy functional / satisfies the (PS) condition in X.

Now we prove that [ satisfies condition (1) of Lemma 2.3. We claim that there exists § € R such
that

[a) + b1 A(Q)]s* — 215 + az + by (Q) < 0. (3.6)

In fact, there are two cases,

(i) assume that a; + b;4;,(Q) > 0; then there exists § € R such that inequality (3.6) holds for
A> V(a; + biA(Q))(az + brA(Q));

(i1) assume that a; + b14,(€2) < 0, then there exists § € R such that inequality (3.6) holds for all
A>0.
Let ¢, be the normalized eigenfunction corresponding to the eigenvalue 4;(€2). Define

E = span{(3¢1, $1), (3¢2, $2), - + -, (S, P},
then dim E = k. Since
a5 =245+ ay < [a) + by (Q)]F* — 245 + ay + by, (Q) < 0,
and lull* < A(Q)llull;

IVI? < ()|, for (u,v) € E, one has

L2(Q)’ L2(Q)

1 1 1 1
I, v) = Sliu, I+ 3 f(alu2 +ayv? = 2uv) + <l I = 5 f(u4 +v)
Q

o 4 4
bs +b a5 —-2A5 +a 1
‘ 2P + = 2 f 24 )l
2 o 4
bls +b2 2—2/l§+a2

1
2 - 4
< vl + Q) VI + 711G, vl

a b L A(Q)]F = 245 + a; + by Ay (Q)
- 20(Q)(D13% + by)

G, VI + %Il(u, I

In view of (3.6), there exists p > 0 such that

sup I(u,v) <y <0=1(0,0),
(u,v)eENOB,(0,0)
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where B,(0,0) = {(u,v) € X : [|(u, V)|l = p}.
Noting thatm = inf [ < O follows from the proof of existence, we take F' = () and @« = m — 1. This

(u,v)eX

choice yields F*- = X and « < vy, and satisfies

inf I(u,v) > a.
(u,v)eF+

Hence, [ satisfies all conditions of Lemma 2.3. It follows that system (1.1) possesses at least k pairs of
distinct solutions. O
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