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Abstract: This paper aimed to introduce novel neutrosophic primal and neutrosophic proximity
operators, derived from a new abstract framework called “neutrosophic primal topology”. We began
by examining the core properties of neutrosophic primal operators. Next, we defined a neutrosophic
primal closure operator derived from the neutrosophic primal operator and explored the relationships
between them. Based on this neutrosophic primal closure operator, we constructed a neutrosophic
topology and identified the conditions under which the image of a neutrosophic primal remained
a neutrosophic primal. In the next stage, we defined the neutrosophic point-primal proximity
operator and explored a range of fundamental properties characterizing neutrosophic primal proximity
topological spaces derived from this operator. We also introduced the concept of neutrosophic proximal
closed sets and demonstrated that the collection of complements of neutrosophic primal closed sets
constituted a neutrosophic topology. Finally, we defined a neutrosophic operator on a neutrosophic
primal proximity topological space that satisfies the neutrosophic Kuratowski closure axioms and used
it to construct a neutrosophic topology. All results established in this study were thoroughly supported
and clarified through illustrative examples.
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1. Introduction

In 1995, Zadeh [1] revolutionized classical set theory by introducing fuzzy set theory, a profound
generalization that has since transformed the mathematical landscape, sparking significant interest
among researchers. This led to further developments such as intuitionistic fuzzy sets [2] and interval-
valued intuitionistic fuzzy sets [3]. Sarkar [4] introduced the notion of fuzzy ideals within the
framework of ideal fuzzy topology. Koam [5] subsequently investigated several properties associated
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with ideal fuzzy topological spaces, while Géhler [6] utilized fuzzy filters to construct particular classes
of fuzzy topologies. Later, Azad [7] defined the structure of fuzzy grills to facilitate the study of fuzzy
approximation spaces. Building on this, Mukherjee and Das [8] developed a form of fuzzy topology
that can be referred to as grill fuzzy topology.

Recently, Acharjee et al. [9] introduced a novel structure termed a primal, which is regarded as
the dual of the concept of grills. This structure led to the development of a new topology known as
the primal topology. Furthermore, several new operators have been defined within primal topological
spaces, giving rise to various derived topologies. Al-Omari et al. [10] explored this concept from
multiple perspectives. Subsequently, in [11, 12], primal structure was utilized to construct additional
operators in primal topological spaces. Al-Shami et al. [13] contributed by constructing a primal soft
topological space, which integrates a soft topological space with a soft primal. Then, some operators
within soft primal topological spaces were proposed in [14]. Various types of topologies have been
generated within different structural frameworks using soft topological operators. Notable examples
include grill soft topologies [15], cluster soft topologies [16], and density soft topologies [17, 18].

Proximity, a fundamental notion in topology [19] has also received considerable attention. Various
generalizations, including multiset proximity [20], /-proximity [21], u-proximity [22,23], and quasi-
proximity [24] have been explored by numerous researchers. More recently, Al-Omari et al. [25]
introduced and analyzed primal proximity spaces along with their properties.

Later, in 1998, Smarandache [26] pioneered the concept of neutrosophic sets, significantly
broadening the scope of intuitionistic fuzzy set theory. Subsequently, Salama and Alblowi [27]
have provided a neutrosophic topology on an extension of the concept of fuzzy topology and
intuitionistic topology.  This topology’s generalization has proven to be an interesting area
of research. Jafari et al. [28] pioneered the idea of neutrosophic singletons along with the
corresponding induced neutrosophic topology. In the neutrosophic context, numerous researchers have
investigated neutrosophic ideals and neutrosophic filters across diverse frameworks and mathematical
structures [29-31]. Then, Pal et al. [32] later defined the neutrosophic grill topological space. Building
on this, Selvaraj [33] developed various types of neutrosophic grill structures, including neutrosophic
grill a-open, neutrosophic grill pre-open, among others.

The motivations for writing this paper are as follows: First, we aim to introduce new neutrosophic
primal and neutrosophic proximity operators grounded in neutrosophic primal topology. This is
achieved by developing distinctive frameworks that facilitate the construction of new neutrosophic
topologies, thereby offering a novel approach to generating topological structures. Subsequently, we
examine several fundamental topological properties derived from these constructions. Ultimately, this
work lays a foundational basis for further research across various branches of mathematics.

The subsequent sections of this paper are structured as follows. Some fundamentals of neutrosophic
sets and neutrosophic topology concepts required in our work are briefly recalled in Section 2. In
Section 3, we establish the foundational framework of the neutrosophic primal to obtain a new structure
called neutrosophic primal topological spaces. The neutrosophic primal operator is introduced through
the concept of neutrosophic topology and neutrosophic primal in detail. We provide some comparisons
between neutrosophic primal and neutrosophic grill. In Section 4, we present a new neutrosophic
primal closure operator based on the neutrosophic primal operator, and study some connections
between them. In addition, we present a neutrosophic topology via a neutrosophic primal closure
operator. Finally, we successfully identify the conditions under which the image of a neutrosophic
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primal is a neutrosophic primal. In Section 5, we define the neutrosophic point primal proximity
operator and introduce many features of a neutrosophic primal proximity topological space through this
operator. In Section 6, we define a neutrosophic proximal closed set. Then, different results between
a neutrosophic primal proximity space and a neutrosophic primal topological space are introduced via
neutrosophic proximal closed sets and related concepts.

2. Fundamentals of neutrosophic sets and neutrosophic topology

We now obtain the following notions and findings, which are necessary for the following section:

Definition 2.1. [26] Let S # 0 be a fixed set. A neutrosophic set Q is an object having the form Q =
{<5,E0(5), Lo(s), Ag(s) > s € S}, where g © S —=]170,17[, Lo : S =170,17[, and 1o : S —=]70,17[,
respectively, denote the degree membership, indeterminacy, and non-membership of an object s € S to
the set 170, 17[ such that =0 < &p(s) + {o(s) + Ag(s) < 3" foreach s € S.

Q(S) refers to the collection of all neutrosophic sets over S. For short, we will use the symbol

Q =<5,80(5), {o(5), Ap(s) > instead of Q = {< 5,£n(5), Lo(s), Ag(s) > s € §}.
We must introduce the empty and universal neutrosophic sets () and S over S, respectively, as
follows:

Definition 2.2. [27]5: {<5,0,0,1 >:5€8} and S = {<s,1,1,0>:5€8}.
Proposition 2.1. [27] For any neutrosophic set Q € Q(S), the following hold:

(1)0CQ0C0;
(2) 0cS,5cS.

Definition 2.3. [27] Let Q, =< 5,&0,(5), {0,(5), Ag,(s) > and Q) =< 5,&0,(5), {o,(5), Ap,(5) > be two
neutrosophic sets over S. Then,

(1) Q1N Oy =<5,80,(5) A&g,(5),L0,(5) A Lo,(5), Ag,(5) V Ag,(s) >;
(2) Ql ) QZ =<y, é:Ql(s) \ §Q2(s)a ng(s) Vv gQZ(S)’/lQl(S) A /le(S) >
(3) Q‘l =< 5,40,(5), 1 = {p,(5), &g, (s) > [Complement of O ].

Definition 2.4. [27] A neutrosophic topology on a set S # 0 is a collection J of neutrosophic sets
over S complying with the ensuing requirements:

(1) 0,5 € 7.
(2) Q01N Qs €T forevery Q1,0, € 7.
(3) UQq €T forevery{Q,:a€A}CYT.

Remark 2.1. (1) The pair (S, ) is called a neutrosophic topology space over S, where the members
of J are called neutrosophic open sets;

(2) A neutrosophic closed setin (S, J) is the neutrosophic complement of a neutrosophic open set. The
collection of all neutrosophic closed sets is denoted by CN(S).

Each neutrosophic set in a neutrosophic topology is called a neutrosophic open set. Its complements
are called neutrosophic closed sets.

AIMS Mathematics Volume 11, Issue 1, 644-660.



647

Definition 2.5. [27] Let (S, ) be a neutrosophic topological space and Q =< s,Ep(s), {o(s), Ap(s) >
be a neutrosophic setin S. Then,

(1) neutrosophic closure of Q = (W Q1 : Q) is a neutrosophic closed and Q C Q.} and it is termed
by n-cl(Q);

(2) neutrosophic interior of Q = | J{Q, : O, is a neutrosophic open set and Q| C Q} and it is termed
by n-int(Q).

Definition 2.6. [32] Let S # 0 be a set. A collection G of neutrosophic sets over S is termed a grill
on S if it satisfies the criteria outlined below.

(1)0¢G.
(2) If Q1 € Gand Q) C O, then O, € G.
(3)If01,0.CSand Q1 U, €G, then Q1 € Gor O, € G.

Definition 2.7. [34] Let S be a non-empty set. If p,q,r €]70, 17, then the neutrosophic set e, , is
called a neutrosophic point or singleton over S given by

_ | (pg,n), ife=s,,
€pgr(se) = 0. if e#s,.

We call s, € S is the support of e, , ., where p denotes the degree of membership value, g denotes
the degree of indeterminacy and r is the degree of non-membership value of ¢, ,..

We denote a neutrosophic point by e =< &,, {,, 4, > and the collection of all neutrosophic singleton
points over S by &(S). Let J(e) stand for the collection of all neutrosophic open neighbourhoods of
(P, q, 7).

It is obvious that &(S) € Q(S). Throughout this paper any neutrosophic point e € &(S), we have
e+ 0.

Definition 2.8. [34] Let S # ¢ be a set. A neutrosophic singleton e defined on S is said to belong to
a neutrosophic set Q =< s,£0(s),{o(5), Ag(s) > (¢ € Q) if & < gL < Loy Ao = Ao

Definition 2.9. [25] A binary relation — on P(S) (P(S) the power set of S ) with a primal L on a
nonempty set S is termed a primal proximity on S if < satisfies the criteria outlined below for any
Ji,JLCS.

(]) If.]] — Jo, then J, — J;.

(2) Ile ;)(JzUJ3)<:>J1 — JrorJ, = J3.

(3) If.li ¢ L, then J| 9> J,, for each J, C S.

(4) If(.]] N Jg)c e L, then J|, — J,.

(5) If J1 %> Ja, then there exist Hy, Hy C S such that J, ¥ H,, H, %> J,, and (H, N H,)" ¢ L.

Definition 2.10. /25] A primal-proximity space is a pair (S, <) comprising of a nonempty set S
and primal-proximity relation on S. Then, J; — J,, if the sets J,,J, C S are —-related, otherwise
Ji1 > Jh.

Definition 2.11. [35] Let S be a nonempty set. Then, the operator by : 25 — 25 is a Kuratowski
closure operator if the following statements hold:
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(1) H(0) = 0.

(2) Foreach J € 25,J Cb(J).

(3) Foreach J,H €25, h(J U H) = H(J) U h(H).
(4) For each J € 25, h(h(J)) = h(J).

3. Neutrosophic topological structure and neutrosophic operators

Here, we introduce a novel class of operators associated with neutrosophic primal topological spaces
and examine their essential properties.

Definition 3.1. Let S # 0. A family L of neutrosophic sets over S (L C Q(S)) is a neutrosophic primal
over S if, and only if, it adheres to the following stipulations:

(1)S ¢ L
(2) If Q1 € Land Q, C Oy, then Q, € L.
(3)IfOINQy,e L, then Q1€ Lor Qe L.

Corollary 3.1. Let S # 0. A collection L of neutrosophic sets over S (L C Q(S)) is referred to as a
neutrosophic primal on S if it adheres to the following stipulations:

(1)S ¢ L
(2) If Q» ¢ Land Q, C Qy, then O, ¢ L.
(3)IfO1¢ Land Oy ¢ L, then Q1N O, ¢ L.

Proof. (1) Obvious;

(2) Suppose that Q; € L. Since Q, C Qy, then by part (2) of Definition 3.1, Q, € L. Thus, contradicts
the assumption that Q, ¢ L. Hence, Q, ¢ L.

(3) Suppose that @; N @, € L, then by part (3) of Definition 3.1, O € L or Q, € L. Thus, contradicts
the assumption that Q; ¢ £ and Q, ¢ L. Hence, Q1 N Q> ¢ L.

Example 3.1. Suppose S # ¢ is a set, then Q(S) \ {§} is a neutrosophic primal on S, where Q(S)
denote to all neutrosophic sets over S.

Example 3.2. For § = {s}, the family £ = {{< s,a,b,1,>} : a,b € [0, 1]} is a neutrosophic primal
onS.

The following theorem explains the relationship between primal and grill of neutrosophic sets
over S.

Theorem 3.1. Let G C Q(S) be a grill on S. Then, {Q|Q° € G} is a primal on S.

Proof. Suppose that G € Q(S) is a grill on S and £ = {Q|Q" € G}. Since 0 ¢ G and (S)° = 0, then
S ¢ L 1letQ € Land Q, C Q. Then, Q| C 05, hence, 0, € G. Thus, 0, € L. Now, let 9N Q, € L.
Then, Q| U 0, = (01 N Q) € G. Therefore, we get Q| € G or Q, € G. Hence, Q; € Lor Q, € L.
Therefore, £ is a primal on S'.

Theorem 3.2. The union of two neutrosophic primals on S is a neutrosophic primal on S .
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Proof. Let K, H be two neutrosophic primals on S. Then, S ¢ K and S ¢ H. Hence, S ¢ K U H.
Now, let Q1 € K UH and Q, C Q;. Then, Q; € K or Q, € H. Hence, Q, € K or Q, € H. Therefore,
0, € KUH. Finally,let 9, N Q> € KUH. Then, Q1N Qr e KorQ1NQr, e H. If Q1 N Q; € K,
then either O, € K or O, € K. Also, if Q; N O, € H, then either O, € H or Q, € H. Therefore,
Q1 € KUH or Q2 e KUH.

Definition 3.2. A neutrosophic topological space (S, J) with a neutrosophic primal £ C Q(S) is called
a neutrosophic primal topological space (S, , L) and indicated by NPT S.

Example 3.3. Suppose that (S, J) be an N7 S, where S = {s}, J = {5, §,{< 5,0.5,0.5,04 >:
s € Sh{< S’P'4’ 0.6,08 >: s € S},{< 5,0.5,06,04 >: s € $},{< 5,04,0.5,0.8 >: s € S}} and
L=Q(S)\{S}. Then, (S,J,L)is an NPT S.

Remark 3.1. Any neutrosophic set can be written as a union of neutrosophic points.

Based on what was presented earlier, we now define a new type of a neutrosophic primal operator
based on primal. The new structure is presented below.

Definition 3.3. Let (S,9,L) be an NPT S. For J € Q(S), we define amap { : Q(S) — Q(S) as
DS, T, L=Ulec&ES):J UG €L, foreach G € J(e)}. To be clear, ((J)(S, T, L) is denoted
as {(J) for brevity and is called the neutrosophic primal operator of J with respect to J and L.

Theorem 3.3. Let (S, T, L) be an NPT S. Then, the following statements hold for each J € Q(S):

(1) £@) = 0.

(2) n-cl(¢(J)) = {(J).

(3) {(J) C cl(J).

(4) L)) € L) for each {(J) C J.
(5) If JS € T, then {(J) C J.

Proof. (1) From Definition 3.3, for any neutrosophic point e € E(S) and G € J(e), we have (6)" UG =
(SUG) =S ¢ L, hence, {(5) = 0.

(2) We have always {(J) € n-cl({(J)). Conversely, let e € n-cl({(J)), where e € E(S) is a neutrosophic
point and G € J(e). Hence, GN{(J) # 0, which implies there exists a neutrosophic point e; € GNZ(J).
Thus, J'UG" € £, because e; € £(J). Hence, for any G € J(e), we have J' UG" € L, then e € £(J).
Therefore, n-cl({(J)) = {(J).

(3) Suppose that e ¢ cl(J), then there exists G € J(e) such that GNJ = 0, hence, G UJ =S ¢ L.
Thus, e ¢ {(J). Therefore, {(J) C cl(J).

(4) Let e € £(L(J)), where e € &E(S) is a neutrosophic point and G € J(e). From Definition 3.3,
(L)) UG € L. Since {(J) € J, then (J'UG) C (({(J)) UG’). By the primality, we have
(J'UG") € L, hence, e € (J). Therefore, £(£(J)) C £(J).

(5) Let e € £(J). Suppose that e ¢ J, which implies J¢ € J(e). Hence, (J°)“ U J¢ = S € £, which is a
contradiction since S ¢ L. Hence, e € J, and so, {(J) C J.

Theorem 3.4. Let (S, T, L) be an NPT S. Then, the following statements hold for each Ji, J, € Q(S).
(1) If J1 C Jo, then {(J1) € {(J2).
(2) {1V L(J) = L1 U Jo).
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(3) (1N J2) € L) N ().

Proof. (1) Suppose that J; C J, and e € £(J;), then for all G € J(e), we have J, UG" € L. Since
Ji € Ja, then (J,UG) € (J;UG) € L. By primality, (J, UG") € L. Hence, e € {(J,). Therefore,
L) € 4(J).
(2) Obvious from (1), £(Jy) € {(J; U J») and {(J,) € {(J; U J,). Hence, {(Jy) U {(J>) C {(J1 U Jp).
On the other hand, suppose that e ¢ {(J;) U {(J>), then e ¢ {(J,) and e ¢ {(J,). Consequently, there
are neutrosophic open sets G; and G, including e, for which J;, UG, ¢ L and J, UG, ¢ L. Now, put
G = (G, N Gy), hence, G € J(e). Since G € Gy and G € Gy, then (J; UG)) € (J;UG") ¢ L and
(J,UG,) C(J,UG) ¢ L Thus,(J;UG) ¢ Land (J, UG) ¢ L. Then, we have (J; UJ,) UG) =
(J,NIHUG = ((J,UG)HN(J,UG")) ¢ L. Hence, e ¢ {(J;UJ,). Therefore, £(J; UJy) € L(J1)UL(Jo).
(3) From (1), we have the desired result.

Here is an example to illustrate that the inclusion of part (3) of Theorem 3.4 need not be reversible.

Example 3.4. Let (S,9,L) be an NPT S, where § = {s}, J = {5, §} ang L = Q) \~{§}. Put
J = {< s,0.5,0,~1 > 5 € §v} and J, = {< 5,0,0.5,1 >: s € §}, then {(J;) = § and {(J;) = §. Hence,
{UDNLU) =8 #0=40) =N ).

Lemma 3.1. Let (S, .9, L) be an NPT S and J1,J> € QS). If J; € J. Then, J, N {(J>) € {(Jy N J).

Proof. Lete € J1 N {(J,). Then, e € J; and e € {(J,). Since J; € J and e € Jy, then for all G € J(e),
we have G N J; € J(e). From Definition 3.3, we have (J; UGN J,)) e L Hence, (J;NJ) UG =
J,UJ, UG =(J,U(GNJy)) e L Thus, e € {(J; NJy). Therefore, J; N {(J2) € Ji N ().

Lemma 3.2. Let (S, 9, L) bean NPT S. If J' ¢ L, then [(J) =

Proof. Suppose that {(J) # 0, then there exists a neutrosophic point e # Qande € {(J). Hence, for
all G € L(e), we have G U J € L. Since J ¢ L, then G' U J* ¢ L for some neutrosophic open set
G € J(e). This is a contradiction. Therefore, {(J) =

Theorem 3.5. Let (S, 7, L) be an NPT S. IFCN(S) \ (SYC L thenJ C () forall J € .

Proof. If J = 0, we are done, because {((Z)) = 0. Suppose that J # 0. Now, let J = S and e ¢ e (S)
Then, forall G € J (e) we have G* U (S) =G UQ =G ¢ L, butG € CN(S). This contradicts the
fact that C’N(S) \ {S } C £, hence, S C g“(S) Since we always have §(S) C S, then {(S) = S. Assume
that J # S then by Lemma 3.1, for any J € J we have J = JNS = Jﬂ{(S) - g’(JﬂS) = {(J).
Therefore, J C (J).

4. Neutrosophic primal closure operators and its main characteristics

In this section, we introduce a neutrosophic primal closure operator derived from the neutrosophic
primal operator and investigate the interrelations between them. Utilizing this neutrosophic primal
closure operator, we construct a neutrosophic topology and determine the conditions under which the
image of a neutrosophic primal remains a neutrosophic primal.

Definition 4.1. Let (S, T, L) be an NPT S. We define a map cl; : Q(S) — Q(S) by cl,(J) = J U L(J)
for any J € Q(S).
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Theorem 4.1. Let (S, T, L) be an NPT S. Then, the following statements hold for each J € Q(S):

(1) cle(0) = 0.
(2) cl(S)=S
(3) J € cl ().

Proof. (1) From part (1) of Theorem 3.3, ¢ (6) = 0. Hence, 0u 4 (6) =0UD = (0, which implies
cly(0) = 0.

(2) Since S U Z(S) =S, then cl(S) = §

(3) Since J € (J U {(J)), then J C cl(J).

Theorem 4.2. Let (S, T, L) be an NPT S. Then, the following statements hold for each J1, J, € Q(S):

(1) If.]] C J,, then Clg(]]) - Clg(]z).
(2) Cl((]l) U Clév(.]z) = Cl((]l U Jz)
(3) cl(cl(Jy)) = cl(Jy) for each {(Jy) € J:.

Proof. (1) Let J; C J,. Then, by part (1) of Theorem 3.4, {(J,) C {(J,), hence, J; U {(Jy) C J> U {(J7).
Thus, cl(J1) C cl;(J>).

(2) Since cl(J; U Jp) = (J1 U Jy) U {(J; U Jy), then by part (2) of Theorem 3.4, cl,(J; U J,) =
(J1U) U EU) VL) = (J1 U L) U (2 U L)) = cly(J1) U cl(J).

(3) It is clear by part (3) of Theorem 4.1, cl,(J;) € cl/(cl(Jy)). Conversely, cl (cl,(J1)) = cl(J1) U
{(cl (1)) = cl (J)UL(JUL(J))). From part (2) of Theorem 3.4, cl(cl (J1)) = cl(J1)UL(J1)UL(L (1))
Since {(J;) € J; and by part (4) of Theorem 3.3, cl,(cl,(J,)) € cl,(J1)UL(J1)UL(Jy) = cl(J)UL(Jy) <
cly(J1) U Ji = cly(Jy). Therefore, cl (cl,(J,)) = cl;(Jy) for each {(J,) C J;.

Theorem 4.3. Let (S, , L) be an NPT S. Then, the collection j{ {(JeQ®): clé«(J Y=JY}isa
neutrosophic topology in S induced by neutrosophic topology J and neutrosophic primal L.

Proof For condition (1) From part ( (1) of Theorem 3 3, cl{((S) ) =(S) U {((S) ) = ou 4’((2)) QU0 =

= (S ). Also, clz(((/)) ) = ((Z)) Ul (((/)) ) = S Ul (S ) =S = (0)". Therefore, (i) S e I ¢ . For condition 2):
Let J,J; € jL' Then, cl,(J,) = J; and cl,(J,) = J,. Now, cl(JiNJ)) =i NJ) U Nh) ] =
J, U J, U lJ, U J,]. From part (2) of Theorem 3.4, cl,((J; N Jo)) = J, U J, U Z(J) UL, =
cd/(J)Ucl(J) = JyulJ, = (Jinh). Thus, i NJ, € J5. Now, let {J; : £ € A} € J%.
Then, we have always (Ugea Je) € clf((Uger J¢) ). Conversely, clg(J;) = J; for each ¢ € A, hence,
cle[(Ugen Jo)] = (Ugen Je) U {I(Ugen Jo)] = (Meea J;) U Z(Meea J;) C (Neen J;) U (Neea f(J;)) =
ﬂgeA(J; U {(J;)) = ﬂgeA Cl{(-];) = ﬂfeA J; = (UfeA Jg—‘)v- Hence, Clg((UgeA Jf)c) = (UgeA Jf)c- Thus,
Ugen Je € T f: Therefore, J i is a neutrosophic topology in S induced by neutrosophic topology J
and neutrosophic primal L.

For simplicity, we will use the symbol J¢ instead of J i if there is no confusion.
Theorem 4.4. Let (S, T, L) be an NPT S. Then, the floating topology J¢ is finer than J.

Proof. Let J € . Then, J¢is J-closed in S, and by part (5) of Theorem 3.3, {(J°) € J°. Thus,
cly(J9) = J°U {(J°) = J°, which implies J € J¢. Therefore, J C J°.

Theorem 4.5. Let (S, T, L) be an NPT S. Then, the following statements hold:
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(1) If L = thenjg_Q(S)
(2) If L= Q(S)\{ }thenj(—j.

Proof. (1) We have always j CCQS). Conversely, we have two cases:

Casel. If J € Q(S) \ {S } then {(J) = 0. Suppose that {(J) # 0. Consequently, a neutrosophic
point e # 0 can be found where e € {(J), hence, for any G € J(e), we have G Ul e L. Thus,
G =J =S, because £ = { } and thus contradicts the fact J € Q(S) \ {S } Hence, {(J) = 0 which
implies cl,(J') = J'. Therefore, J € J¢.

Case 2. If J = S, then c[(S) = S* U Z((S)) = (5) U @) = (S)". Hence, J € J*. Therefore,
T =Q(S). . N
(2) By Theorem 4.4, § € J*%. Now, let J € J%. If J = 0, then J € J. Suppose that J # 0. Since
J € J°¢, then JC U £(J°) = J¢, which implies £(J°) C JC Assume that e ¢ g’(]c) then there exists
G € J(e) such that (J)° UG ¢ L. Since L = Q(S) \ {S } then (J)° U G° = S and so, J°NG = 0.
Hence, e ¢ cl(J°). Thus, we have cl(J°) C {(J) C J¢. Therefore, cl(J) = J¢, which implies J¢ is
J-closedin S and so, J € . Hence, J¢ € J. Therefore, ¢ = 9.

Theorem 4.6. Let (S,.J, L) and (S, T, F) be two NPT Ss. If L C F, then T € J%.

Proof. LetJ € J5. Then, cl, (J) = J'ULr(J) = J', hence, {r(J) € J'. Lete ¢ J'. Then, e ¢ {7 (J),
hence, there exists G € J(e) such that G° U J ¢ F. Since J. ¢ c J ¢ then we obtain G € J(e) such
that G' U J ¢ L. Thus, we have e ¢ {,(J'), and so, {,(J') € J". Hence, cl;,(J) =J UL (J)=J
Thus, J € J%. Therefore, J5 C 7.

Lemma 4.1. Let (S, 9, L) be an NPT S and J € Q(S). Then, the followings hold:

(1) J € J¢ if. and only if, for all neutrosophic point e € J, there exists a neutrosophic open set G
containing e such that G°U J ¢ L.
(2) If J ¢ L, then J € J°.

Proof. (1) Let J € J¢. Then,

JeJt o c(J)=J

JEU L)) = J¢

LU cJe

J S (L))

(Ve € J)(e ¢ {(J9))

& (Yee )AG € T()G U =G UJ ¢ L).

t ¢ 0¢

(2)LetJ ¢ Lande e J. PutG =S, thenGis a neutrosophic J-open set containing e. Since J ¢ L
and G° U J = J, then we have G° U J ¢ L. By part (1), we have J € Je.

Theorem 4.7. Let (S, T, L) be an NPT S. Then, 7{‘7 {GNJ:G e and J ¢ L} is a neutrosophic
open base for the neutrosophic topology J° on S.

Proof. LetH € ?{if . Then, there exist G € J and J ¢ L, where H = GNJ. From Theorem 4.4, we have
J € J¢ hence, G € J¢. Also, from part (2) of Lemma 4.1, J € J¢. Thus, H = GNJ € J*. Therefore,
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7-({ C J¢ Now, let J € J¢ and a neutrosophic point e in J. Then, from part (1) of Lemma 4.1, there
exists a neutrosophic open set G containing e such that G° U J ¢ L. Put H = G N (G° U J). Hence, we
getHe'Hj,whereeeHg J.

Theorem 4.8. Let I1: Q(S) — Q(F) be a one-to-one map and L € Q(S). If Lis a primal over S and
I[I(J) # F forall J € L, then ¥ ={I1(J) : J € L} is a primal over F.

Proof. (1) Since II(J) # F forall J € £, then F ¢ F.
(2) Let J, € F and J, C J,. Then, there exists J € £ such that I1(J) = J,. Put D = I[1"'(J,). Since IT is
one-to-one, then D C J, which implies D € L. Hence, J, = I1(D). Therefore, J, € .
(3) Let J; N J, € . Then, there exists J, D € £ such that I1(J) = J; and II(D) = J,. Since JN D C J,
then by primality, J " D € £, hence, J € Lor D € L. Thus, J; € ¥ or J, € ¥. Therefore, ¥ is a
primal over F.

In general, the following example shows that condition I1(J) # S for all J € L in the previous
theorem is necessary.

Example 4.1. Let IT : Q(S) — Q(S) be a one-to-one map defined by II(J) = J* for all J € Q(S).
Hence, I1(0) = ()" = S. Thus, S € ¥, hence, F is not primal over F.

5. Neutrosophic primal proximity spaces

Here, we present the concept of neutrosophic primal proximity and study several of its master
characteristics.

Definition 5.1. A binary relation + on Q(S) with a neutrosophic primal L over a nonempty set S is
designated as a neutrosophic primal proximity on S if v meets the ensuing criteria:

(1) If.]l F Jo, then Jo + Jy.

(2) If]lI-(J2UJ3)<:>J1|-J207”J1I-J3.

(3) If J, v Js, then]i ELandJ; e L.

(4) If(.]lﬂ.lz)(.EL, then J; + J,. _
(5) If J\ ¥ Jy, then there exist Fy, F, € Q(S) such that J; ¥ Fi, F; ¥ Jo, and (F1 N Fy) = 0.

Definition 5.2. A neutrosophic primal proximity space (briefly NPPS ) is a pair (S,v) consisting of
a set S and neutrosophic primal proximity relation (briefly NPPR) on a nonempty set S. We write
Ji v Jy, if the sets Ji, J, € Q(S) are +-related, otherwise we denote J| ¥ J».

Corollary 5.1. Let + be an NPPR on a nonempty set S. Then,

(]) if.]z]" Ji, then J, ¥ Jo;

(2) lf.]] ¥ (U)o JirJand J ¥ Js;

(3) if there exist J; ¢ Lor J; ¢ L, then J, ¥ Jp,

(4) if Jy ¥ Jo, then (J1 N Jo) ¢ L;

(5) if J1 ¥ Jo, then there exist F, F, € Q(S) such that J, ¥ Fi, F; ¥ Jo, and (F1 N F») = 0.

Example 5.1. Let £ = Q(S) \ {S} be a neutrosophic primal over a nonempty set S and J;, J, € Q(S).
We define a binary relation  on Q(S) as follows:

hvrlhel,l,eLl
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Then, + is an NPPRon S.

Proof. (1) Let J, + J,. Then, J|, J, € L. Hence, J,,J, € L, thus J, + J.

(2) Let J; F (J, U J5). Then, J,(J, U J3) € £. Hence, J, N J; € £. By primality, J, € £ or J; € L.
Hence, J|,J, € Lor J|,J; € L. Therefore, J; + J, or J; + J5. Conversely, let J; + J, or J; + J;. Then,
J.Jo, € Lot J,J; € L IfJ,J, € LorJ,J; € L thenJ,NJ, € J,orJ,NnJ, CJ;. Then, by
primality, (J, U J3)" = (J, N J;) € L. Thus, J|,(J, U J3)" € L. Therefore, J; + (J, U J3).

(3) Obvious by definition.

(4) Let (J N Jo)" € L. Then, J; U J, € L. Since J, € J; U J, and J, C J, U J,, then by primality,
J1.J, € L. Therefore, J; + J.

(5) Let J; ¥ Jo. Then, J, ¢ LorJ, ¢ L IfJ, ¢ L, then put F; = J, and F, = J;. Hence, J; ¥ F|,
F,y ¥ J,. Since J, ¢ Land J, C (F|UF,) = (FNF,)", then by Corollary 3.1, (F;NF,)" ¢ L. However,
L=Q(5)\ {§}, hence, F| = 0 or F, = 0. Hence, (F1 N F,) = 0. If J; ¢ L, then in the same way, we
get the required.

Example 5.2. Let £ = Q(S) \ {S} be a neutrosophic primal over a nonempty set S and J;, J, € Q(S).
We define a binary relation + on Q(S) as follows:

hrhoeUnh) €L
Then, + isan NPPRon §S.

Proof. (1), (2), (3) and (4) all follow directly by the definition.

(5) Let J; ¥ Jo, then (J; N J,)" ¢ L. Since £ = Q(S) \ {S}, then J; = O or J, = 0. If J; = 0, then
put Fy = J, F, = J;, and use the same process of part (5) of Example 5.1, hence, we get the required.
Also, if J, = 0 then put F| = J;, F, = J,, and use the same process of part (5) of Example 5.1, hence,
we get the required.

In the following, we define the neutrosophic point-primal proximity operator and study its main
properties.

Definition 5.3. Let (S,+) be an NPPS. Then, we define a map (-) : QS) = QS)as J (S,-,T,L) =
\U{e € &) : e + J}. To be clear, J (ST, L) is denoted as J for brevity and is designated as
the neutrosophic point-primal proximity operator of J with respect to J, + and L. Moreover, J It is
termed the neutrosophic point-primal proximity of J.

Theorem 5.1. Let S be a nonempty set, e € &) and J,,J> € Q(S), where L = Q(S) \ {S}. Then, the
followings hold:

(1) If J; ¢ L, then J, N J, = 0.
(2) e J, for each e € J.

(3) Ile}‘ Jo, then Jy N J, = 0.

Proof. (1) Let J; ¢ L. Since £ = Q(S) \ {S}, then J; = 0. Therefore, J; N J, = 0.

(2) Lete € J;. Then, (e N J,) = ¢ € L, because £ = Q(S) \ {S}. By part (4) of Definition 5.1, e F J;
for each e € J;.

(3) Let J; ¥ J,. Assume that J; N J, # 6, then there exists a neutrosophic point e € J; N J,. Hence,
(JiNnJ) # S. Thus, (J;NJ,) € L, because £ = Q(S)\ {§}. Hence, J; + J,, and this is a contradiction
the fact J; ¥ J,. Therefore, J, N J, = 0.
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Corollary 5.2. Let S be a nonempty set, e € E(S), where L = Q(S) \ {§}. Then,

(1) ekaoreacheeS
(2) (S) =S.

Lemma 5.1. Let L be a neutrosophic primal on S # 0. If J, + J,, J1 € Dy and J, C D», then D, + D,.

Proof. LetJ, + J,,J; € Dyand J, C Dz Suppose that D, ¥ D,, then by part (5) of Definition 5.1, there
exist F';, F, € Q(S) such that D, ¥ F F ¥ Dy, and (F1NF,) = 0. Hence, F; = (2)0er = 0. IfF; = (Z),
then by D; ¥ F, and by part (4) ofCorollary 5.1,(DiNF)) ¢ L. Thus, D|, = D\UF; = (D;NF,) ¢ L.
Since J; € Dy, then D| C J,, and by primality, J, ¢ L. Hence, by part (3) of Corollary 5.1, J; ¥ J,, and
this is a contradiction the fact J; + J,. Therefore, D; + D,. If F;, = 5, then we use the same previous
way to get the required.

Lemma 5.2. Let (S,+,.7, £) be an NPPT S and Jy,J, € QS). If J, ¥ I, then J, C J,,

Proof. Suppose that J ; NJ> # 0. Then, there exists a neutrosophic point e such thate € J : N J,. Hence,
e+ Jyand e C J,, then by Lemma 5.1, J; + Jy, which is a contradiction. Therefore, J; C J;.

Theorem 5.2. Let (S,+, T, L) be an NPPT S and Jy,J, € QES). If J» ¥ J, then Jo ¥ J.

Proof. Let J, ¥ Jy. Then, by part (5) of Definition 5.1, there exist Fy, F, € Q(S) such that J, ¥ F
F ¥ Ji,and (F\ N F,) = 0. Hence, F; = (/)orF2 =0. IfFl = (D then by J, ¥ F , and by part (4) of
CorollaryS 1, (JzﬂF) ¢ £ Thus, f J UF, = (]zﬁF) ¢ L. Hence, by part (3) of Corollary 5.1,
Jo ¥ J If F = (Z) then by F % Ji, and Lemma 5.2, J C F>. Hence, (J ) = S ¢ £, and by part (3) of
Corollary 5.1, J, ¥ J;.

Theorem 5.3. Let (S,+, 9, L) be an NPPT S and J, J, € Q(S). Then, the following statements hold:

(1) (0) =0. o
(2) If J, C Jo, then J, C J,.
(3) (Jin) €J, N,
(4) (JiVh) =JUd,
(5) If J, ¢ L then J, = 0.
(6) (J)) <€ J,.

Proof. (1) let e € &(S). Then, by part (3) of Definition 5.1, e ¥ 0, because (0) = S ¢ L. Hence,
@) = 0.

2)LetJ; € J,and e € JI. Then, e + J;. Since J; C J,, and by Lemma 5.1, e + J,. Hence, e € J;.
Therefore, J; Cc J;.

(3) Let J1,J, € Q(S). Since Jy N J, C J; and J; N J, C J,, then by part (2), (J; N J5) C J: and
(JiNJy) CJ,. Thus, (J; N o) CJ,NJ,.

(4) Let J1, J, € Q(S). Since Jy, J> C (J1UJ>) and by part (2), we have J, C (J1UJ,) and J, C (J1UJ>) .
Hence, J; U J; C (JyUJp). Conversely, let e € (J; U J,). Then, e v J, U J,, and by part (2)
of Definition 5.1, e + Jy or ¢ + J,. Hence, e € J: ore € J;, which implies e € J; U J;. Thus,
(J1 U Jy) CJ, U J,. Therefore, (J; UJy) =J, UJ,.

(5) Let fl ¢ L. Then, by part (3) of Corollary 5.1, e ¥ J;. Hence, e ¥ J; for each e € &(S). Therefore,
J, = 0.
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(6) Let J; € Q(S) and e ¢ J;. Then, e ¥ Ji, and by Theorem 5.2, e ¥ J;. Hence, e ¥ (J;)%. Thus,
Jp cJ,.

6. Neutrosophic proximal closed sets and neutrosophic topologies

This section introduces neutrosophic proximal closed sets. Additionally, various results relating
NPPS and NPT S are established using these neutrosophic proximal closed sets.

Definition 6.1. Let (S,+, S, L) be an NPPT S. Then, a subset J of Q(S) is termed neutrosophic
proximity closed set (briefly NPCS ) if, and only if, e + J means e € J.

Lemma 6.1. Let (S,+, 9, L) be an NPPT S. Then, the following statements hold:

(1) Arbitrary intersections of neutrosophic proximity closed sets are neutrosophic proximity closed.
(2) Finite unions of neutrosophic proximity closed sets are neutrosophic proximity closed.

Proof. (1) Let {J; : j € A} be a family of NPCS. Lete + ({J; : j € A}. Since (" J; C J; for each
Jj € A, then by Lemma 5.1, e+ Jjfor each j € A. Since J; is neutrosophic proximity closed for each
e € Jj, then e € J; for each j € A. Hence, e € ("{J; : j € A}, which implies ({J; : j € A}, is
neutrosophic proximity closed.

(2) Let J; be a neutrosophic proximity closed set for each j € {1,2,3,...,n}. Lete U,’}:r J;. Then,
by part (2) of Definition 5.1 and e + [J; U (U], J))], we have e + Jy or e + U}, J;. If e + Jy, then
e + U} J; (because J; is neutrosophic proximity closed, hence, e € J;, which implies e € ), J;.
Assume that e ¥ Ji, then e + U?:z J;. Then, we use the same process until e + (J,-; U J,,). Hence,
e+ J,yoretr J,, and in both cases we have e + |J_; J;. Therefore, ()., J; is neutrosophic proximity
closed.

Theorem 6.1. The family of complements of all NPCSs of (S, +, T, L) forms a neutrosophic topology
on S. This neutrosophic topology is denoted by J .

Proof. For condition (1): From part (1) of Corollary 52 and e + S for each e € S then S is a
neutrosophic proximity closed set. Thus, 0eJ . Also, e + 0 for each e € 0, hence, 0 is a neutrosophic
proximity closed set. Thus, S € 7.

For condition (2): Let J;,J, € J . Then, Ji and J; are neutrosophic proximity closed sets. By
part (2) of Lemma 6.1, J; U J, is neutrosophic proximity closed. Since (J; N J,)" = J; U J,, then
JinJe j F.

For condition (3): Let {J; : j € A} C j ". Then, f for each j € A is a neutrosophic proximity
closed set. By part (1) of Lemma 6.1, ("{J, : j € A} is neutrosophlc proximity closed. Since [({J
jeEA) = [ﬂ{JJ J € A}], then J{J; : ]eA}ej.

Theorem 6.2. Let (S,+, T, L) be an NPPTSand J C J'. The set J is the neutrosophic closure of the
neutrosophic set J in which the neutrosophic closure is taken with respect to the neutrosophic topology
J and symbolized by cl ().

Proof. Let e be a neutrosophic point such that ¢ € J'. Then, e + J. Since J C clg+(J), and by
Lemma 5.1, we have e + cl4(J). Since clg+(J) is neutrosophic proximity closed, then e € cls(J).
Hence, J C cl 4-(J). Conversely, Let e be a neutrosophic point such that e ¢ J'. Then, e ¥ J. Assume
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that e + cl4(J). Since J C cly+(J), and by Lemma 5.1, we have e + J. Since J C J'. Hence, by
Lemma 5.1, e + J . However, this is a contradictions the fact ¢ ¥ J . Hence, e ¥ cl 4+(J). Thus,
cly+(J) € J . Therefore, ¢l (J) = J .

Definition 6.2. The operator E : Q(S) — Q(S) is a neutrosophic Kuratowski closure operator if it
satisfies the following conditions:

(1) E0) = 0.

(2) Foreach J; € Q(S), J; C E(J)).

(3) For each Ji,J> € Q(S), E(J; U Jy) = E(J;) U E(J»).
(4) For each J; € Q(S), Z(Z(Jy)) = E(Jy).

Theorem 6.3. Let (S,+, T, L) be an NPPT S, where L = Q(S)\ {§}. Then, the neutrosophic operator
J = Ule € &S) : e v J} on a neutrosophic primal proximity space (S,v,J, L) is a neutrosophic
Kuratowski closure operator.

Proof. (1) By part (1) of Theorem 5.3, (0) = 0.

(2) If e € Jy, then by part (2) of Theorem 5.1, e + J;. Hence, e € J;. Therefore, J; C J;.

(3) By part (4) of Theorem 5.3, (J, U J,) = J; U ]; for each J;, J, € Q(S).

(4) By part (6) of Theorem 5.3, (J;)F - J;. On the other side, let e ¢ (J;)F. Then, e ¥ J;. By part (4)
of Corollary 5.1, (e N J;)C ¢ L. Since L = Q(S) \ {:ST}, then (e N J;)C = S, which implies e N JI = 0.
Hence, e = 0 or J; = 5, and by part (3) of Corollary 5.1, ¢ ¢ J;. Thus, J; - (J;)F. Therefore, (J;)F = J;
for each J; € Q(S).

Theorem 6.4. Let (S,+, T, L) be an NPPT S. Forany J € Q(S), we define amap cl,, : Q(S) — Q(S)
bycl.(J)=JU J' satisfies neutrosophic Kuratowski closure axioms.

Proof. (1) By part (1) of Theorem 5.3, cl, (0) = 0.
(2) Let J € Q(S). Since ¢l .(J) = J U J',then J C cl.(J).
(3) Let J1, Jo € Q(S). Then, by part (4) of Theorem 5.3, we get

(J1UJ) U Ul
(J1U L) U (J, U Jy)
(J1UJ) U (J,U Jy)
el (Jy) U cl, ().

el (J; U J)

(4) Let J € Q(S). Then, by parts (4) and (6) of Theorem 5.3, we get

el (J) U [el (D]

= JUJHUJUJT
= JUJHUJ U]
= JuJ)HuJ

= JulJ

= cl.(J).

cl.(cl.(J))
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Theorem 6.5. Let (S,+, ., L) be an NPPT S. Then, the collection jz ={JeQS): clT(JC) =J)
is a neutrosophic topology in S induced by neutrosophic topology J, neutrosophic primal L and
neutrosophic primal proximity + on a nonempty set S.

Proof. From part (1) of Theorem 5.3, cly((S)) = (§) U((S)) =0U @) =0U0 =0 = (S)". Also,
cle((0)) = @) U ((0)) =S U(S) =S = (0)". Therefore, 0,5 € 7.

Now, let Ji, J; € J%. Then, cly(J)) = J, and cly(J5) = J5. Now, cle((JyNJ2)) = (JiNJ) U[(J1 N
L)1 =J, UJ, UJ; UJ, . From part (4) of Theorem 5.3, cly((J; N J2)) = J, UJ, U (J)" U ()" =
cly(J) Ucly(J) = J,UJ, = (JinJ). Thus, JyNJ, € Jy. Now, let {J; : £ € A} € T
Then, we have always (Ugea Je)* C clr((Ugen Je)). Conversely, clT(J;) = J; for each & € A, hence,
Cl‘r[(UgeA Jf)e] = (UgeA Jf)c U [(UgeA Jf)c]F = (mge/\ J;) U (mgeA J;)F - (mga\ J;) U (mgeA(J;)F) =
ﬂgeA(J; U (J;)F) = ﬂgeA ClT(J;) = mge/\ J; = (UfeA Jf)c~ Hence, ClT((UgeA Jg)c) = (U.feA Jf)c- Thus,
Ugen Je € J . Therefore, J7, is a neutrosophic topology in § induced by neutrosophic topology J
and neutrosophic primal L.

For simplicity, we will use the symbol J " instead of J ;: if there is no confusion.
Theorem 6.6. Let (S,+, 9, L) be an NPPT S and J, F € Q(S). Then, the following statements hold:

(1) J¥ F & J¥ cl(F).
(2) cl.(J)=1J.
(3) cl.(J) = [cl (J)].

Proof. (1) Let J ¥ F. Then, by Theorem 5.2, we get J ¥ F. By part (2) of Definition 5.1, J ¥ (FUF') =
cl(F)e J¥FandJ ¥ F.

(2) By part (6) of Theorem 5.3, we have clT(f) =JuJ) =1J.

(3) By part (4) of Theorem 5.3, we have ¢/ (J) =J U(J) =(JUJ) = [cl(J)].

7. Conclusions and further work

Our work concentrated on creating a new abstract structure called the “neutrosophic primal
topology”. Then, we have shown some comparisons between neutrosophic primal and neutrosophic
grill. After that, we have introduced new operators via neutrosophic primal and neutrosophic primal
proximity spaces, respectively, and studied their basic properties. In addition, we have presented a new
neutrosophic topology induced by the neutrosophic primal closure operator.We also have defined the
neutrosophic point primal proximity operator and introduced many features of a neutrosophic primal
proximity space. Furthermore, we have defined a neutrosophic proximal closed set. Finally, we have
introduced different facts between a neutrosophic primal and a neutrosophic primal proximity spaces
through neutrosophic proximal closed sets and related concepts.

The results we have obtained in this work are early. Further research into the features of the
neutrosophic primal topology may provide more insights. This work intends to contribute to the
direction of merging neutrosophic primal structures with other fields of sciences.
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