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Abstract: This paper addressed the output regulation problem for a one-dimensional (1-D) wave
equation subject to a nonlocal term and multi-channel unknown disturbances. Motivated by the
combined challenge of structural instability from nonlocal coupling and the realistic presence of
multi-channel harmonic disturbances with unknown frequencies, this work aimed to integrate and
simultaneously address both issues to meet more complex application scenarios. The nonlocal
term caused energy growth and open-loop instability, requiring sequential stabilization and output
regulation. The disturbances consisted of sinusoidal signals with unknown amplitudes and frequencies,
where only an upper bound on the frequencies was known. Our approach constructed an auxiliary
system to eliminate the nonlocal effect and employed a coordinate transformation that concentrated
disturbances into the tracking error channel. An adaptive observer was then developed for online
frequency identification, enabling output-feedback control using the tracking error and its derivative.
Theoretical analysis established the well-posedness and state boundedness of the closed-loop system,
while numerical simulations confirmed the effectiveness of the proposed approach and demonstrated
exponential convergence of the tracking error to zero.
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1. Introduction

The output regulation of distributed parameter systems under external disturbances has attracted
considerable research attention in recent years for various types of partial differential equations
(PDEs), including the heat equations [I, 2], wave equations [3-5], beam equations [6], and
Schrédinger equations [7, 8], among others. Driven by rapid developments in mechanical
manufacturing, marine engineering, robotics, and related fields, the control of disturbances in PDEs


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2026012

292

systems has been addressed through a variety of developed methods. For systems where reference
signals and disturbances originate from a linear autonomous exosystem, foundational work on
finite-dimensional systems dates back to the internal model principle of the 1970s [9, 10], with
applications shown in [11, 12]. Moreover, active disturbance rejection control [13, 14], introduced in
the 1980s, has found broad application in output regulation, including scenarios involving the heat
equations [15], wave equations [16], and Euler-Bernoulli beam equations [17]. A common limitation
in these studies, however, is that the exosystem-generated disturbance only acts through a single
channel, and the reference signals are fully known. In [18], an adaptive method was employed to
achieve output regulation for a one-dimensional (1-D) wave equation. Both the disturbance and the
reference signal were sinusoidal with known frequencies. More recently, in the case of a 1-D wave
equation under mismatched disturbances, a controller was designed in [19] using a trajectory planning
approach, where the sinusoidal disturbance generated by the exosystem was also known. In contrast,
the problem of output tracking under unknown frequencies remains less explored. Recent studies
have begun to address this challenge. In [20], a riser-cable elevator was abstracted as a wave equation
subject to an unknown-frequency disturbance, with the excitation confined to a sole system channel.
In [21], a 1-D non-collocated wave equation was examined under the condition of a known exosystem
while the disturbance frequency was unknown. The work in [22] leverages the adaptive internal
model principle to devise a controller. Authors in [23] investigated a 1-D anti-stable wave equation
along with unknown harmonic disturbances and reference trajectories. Notably, the disturbance was
applied exclusively through one channel of the system.

In practical engineering systems such as offshore platform structures, large-scale flexible
manipulators, vibration control of oil pipelines, and wind-induced vibration suppression in high-rise
buildings, distributed parameter systems described by PDEs (e.g., wave equations) are often subject to
multi-source external harmonic disturbances. The frequencies and amplitudes of these disturbances
are typically unknown and time-varying. Moreover, nonlocal coupling terms in the system (such as
boundary velocity recirculation) can lead to open-loop instability, further complicating the control
design. The wave equation model studied in this paper can be regarded as an abstract representation
of the above engineering systems. The control objective is to achieve accurate output tracking under
multi-channel disturbances with unknown frequencies and structural instability induced by the
nonlocal term. This problem has clear engineering relevance, including wave compensation for
offshore structures, trajectory tracking of robotic arm endpoints, and pipeline vibration suppression.
Therefore, the study of adaptive control strategies for such systems holds significant theoretical and
practical value.

The main contributions of this paper are summarized as follows: (i) Unlike the conservative plant
studied in [22], the system in this work contains a nonlocal term 7yy,(0,?) that induces open-loop
instability. This structural difference is critical: the coordinate transformation employed in [22],
designed to decouple the system into an exponentially stable PDE subsystem, is not directly
applicable to our unstable plant. Therefore, our control design necessarily follows a sequential
procedure: We first stabilize the inherent instability induced by the nonlocal term, and then
incorporate adaptive regulation to reject unknown multi-channel disturbances. This approach
successfully extends the adaptive internal model framework to a class of non-conservative, unstable
wave equations. (ii) A key difference concerns what is assumed about the exosystem’s dimension.
Authors in [24] require the exact number of distinct frequencies (four) to be known a priori, enabling
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a fixed-order internal model design. Our work only requires an upper bound N on this number,
treating the exosystem’s true order (and internal structure) as unknown. This less restrictive
assumption, which is crucial when dealing with disturbances whose harmonic composition may
change with operating conditions or system modifications, demands an adaptive scheme capable of
online order identification, not merely parameter estimation, thereby addressing the practical
limitation of fixed-order designs in evolving environments.

The following provides an overview of the paper’s organization. Section 2 presents the problem
statement of a 1-D wave equation with a nonlocal term and introduces the preliminary mathematical
framework, establishing the groundwork for further analysis. Section 3 simplifies the studied system
and designs a feedforward plus state-feedback controller for it. Section 4 recovers the system states and
develops an error-based feedback regulator. Section 5 establishes the well-posedness and stability of
the closed-loop system as well as the exponential convergence of the tracking error. Section 6 provides
numerical simulations to validate the proposed methodology. The main findings are summarized in
Section 7.

2. Problem statement

This paper focuses on a 1-D wave equation with a nonlocal term modeled by

Yu($,1) = ygs(5, 1) + yy(0,0) + F(s)p1(1), s € (0,1),1>0,
ys(0,0) = pa2(1), 120,
ys(1,) = U(®) + p3(1), 120, (2.1)
¥(5,0) = yo(s), yi(5,0) =yi(s5), s €(0,1),
You(t) = y(0,1), 120,

in this formulation, y > 0, U(¢) denotes the control input, Y,,(f) serves as the target output for
regulation, and F (s) corresponds to an uncertain function, which is assumed to belong to L*(0, 1).
The signals pi(?), k = 1,2, 3 denote disturbances from the following exosystem:

{ &(t) = Ga(t), a(0) = ay € R”,
(2.2)

ox(t) = Dya(t), k=1,2,3,
where G € R™" D, € R™ (k = 1,2, 3), and a, are all unknown. Let
r(t) = Dya(t)
as reference signal, in which D, is likewise unknown. The tracking error is
(1) = Youl(t) — ().
This work develops a feedback control scheme derived from the tracking error to ensure

lim |E(@)] = lim [Yo, (1) — r(®)] = 0. (2.3)
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First, the Laplace transformation is applied to the disturbance-free version of (2.1). Defining
(s, €), U(e), and Y(e) as the Laplace transforms of y(s, ), U(¢), and Y,,,,(?), it leads to

€29(s, €) = Pys(s, €) + yeH(0, €),
9,0, €) = 0,

(2.4)
Vs(1, €) = it(e),
Y(e) =30, ).
Consequently, the input-output dynamic is characterized by
1
H(e) = (2.5)

(e —y) sinh(e) ’
which has no zeros. The following assumption is now postulated.

Assumption 2.1. The spectrum of G is
o(G) =1{0,xlp;, 1 <k<p}, n=2p+1,

where {pi};_, are unknown positive parameters that are different from each other. Furthermore, we
assume that G is diagonalizable over C, i.e., there exists a basis of C" consisting of eigenvectors of G.
The unknown integer p is assumed to have a known upper bound N.

Hence, the exosystem (2.2) has sinusoidal signals with less than N unknown frequencies, which are
specified by the eigenvalues of G. The exogenous disturbances and reference trajectory are explicitly
characterized as

N

pi(t) = Z[Ckl Cos it + oy sinpt] + hy, 1=1,2,3,
=1

N
r(t) = Z[ck4 COS Pt + Op4 SIN Pit] + hy,
k=1

with the parameters {o;}, {cx} ,{0k}, and h; being unknown.

This assumption is motivated by several practical considerations. First, the purely imaginary
spectrum of G corresponds to harmonic and constant signals, which accurately model many
real-world disturbances such as mechanical vibrations, electrical harmonics, and periodic reference
trajectories.  Second, the shared exosystem state a(f) captures the common scenario where
disturbances at different locations contain correlated frequency components, as often observed in
multi-sensor systems or structurally coupled environments. Third, requiring only an upper bound N
on the number of frequencies reflects realistic situations where the exact harmonic composition may
be unknown or time-varying due to operating condition changes. The diagonalizability condition
ensures analytical tractability while covering most practical harmonic systems. The main limitation of
this assumption is its restriction to harmonic-type signals; it does not encompass non-periodic
disturbances or rapidly time-varying frequency content. This limitation also points to potential
research directions for extending the framework to broader signal classes in future work.
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Define the Hilbert space
H = H'0,1) x L*0, 1),

with the inner product defined for all (£, 1), ({2, 1m2) € H by

1
(&1m), (L2 = f [£1()E5 () + ni($)na(s9)]lds + 12£1(0)4:(0),
0
where fi, > 0.
3. Feedforward plus state feedback regulator design

The control design follows a sequential procedure to address the coupled challenges of open-loop
instability and unknown disturbances. First, the destabilizing nonlocal term is removed through a
transformation that constructs an auxiliary system. Second, the coupled PDE-ODE (ordinary
differential equation) dynamics are decoupled via a coordinate change, which concentrates all
exogenous effects into the tracking error. Finally, a composite controller comprising feedforward
compensation and stabilizing state feedback is synthesized.

The difficulties arising from the nonlocal term are addressed by the transformation

z(s,1) = y(s,t) —m(s, 1), 3.1

where m(s, t) is governed by

(3.2)

m,(s,t) = —my(s, 1) + %m(O, 1),
m(0, 1) = 1 E@), m(s,0) = my(s).

Here, my(s) is an arbitrary initial condition, and the parameter 7%, lies in the interval (0, 1) with #; # %
Thus, (2.1) becomes

(8, 1) = Zss(8, 1) + yi(0) + F(5)p1 (1),

ZS(O’ t) =

hy Y
0,1 —
=5, 00 =15

ZS(1’ t) = U(t) +p3(t) - ms(l’ t)’

h . Y
z(0,1) - 7 (1) + = r(t) + p2(2),

(3.3)

24(5,0) = yy(s) + mj(s) - hllmo(O).

This transformation isolates the nonlocal coupling yy,(0,7) into the auxiliary variable m(s,?).
Consequently, the z-subsystem (3.3) represents a wave equation freed from the internal velocity
feedback, though still subject to distributed and boundary disturbances. This step prepares the system
for the subsequent regulation design. Next, a feedback regulator is designed to regulate the tracking
error. This requires decoupling the coupled systems (2.1) and (2.2) via coordinate transformation

E(s, 1) = z(s, 1) + x(s)a(t), (3.4
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where x: [0, 1] = R™Cr*D satisfies

%" (s) = %#(5)G* + D1 F (s) + yD4G,
Gh, — #,G
#(0) = %(0)(hy + 136G + Yy 4+ 27 _p,
1-# 1 - (3.5)
+ h3D4G - 1 yh Dy + Dy — Do,
-
%'(1) = =Ds,
with y
h2> 1_h1 >O, h3>0.

Lemma 3.1. The boundary value problem (3.5) admits a unique solution x™ € H*((0, 1); R?*1).

Proof. Let x,(-) satisfy the boundary value problem

%/ (s) =0,
Gy — mG

#,(0) = 2, (0) (2 + 136 + Yy 4+ Dy 4 13D4G — —L—Dy+ 1Dy — Dy, (3.6)
- 1-m -7,

#,(1) = —D;.

This equation admits a unique solution %; € C>([0, 1];R?**!). Consider the following additional
boundary value problem:

q"'(s) = q(5)G* + %1(5)G* + D\ F (s) + yD,G,

Ghy —vy
3.7
- )» (3.7)

q'(0) = g(0)(hy + 13G +
g (1) =0.

Let {wk}i‘:’ ;rl be eigenvectors of G corresponding to the eigenvalues {/lk}ii Tl,

multiplying both sides of (3.7) by i, we obtain

respectively. Right-

i () = qu()A; + Fu(s),
7;(0) = qr(0)(p + hiz Ay +
q,(1) = 0,

A=y
1-#

) (3.8)

where
qi(s) = q(s)¥i
and
Fi(s) = (¢1()G” + D1 F (5) + yD4G ).

Since x,(-) is smooth, F(-) € L*(0, 1), and D;, D4, G are constant matrices, it follows that the source
term F(-) belongs to L*(0, 1) for each k.
Now, we analyze the regularity for each mode.
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For A; # 0, the solution of (3.8) is given by

Cie™s + ek
Z/Ik(Cleﬂk + e~

s 1 1 1
qi(s) = (179 4 MmN F()de — =— | (M7 + e M) F (e)de
“) Jo 24 Jo

with
A=y
1-#;

- A=y’
A =Ty = M3 e — 525

/lk+h2+h3/lk+
C, =

For the eigenvalue A; = 0, the system (3.8) reduces to

4;/(s) = Fuls).
4(0) = qu(O) 2 — 127,
g, (1) =0,

which also admits a solution in H%(0, 1).

In both cases, since the source term F;(-) € L*(0, 1) and the boundary conditions are homogeneous,
each solution g; belongs to H*(0, 1).
Therefore, the vector-valued function

g(x) = (@10, ..., @pr1 W15 - 2pat ]!
is in H*((0, 1); R?*1). Consequently,
x(s) = 21(s) + q(s)
is the unique solution of (3.5) and belongs to H?((0, 1); R?7+!). i

By (3.4), the extended system (£(-, -), @(-)) admits the following representation:
Eu(s, 1) = Ess(s, 1),
‘fs(oa N =

/)
1lhamo—Tlgaao+m@@n+mmm—8m>
- n 1
+ 13(£0, 1) + my(0,1) — E(1)),
£(1,0) = U@) — my(1, 1), (3.9)
E(1) = £0, 1) + m(0, 1) = (4(0) + Dy)a(?),
E(1) = £(0, 1) + my(0, 1) — ((0) + Dy)Ge(2),

a(t) = Ga(y).

As stated in the text, the transformed system (3.9) exhibits two key features that justify the preceding
coordinate transformation from z to £. First, it achieves a decoupled structure with an independent PDE
subsystem and an independent ODE subsystem, which significantly reduces the design complexity;
second, it ensures that all exogenous disturbances appear exclusively in the tracking error dynamics,
concentrating the challenge of output regulation into the estimation and rejection of the signal (x(0) +
Dy)a(t).
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By Assumption 2.1, we know that (%(0) + D,4)a(t) represents a sinusoidal signal containing no more
than N distinct frequency components. For generality, it may be formulated as

J

#(0) + Dy)a(?) = Z(Ck cosput + Opsinpet) + H, j<p <N, (3.10)
=1
Cy, Oy, H represent unknown parameters, C; + 07 >0, k=1,---, j.

Lemma 3.2. There exists €, € R*™*!, such that (x(0) + D,)a(t) admits the realization

N
U) = Fu) = 1L = > Exlr(t), €0) = &,

k=1

G.11)
(#(0) + Dy)a(r) = £,(2),
where
o) = (Li(@t), €a(D), -+, baysr ()T € RFVHL

and E»; is the column vector extracted from the (2N + 1)-dimensional identity matrix, specifically at
the 2k-th position. Here, I. and F (1) are defined as

’()]...0
L= ,

00 1

00

0O 10 00

-9 0 1 00

0O 00 00
F.@=|"% 00 00

0O 0 0 - 0 1

-9y 0 0 00

with the parameter vector
& = [9,02, ..., 941" = [¥,...,9,,0,...,0]" € RV,
The nonzero coefficients 31, . .., 9, are determined by the polynomial identity
J
K+ 0P g ;= l‘l(K2 +p,%).
k=1

Proof. Clearly, the term ((0) + D4)a(?) is expressible as

. _ 2j+1)
{qb(z) = Gyo(1), ¢(t) € RA*D, (3.12)

(#(0) + Dy)a() = vp(2),
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with
G, = diag{G(01). G(p2), -+ . G(p}). 01t .
0 o
G = 5
Pr) [—,Ok 0]

V¢ = [170,”' 71,0a 1],
(p(O) = (C],O],"' ,Cja Oj’H)T

(3.13)

The observability of (G4, v4) can be directly established. Therefore, we may introduce the following

coordinate transformation

¢F(t) = Big(1), 97 () = (¢7 (), -+, 45, ()T,

(3.14)

with B; being a nonsingular (2s + 1)-dimensional square matrix. This observability-preserving

transformation brings (G, v4) into the canonical form

PE(t) = Gp()$E (1),
(%(0) + Dy)a(t) = ¢ (1),

where
0 10 00
—9, 0 1 00
G =14 o 0 1 o]
9, 0 0 -+ 0 1
0 00 0 0 0

(3.15)

Since matrices G4 and G share identical characteristic polynomials, the parameters 4, . .., ¥; satisfy

J
K21+1 + ﬁlKZJ_l + .-+ ﬂj_1K3 + ﬂjK = l_l(Kz +pl€)’
k=1

by defining
.
B, = [12j+1 O(2j+1)><(2N—2j)]

and
(1) = Brg" (1),

so £(-) satisfies (3.11), and
£(0) = B2B1¢(0).

This completes the proof.
It follows that system (3.9) can be reformulated as

AIMS Mathematics
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é:tt(s’ t) = fss(s’ t)’

f
£(0,0) = 1_—‘h1§,<0, 1) - 1%,%5(0, 1) + 1a(£(0, 2) + m(0, 1) — E(1))
+13(£40, 1) + m(0, 1) — E@)),
E(1, 1) = U@ —my(1,1), (3.16)

(1) = Fo()L(),
E(1) = £0,1) + m(0, 1) — AL(1),
&E(t) = £(0,1) + my(0,1) — AF (),

in which
A.=[1,0,---,0] € R*N+D,

Then, we develop a feedforward plus state feedback control scheme for (3.16).
Let
Jo(s,9) = fo(s) e RPCMD

satisfy the initial-value problem
o (8) = fo($)F (),
, h
£0) = fo(0) | — E

Fc(ﬁ) -
fo(0) = A..

finA, + fizAF 17
l—hl 1—h1)+ 24, + 3cc(ﬂ)’ (3 )

Lemma 3.3. Problem (3.17) possesses a unique solution with continuous differentiability in both the
state s and the parameter .

Proof. There exists a unique solution to (3.17)

[0 Fc(ﬁ)]s
(fos ). fy(5,9) = (foO), fyop e °
Hence the solution to (3.17) is continuously differentiable. O
Let
Q(s, 1) = &£(s, 1) = fo(s)E(D), (3.18)
thus,

Qu(s, 1) = Qy(s, ),
hy
1-#
Q1,0 = U@®) —my(1,1) — fo(DE@), (3.19)
1) = F(D),
&) = 0,1 + m(0,1).

Q20,1 =

Q,0,1) - 1th!z(o, ),
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At this stage, the output regulation objective of driving &£(-,1) — fo(-)€(¢) becomes the stabilization of
Q(-,t) = 0in H, as t — oo. Therefore, under the assumption that fj(1){(¢) is known, the following
feedforward observer can be designed

Qu(s, 1) = Qy(s, 1),

hl A Y A
=7 Q0,1 — 1_—mQ(O, 1) + 7y (200, 1) — (0, 1)), (3.20)
Q,(1,0) = U(t) — my(1,0) — (D),

O(s,0) = Qy(s), Ou(s,0) = Qy(s),

Q,0,1) =

where iy > 0, and (Qo(s), f)l(s)) € H is any given initial value.

Let
Q(s, 1) = Q(s,1) — Qs, 1), (3.21)
therefore, 3 3
Qtt(s9 t) = ‘st(sa t)’
- h - -
@mﬁ=llhgﬂﬂ+mmam (3.22)
— It
Q.(1,1) = 0.

Lemma 2.1 of [25] establishes the exponential stability of (3.22). Consequently, to stabilize (3.19), it
suffices to design a controller that stabilizes (3.20). Toward this end, by introducing the variable Q,
system (3.20) becomes

Qu(s,0) = Qy(s, 1),

fiiT A Y o~ Y
9.0, — Q0,0 + (Ag +
TG00 = T Q00 + o

Qu(1,1) = U(t) — my(1,1) — ().

The observer system (3.23) contains the term —#Q(O, 1) at the left boundary. Since y > 0, this term
introduces a destabilizing effect that complicates direct boundary control synthesis. To convert the
second-order wave dynamics into a form amenable to cascade stabilization, we decompose the system
into its characteristic components via the Riemann transformation. This transformation is natural for
the wave operator d,, — d,, and serves three key purposes. First, it reduces the second-order PDE to two
first-order transport equations. Besides, it decouples the boundary dynamics, isolating the destabilizing
term and it yields a cascade structure suitable for backstepping design. Therefore, we introduce the
Riemann variables

Q0,1 = YQ(0, 1), (3.23)

1(s,1) = Qi(s,0) + Qy(5, 1),

(3.24)

K(s, 1) = Qi(s,1) — Qy(s,1)|,

1 -2h
and its inverse transformation is

Q(s, 1) = l[I(s, 1+ (1 = 2h)K(s,1)],
f (3.25)
Q(s,1) = 5[I(S, 1) — (1 = 27)K(s, 1)].
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302

Through the newly introduced transformation (3.24), system (3.23) takes the form

It(s9 t) = IS(S’ t)’ Kt(s’ t) = —KS(S, t)’

2 A 2(h — hhg) ~
Y 00, 1) — (hy +y — 1y 4)9(0’ .
=27, 1- 25 (3.26)

I(1,0) = Q1,0 + U@) = my(1, 1) = f(HEQ),

K, =1(0,1) +

Q,(O, H=>0-a)I0,1 + yQ(O, t)—(hy +7y— h1h4)§2(0, 1).
Define
Ui(t) = Q(1,1) + U® — my(1,0) = f(1)E).

Clearly, Eq (3.26) consists of two cascaded transport equations coupled with an ODE. Since the
(1, (0, t))-subsystem is decoupled from the K-subsystem, we may first consider the
(I, Q(O, 1))-subsystem dynamics

Q,(0,1) = yQ(0,1) + (1 = i)I0, 1) — (g +y — 11 71)Q(0, 1),
It(S7 t) = IS('S’ t)’ (327)
I(1,r) = Ui(p).

The subsystem (3.27) still contains the destabilizing term 7@(0, 1). To achieve exponential
stabilization, we employ an integral backstepping transformation that maps (3.27) into a target system
whose stability is straightforward to establish. The transformation is designed to absorb the
destabilizing term and introduce additional damping through a tunable parameter %s. Then, we
introduce an invertible backstepping transformation on R x L*(0, 1)

Q0,1 = 90,1,

s fis A (3.28)
o(s, 1) = I(s, 1) + 25 f e?5N(e, de + ﬁesz(O, 0,
0 — I
and its inverse transformation is
Q0,1 = 90,1,
(3.29)

) h A
I(s,1) = ¢(s, 1) — 2hs f e 2569 (€, f)de + ﬁe-ms-y)bg(o, 1),
0

—

where #is > |y| is a tuning parameter. Under the transformations (3.28) and (3.29), (3.27) is equivalent
to
@i(s,1) = @s(s, 1),

1
fi A
@(1,1) = Ui(t) + 2hs f e"1"Ol(e, de + ﬁehQ(O, ), (3.30)
0 -

Q/0,1) = (y + 15)(0, 1) + (1 = h)p(0, 1) — (hy +7y — 1114)Q(0, 1),
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therefore, the controller
Uit) = ~2hs [, 09l(e, de — 125-¢7(0,1). (3.31)
Under the controller (3.31), (3.30) becomes
@8, 1) = @y(s, 1),
e(1,1) =0, (3.32)
Q10,1 = (y + 15)Q0,1) + (1 = 1)p(0, 1) = (g +7y — 1 14)Q(0, 1).
Besides, Eq (3.26) becomes
L(s, 1) = 1,(s, 1), K(s, 1) =-K(s,1),

2ty +y — Tihia) »
Q —
1—2h1 ©.0 1-24

K@, =1(0,1) + Q(0, 1),

(3.33)

# .
I(1,7) = —2#s f 219 (¢, Hde — ﬁezyg(o, 0,
0 1

Q,0,1) = (1 = h)IO, 1) + yQ(0, 1) — (ha + y — i114)(0, 1).

Lemma 2.2 of [25] guarantees that system (3.33) is well-posed in [LZ(O, 1)]2 X R, possessing a unique

solution for arbitrary initial data (I(-, 0), K(-, 0), Q(O, O)). Furthermore, when ¢ > 0, one can find positive
constants M; and ¢ satisfying

[, 0, K¢, 1), (0, z)||[L2 o S My |[1(-, 0), K(:, 0), £(0, 0), (-, 0), 2, 0)

[2200,)] xBxH *

Because
Ui(t) = Q(1,1) + U® — my(1,0) = f(1E®),

consequently,
h : . R
U®t) = —Q2,(1,1) + my(1,0) + f(1)E(t) — T e 0(0, 1) - 2hs f eI Qi(e, 1) + Qy(€, )de.
1 0

Thus, the closed-loop system comprising (3.20) and (3.22) is

Qu(s,1) = Qy(s, 1),

Q40,1) = Q,0,1) - —Q(O 1)+ (hy + 1 yh )Q(0, 1),
—m

1—h1

R ~ fi
Qﬂﬁ=—ﬁﬂﬁ—15

1
e (0, 1) — 2hs f 179D, (e,1) + O,(€, 1))de,
1 0 (3.34)

QII(S, t) = st(s’ t)’

Q0.0 = —

Q,(1,H=0
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Lemma 3.4. Under the standard inner product of the H* space, system (3.34) possesses a unique
solution (Q, Q, 0, Q) € C(0,00;H?) for arbitrary initial data (Q(-,O),Qt(-,O),Q(-,0),@1(-,0)).
Furthermore, as t > 0, this solution exhibits the property

QG 1), Qi 1), 2.0, 2, 1)||,p < Mae™ || Q- 0), Qu(-, 0), (-, 0), Qy(-, 0)]|,» -
where M,, 6 are positive constants.
This implies that

‘Qtt(s’ t) = st(sa t)a

_ Iy Y
Q40,1 = T Q,0,1) — - €Q(0,1), (3.35)

A h A ! . .
Qu1,1) =-Q,(1,1) - 7 5h e Q(0,1) — 2hs f e (Qu(e, 1) + Qy(€, )de,
— 0

is exponentially stable in the space H.
4. Tracking error-based controller design

To reconstruct the state (&(-, 1), £(t)), this section designs an observer for system (3.16) and utilizes
the measurement of &(¢) and &(¢) to estimate ¢ online. Since the initial conditions of system (3.16)
may be unknown, the observer for the &- subsystem is designed by directly replicating its dynamics

é}tt(s’ t) = éss(s’ f),

iy
1 - #
+ 715(£,0, 1) + m,(0, 1) — E(1)), 4.1)

£, =U() —my(1,0),
(€(,0),&(,0)) = (), &) € H.

£,0,0) =

&an—;la&an+m@@n+mmﬁ—8@)

Set the observer error as
E(s, 1) = £(5,1) — £(s, 1),

then 3 3
‘ftt(s’ t) = fss(sa Z),

émm:@—t%ﬁ@oum+

E(1,0 =0.
Similar to (3.22), the system (4.2) is exponentially stable on the space H. Additionally,

iy

B0, 4.2)

£0,),&(1,-) € C([0,0); R)
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with both |€(0, 1)| and |E(1, ?)| converging exponentially to zero when t — co. Moreover, for some ¢ > 0,

\fme“EALDth<ax
0

Define
ye(t) = =& + m(0, 1) + &0, 1) = AL(t) — €0, 1), (4.3)

which is fully measurable. Now consider the system

N
Uy = Fu@) = 11 = D Enli(0),

k=1

4.4)
ye() = AL(1) = €0, 1).
Here, £(f) € R*N*! I, Ex, and F (1) are as defined in Lemma 3.2, and A, is given in (3.16).
Motivated by [26], two cascaded filters are implemented for frequency detection in the exosystem
Gi(1) = HA () = PEuy(t), L) € R,

Qk(t) = [150’ ao]gk(t)’ 1 SkSN’
. 4.5)
O(t) = —£,0(1) + .01, O(1) € RV,

O = SO(NST,
in which

p = [0 IZN]a S = [Ik? OkX(N—k)]’ 1 < k < Na Q(t) = [Ql(t)a QZ(t)a e ?QN(t)]T € RN, Ep, Ec > O’

and
—b, 1 .-~ 0
Ha—| § |
(4) —boy_; O .-+ 1
—byy 0 -+ 0

and the vector
b = [bl" o 9b2N]T

is chosen to make sure that H(A) is Hurwitz. By the transformation

0

[jl (1) (4.6)

Ywm— S
Qn |~ D G+ bALD|’
k=1

in which
Q) e R™, J1(t) = AL(t) € R,
one obtains
J1(0) = Q1) + b1.T1 (1) + 9 0(),
{ Q1) = HAQ®) + pT1 (1) — &0, D,
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where O and p are 2N X N and 2N X 1 constant matrices, respectively. Specifically,

w=1[by—bi, - by —byy_1by, —boyb]".

Building upon the framework of [27], when 1 < k < N, the following adaptive observer for

system (4.4), utilizing the output measurement y,(¢), can be proposed
] N
J1(0) = Q1) + brye(t) + Z Ok(OT(1) + x (ye(t) = 1)),
k=1

Q) = HAQW) + pye, Q) e RV,
0

) = [é(t)]Jr ng(;){?k(twbjl(t) ’
k=1

with the parameter vector evolving according to

{ Bu(t) = gouD (e~ Fi(0), eMeette < 1
(1) = gouyelt) = F1(0) - adu(w), else,
where a, g, y are arbitrary positive numbers. As previously mentioned,
9 =[9, - ,0] =[F, - , 19,0, ,0]" e RV,
where iy, - - - , ¥, represent the coeflicients of the polynomial:
J
SRR Y S AL SRR MRV S l_l(K2 +pp).
k=1
Lemma 4.1. For arbitrary initial conditions
(J1(0), Q0), 3(0), B(0), {&(O)}.)) € R x RN x RY x U x RN
with
U={TeRVN:T>0)
denoting the set of positive definite matrices, it holds that

—|det(@k)|%t _ O, k = 1, ’j’
1, k:j+1’...’N,

lime

—o0
with exponential rate, and
lim [|[3(t) — 90| = 0, lim [|£(6) - £@)|| = 0,
t— o0 t—00

also exponentially.

4.7)

4.8)

4.9)

(4.10)
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Proof. Let
0k(t) = kp(t) + Ok (1),

where o, (-) satisfies

{ Lip(1) = HA (1) = [0 Ly Exili (1), @.11)

oip(H) = [1,0,--+,01&,(®), k=1,2,---,N,

meanwhile, oz (-) is generated by
Lie(t) = H(A) e (1) = [0 Ly Ex&(0, 1),
0ke(0) = 01(0) — 01 (0), (4.12)
0k = [1,0,-+ 01 (0), k=1,2,--,N.

Since ¢;(-) is bounded with respect to time and H(A) is Hurwitz, g,(-) is also bounded. As shown
in [28, Lemma 5.3.2], given that ¢;(-) consists of j sinusoidal frequencies, the vector
[01,(1), 02,(1), - -+ ,0j,(1)]" exhibits persistent excitation; i.e., there exist constants 7', > 0 such that

t+T
f [01p(8), - ,ij(s)]T[le(s), < ,0ip(8)]ds > al;, forallt>0.
t

In contrast, [01,(1), 02,(?), -+ ,0k,(H)]" fails to be persistent excitation when k > j + 1. Given the

Hurwitz property of H(A) and when approaches zero, &0, t)| tends to zero, which implies |o.(t)] — O

accordingly. Lemma 4.8.3 in [28] states that [0(?),--- ,0,(¢)]" is persistently exciting. That is, there
exist constants Q, T > 0 satisfying

t+T
f [01(5), -+, o)1 [01(5), -+, on(5)]ds > O, (4.13)

foreveryt>0, 1 <k < j.
From (4.5),

t
Ox(t) = e'O(0) + &, f e o1(8), -+ o] T[01(8), -+, u(9)]ds. (4.14)
0
Since ©;(0) is positive definite, it’s inspired by [26, Lemma 3.1] that
[det(@)|F = p >0

holds forallt > 0, k = 1,---, j. Meanwhile, when k = j+1,--- , N, Idet(@k)I% decays exponentially
to zero, as t — oo. This behavior is captured by the limit

—ldet(@p)[k _ 0, k=1,---,j,
1, k:]-}-l’,N

lim e

—oc0
Therefore, for a constant A > 0, and whenever ¢ > A, one obtains

{f?k(t) = 8o (1) — J1(2), 1<k<j
B(t) = gor(Oye(t) — J1(1)) — ad(r), j+1<k<N.
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Introduce the estimation errors:

Ji0 = T - F10).Q0) = Qv - Q)
and
(1) = 9(r) - (o),
which yields
Q1) = HAQ(W) + &0, (i — DY),
J1(0) = ~xF1(0) + Q1) + o) T(1) + EO, D(By + x),
9u(1) = —gou(DT1 (1) + g (&0, 1), 1<k < j

9i() = —gor() T2 () — adi(t) + gor(EO,1), j+1<k<N.

(4.15)

Owing to the Hurwitz property of H(A) and the exponential decay of |$(0, t)| to zero, we drive ||é(t)

9

which also exhibits exponential convergence to zero. This isolates the (J;, #)-subsystem. For stability

analysis, we first consider the nominal system obtained by setting Q,(H) = 0 and £0,1) = 0in (4.15)
J1(0) = —xT1 (D) + o() (),
9u(t) = —gouOT1 (0, 1<k < (4.16)
9u(t) = —go T () — ady(r), j+1 <k <N.

Defining the Lyapunov function

I -, 1. ~ ~ - ~
@) = 5(3'12 + gﬂTﬂ + (VI - ol /1T ) (VI - elj1T D), (4.17)

with 7 being a positive real number to be specified,

oljl = lor. 02+ 01", O] = [F1.Ds, -+ 9],

while V(¢) is given by
V==V +oljlo[jI®, V©O)=eT0l,
t+T (4.18)
f oljl(e)o " [jl(e)de = QI;, Vt = 0.
t
Because of the boundedness of o[ j1(?), llo[j1(!)I| < om, Yt > 0, combining (4.18), we have
QeI < V(@) < szwl, Ve > 0. 4.19)
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From (4.16), ¥t > A, the time derivative of Z(¢) is
N

E()= X7 +0 0T — 00T - Y| S0+ 7Vl - ol T
k=j+1
(VAL - gVl 1T + T(VILI - ol T ) (el 1T - ol jle™d — oL1T)
N
= Tt = D% 9B | VAL AT+ VI el T ) (20

k=j+1

N
{(k - Dol j1J1 - olj] Z o — g Vol 1T - Q[j]jl} .

k=j+1
Since o(?), 0x(?), and V(¢) are uniformly bounded, there exists a constant C > 0 such that
IROII < CAT Il + 119D

for all > A. Applying the Cauchy-Schwarz inequality,
(VI - ol /1T R@®) <1V = ol ATl - IR < CIVILj] = oL AT AT+ 15D,

Thus,

N

E() s —xJFi- Y 8% = VAL - ol JNTIIP + wCIVILI - oL ATl + 1.

k=j+1

Applying Young’s inequality

1
ab < Ea2 + —b?
2€
with
a = ||VILj] - el /1Tl
and
b = Il + 191,
we obtain, for any € > O:
al a eC C
20 < xTi- Y 25 -(1 = SV - ol AT + ST+ 191
S g 2 2€
Since
ATl + 191D < 2313117 + 11911),
we have

N
20 <-(v- )T - Y (9 . E)59;‘; —o(1- ) IvaL-elAdir. @

k=j+1 8 €
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Now, from the Lyapunov function definition (4.17) and the uniform positive definiteness of V(¢)
in (4.19), there exist constants 7y, n, > 0 such that

n(J7 + 191 < 50 < ma(JI7 + 1101 + 1VIL] = ol AT I1P).

Choose € = 1/C, then select T > 0 sufficiently small such that

C
)(—T—Z)(—TC2>0
€
and
@a_C_a 250
§ € 4

With these choices, (4.21) becomes
20 < - T} - Bl = sl VO] - ol AT,
for some a1, @, @3 > 0. Using the upper bound on Z(¢), we finally obtain

E(@) < —aE(@), t2=A, (4.22)
for some a > 0, establishing exponential stability of the nominal system (4.16).

The inequality (4.22) establishes that the origin of the nominal system (4.16) is exponentially stable.
The full error dynamics (4.15) are this exponentially stable system perturbed by the terms Q(¢) and
£(0, 1), both of which converge to zero exponentially. By the exponential stability lemma for linear
time-varying systems (see [22, Lemma 1.2]), we conclude that

1Tl + 18@)l| < Me™,  t>0,
for some M, u > 0. Since IIQ(I)II also decays exponentially, it follows from (4.6) and (4.7) that

0

] a (4.23)

J1( + 5 3
> ad+ T
k=1

@) = (1) = (1) = [ aw

It is evident that the boundedness of ;(¢) ensures exponential convergence of £(1) to zero.
This completes the proof. O

At this stage,

s
1 -7

1
— 2tis f 19D, (e, 1) + O,(€, 1))dE.
0

Ut) = -Q,(1,1) + my(1,0 + £(1, HE(r) - e 00, 1)

(4.24)
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5. Well-posedness and stability of the closed-loop system

The feedback interconnection of system (2.1) with controller (4.24) yields the following formulation

Yu($,1) = yos(5, 1) + yy(0, 1) + F (s)D1 (1),
¥5(0,1) = Dra(d),
ys(1,1) = U(®) + D),

a(t) = Ga(1),

&(1) = y(0,1) = Dya(d),

Ut) = —Q,(1,1) + my(1,0) + (1,9 (t) - ; hsh e 0(0,1)
gt

1
— Dt f 1D (e, 1) + (€, 1))de,
0

Qtt(s? t) = QSS(S, l)a

Q40,0 = i 00, 1) + 70, 1) — (hy + —L—)(E®) — m(0. 1)),
1-7# 1-#

Q1,0 =U® - my(1,0 — f(1, D),
ye(t) = =&(@t) + m(0, 1) + £0, ),
étt(s, 1) = éss(s, 1), (.1
80,0 = T80, ~ —L 80,0 + 1a@0,0) + m(0, 1) - E0)
1 1
+ 11360, 1) + m (0, 1) — E(1)),
&1, = U —my(1,0),

%mﬂ=ﬂmm0+%m@ﬂ,
1

m(0, 1) = 1, &(1), m(s, 0) = mo(s),

R R N . .
J1(@) = Qi) + bryt) + Y aOB(®) + xu(t) = F1(0),
k=1
Q1) = HAXQW) + pyr,
Sra J1(0) N A
mywém]+§}mﬁmnamm’

k=1

with the filters (4.5) and the parameter update law

{@m:wmwm%jm» e ldenOuIt < 1 .

9(t) = gor(Oe() — F1(8) — ady(t), else,

where 1 < k < N. Then, consider (5.1) in

X = H*(0,1) x R x R*M x RN x U x R?MV,
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Theorem S5.1. The closed-loop system (5.1) is well-posed for all admissible uncertainties, including
unknown coefficients Dy, D,, D3, D4, G, uncertain function ¥ (-), and initial states (y(:,0),y,(-,0),

Q(,0), (-, 0),&(-,0), &(-, 0), 1(0), Q(0), B(0), 0(0), &k(O)L,) € X. It possesses a unique solution in
X that guarantees exponential convergence of E(t) to zero, along with the condition

f "o ef dr < oo.
0

Proof. Employing the variable set (s, 1), Q(s, 1), &(s, 1), J (1), Q(r), and J(r) defined by (3.18), (3.21),
(4.2), (4.15), system (5.1) is equivalent to

‘Qtt(s’ t) = st(sa t)a

h Y
Q.0,1) — ——0(0,1),
T Q0.0 - 7000

Q.(1,0) = -Q,1,0) — Q,(1,0) + R(t) — ;

0,(0,1) =

hs

- €2 (Q(0, 1) + (0, 1))

—
1
— 2hs f e Qu(e, 1) + Qu(€, 1) + Qy(e, 1) + (€, 1))de,
0

Qu(s, 1) = Qy(s, 1),
hy
1-#

Q,(1,1) =0,
ye(t) = =E(1) + m(0, 1) + (0,1) + fo(0)E(r) — &0, 1),
E(s, 1) = E(s, 1),

Q0,1 = Q,(0,1) + 1a2(0, 1),

~ 3 Y -
&,0,1) = (hy — T hl)f(O, 1+ (s + T hl)fz(O, 1), 53
&(1,1) =0,
E(t) = Q0. 1) + m(0, 1) = Q0. 1),
-7,
my(s, f) = —my(s, 1) + ~m(0, 1),

iy
m(07 t) = hlg(t)’m(sa O) = mO(S)’

. ) ] R A
10 = Q@) + by + ) 0B +x (et = T1(0),
k=1

A1) = HAYAD) + uyy,
l§k(t) = ng(Z)(yg(l) — jl(t)), e—ldet(@k)ﬁt <

90 = g0 (e(1) = F1(0) — adi(t), else,
L) = HA)G () — [0 LylExy(t), &(t) € R*Y,
O(1) = —&,0(1) + s.0(No(1)T, O(f) € RN,

0| =
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where .
R(®) = fo(1, M) — fo(1, (). (5.4

The well-posedness and stability of the (Q, £, j' , é 9, {g“k}kl\’:1 , ©)- subsystem in system (5.3) have
been established in the preceding sections and Lemma 4.1. Consequently, the closed-loop system
exhibits a cascade-coupling structure where the stable error subsystems (Q, 5 j’ , é 19, {&k), ©) serve as
external inputs to the Q-subsystem. This structural property is crucial for the overall stability
analysis.To establish the stability of the entire closed-loop system, it remains to analyze the
Q-subsystem in (5.3), which admits an operator formulation

%[Q(' . «[Q(' 01, B(m) — 21,1
Q.0 Q2,0 (5.5)
—li—shle%@(o, 1) = 2hs [ @€, 1) + (e, t))de),
with the operator K: D (%) (€ X) — X
K@) =W, @), Y@y € DK),
D(K) = {(w, W' eX K@, y)' € X‘w’(O) =1 ?lhlw(O) - %hlw(o), (5.6)

@ (1) = ~p(1) = L@ (0) - 205 [ 10(e) + T (e}

and
B, =0,6(s=1)".

It can be verified that the principal part of the Q- subsystem coincides with the W- subsystem in [25]
and exhibits exponential decay. Furthermore,

R(-) € C([0, 00); R)

converges exponentially to zero as t — oo. To achieve this, it suffices to verify the time-domain
continuity of f;(1,9(z)) and the exponential convergence

lim [£3(1,9) = f5(1,9)] = 0.

Thus,
¥(-) € C([0, 00); R™),

and 9(¢) converges exponentially to ¢ in norm; the boundedness of & follows as a result. Let
9,9t € [-D, D1V, D > 0,

and according to Lemma 3.3, f;(1,1) is continuously differentiable in 1}, which implies its Lipschitz
continuity over [—D, D]". Furthermore, it can be established that fod, 19(t)) 1s continuous in time, and

lim |51, 8) = f5(1. &) < lim LIb @) - 9 = 0
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are both exponentially. By applying [25, Lemma 2.3], (which establishes well-posedness and
exponential stability of a wave equation with analogous boundary structure and parameters #, y, #is
matching ki, g, k3 therein), the Q-subsystem of (5.3) possesses a unique solution

(2,2 € C([0, c0); H)

satisfying
1(QC, 1), Q. Dllye < L'e™,

for some L', w > 0.

At this point, we have established the exponential stability of all subsystems. The overall closed-
loop stability follows from the fact that the original system state can be recovered through invertible
coordinate transformations from these exponentially stable subsystems. Under the transformations

(s, 1) = Q(s, 1) + fo(s)E(t) — x(s)a(t) + m(s, 1),
Q(s, 1) = Qs, 1) + Qs, 1),
E(s,1) = Q(s, 1) + fo()L(t) — E(s, 1),

the state vector (y, y;, 0, Q,, 3, 3,) is well-posed in
C([0, 00); H) () L=(0, 003 H?)

and exhibits uniform boundedness in time. Furthermore, by Sobolev trace theorem, |©2(0,¢)] — 0, as
t — oo.

To complete the proof of Theorem 4.1, it remains to show that &(r) is square-integrable with
exponential weight. This is achieved through an energy estimate.

Let

1
o(r) = 2f (s = D(s,0)82(s, )ds,
0

and it satisfies
16| < 11(QC, 1), ¢, D)5, -

Differentiation and subsequent integration by parts leads to

1 1
5(t) = 2f (s = 1)Q(s,)24(s, t)ds + 2f (s = DQs(s,0)Q(s, t)ds
0 0

= Q0,0 + (0,1 - fo 1 [Q7(s, 1) + Q3(s, 1))ds
> Q70,1 = ¢, 1), 2, I3, »
VO<u<2w,
fo ) ¢ Q%(0, Hdt < fo " IO 1), O IR, dt +15(0)]| + fo " e 150 dr < oo,
O
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6. Simulation results

To evaluate the effectiveness of the proposed controller (4.24), numerical simulations are performed
on the resulting closed-loop system (5.1), which governs the dynamics of the original system (2.1). The
disturbances are applied to all input channels according to the structure of the studied system, with

p1(8) = p2(2) = p3() = 2sin(0.61),
while the reference signal is set as
Dja(t) = 2sin(21) + 1.

The remaining parameters are configured as

?(S):S/6’ 7225 hlzla h2:25

ﬁ3 = 2, ﬁ4 = 05, h5 = 3, Ep =& = 05,

b=1[4,6,4,11", a=0.7, g=1, x=0.05.
All numerical simulations presented in this section were conducted using MATLAB 2020b. To
comprehensively validate the accuracy of the proposed adaptive observer, the convergence of
parameter estimates, and the effectiveness of the controller, this study draws on relevant simulation
verification methods [29-31] to construct a numerical simulation design tailored to the system under
investigation. The system is initialized with the following conditions
v(s,0) = 0.7(sin 5s) + s,
yt(sa 0) = 07
Q(s,0) = sin3s — 0.03s,
Q.(s,0) = sin(2s) - s,

&(s,0) = sin0.5s + cos s, (6.1)
&,(s,0) = sin(27s) — s,

10
0(0) = [0 1],

(Q(0), 3(0), F,(0), {& (0} ) = (0,0,0,0).

In contrast to existing studies (e.g., [24]) where the disturbances and the reference share the same
frequency, the numerical example here considers a more general scenario in which the disturbances
on all channels have one frequency while the reference signal possesses a different frequency. This
validates the controller’s ability to handle multi-source disturbances with distinct frequencies.

The simulation results are now discussed with an emphasis on their physical interpretation, directly
linking the observed phenomena to the theoretical challenges addressed in this paper.

Figure 1 depicts the spatiotemporal displacement y(s, f) of the controlled wave system. The achieved
bounded evolution, starting from the initial condition given by (6.1), provides a numerical verification
of the theoretical result established in Section 4: The proposed controller successfully stabilizes a
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system that is open-loop unstable due to the nonlocal term yy,(0, 7). The stabilization is achieved
despite the persistent action of distributed and boundary disturbances.

20

100

40

0 20
S 0 t

Figure 1. Solution of closed-loop system (5.1) (y-part).

Figures 2 and 3 display the states of the observers, Q and &. Their bounded and well-behaved
transients demonstrate the physical realizability and effectiveness of the observer designs presented
before. Critically, the observer for & successfully operates using only the tracking error &(¢) and its
derivative &(f), which are the only measured outputs. This validates the practical premise of output-
feedback control. The observer for Q, in turn, remains stable, confirming that the feedforward part of
the control law is implemented based on a reliable internal state estimate.

20

100

40

20

S °0 t
Figure 2. Solution of closed-loop system (5.1) (Q—part).
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20

40

s 0 o 20
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Figure 3. Solution of closed-loop system (5.1) (&-part).

The primary physical achievement is evidenced in Figure 4. The exponential decay of the tracking
error

&) = y(0,1) - r()

to zero confirms that the physical output y(0, #) asymptotically tracks the reference signal r(¢). This
occurs under the combined difficulties of: (i) structural instability from the nonlocal term, (ii) multi-
channel harmonic disturbances p(f) with an unknown frequency acting on all input channels, and (iii)
an unknown reference frequency. Therefore, the simulation validates that the adaptive error-feedback
regulator not only stabilizes the plant but also achieves the core objective of output regulation in a
realistic scenario where the exosystem generates both disturbances and the reference is fully unknown.

20 T T T T

0 20 40 60 80 100

Figure 4. Tracking performance (&(1)).
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Although y does not appear explicitly in &(7), it enters the Q-dynamics via (3.19) and the controller
via (3.31), thereby affecting the convergence speed. This influence can be compensated by tuning 7,
h,, his, as demonstrated in the simulation with y = 2.

7. Conclusions

This paper has developed an adaptive error feedback tracking scheme for a 1-D wave equation
subject to a nonlocal term and multi-channel unknown harmonic disturbances. The core of the work
lies in providing a systematic and rigorous solution to the integrated problem of stabilizing an
open-loop unstable wave system while achieving exact output regulation under multiple exogenous
disturbances with unknown frequencies. To address these challenges sequentially, the control design
first eliminated the nonlocal term involving boundary velocity through a coordinate transformation
that constructed an auxiliary system. The controlled PDE was then decoupled from the exosystem
ODE, thereby confining disturbances exclusively to the tracking error. Furthermore, a feedforward
plus state feedback controller was developed, accompanied by a state observer for system state
reconstruction and a parameter adaptation mechanism for uncertainty estimation. Within this
framework, an error-feedback regulator was implemented using the error signal and its temporal
derivative. Theoretical analysis has established the closed-loop system’s well-posedness and stability,
together with exponential convergence of the tracking error. This work thus demonstrates and
validates a complete control framework for a class of unstable wave equations with complex,
multi-source unknown harmonic disturbances. Future work may explore relaxing the assumption of a
known upper bound on the number of disturbance frequencies, as well as extending the control
architecture to higher-dimensional spatial domains or other types of unstable PDEs.
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