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1. Introduction

Fixed point theory plays a crucial role in nonlinear analysis, differential equations, optimization
theory, game theory, and related fields. In recent years, as nonlinear problems have become increasing
complex, research on fixed point theory has been continuously deepened. New fixed point theorems
and iterative algorithms have been developed. The introduction of partial order structures has provided
a new perspective for fixed point theory, enabling the study of the existence and uniqueness of fixed
points under more general conditions. In the famous Banach contraction principle [1], the existence
and uniqueness of fixed points in complete metric spaces (MSs) were established. Specifically, in a
complete metric space, any mapping that satisfies the Banach contraction condition possesses a unique
fixed point, and the corresponding iterative sequence converges to this fixed point. Subsequently,
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Kannan [2], Reich [3], Hardy [4] and Ciri¢ [5] modified the Banach contraction into the Kannan
contraction, Reich contraction, Hardy-Rogers contraction and Ciri¢ quasi-contraction, respectively.
In [6], Berinde introduced an important generalization, initially termed “weak contraction”, and later
renamed “almost contraction”, see [7,8]. These mathematicians established fixed point theorems for
various types of contractions in complete MSs. Scholars have widely applied these results to investigate
the existence and uniqueness of solutions to nonlinear integral equations, nonlinear integral-differential
equations and nonlinear functional differential equations.

The concept of MS was initially proposed by Maurice Frechet [9] in 1906, quantifying the distance
between any two points in a non-empty set. Subsequently, this concept was continuously expanded
and refined by many mathematicians, leading to more advanced and important structures. Firstly,
Bakhtin [10] and Czerwik [11] first proposed the concept of h-metric space (b-MS), an extension of
the traditional MS. In a standard MS, the distance between points satisfies the triangle inequality,
whereas in the b-MSs, by introducing a constant s > 1, this rule is slightly relaxed, making the metric
more flexible. Despite this modification, all b-MSs still maintain symmetry and non-negativity.
Extended b-metric spaces (Eb-MSs) were later proposed by Kamran et al. [12], further generalizing
these concepts. In Eb-MS, a variable multiplier is allowed to vary according to the involved points
rather than remain a fixed constant s > 1. This multiplier is represented as a function n(f,g) > 1,
depending on the configuration of the two points. By replacing the fixed constant with a flexible
function, Eb-MSs can be applied to more complex situations. In 2007, Huang et al. [13] proposed
cone metric spaces (CMSs) as a generalization of traditional MSs, replacing real number sets with
partially ordered Banach spaces. Based on this concept, they defined Cauchy sequences and their
convergence in CMSs. Subsequently, Liu et al. [14,15] extended CMSs by replacing the underlying
Banach space with a Banach algebra (BA), introducing CMSs over BA. They provided a generalized
definition of CMSs and explored the partial order of points within these cones. They also
demonstrated, through examples, that the fixed point theorems in a CMS over a BA are generally not
analogous to those in a traditional MS. Similarly, Huang et al. [16,17] re-proposed the concept of
cone b-metric space (Cb-MS) over a BA, combining CMSs over BA with b-MSs. Meanwhile,
scholars successively expanded these concepts to cone b-metric-like spaces over Banach
algebras (Cb-MLSs over BAs) [18], and further to extended cone b-metric-like spaces over Banach
algebras (ECb-MLSs over BAs) [19]. In these spaces, the abstract metric no longer requires that the
distance between coincident points be zero; rather, points with zero distance must coincide. Since
then, applications have been developed concerning the existence and uniqueness of solutions to
various differential and integral equations, see [20-23]. Through extensive review of references, we
find that these conclusions also depend on the condition of the solid cones.

Until 2023, Xu and Cheng et al. [24] established fixed point theorems for certain contractions in
non-solid Cb-MSs over BAs, demonstrating applications to both solid cones (R?) and non-solid
cones (the generalized real-valued Lebesgue integrable functions on [0, 1]). These applications
highlight the significant value of results in non-solid cones, which are not equivalent to theorems in
existing MSs, CMSs, or Cb-MSs over BAs under solid cones. More recently, Shi et al. [25] presented
several fixed point theorems for Reich-type and Kannan-type contractions in solid ECb-MLSs over
BAs. However, similar to the main results in [19,25,26], these theorems crucially depend on three
restrictive assumptions: (i) completeness of the underlying spaces, (ii) solidness of cones, and (iii)
orbital continuity of contractions.

AIMS Mathematics Volume 11, Issue 1, 22-42.



24

In parallel, several studies have further advanced the theory of fixed points in generalized metric
spaces. For instance, Belhenniche et al. [27,28] established fixed point theorems for generalized
contractive mappings in Eb-MSs and partial metric spaces, with applications to dynamic
programming and integral equations. Meanwhile, Alsulami et al. [29] provided a critical analysis of
C*-algebra-valued contraction mappings, demonstrating that many such results can be derived from
classical metric space theory.

In this paper, we make substantial and explicit improvements over [19,25,26] by establishing fixed
point theorems that weaken or eliminate these limitations. Specifically, our main contributions are as
follows:

(1) Weakening completeness to orbital completeness: While [19,25,26] require complete spaces, we
establish existence under the significantly weaker condition of orbital completeness.

(2) Extending from solid to non-solid cones: The frameworks in [19,25,26] are restricted to solid
cones, whereas our results apply to both solid and non-solid cones, substantially broadening their
applicability.

(3) Relaxing or removing continuity requirements: We significantly weaken the continuity
assumptions in [19,25,26]. In some of our results, the orbital continuity condition is relaxed to
the weaker fy-orbital continuity; in others, it is removed entirely, thereby establishing fixed point
theorems for a broad class of non-continuous operators.

These improvements are not merely incremental; they represent fundamental advances in the theory.
Furthermore, we demonstrate the practical significance of our generalizations through examples that
apply in both solid and non-solid cone settings, thereby highlighting the universality and enhanced
applicability of our approach compared to existing results.

2. Preliminaries

From now on, unless otherwise specified, we assume that N denotes the collection of all natural
numbers, and A denotes a real Banach algebra endowed with a unit element e (Here “real” indicates
that the algebra is defined over the field of R), making it a unital Banach algebra. Let U be a normal
cone in A and < denote the partial order induced by U, defined as follows

fgoeg-felUf<goe fgandf+gVf,geA
U is called normal if there is a real positive number K > 0 such that for all f, g € A,
0= f=g=Ifll<Klgll

The smallest constant K satisfying the above condition is called the normal constant of U. Since these
are basic notions already presented in [30], we do not repeat them here.

We now proceed by presenting essential definitions and supporting lemmas.
Definition 2.1. (see [16]) Let the set M # 0, f,g € M and the constant s >
M X M — A satisfies:

Mo(f,.e)=0e f=g;

(i1) 6(f, 8) = 6(8, f);

1. If a mapping 6 :
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(ii1) 6(f, &) = s[6(f, h) + 6(h, g)],
then (M, A, ) is called a Cb-MS over a BA.
Definition 2.2. (see [18]) Letthe set M # 0, f,g € Mandn : M X M — [1,+0c0) be a function. If a
mapping 6 : M X M — A satisfies:

Do(f,g)=0e f=g;

(i1) 6(f, &) = 6(8, f);

(i) 6(f, &) = n(f, &I6(f, h) + 6(h, &)1,
then (M, A, 6) is called an ECb-MS over a BA.
Definition 2.3. (see [19]) Letthe set M # 0, f,g € Mandn : M x M — [1,+o0) be a function. If a
mapping 6 : M X M — A satisfies:

Do(f,9)=0=f=g;

(i) o(f, g) = o(g, f);

(ii1) 6(f, &) = n(f, IS(f, h) + 6(h, )],
then (M, A, 6) is called an ECb-MLS over a BA.
Example 2.1. Suppose the Banach algebra A = L [0, 1] ( the set of all generalized real-valued
Lebesgue integral functions on [0, 1]). The cone is defined by

U={peb]0,1]: ¢ =¢(t)>0,a.e.te][0,1]}

with the norm ||¢||; = fol lo(t)|dt. Let M = [0, +00). Define the cone metric 6 : M X M — A as
o(f, o)) = |f + gle(®), f,g € M,p € U\{6}. Then (M, A, ) is a normal and non-solid ECb-MLS over
a BA with n(f, g) = e/*¢l > 1.

Inspired by the related concepts in [24] (defined in Cb-MSs over BAs), we introduced the definitions
of Cauchy sequences, convergent sequences, and completeness in non-solid ECb-MLSs over BAs as
follows.

Definition 2.4. Suppose (M, A, o) is an ECb-MLS over a BA. Let f € M and {f,} € M. We say

(1) {f,} converges to f with respect to normality if and only if ||0(f,, f)|| = 0 as n — +oo, that is
B f(n = +oo);

(ii) {f,} 1s called a Cauchy sequence with respect to normality if lim,, -+ |[0(f5s i)l = O3

(i11) (M, A, 9) 1s said to be complete with respect to normality if each Cauchy sequence {f,} in M
converges to a point f € M.

The proof of the following lemma is similar to the proof of Lemma 2.1 in [24], so we omit it.
Lemma 2.1. The limit of a convergent sequence with respect to normality in ECb-MLSs over BAs is

unique. That is, if for any given sequence {f,} C M (n € N), there exist f, g € M such that f, Lt f and

f,1M>gasn—>+oo,thenf:g.

Lemma 2.2. (see [30]) Suppose A is a unital Banach algebra, f € A. Then the spectral radius p#(f)
of f satisfies
pa(f) = lim |If"ll = inf [If"]]".
n—+oo neN
In particular, pa(f) = pa(=f) and pa(f) < [IfIl.
Lemma 2.3. (see [30]) Suppose A is a unital Banach algebra with a unit e, f € A. If p#(f) < 1, then
e — f is invertible. Moreover,

1

(e-f)'= ;fi andpﬂ((e—f)‘l) < 1= o)’
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Lemma 2.4. (see [31]) Suppose A is a Banach algebra and f € A. If p#(f) < 1, then lim ||f"|| = 0.
n—+oo

Lemma 2.5. (see [30]) For f,g € A, if f commutes with g, then p#(f + g) < pa(f) + pa(g) and
Pa(fg) < pa(fpa(g).

3. Fixed points of different contractions in ECb-MLSs over BAs

In this section, we consider (M, A, o) to be an ECb-MLS over a BA and U a normal cone with
normal constant K > 1. In light of the previous definitions and lemmas, some fixed point results for
Reich-type, Kannan-type, and Banach-type contractions in non-solid (M, A, §) are presented. First,
define a subset U* of A as follows:

. _ T s
U'=<aecUa+6: lim exists p .
el
Based on the Reich-type contraction in [3], we give the following Reich-type contraction in ECb-MLSs
over BAs.
Definition 3.1. Let the set M # () and U be a non-solid cone. If the mapping 7 : M — M satisfies

o(tf,78) = a\6(f, 8) + ad(f, 7f) + az6(g, 78) (3.1

for all f,g € M, where a; € U*(i = 1,2, 3) such that a;, a, commutes with a3 and

pala) + ay) + pa(az) <1, (3.2)

then 7 is named a Reich-type contraction in (M, A, 9).

Definition 3.2. The space (M, A, o) is named 7t-orbitally complete if every Cauchy sequence with
respect to normality included in O.(f) for some f € M converges in M, where
OT(f) = {f’Tf’T2f’T3f" }

Remark 3.1. Every complete space (M, A, o) is T-orbitally complete for any mapping 7, but not the
converse.

Theorem 3.1. Let (M, A, ) be a non-solid 7-orbitally complete ECb-MLS over a BA, where 7 is a
Reich-type contraction and n(f,g) < ! for any f,g € M. If for any Picard iterating

1-pa(ar+az)

sequence {f,} = {7" fo} generated by f; € M,

1
lite = az)~"(ar + a)ll’

lim n(fon f) < (3.3)

then 7 admits a fixed point f € M and the sequence f, it f(n— +00).

Proof. Let fy € M be given. There is a sequence {f,} € M by utilizing f, = 7f,-1 = 7" fp,n > 1. If for
some natural number n, 7f, = f,+1 = f, then f, is a fixed point of 7 in M. So, we assume that f,,; # f;,
for all n € N. According to Definition 3.1, we see

5(fna fn+1) = 6(Tfn—la Tfn)
<L a16(fu-t1, fn) + @20(fu-1, Tfuz1) + az6(fn, Tfn)
= (a1 + a2)0(fu-1, fo) + a36(fus fusr1)- (3.4)
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By pa(a; + a) + palasz) < 1, we know e — aj is invertible since p#(a3) < 1. Then, (3.4) implies that

5(fos frr1) < (e = az)™ (a1 + a2)S(fo1, fr)- (3.5)

Seta = (e — a3)"'(a; + a»). From (3.5), we deduce

(fos 1) < a6(frmts fi) < @0(fras fo) < -+ 2d"(fo, 1). (3.6)

For any n € N and p > 1, by (3.6) and Definition 2.3, we have

O(fus Jurp) = (s farp)0(fns frr1) + 6(furts fup)]

= 0> Josp)O (s frs1) + s Fre )W Frts S p)[6(frs1s fav2) + 6(fus2s frap)]
= (s Sarp)0(Ss frs1) + 0(fs Farp)1(Frsts Faep)O(fats far2)

+ (s Foep NSt Frsp)W( i, Frap)[0(fri2, fra3) + 6(fos3s fuip)]
= (s Saep)0CSns frit) + 0(fs Jaep)1(Frits Jaep)O(fts fos2)

+ 0 fus Sas )T Fns1s Sra )T 2 frep)O(frs2s fuiz) + -+

+ 0(fos Jaep)1(Fns1s frip) = Wi p=25 Faep) [0 0 p=25 frip=1) + 0(fnsp-15 fup)]
(s Frr )OS frrt) + 0 s Jarp )W Sns1s farp)O(frs1s frs2)

+ 0(fons Sae N Fits e p )N Fni2s frsp)O(fias fraz) + -+

+ (s Sarp1(Frits fuip) = NS nsp=25 Juep)O(frsp-25 frep-1)

+ (s Sarp)I(Frits foip) = NS nip-25 Jaep)W(Fnip-1s fo + PIOfuip-15 faip)
< (s Sae )@ o 1) + 0Cfos Suip M Srri1s foep)a™ ' 6(fo, 1)

+ s rep et Frep)Nfrrizs frrip)ad26(fos fi) + -+

+ 0o Suep TSt Farn) - N nip-2s eI frvipts )@~ 6 fo, f1)

p—1 n+i
= [Z [Cli rl n(f]’ fn+p)]] ané(fo, fl)

i=0 j=n
< [Z [a" ﬂn(f,,fn+p>]] a"5(fo, f1), (3.7)
i=0 j=n

where [] is a product symbol, that is

n+i

[ [0 fue) = s FreodiCisns Fuep) = 0 sis Frep):
Jj=n

Then

< i [ﬁ Tl(fj’fnw)”aiﬂ} < i [ﬁ 77(fj,fn+p)||a||i] . (3.8)

i=0 \ j=n i=0 \ j=n

D (a" [T fn+,,>]

i=0 j=n

For i € N, we define

n+i

Vi) = | | ns fepliall, 0 <i < p— 1,

J=n
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which implies

Vi + 1) llall"™*!

W = n(ﬁ1+i+l’ﬁl+p)w = 77(fn+i+1,fn+p)||a||-
By (3.3), we see

IEEEO 77(fn+i+19 fn+p)||a|| <L

So, the series Y7 (H’};i n(f;, fn+p)||a||i) converges. Due to (3.8), we know HZ{;} (ai H’};rfl n(f;, f"”’))H
is bounded.
Since ay, a, commute with as, that is, a;as = aza;, a,a; = aza,, by Lemma 2.3, we gain

+00

(e —as) (a1 +ar) = (Z(%)i] (a1 + a»)

pary
= [i(%)i]al + (i(%)i] a
pary i=0
=a [i(%)’) +a; (i(%)i]
i=0 i=0
= (a; + ay) (i(%)i]
i=0

= (a1 + a)(e —a3) ",
which implies (e — a3)~! commutes with a; + a,. By Lemma 2.5 and pa(a; + a;) + pa(as) < 1, we get
pa(a) = pa ((6 —a3) " (ar + Clz))
< palle — a3) Dpala + ar)
< Palar +ar)
1 =palas)
It means ||a@"|| = 0 (n — +o0) by Lemma 2.4. By (3.7) and (3.8), we have

[i@ (ai |n+l| n(fj f’“’l’))) a"o(fo, f1)
i=0 j=n
+00 [ai n+i n(fj’ﬁH—p))

i=0 Jj=n

<1.

[6Cf s fen)|| <

< la"Il - 16 Cfo, SOl -

< el 16 Cfor SOl - {]_[ 1t Fusplall|.

i=0 \ j=n

Thus, by [l@"|| — 0 (n — +c0) and the series Y, (]_[;f:fl n(fj, ﬁl+p)||a||i) converges, we know for any
p = L|I6(fo, fusp)ll = 0 (n — +00), and {f,} is a Cauchy sequence in M.
Because (M, A, 9) is t-orbitally complete, the sequence {f,} converges to some point f € M. We

claim that f is the fixed point in M. In fact, by (3.1), we have

otfn, Tf) 2 a16(fy, f) + ax0(fy, Tfn) + az0(f, Tf)
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=< a\6(fu, /) + a20(fu, furt) + 1(f, 7 ))az [6(F, furt) + 6(fur1, T)].

We gain
(e = n(f,7)az) 6(fur1,Tf) = a10(f, f) + a26(f, frs1) + 0(f, T)azo(f, fus1)-
Owing to n(f, 7f) < m, we conclude that
pam(f,Tfaz) < n(f,tfpalas) < palas) oL
1 = pala; + ay)

Thus, e — n(f, 7f)as is invertible. Therefore, we have

5(fue1sTf) < (e = n(fs7)az) ™ [@i6(fo ) + a26(fos forr) +1(fs T )az6(f, fusn)]-

As U is normal, we get

161 TN < Kl (e = n(fs 7H)az)™ I Alaall - 16 O+ llaall - 16, Sl + 1 TH)llasl - IS, fusDID -

Because f, M £y fus M f (n — +o00) and {f,} is a Cauchy sequence, we know [[6(f,, Il — O,

16fus el = O and l5(f, fos)ll = 0 as n = +o0. As a result, [15(fys1, Tl = O, that is, fyei = 7f

(n = +00). So, 7f = f by Lemma 2.1, and f € M is the fixed point.

Now we give the definition of Kannan-type contraction and the corresponding fixed point theorems
as follows.
Definition 3.3. Let the set M # () and U be a non-solid cone. If the mapping 7 : M — M satisfies

o(rf,tg) L al6(f,tf) + (g, 78)] 3.9)
for all f, g € M, where a € U* such that
1
pﬂ(a) < 57

then 7 is named a Kannan-type contraction in (M, A, 9).
Theorem 3.2. Let (M, A, ) be a non-solid 7-orbitally complete ECb-MLS over a BA, where 7 is a
1

Kannan-type contraction and 7n(f,g) < Toom@ for any f,g € M. 1If for any Picard iterating

sequence {f,} = {7" fo} generated by f, € M,

lim  n(fu, fin) <

nm—-+eo e —a)all’

then 7 admits a fixed point f € M and the sequence f, LU f(n— +o0).

Proof. Let fy € M be given. There is a sequence {f,} C M by utilizing f, = vf,-1 = 7" fo,n > 1. If for
some natural number n, 7f, = f,+1 = f,, then f, is a fixed point of 7 in M. So, we assume that f,,; # f,
for all n € N. According to Definition 3.3, we see

O(fns frs1) = 6(Tfr1, TS0)
< a(0(fu-1, Tfu-1) + 6(fn, TS0)
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= ad(fu-1, fn) + ad(fu, fusr1)-

It follows that
(fos 1) 2 kO(fomts f) S K26(formas fuot) < -+ S K'6(fo, fi)

e
Similar to the proof of Theorem 3.1, we know the series Y, (H?;’; n(fi, fn+p)||k||i) converges. The
condition p4(k) < 1 means |k"]| — 0 (n — +co) by Lemma 2.4. It deduces that {f,} is a Cauchy
sequence in M.
Because (M, A, ¢) is T-orbitally complete, the sequence {f,} converges to some point f € M. We

claim that f is the fixed point in M. In fact, by (3.9), we have

where k = (e — a)"'a and p4(k) < <1.

0(tfu, Tf) 2 al6(fu, Tfa) + 6(f, T)]
< ad(fu, fur1) + n(fs7al6(f, fas) + 6(furr, 7]

We gain
(e =n(f, 7)) 6(fur1, Tf) = ad(fos for1) + 1(f, Tf)ad(f, fas1)-

Owing to n(f, 7f) < m, we conclude that

patn(f, TP < n(f 7 Npat@) < 2D <
1 - pala)

Thus, e — n(f, 7f)a is invertible. Therefore, we have

5 furt> Tf) = (e = n(fs 7N [aS(fus fust) + 1(fs 7SS, )] -

As U is normal, we get

16Cfuer, THI < Kl (e = n(f, 7/ N lall - 16CF» fus DI+ 1CF )Nl - 16CF, fusD)ID -

Because f, M [y fur1 M f(n — +o00) and {f,} is a Cauchy sequence, it follows that ||6(f,, f)l| — O,

6( S, fus DIl = O and [|6(f, fuxIl = 0 as n — +oco. As a result, [[6(f,+1, 7/)Il = 0, thatis, f,., H Tf

(n = +00). So, 7f = f by Lemma 2.1 and f € M is the fixed point.
Remark 3.2. In Theorem 3.1 and Theorem 3.2, we establish the existence of fixed points without
requiring these contractions to satisfy continuity (Theorem 3.13 in [26]), orbital continuity (Theorem 2
in [19]) or 6-lower orbital continuity (Theorems 3.2, 3.6, 4.1 in [25]). These results improve upon the
main theorems in [19,25,26], which depend crucially on continuity assumptions of 7.

If we further assume that 7 is fy-orbital continuity, then the condition n(f, g) < m
f>& € M in the above theorems can be deleted. We now give these definitions.

Definition 3.4. Let (M,A,6) be an ECb-MLS over a BA. Let a point f, € M and

O:(fy) = {fo.Tfo.T2f0. T fo,--+}. If for any sequence {f,} C O-(f), f. Lt f asn — +oo implies

1] . . .
7f, = 7f asn — +oo, then we say 7 is fy-orbitally continuous.
Definition 3.5. If 7 is fy-orbitally continuous at every point fy € M, then we say 7 is orbitally
continuous in M.

for any
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Remark 3.3. From the above definitions, it is not difficult to observe that fy-orbital continuity is
weaker than orbital continuity and continuity.

Example 3.1. In order to show our theorems are applicable in examples with weaker conditions, we
construct a fy-orbitally continuous mapping 7 in this example. It does not satisfy the conditions of
orbital continuity or continuity. Let A = R? with the norm |||l = |I(fi, £l = |fil + |f2] and the
multiplication defined by

fg=(f, 2)&1,8) = (fig, [1& + f281),

where f = (fi, f2), & = (g1,82) € A. Direct verification shows that A is a unital Banach algebra with
its unit e = (1,0). Define a cone P = {(fi, f») € R? : fi, f» > 0}. Put M = [0, 1] x [0, 1] and construct a
mapping 6 : M Xx M — Aby

S((fi, f)s (g1,82) = (Ifi + &il% 1o + 2.

We can prove that (M, A, ) is an ECb-MLS over a BA with n(f, g) = 1 + max{||f]|, ||gl|, 1} by a detail
checking. Define a self-mapping 7 on M as

(1, 1), (/1. 2) = (0,0);
Tf:T(fl’fZ): (1’1)’ (fl’fZ):(l’l);
(5.f1:35), otherwise.

It is clear that 7 is fy-orbitally continuous. Actually, let f, = (0, 0), then
T fo = (I, 1) and (7" fo) — (1,1) = (1, 1) (n > +00).

However, 7 is not orbitally continuous, this is because

(f1, f») = ((%) fi, (%) fz) — (0,0) (n > +00),

which follows that, for all fi, f, € (0, 1), 7("(f1, f2)) — (0,0) # 7(0,0) as n — +o0. Accordingly, we
claim that the condition of orbital continuity is stronger than fy-orbital continuity for the mapping 7.
Theorem 3.3. Let (M, A, ) be a non-solid t-orbitally complete ECb-MLS over a BA, where 7 is
a Reich-type contraction and fy-orbitally continuous for some f, € M. If for any Picard iterating
sequence {f,} = {7"fo} generated by fo,

1
lim  7(fy, f) < :
ik T I < e G

then 7 admits a fixed point f € M and the sequence f, il f(n— +00).
Proof. Let f, € M be given. There is a sequence {f,} C M by utilizing f, = 7f,-; = " fo,n > 1. If
for some natural number n, 7f, = f,.1 = f,, then f, is a fixed point of 7 in M. So, we assume that

fu+1 # fn for all n € N. By Theorem 3.1, we see f, Lt f for some f € M as n — +oco. Since 7 is

fo-orbitally continuous, f,.1 = 7f, it 7f (n — +00). Thus, f is the fixed point of 7 by Lemma 2.1 and

the sequence {f,} converges to f.
Naturally, the following theorem holds.
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Theorem 3.4. Let (M, A, ) be a non-solid t-orbitally complete ECb-MLS over a BA, where 7 is
a Kannan-type contraction and fy-orbitally continuous for some f, € M. If for any Picard iterating
sequence {f,} = {7"fy} generated by f,

lim ( ns m) <— 0,
e MU Jo) < e i)

then 7 admits a fixed point f € M and the sequence f, il f(n— +00).

At the end of this section, we give the following theorem of Banach-type contraction in ECb-MLSs
over BAs, without any continuity condition.
Theorem 3.5. Let (M, A, 6) be a non-solid 7-orbitally complete ECb-MLS over a BA. Suppose that
the mapping 7 is a Banach-type contraction, which satisfies

o(tf,tg) 2 ad(f, g) (3.10)

for all f,g € M, where a € U” such that pg(a) < 1. If for any Picard iterating sequence {f,} = {7" fo}
generated by fj,

1
im 5(f, fo) < —, (3.11)
e lal

then 7 admits a fixed point f € M and the sequence f, il f(n— +00).

Proof. Let fy € M be given. There is a sequence {f,} € M by utilizing f, = 7f,-1 = 7" fp,n > 1. If for
some natural number n, 7f, = f,.1 = f, then f, is a fixed point of 7 in M. So, we assume that f,,; # f;,
for all n € N. According to (3.10), we see

6(fus Jar1) = 6(T fur, Tf) < Ad(furs fo),

which implies that

(fus fas1) < ad(foot, o) < @*0(froay fuo1) < -+ 2d"8(fy, f1)-

n+i

Similar to the proof of Theorem 3.1, we know the series Y, (H o (s f,,+p)||a||i) converges. The
condition pg(a) < 1 means ||a"|| — 0 (n — +o00) by Lemma 2.4. It deduces that {f,} is a Cauchy
sequence in M.

Because (M, A, 9) is T-orbitally complete, the sequence {f,} converges to some point f € M. We
claim that f is the fixed point in M. In fact, by (3.10), we have

O(tfu, Tf) = ad(fu, ).

As U is normal, we get
6(fur1> THOIl < Kllall - [|6(f, PII-

Because f, R f»we see ||6(fn, Il > 0as n — +oo. As aresult, ||5(for1, 7|l = 0, that is, f,. it Tf

(n = +00). So, 7f = f by Lemma 2.1 and f € M is the fixed point.
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4. Fixed points of Reich-type and Kannan-type almost contractions in ECb-MSs over BAs

In this section, we consider (M, A, J) to be a complete ECb-MS over a BA and U a normal cone
with normal constant K > 1. In light of the previous definitions and lemmas, we present fixed point
results for Reich-type and Kannan-type almost contractions in non-solid (M, A, §) establishing, not
only the existence of fixed points but also their uniqueness. These results generalize the main theorems
in [13,32].

Definition 4.1. Let the set M # () and U be a non-solid cone. If the mapping 7 : M — M satisfies

0(tf,78) < a16(f,8) + axd(f,7f) + azd(g, 78) + as6(g, 7f) 4.1)
for all f,g € M, where a; € U*(i = 1,2, 3,4) such that a;, a, commutes with a3 and
palar + az) + palas) < 1, 4.2)

then 7 is named a Reich-type almost contraction in (M, A, 9).
Definition 4.2. Let the set M # () and U be a non-solid cone. If the mapping 7 : M — M satisfies

o(tf,7g) 2 alé(f,7f) + (g, 78)] + ko(g, Tf)

for all f, g € M, where a, k € U* such that

1
pﬂ(a) < 57

then 7 is named a Kannan-type almost contraction in (M, A, 9).

Theorem 4.1. Let (M, A, ) be a non-solid t-orbitally complete ECb-MS over a BA, where 7 is a
Reich-type almost contraction and n(f, g) < m for any f,g € M. If for any Picard iterating
sequence {f,} = {7"fy} generated by f, € M,

1
lim  n(f,, fn) < ,
amtos | Jur i li(e — az)~'(a; + a)l

4.3)

then 7 admits a fixed point f € M and the sequence f, Lt f (n = +00). Furthermore, if pg(a; +ay) < 1,
then the fixed point is unique.

Proof. Let fy € M be given. There is a sequence {f,} C M by utilizing f, = 7f,-1 = 7" fp,n > 1. If for
some natural number n, 7f, = f,+1 = f,, then f, is a fixed point of 7 in M. So, we assume that f,,; # f,
for all n € N. According to Definition 4.1, we see

5(fna fn+1) = 5(Tfn—17 Tfn)
L a16(fu-t, fu) + @20(fu-1, Tfuz1) + a36(fr, Tfn) + as(f, Tfu1)
= (a1 + a2)0(fu-1, fn) + a36(fu, fus1)- 4.4)

Similar to the analysis of Theorem 3.1, we can obtain {f,} is a Cauchy sequence in M.
Because (M, A, ) is t-orbitally complete, the sequence {f,} converges to some point f € M. We
claim that f is the fixed point in M. In fact, by (4.1), we have

oTfn, Tf) 2 a10(fy, f) + a20(fo, Tf) + az0(f, Tf) + as6(f, 1)
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= a16(f, f) + @0(fu, furt) + 0(f, 70)az [6(f, fur1) + 6(fur1, TH] + asd(f, for1).
It follows that

le = n(f, 7 )as] 6(fur1, Tf) 2 a16(fu, ) + a26(fu, furt) + (f, T)a3 + a)o(f, fur1)-

. 1
Owing to n(f,7f) < Tomarra) Ve conclude that

pa(as)

< 1.
—palar +a»)

pa((f.T)a) < n(f.7palas) < -
Thus, e — n(f, 7f)as is invertible. Therefore, we have

8(furs ) 2 [e =n(f.7Nas]™ [a16(fyn £) + @6(fos fuet) + (f.T)as + as) 8(f, four)]

As U is normal, we get

16(fust, TN < KllCe = n(f, 7.)az) ™ Ilaall - 16(f,
+llaall - 16C s fas DIl + InCf, TH)as + asll - 16CF, farDID-

Because f, 5 f, fur o f (n — +o0) and (f;} is a Cauchy sequence, [[5(fy NIl = 0, [6(fps fre)ll = O

and ||0(f, fus)ll = O asn — +oo. As aresult, ||0(fr1, Tl — O, thatis, f,41 ﬂ 7f (n = +00). So,

7f = f by Lemma 2.1. Hence, f € M is the fixed point and the sequence f, it f(n— +00).

We now turn to the proof of uniqueness for the fixed point. Otherwise, if there is another point
g € M,g # f such that rg = g, then

o(tf,78) 2 aid(f, g) + axd(f,7f) + az6(g,78) + as6(g, 7f)
= (a; + as)o(f, 8).

Repeating this progress, we have

8(f,8) = (a1 +ad(f,g) = (a1 + apd(rf,78) < (a1 + as)’6(f,8) < -+ < (a1 + aa)"8(f, g)-

Thus, 0(f, g) < (a; + a4)"o(f, g) for any n > 1. It implies that

16(f, &Il < Kli(ar + as)"|l - I6(f, &)II.

Using the fact that pz(a; +a4) < 1, we know ||(a; +a4)"|| = 0 (n — +00) by Lemma 2.4. So, 6(f,g) =6
and f = g.

Next, we consider the fixed point theorem for Reich-type almost contraction in non-solid (M, A, 6)
under the condition of fy-orbital continuity.
Theorem 4.2. Let (M, A, J) be a non-solid 7-orbitally complete ECb-MS over a BA, where 7 is a
Reich-type almost contraction and fy-orbitally continuous for some fy € M. If for any Picard iterating
sequence {f,} = {t"fo} generated by fy € M,

1
lim n(f,, fin) < )
n,m—+oo n f f ||(€ - 613)_1((11 + 612)”
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then 7 admits a fixed point f € M and the sequence f,, Lt f (n = +00). Furthermore, if pg(a;+aq) < 1,
then the fixed point is unique.

Proof. Let fy € M be given. There is a sequence {f,} C M by utilizing f, = 7f,-1 = " fy,n > 1. If for
some natural number n, 7f, = f,+1 = f,, then f, is a fixed point of 7 in M. So, we assume that f,,; # f,

for all n € N. Similar to Theorem 4.1, we see the sequence {f,} converges to some point f € M. Since

T 1s fp-orbitally continuous, f,.; = 7f, Lt 7f (n — +00). Thus, f is the fixed point of T by Lemma 2.1.

The proof of uniqueness closely follows that of Theorem 4.1.

The fixed point theorems for Kannan-type almost contraction with vector-valued coefficients in
non-solid ECb-MS over BA can be obtained similar to Theorem 4.1 and Theorem 4.2. Accordingly,
the proof is omitted.

Theorem 4.3. Let (M, A, ) be a non-solid t-orbitally complete ECb-MS over a BA, where 7 is a
Kannan-type almost contraction and n(f, g) < % for any f,g € M. If for any Picard iterating

—-pala)
sequence {f,} = {t"fo} generated by fy € M, !

nm—o0 li(e — a)~'all

then 7 admits a fixed point f € M and the sequence f, it f (n — +00). Furthermore, if p4(k) < 1,
then the fixed point is unique.

Theorem 4.4. Let (M, A, ) be a non-solid t-orbitally complete ECb-MS over a BA, where 7 is a
Kannan-type almost contraction and fy-orbitally continuous for some f, € M. If for any Picard iterating
sequence {f,} = {7"fo} generated by fy € M,

lim  n(f, fn) <

nm—-+eo li(e —a)~all’
then 7 admits a fixed point f € M and the sequence f, il f (n — +00). Furthermore, if px(k) < 1,
then the fixed point is unique.

5. Applications

This section provides illustrative examples demonstrating that our main results serve as effective
tools for establishing solutions in different equations, regardless of whether the underlying cones are
solid or non-solid.

Example 5.1. Let the set M = [0, 1) and the Banach algebra A = R. The multiplication of A is defined
by its usual pointwise multiplication. Then A is a Banach algebra with e = 1. The cone is denoted by

U={feA|f=>0}cCR.

For any non-negative real function ¢() € L[0, 1] (the set of all generalized real-valued Lebesgue
integral functions on [0, 1]). Define 6 : M X M — A by

1
5(f.8) = a fo f + gle(hdr,
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where a > 0 is a constant and the function n(f,g) = 1 + i|f + g| for any f,g € M. Then (M, A,0) is a
normal and solid ECb-MLS over a BA. Define the mapping 7 : M — M by

r={ e b

wf+ 5. fels D).

Then 7 is fy-orbitally continuous for any f; € [0, %), because " fy — 0, 7(7" fy) — 0 = 70. However, 7

is not orbitally continuous. In fact, for any f € [%, 1), letting n tend to +oco, we have

1 1 2
n -, n —#T1= ==,
Tf—)3T(Tf)—)3 73 9
which yields that 7 is not orbitally continuous. Moreover, the space (M, A, ¢) is T-orbitally complete
but not complete. Next, we prove that 7 is a Kannan-type contraction in three different cases.

Case 1: forall f,g € [,1), wehave 7f = 15 f + =,7¢ = 18 + 5. Then,

5(rf,g) = fllf+3+1 + 2 g
8= ) 107 T 10 T 108 T 1017

1 3
:afo 1—0(f+g)+§'so(t)dt

11 6
< f— —_
_ozfo 25(f+g)+25 e(n)dt

2 : 1 3 :
:§a(f(; f+ Ef‘i‘m (p([)dt+£

2
=3 (O(f,7f) +06(g,78)),

1 3
g+ Eg + T go(t)dt)

since

11 6 1 3 17 9
E(f+g)+g_l_0(f+g)_§:%(f+g)__> ————— =0.

Case 2: forall f, g € [0, 1%), we have 7f = %f, Tg = %g. Then,

1
S(tf.18) = @ f
0

2 1
= §“f If + gle(dt
0

2 1
< Z
_Sa(fo

2
=3 (O(f,7f) +6(g,78)) .

2 2
— — 1)dt
3f+3g‘90()

2 ! 2
f+ §f' p(ndt + f g+ gg‘ (p(t)dl)
0

Case 3: forall f € [0, %), € [, 1), we have 7f = 2f,7¢ = t-g + . Then,

1
5(cf,78) = f
0
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1
—g+ i @(t)dt

12 1
— nHdt
3f‘<p() +0/f 0

0
2 1
< Z
_Sa(fo

2
= g (6(f’ Tf) + 6(g’ Tg)) .

1
e()dt +

1 3
8+ 108t 1o s0(t)dt)

The third inequality holds because
2 (11 3 ) 1 3 17 9 17 9 9

el e A LA - 0.
51707 10) " 10° 10 " 50° 5050 17 50
Leta = £ € U,pa(a) = < 5. Moreover, we have
1 1 3 5 1
= 14— l+-x2=2<2=
N8 =1+ Jlf+el <1+ x2=2<3 T

To verify that lim,, ;1o 7(fus fi) < === e Ta a) o> We analyze two cases.

(DI fo € 10.2). fu = (2) for for = (2)" fo- then

IRIPAY 2\" 3 1
l. ns Jm) = l 1 == = =1 AT
n,mT}—oo n(f f ) n,mﬂoo( * 4 ‘( ) fO * (3) fO ) < 2 ”(6 — a)_lall

3

Q) If fy e 17, 1), then

and

One get

: L1y 1 1Y 1" 1 1y
i = fom (o35 o5 (-Gl )+ (o) 30 (5]

7 3 1

"6 2 je—atal

This establishes all requirements of Theorem 3.4, from which it follows that 7 has a fixed point in M.
Remark 5.1. The main results of [19,25,26] are not applicable in Example 5.1 since they require that
the spaces are complete and the mappings satisfy certain continuity conditions. Therefore, conclusions
are very different from the existing conclusions in the literature.

Example 5.2. Let F : [0,1] x R — R be a generalized real-valued Lebesgue integral function where
R = [—o0, +00] is the set on all generalized real numbers. Consider the following nonlinear integral
equation

1
fo F(, f(s))ds = f(1). (.1
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If forae. r€[0,1],and a.e. f,g € R, one has
|F(t, f) — F(t,9)| < HX)|f — gl, (5.2)

where the function H(x) satisfying 0 < fol H(x)dx < 1. Then Eq. (5.1) has a unique non-negative
solution in £. [0, 1].

Proof. Let A = L]0, 1] and the norm be defined by ||f]|, = fol | f (t)|dt for f € A. The multiplication
in A defined as the pointwise multiplication of functions. Then A is a real Banach algebra with unit
element e = e(f) = 1 fora.e.t € [0, 1]. The cone is denoted by

={febL[0,1]]| f= f(r) = 0,fora.e.r €[0,1]}.

Then U is normal but non-solid. Let M = £ [0, 1]. Define 6 : M Xx M — A by

1
5(f.8)(1) = ( fo ) + 50) dr) (1),

where ¢(¢) € U\{0} with n(f,g) = 1 + max{|f], |g|} for all f,g € M. Then (M, A,J) is a normal and
nonsolid ECb-MLS over BA. Consider the nonlinear mapping 7 : M — M defined by

1
Tf(1) = fo F(t, f(s))ds.

Similar to Example 5.1, we can verify that condition (3.11) is satisfied. According to (5.2) and the fact
that [|fgll; < [If1l:lgll, one get

o(rf,79)1) = [Tf(0) + 78(1)] dt) o()

1

f (F(t, f(5) + F(1,8(5)))ds df)so(t)

1

f IF(t, f(s)) + F(2, g(5)) ds) dr)sz»(r)

1

i\
|
X
X

f H(t)lf(s) ¥ g(s)lds) dt)(ﬁ(t)

_hhho

( H(r)dr) If(s) + g(s)|ds (o)

= a fo £(s) + g(s)lds)cp(r)
= ad(f, g),

where a = fol H(r)dr € (0, 1) satisfying the spectral radius p#(a) < 1. In fact, 0 < a < 1 implies

pala) = lim,_, ||a”||% < 1. By Theorem 3.5, we see all the condition of Theorem 3.5 are satisfied.
Therefore, it follows from Theorem 3.5 that the Eq (5.1) has a unique non-negative solution in £ [0, 1].
Remark 5.2. The results presented in this paper extend and generalize the corresponding results of
Reich-type and Kannan-type contractions given in [13,18,19,25,26,32]. Our results are established
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within the framework of non-solid ECb-MLSs and ECb-MSs over BAs, which are not equivalent to
any metric spaces, even when the cone is normal, this distinction arises because all existing methods
for proving such equivalence fundamentally depend on the solidness of cones, thereby rendering both
these approaches and their associated techniques inapplicable in our case.

Remark 5.3. The key results of this paper enrich the literature on fixed point theory in metric and
abstract metric spaces, complementing previous work such as [31-35].

6. Conclusions

This paper addresses the existence and uniqueness of Reich-type and Kannan-type (almost)
contractions in non-solid ECb-MLSs and ECb-MSs over BAs, together with the convergence of the
associated iterated sequences. By introducing new notions of Cauchy sequence, convergent sequence,
and completeness with respect to normality in these abstract spaces, we establish several fixed point
theorems for such contractions with vector-valued coefficients. The main novelty lies in deducing new
fixed-point results without any orbital continuity in non-solid abstract spaces by new concepts.
Another novelty is the weakening of completeness to orbital completeness. In the illustrative
applications, we still obtain existence, uniqueness, and iterative convergence of fixed points for these
contractions, even without continuity of mappings or completeness of spaces.

Future research is expected to focus the fixed points of Hardy-Rogers contractions and Ciri¢ quasi-
contractions in these abstract spaces, together with related applications to nonlinear integral functions
and neural networks.

Author contributions

Conceptualization, Y. H., J. C., S. X. and X. X.; methodology, Y. H., J. C. and S. X.; validation, Y.
H.,J. C, S. X. and X. X.; formal analysis, Y. H., J. C., S. X. and X. X.; investigation, Y. H. and S. X_;
writing-original draft preparation, Y. H. and S. X.; writing-review and editing, Y. H., J. C. and S. X;
supervision, S. X; project administration, Y. H., S. X. and X. X.; funding acquisition, Y. H., S. X. and
X. X. All authors have read and agreed to the published version of the manuscript.

Use of AI tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.

Acknowledgments

The research is partially supported by Yunnan Provincial Reserve Talent Program for Young and
Middle-aged Academic and Technical Leaders (No. 202405AC350086); the National Natural Science
Foundation of China (No. 12361099); Guangdong Basic and Applied Basic Research Foundation
(No. 2023A1515010997); the Special Basic Cooperative Research Programs of Yunnan Provincial
Undergraduate Universities’ Association (No. 202301BA070001-095, 202301BA070001-092).

AIMS Mathematics Volume 11, Issue 1, 22-42.



40

Contflict of interest

The authors declare that they have no conflicts of interest.

References

1. S. Banach, Sur les opérations dans les ensembles abstraits at leur application aux équations
intégrales, Fund. Math., 3 (1922), 133-181. https://doi.org/10.4064/fm-3-1-133-181

2. R. Kannan, Some results on fixed points II, Am. Math. Mon., 76 (1969), 405-408.
https://doi.org/10.1080/00029890.1969.12000228

3. S. Reich, Some remarks concerning contraction mappings, Can. Math. Bull., 14 (1971), 121-124.
https://doi.org/10.4153/CMB-1971-024-9

4. G. Hardy, T. Rogers, A generalization of a fixed point theorem of Reich, Can. Math. Bull., 16
(1973), 201-206. https://doi.org/10.4153/CMB-1973-036-0

5. L. B. Ciri¢, A new fixed-point theorem for contractive mapping, Publications de I’Institut
Mathématique, 29 (1981), 25-27.

6. V. Berinde, Approximating fixed points of weak contractions using the Picard iteration, Nonlinear
Anal. Forum, 9 (2004), 43-54.

7. M. Ozavsar, Fixed point theorems for (k, /)-almost contractions in cone metric spaces over Banach
algebras, Math. Adv. Pure Appl. Sci., 1 (2018), 46-51.

8. F. Develi, M. Ozavsar, Almost contraction mappings in cone b-metric spaces over Banach algebras,
Hacet. J. Math. Stat. 49 (2020), 1965-1973.

9. M. Frechet, Sur quelques points du calcul fonctionnel, Rend. Circ. Matem. Palermo, 22 (1906),
1-72. https://doi.org/10.1007/BF03018603

10. I. A. Bakhtin, The contraction mapping principle in almost metric spaces, Funct. Anal., Gos. Ped.
Inst. Unianowsk, 30 (1989), 26-37.

11. S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostraviensis, 1
(1993), 5-11.

12. T. Kamran, M. Samreen, Q. Ain, A generalization of b-metric space and some fixed point theorems,
Mathematics, 5 (2017), 19. https://doi.org/10.3390/math5020019

13. L. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, J.
Math. Anal. Appl., 332 (2007), 1468—1476. https://doi.org/10.1016/j.jmaa.2005.03.087

14. H. Liu, S. Xu, Cone metric spaces with Banach algebras and fixed point theorems
of generalized Lipschitz mappings, Fixed Point Theory Appl., 2013 (2013), 320.
https://doi.org/10.1155/2013/187348

15. H. Liu, S. Xu, Fixed point theorems of quasi-contractions on cone metric spaces with Banach
algebras, Abstr. Appl. Anal., 2013 (2013), 187348. https://doi.org/10.1155/2013/187348

16. H. Huang, S. Radenovi¢, Common fixed point theorems of generalized Lipschitz mappings in cone
b-metric spaces over Banach algebras and applications, J. Nonlinear Sci. Appl., 8 (2015), 787-799.
http://dx.doi.org/10.22436/jnsa.008.05.29

AIMS Mathematics Volume 11, Issue 1, 22-42.


https://dx.doi.org/https://doi.org/10.4064/fm-3-1-133-181
https://dx.doi.org/https://doi.org/10.1080/00029890.1969.12000228
https://dx.doi.org/https://doi.org/10.4153/CMB-1971-024-9
https://dx.doi.org/https://doi.org/10.4153/CMB-1973-036-0
https://dx.doi.org/https://doi.org/10.1007/BF03018603
https://dx.doi.org/https://doi.org/10.3390/math5020019
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.03.087
https://dx.doi.org/https://doi.org/10.1155/2013/187348
https://dx.doi.org/https://doi.org/10.1155/2013/187348
https://dx.doi.org/http://dx.doi.org/10.22436/jnsa.008.05.29

41

17

18.

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

. H. Huang, S. Radenovic, G. Deng, A sharp generalization on cone b-metric space over Banach
algebra, J. Nonlinear Sci. Appl., 10 (2017), 429-435. https://doi.org/10.22436/jnsa.010.02.09

J. Fernandez, N. Malviya, S. Shukla, Cone b-metric-like spaces over Banach algebra and fixed
point theorems with application, Asian J. Math. Comput. Res., 2017, 49—-66.

J. Fernandez, N. Malviya, A. Savic, M. Paunovic, Z. Mitrovi¢, The extended cone b-
metric-like spaces over Banach algebra and some applications, Mathematics, 149 (2022), 10.
https://doi.org/10.3390/math10010149

Y. Han, S. Xu, Some new theorems on c-distance without continuity in cone metric spaces over
Banach algebras, J. Funct. Spaces, 2018 (2018), 7463435. https://doi.org/10.1155/2018/7463435

. W. Ullah, M. Samreen, T. Kamran, Fixed points of mappings on extended cone b-metric space over
real Banach algebra, Filomat, 36 (2022), 853—-868. https://doi.org/10.2298/FIL2203853U

A. Hasanen, D. Manuel, A. Hassen, Analytical solution for differential and nonlinear integral
equations via F,,, -Suzuki contractions in modified w,-metric-like spaces, J. Funct. Spaces, 2021
(2021), 6128583. https://doi.org/10.1155/2021/6128586

Y. Han, S. Xu, J. Chen, H. Yang, Fixed point theorems for b-generalized contractive
mappings with weak continuity conditions, AIMS Math., 9 (2024), 15024-15039.
https://doi.org/10.3934/math.2024728

S. Xu, S. Cheng, Y. Han, Non-solid cone b-metric spaces over Banach algebras and fixed
point results of contractions with vector-valued coefficients, Open Math., 21 (2023), 20220569.
https://doi.org/10.1515/math-2022-0569

X. Shi, W. Wang, P. Long, H. Huang, Z. Jiang, Fixed point theorems in extended cone
b-metric-like spaces over Banach algebras, J. Math. Anal. Appl., 548 (2025), 129427.
https://doi.org/10.1016/j.jmaa.2025.129427

I. Shereen, Q. Kiran, A. Aloqaily, H. Aydi, N. Mlaiki, On new extended cone b-metric-like spaces
over a real Banach algebra, J. Inequal. Appl., 2024 (2024), 129. https://doi.org/10.1186/s13660-
024-03205-2

A. Belhenniche, L. Guran, S. Benahmed, F. L. Pereira, Solving nonlinear and dynamic
programming equations on extended b-metric spaces with the fixed-point technique, Fixed Point
Theory Algorithms Sci. Eng., 2022 (2022), 24. https://doi.org/10.1186/s13663-022-00736-5

A. Belhenniche, S. Benahmed, L. Guran, F. L. Pereira, On some generalized contractive maps
in partial metric space and related fixed point theorems, Filomat, 36 (2022), 6539-6551.
https://doi.org/10.2298/FIL2219539B

H. H. Alsulami, R. P. Agarwal, E. Karapinar, F. Khojasteh, A short note on C*-valued contraction
mappings, J. Inequal. Appl., 2016 (2016), 50. https://doi.org/10.1186/s13660-016-0992-5

W. Rudin, Functional analysis, New York, 45 (1991), 4.

S. Xu, S. Radenovié, Fixed point theorems of generalized Lipschitz mappings on cone metric

spaces over Banach algebras without assumption of normality, Fixed Point Theory Appl., 2014
(2014), 102. https://doi.org/10.1186/1687-1812-2014-102

S. Jankovié, Z. Kadelburg, S. Radenovi¢, On the cone metric space: A survey, Nonlinear Anal.
Theor., 74 (2011), 2591-2601. https://doi.org/10.1016/j.na.2010.12.014

AIMS Mathematics Volume 11, Issue 1, 22-42.


https://dx.doi.org/https://doi.org/10.22436/jnsa.010.02.09
https://dx.doi.org/https://doi.org/10.3390/math10010149
https://dx.doi.org/https://doi.org/10.1155/2018/7463435
https://dx.doi.org/https://doi.org/10.2298/FIL2203853U
https://dx.doi.org/https://doi.org/10.1155/2021/6128586
https://dx.doi.org/https://doi.org/10.3934/math.2024728
https://dx.doi.org/https://doi.org/10.1515/math-2022-0569
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2025.129427
https://dx.doi.org/https://doi.org/10.1186/s13660-024-03205-2
https://dx.doi.org/https://doi.org/10.1186/s13660-024-03205-2
https://dx.doi.org/https://doi.org/10.1186/s13663-022-00736-5
https://dx.doi.org/https://doi.org/10.2298/FIL2219539B
https://dx.doi.org/https://doi.org/10.1186/s13660-016-0992-5
https://dx.doi.org/https://doi.org/10.1186/1687-1812-2014-102
https://dx.doi.org/https://doi.org/10.1016/j.na.2010.12.014

42

33. D. Gopal, P. Agarwal, P. Kumam, Metric structures and fixed point theory, CRC Press, 2021.
https://doi.org/10.1201/9781003139607

34. P. Debnath, N. Konwar, S. Radenovi¢, Metric fixed point theory: Applications in science,
engineering and behavioural sciences, Singapore: Springer, 2021. https://doi.org/10.1007/978-

981-16-4896-0

35. F. F. Bonsall, K. B. Vedak, Lectures on some fixed point theorems of functional analysis, Bombay:
Tata Institute of Fundamental Research, 1962.

@ AIMS Press

AIMS Mathematics

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 11, Issue 1, 22-42.


https://dx.doi.org/https://doi.org/10.1201/9781003139607
https://dx.doi.org/https://doi.org/10.1007/978-981-16-4896-0
https://dx.doi.org/https://doi.org/10.1007/978-981-16-4896-0
https://creativecommons.org/licenses/by/4.0

	Introduction
	 Preliminaries
	Fixed points of different contractions in ECb-MLSs over BAs 
	Fixed points of Reich-type and Kannan-type almost contractions in ECb-MSs over BAs 
	Applications
	Conclusions 

