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Abstract: In this paper, we were concerned with the periodic event-triggered asynchronous
stabilization of a class of hybrid stochastic systems driven by continuous-time Markov chain and
Brownian motion, where the measurements of state and mode were available only at sampling instants,
and the control was diffusion-dependent. Static and dynamic periodic event-triggered control (PETC)
strategies were proposed with a guaranteed minimum interevent time for every sample path solution.
Different from the well-known input-to-state stability framework for stability and synthesis of event-
triggered control systems, a comparison system approach was developed to show that if the hybrid
stochastic system under continuous-time feedback control was pth-moment exponentially stable,
then there existed a small sampling period and event-triggering parameters such that the resulting
event-triggered control hybrid stochastic system was almost surely exponentially stable. Particularly,
the proposed PETC strategies could integrate the beneficial impacts of stochastic noises, which
distinguished them from previous results. Two numerical examples were provided to illustrate the
efficiency of the theoretical results.
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1. Introduction

Hybrid systems skillfully incorporate continuous-time evolution and instantaneous changes and
have been used to represent a wide variety of real-world processes, such as actuator failures, packet
dropouts, cyber-physical systems, power systems, and robotics [1]. As an important class in stochastic
modeling, hybrid systems driven by continuous-time Markov chains and Brownian motion have
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attracted significant attention, particularly in the fields of stability and control. Continuous-time
Markov chains capture random switching phenomena arising in networked control, communication,
and manufacturing systems, where abrupt mode changes may occur due to failures, environmental
variations, or network uncertainties, while Brownian motion models continuous fluctuations caused
by environmental noise, measurement errors, or external perturbations. The combination of these
two processes provides a powerful framework for describing hybrid stochastic dynamics with discrete
random events and continuous uncertainties. Many significant results in this respect can be found in a
survey [2].

Sampled-data control is becoming increasingly important and widely employed in modern control
structures such as digital control and networked control. The traditional sampled-data control algorithm
relies on the time-triggered sampling of the control task executions, which may be inefficient from a
computational perspective as the period for sampling and control execution is determined by worst-
case estimates and all scenarios that the systems can attain. Event-triggered control, instead, updates
control actions after the occurrence of an event generated by some state-dependent triggering rules and
has shown the enhanced capability of saving system resources and improving control performance.
One of the difficulties in the synthesis of event-triggered control is to guarantee stability/performance
properties while preventing the Zeno phenomenon (the infinite number of triggers in finite time). Many
works have investigated event-triggered control problems for stochastic systems, e.g., [3-5]. Some
scholars have extended the event-triggered control strategies for non-switching stochastic systems to
linear Markov jump systems [6—8]. The aforementioned study entailed pth-moment stability (p > 2),
which considers stochastic noises unfavorable system stability factors. Interestingly, stochastic noises
can enhance stability, namely, introducing stochastic noise can stabilize unstable systems or make
systems more stable [9, 10]. Notably, Li and Liu [11] studied the event-triggered stabilization of a
class of stochastic systems with control-depend diffusion terms, and their event-triggered strategy is
applicable to stabilization by noise. However, the study in question has a limited scope, concentrating
solely on continuous event-triggered control and non-switching stochastic systems. In addition,
periodic event-triggered control (PETC) evaluates the event-triggering mechanism (ETM) only at given
sampling instants to enable its digital implementation.

In the context of digital control, a mismatch between the system mode and the controller mode
obtained in discrete time may arise, resulting in the phenomenon of asynchronous control. It is worth
noting that asynchronous control may lead to performance degradation and instability. Therefore,
asynchronous control problems of Markov jump systems have attracted extensive attention. Many
important results have been obtained, such as asynchronous control described by hidden Markov
chains [12, 13] and asynchronous control induced by input delay [14]. For the case of asynchronous
control caused by mode sampling, the researchers in [15, 16] solved the optimal sampled-data control
problem of linear Markov jump systems via the impulsive system approach. However, these studies
are applicable only to the mean square stability of linear hybrid systems with periodic sampling.
Moreover, the researchers in [17-19] studied the asynchronous control of stochastic hybrid systems
with discrete-time observations of state and mode by the comparison system approach proposed in [10].
However, all these researchers are concerned with stabilization problems via time-triggered control,
and only the researchers in [17] focus on the almost sure stabilization by noise. Nevertheless, there
is a lack of stochastic event-triggered asynchronous stabilization for hybrid stochastic systems. The
major challenges arise from: (i) The asynchronous nature of control updates induced by discrete-
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time observations of both state and mode, and (ii) the coexistence of mode switching governed by
a continuous-time Markov chain and stochastic perturbations modeled by Brownian motion, which
make the stability analysis under event-triggered control, especially stabilization by noise, particularly
challenging.

Here, we focus on the event-triggered stabilization of a class of hybrid stochastic systems with
control-dependent diffusion terms and discrete-time observations of both state and mode. The major
contributions are summarized as follows:

* We propose PETC strategies of both static and dynamic types for hybrid stochastic systems,
formulated within a time-regularization framework. Since the triggering conditions are monitored
only at discrete sampling instants, Zeno behavior is naturally avoided.

* To address the challenges of asynchronous switching control induced by mode sampling, we
establish several technical lemmas on the moment properties of the state, sampling error, and
control error between synchronous and asynchronous inputs, leveraging properties of Markov
chains and stochastic differential equations.

* A comparison system approach inspired by the researchers in [10] is developed to show that
almost sure exponential stability of the PETC-based hybrid stochastic system can be guaranteed
under suitable sampling periods and event-triggering parameters. Unlike most works [7, 8, 20]
that treat stochastic noise solely as detrimental to stability, our approach reveals that stochastic
noises may have beneficial effects on stability, thereby reducing conservatism in event-triggered
design.

The remainder of the paper is organized as follows. In Section 2, the problem is formulated, and
some necessary lemmas are given. In Section 3, we present event-triggering design and stability
analysis from static PETC to dynamic ones. Stability verification and numerical examples with
comparisons are provided in Section 5, and conclusions are drawn in Section 6.

2. System description and problem formulation

Notation. Let | - | denote the Euclidean norm of a vector. C'*(R, x R";R,) denotes the family of
all nonnegative functions V(z, x) on R, X R” that are twice continuously differentiable in x and once in
t. For any real numbers a and b, a V b = max{a, b}. I, denotes the indicator function of a set A, i.e.,
I4(x) = 1if x € A otherwise 0.

Consider the following hybrid stochastic system

{dX(t) = Jou (&, x(0), u(D)dr + go (7, X(1), u(®)dw (1), 1 > 1o, 2.0

x(ty) = xo, 0(ty) = 0,

where x(f) € R” is the state variable and #, > 0. {o(?), t > ty} is a right-continuous Markov process
defined on the probability space which takes values in the finite set M = {1,2,..., N} with generator
IT = (7)), i, j € M, given by

ﬂijAZ + o(A1), i # j’

Plo(t + Ar) = jlo(0) =i} = { 1+ mAt+o(An), i=j
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N
j=1, i

where At > 0, iim 289 — (), and 7, > 0fori# j,m <0with ) m;j = —m;. Moreover, transition
1=

At
probabilities for eoach pair of states i, j € M are given by P (o (t + A) = jlo(t) =i) = p;;(A) for all
t,A > 0, where p;;(A) denotes the (i, j)th element of the matrix e, u(r) € R™ is the control input. w(z)
is an one-dimensional Wiener process defined on complete probability space (Q, .7, P) with a natural
filtration {.%,}»( satisfying the usual conditions. For each i € M, f;, g; € C(R, X R" x R™; R") satisfy
the following assumption.

Assumption 2.1. For each i € M, fi(t,x,u) and g;(t,x,u) are globally Lipschitz continuous with
respect to (x,u), i.e., there exits positive scalar L, such that for all x;,x, € R", uj,u, e R", t >0

|fi(t, x1,u1) = fi(t, X0, un)| V |gi(t, X1, ur) — gi(t, X2, up)| < Li(|x1 — x| + [ty — usl).

Remark 2.1. Assumption 2.1 is a standard regularity condition in the theory of stochastic differential
equations. It guarantees the existence and uniqueness of strong solutions to system (2.1) under each
mode of the Markov chain. Moreover, the global Lipschitz property with respect to the state and the
control input ensures that the system trajectories depend continuously on the initial data and inputs,
which is fundamental for subsequent stability analysis.

Moreover, in the setup of emulation design framework, it is assumed that system (2.1) is
exponentially stabilizable in the pth moment (p > 0) sense.

Assumption 2.2. There exists a mode-dependent controller u(t) = k,(x(t)) such that the solution x(t)
of the closed-loop system

dx(?) = fow (8, X(2), koo (X(1)))dE + 8oy (2, X(1), kor(r)(x(2)))dW(2), (2.2)

satisfies
Elx(0)I” < Mxol"e™""™, 1 > 1,

where M, y, p are some positive constants, and it is further assumed that for each i € M, k; € C(R",R™)
satisfies the Lipschitz condition, i.e., there exists positive scalar L, such that for all x,,x, e R", i € M,

ki(x1) — ki(x2)] < Lolx; — xa.

Remark 2.2. Assumption 2.2 postulates the existence of a mode-dependent state-feedback controller
that renders the closed-loop system (2.2) exponentially stable in the pth moment. This ensures that the
state trajectories decay in expectation at an exponential rate, which is a standard notion of stochastic
stability. The additional Lipschitz continuity of each feedback map k;(-) guarantees the well-posedness
of the closed-loop system and provides a technical foundation for the subsequent stability analysis.

In this paper, we assume that the configuration of the hybrid stochastic systems synthesized by
discrete-time feedback controller over networked communication is illustrated in Figure 1. The state
x(t) and the mode o (¢) are observed only at discrete times or say that the outputs of the state x(¢) and the
mode o (¢) are measured periodically, i.e., the system output is {(x(s¢), o°(s¢))}een,, Where s, = 1y + {7,
and 7 > 0 is the sampling period. Based on the discrete-time measurements, the control input with
time-triggered mechanism has the following form

u(t) = kg, (x(s¢)), t € [Se, S¢41), € € No.
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To reduce the consumption of communication and energy resources, we consider the event-triggered
diagram for generating the times for controller updates from a triggering condition involving the current
state or output measurement of the plant and the last transmitted data. For this case, the control input
with sample-and-hold measurements, which has the following form

u(t) = kg (X(1)), (2.3)

where 6(t) = o(f), t € [fj,f11), and X(t) = x(t;), t € [t;,1;1) in Which {f}}en, and {;};ca, are
subsequences (stopping time sequences) of {s;}sen,, Will be computed later by the designed ETMs.

Stochastic uncertainties

y
t),o(t
Actuator v® Plant (=0 )2 Sensor
IEED)
ZOH
(z(s0),0(s0))
Ikg(i,) (z(t)
{ Network\) L
____ IEventtriggering |
k _: mechanism | >/O
Controller

~N o

\_
4—\($(t) o(t ) Network

Figure 1. Diagram of periodic event-triggered control for hybrid stochastic systems.

Remark 2.3. Unlike the existing event-triggered strategies that use sampled state and continuous-
time mode information for feedback, i.e., u(t) = k,(X(#)) [7, 8, 20], the periodic event-triggered
controller (2.3) may not align with the system mode due to mode sampling.

The following lemmas will be used in the proofs of the main theorems.
Lemma 2.1. [2]1] Forallt > 0 and i € M, we have p;i(t) > €™

Lemma 2.2. Let z(t) € R" be a continuous and #,-adapted stochastic process. If there exist positive
constants ¢, cy, h, and k € (0, 1) such that for any t > t,, p > 0,

E[sup |z(s)|l’] < COE|Z(t0)|pecl(l_lO),
t

0<s<t

and
ElZ(t() + (5 + l)h)lp < KElZ(l() + fh)lp, { e N,

then the stochastic process z(t) has the following properties:

1 in(1)
Elz(H)]” < coe” " M OB|z(1)|Pe” !

1 1
lim sup — In(|z(1)]) £ ——

, a.S..
t—+00 t 2ph
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Proof. For any t > t), there must exist £ € Ny such that t — ty € [fh,({ + 1)h). Then,
. 1 .
E[supto+€thSto+(€+1)h |Z(S)|p] < coe"Elz(to + Ch)IP < coek Blz(to)l? < coee™ M ¥Elz(o)l?. Using

]n%
the relation that £ < = < £+ 1, one has E [supto#hsys,w(m)h Iz(s)lp] < coe "ML Elz(1)Pe” 7 . On

the other hand, using Chebyshev’s inequality,

£ 1 ) _Llinl
P( sup  Jz(s)l” > e‘“”) < coe " Elz(ty)|Pe 2" .
to+Ch<s<to+({+1)h

Since Z}';’B e sy < +00, the Borel-Cantelli lemma yields that for almost all w € Q, there exists a
positive integer {y(w) such that

==

¢
sup (s, w)lf <e2Mr, > fy(w),
to+th<s<ty+(C+1)h

which implies that for ¢ € [ty + {h,ty + (€ + 1)h] and € > {y(w),

In(z,@)) __ Clng
t—ty ~ 2p(+Dh

Letting £ — +oo, we get

{’lni ln%

1
lim sup — In(|z(¢, w)|) = lim sup In(|z(t, w)]) £ — lim

oo 1 o [ — 10 o 2p(C+ D 2pp” &S

3. Event-triggering design and stability analysis

In this section, we propose systematic design procedures for static and dynamic periodic event-
triggered control schemes for stochastic systems (2.1) with the sampled-data controller (2.3).

3.1. Static event-triggered control strategy

The static ETM is designed by the following rule
fisr = min{s¢ > #; | |x(s¢) = x(t)] > Olx(so)l} (3.1

and

(1) = { ols L) # 0 ope g, 32)

F(sp). if o(se) = G(s;)
where ¢ > 0 denotes the event triggering parameter.

Remark 3.1. Note that the ETM (3.1) is monitored only at the sampling instants {s;},cn. Consequently,
the event-generator inherently excludes the occurrence of Zeno behavior.

For ease of modeling, we define an auxiliary variable

%) = { x(se), ifJ(s;)>0

#(s7), ifJ(s7) <0 1€ [5¢, Se41), (3.3)
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with the initial values X(s;) = x(so), where J(?) := |x(¢) — X(¢)| — 6|x(#)|. Under the auxiliary variable,
the periodic ETM (3.1) has become to #;,; = minsey {s[ > 11 (s;) > O}. Then, the control input (2.3)
is modified by

u(t) = kg (X(1))

which leads to the following closed-loop system

dx(?) = fow (8, X(2), ko) (X(1)))dE + 8oy (2, X(1), k(1) (X(2)))dW (7). (3.4

In what follows, the moment properties of the state x(¢), sampling error x(¢#) — X(¢), and the
control error between synchronous and asynchronous control inputs, i.e., kg (X(?)) — k) (%(2)), will be
established.

Lemma 3.1. Let x(t) be the solution of closed-loop system (3.4), then there holds that for any t > s,

S N(),
sup B[P, | < [x(s)lPett™, (3.5)
Se<v<t
E [ sup |x(v)|2|ffs£ < 2lx(s,)|Pe?@Lt=s0, (3.6)
Se<v<t
E [lx(t) - 3~C(¢)|2|fw] < o(t, §)|x(s,)|Pe2l =0, (3.7)

where @, = 2L; + 3L} + 2L3(1 + 2L?)(6* + 1), @, = 2Ly + 131L% + 2L3(1 + 130L3)(6* + 1), and
o(7,6) = 36% + 67(7 + 1)L(1 + 2L3(6* + 1)).

Proof. By It0’s formula [9, Page 36], Assumptions 2.1 and 2.2, one can show that for any 7 > s,

(D) = 1x(sp)? + f [227(8) for(s) (8, X(8), ki) (R(5))) + 8or(s) (5, X(5), ki (R(5)) Il

se

+ f 221 (8)80(5) (5, X(8), kar(5) (()))dw(s)

< |x(sp)* + f [2L; + 3LY)|x(s)]* + L3(1 + 2L3)|%(s)*1ds
+ f 2X7(8)or(s) (55 X(8), ko (5)(R(5)))dw(s). (3.8)

Note that the event-triggering rule (3.1) implies that for any t € [y, s¢41), |F(O* < 2|F(s) — x(s¢)> +
2lx(s0)> < 2(6 + 1)|x(s¢)|> which can be rewritten as

F(OF < 2(8* + DIx(s)P, (3.9)

where ¢, = | =27, and | £ | rounds £ to the nearest integer less than or equal to .

For any 7 > s;, Eq (3.8) has the following estimate

E [IX(t)IZITS,] < |x(s)? + f (L1 + 3LDIx(s)P + 2L5(1 + 2L)(S” + Dlx(sy)*1ds

!
< (sl +a, f sup E [lx()PI7, | ds.

¢ SESVSS
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which can be further deduced that sup, .., E|lx(PIF;, | < [x(s)P + @, [} sup, ., B [XWPIF, | ds.
Hence, the Gronwall inequality yields that (3.5). ’

On the other hand, for any ¢ > s,

]E[sup Ix(v)[?

s¢<v<t

1
,%(,] < x(so)l + f E[@L; + 3LDIx(s)P + L3(1 + 2LDIE(s)PL.7,, | ds

St

+E[sup

Se<v<t

f 221 ()8t (8, X(8), k(5 ((5)))dw('5)

s¢

%] . (3.10)

By the Burkholder-Davis-Gundy inequality , we have that

E[ sup

Se<v<t

f 2x7 ()80 (s) (85 X(5), k() (X()))dw(s)

St

.

<4V2E [ f 1227 (5)8or(5) (55 X(5), kv (R(9)))Pdls L%[]z

1 3
<8 \/EE[ sup X | 18os) (8, X(5), ko) (R(s)))Pds ﬁs[]
Se<v<t S¢
1 !
< EE[SUP Ix(WI*|.Z,, | + 64 f E[Igg<s)(s, x(S),kas)(i(S)))IzI%[]ds
Se<v<t S¢
1 t
< EE[sup Ix(WPZ,, | + 12812 f E [Ix(s) + L3I%(s)P|.Z,, | ds.
S¢<V<t s¢

Substituting this into (3.10) yields

E[ sup [x(v)?

Se<v<t

t
ﬁw] < 20x(so)l? +2 f E|@L; + 131LD)Ix(v)P

Se
+L5(1 + 130Lf)|)z(v)|2|£v] dv. (3.11)

Using (3.9) and the Gronwall inequality gives the required assertion (3.6).

Moreover, g; > s;, Yt > s,. Thus, using Holder’s inequality and Theorem 7.1 of [9, Page 39] again,
we get that

E[lx() - 3017, | = E

x(gr) — X(1) + f Jor()(8, X(8), ka(5)(X(5)))ds
St

2

" f Gt (53 3(5), kg (R())d(s)

St

)

< 3|x(sy) = X0 + 37 f E [|f0'(s)(s’ )C(S),k&(‘s~>(56(S)))|2 |«%~z] ds

St

#3 [ Elenots. 160 koo G |7, ds

St

< 3lx(s;) — XOF + 3L}(r + 1) f E [(x(s)| + Lol%(s))|.,, | ds
St

< 3x(sy) — (O + 6LA (T + 1) f E [(Ix(s)P + L3|%(s))|.Z,, | ds.
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By event-triggering mechanisms (3.1) and (3.5), the above equation can deduce that

B [lx(0) - S0PIZ, | < 36°Ix(e)F + 6L + 1) f (x()P + 20365 + Dix(s)PIF, | ds
< 30l + 6r(r-+ DL + 21367 + 1) sup E[lx(s)PI7, |
< of(T, 6)|x(s€)|zegL(t—s[).

The proof is complete. O

Lemma 3.2. Let x(t) be the solution of closed-loop system (3.4), then for any t > s, € € Ny, the
following estimates hold

E[ f ko) (5(8)) = ks (R(5))Ids

E[ f Ix(s) — %(s)[*ds| &

Se

L%] < @o(T, 6,1 — so)|x(so)l, (3.12)

< @11, 6,1 = sp)lx(so)l, (3.13)

where @o(7,6,A) = 8L3(1 = e™)(8* + D (e%® 1), 7 = minieri), and ¢1(7,6,4) = 0(x,0)- x
ar

(e%A - 1).

Proof. Note that for any ¢ € [s;, 5:41), | € Ny, X(t) = X(s;), 6(t) = o(s;). Hence, (X(t),57(¢)) is 7,
measurable.

E [lkoto(E(1)) = Kooy RDP.F, | = B Wty (F(0)) = Kooy FOIW Doyl o |
< AL3FOPE [l Zs]

N N
= 4L3|%(1)'E Z Z Liosp=jtlioy=1) c%]
1 I=1,l#j

N
= 4L3I5(1)P Z D" Hots=iPlo(t) = llo(s) = j)
Jj=1 I=1,1#j

N
= 4L3I5OP Y Tty = pji(t = 51)

=

N
< 4L§|5€(t)|2 Z Lorgsp=pp(1 — eii=s1))

=1
N

< ALIFOP Y Tigo=p(1 — €7
j=1

<AL3|HNP(1 - ™),

where Lemma 2.1 is used.
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Denote n = L%J. By the Fubini theorem, we have

n-1 SC+it+1
ﬁ] = f E [ ko) (E(5)) = ko HPLZ, | ds
i=0

Se+i

E[ f i (E(8)) = koo (E(s))Pls

+ f E [ko(s (£(5) = kai/(R(s)P|-Z, | ds

St+i

!
<4121 - &) f E [1%(s)PI.Z, | ds. (3.14)
s
By Lemma 3.1 and using the fact |%(1)]* < 2(6* + 1)|x(s,)|>, we have

f B |I%()P17,, | ds < 266> + 1) f B |Ix(s)P-Z, | ds

se

!
<2(6°+ 1) f |x(s¢)|e% 7 ds
S¢

1
=26+ 1)— (e%“—”) - 1) Ix(s)[.
a;

Substituting the above inequality into (3.14), we have (3.12).
On the other hand, using Lemma 3.1,

E[ f t [x(s)) — %(s)|*ds

'
ﬁs(,] ds < o(, 6)|X(S€)|2 f e (V=50 dy,
st

,0
= 209 (i _ (s,

&
which confirms to (3.13). O

Lemma 3.3. Let x(t) be the solution of system (3.4), and y(t) be the solution of system (2.2) with initial
value (x(s¢), 0 (s¢)). Then, there holds that for any t > s,,

E [ly(0) - x(t)P1.7,, | < ¢(x.6,1 = sp)lx(so)l, (3.15)

where
&(1,6,A) = 4(A + DL (@o(T, 6, A) + 2L301 (7, 5, A))eS A A+ DL+ (3.16)

Proof. By Holder’s inequality and Theorem 7.1 of [9, Page 39], one can obtain that

E|y() - x0P17, | = E

f [for)(85 Y(8)s ko) (0($))) = Sor() (5 X(5), Kz (X(5)))1ds

2

+ f (805 (8, Y(8), ker()(V(5))) = 8or(s) (S, X(8), ki (5)(X(5))) 1 dw(s) 9}[}

St

<4(t-s,+ DE [f (i) (85 V() ko) () = oris) (85 X(8), Kors) ()

AIMS Mathematics Volume 10, Issue 9, 21737-21759.
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VI8 (8, Y(5), ko) ((5))) = Zri (8, X(8), k() (E()) 1 s

+4(t - s+ 1E [f [ frcs) (85 X(8), Ky (R(8))) = Firs (85 X(8), sy (R()))IP

VlgO'(s)(S’ X(S), k(r(s)(;c(s))) - ga'(s)(sa X(S), kﬁ'(s)(yc(s)))lz]ds

ﬁ]

<A —se+ 1)L%E[ (Iy(s) = x(5)| + Laly(s) = F(s))*ds

s¢

-

+4(1 = s+ DLTE [ f ko) (5(8)) = ks (R(5))Ids| T,

< 8(t— s, + 1)L%E[ [(1 + Ly)?[y(s) — x(s)I* + L3|x(s) — X(s)|*1ds

s¢

+4(1 = s+ DLTE [ f [Kor(s)(E(8)) = ks (R(5))IPds

LQZS[] . (3.17)
Substituting inequalities (3.12) and (3.13) into (3.17), and using the Gronwall inequality, we

obtain (3.15). O
The main result for the case of static PETC is given as follows.

Theorem 3.1. Consider closed-loop system (3.4) satisfying Assumptions 2.1 and 2.2. For given € €
(0, 1), if the sampling period T and the event-triggering parameter 6 of ETM (3.1) satisfy that

€+0° (1,6, M/e)/y) < 1, (3.18)

where ¢(1,0,A) is defined in (3.16), then the trivial solution of system (3.4) is almost surely
exponentially stable. In other words, there exists a periodic event-triggering controller (2.3) with static
PETM (3.1) such that event-triggered control stochastic system (2.1) is almost surely exponentially
stable.

Proof. It can be seen that for any given € € (0,1), ¢(t,9,In(e”"M/e)/y) 1s a continuous strictly
increasing function respect to (7, 6), and lim 5 (+e0 +00) @(T, 0, In(€’"M/€)/y) = +00, lim(z5)-(0.0) P(T, 6,
In(e”"M/€)/y) = 0. Therefore, there exist small enough positive constants 7* and ¢* such that

B(t", 8, In(e”" M/e)]y) = (1 — €)7.

For notation briefly, set T = W#, 1= L%J, and T = 7. Then, for any 7 € (0,7%) and ¢ € (0, 0),
it can be verified that
2
¢(1,6,T) < (1 —€)?, and Me """ = €. (3.19)

By the holder inequality, inequality (3.15) implies that for any p € (0, 1),
E [ly(t) — ()17, ] < ¢7 (76,1 = sp)lx(so)I".
Using the well-known inequality (a + b)? < a” + b?, p € (0, 1),
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B[1xtse + PIIZ,] < e+ T) = atsr + TIWLE, ] + B [ivGse + I
< (626 T)+ M) Ix(s)l
< (65@6,T) + M) [x(so)l”.

It follows from (3.18) and (3.19) that E|x(s,.)” < (¢g(7’, 0,T) + €)E[x(s,)”. By Lemma 2.2,
we conclude that the zero solution of the closed-loop systems (2.1)-(2.3)-(3.1) is almost surely
exponentially stable. O

Remark 3.2. The stability conditions established via the comparison system approach are mainly
dependent on the Lipschitz constants of the system dynamics. This inevitably introduces a certain
degree of conservatism, since (i) global Lipschitz constants are used in the analysis, which may
overestimate the actual nonlinear growth, (ii) relaxation steps in constructing the comparison system
further enlarge the bounds, and (iii) the event-triggering mechanism is characterized in terms of worst-
case inter-event intervals. Nevertheless, the comparison system approach offers the advantage of
yielding tractable and verifiable stability criteria without requiring explicit solutions of the original
stochastic system. Therefore, a trade-off exists between conservatism and simplicity: While the
conditions may be conservative, they provide a general framework that facilitates rigorous stability
guarantees under event-triggered control.

3.2. Dynamic event-triggered control strategy

In this subsection, we design a dynamic ETM aimed at further reducing the number of control
updates while preserving system stability. Inspired by the researchers in [5,22], the ETM is designed
by the following rule:

iy = min{se > 1; [ n(se) + 00lx(se)l = |x(se) = x(@)]) < 0}, (3.20)

and

1(to) = 1o, 62D

where 8 > 0, 4, > 0, 4, > 0, and 79 > 0.

{ (@) = — A4n@) + A2 (0lx(se)l — |x(s¢) — x()]), 1 € [S¢, Se41),

Lemma 3.4. Under ETM (3.20) with 0 > j—f(e‘” — 1), the solution n(t) of dynamic equation (3.21) has
the properties that n(t) > 0, YVt > 0, and
/1362 !

20(s—1) 2
57 5 | © lx(ss)I7lds, (3.22)
2(4 = o) Jy,

n*(t) < e X002 (s,) +

holds for any t > s, € € Ny, and A, € [0, 4;).

Proof. The positivity of 7(?) for all # > t;, was proved in [5]. Moreover, choosing a Lyapunov function
candidate V, (1) = e*=50n? for system (3.21) by 1td’s formula, we have

V() = Vy(se) + f 0T R A (1) + 200 [=Au(1) + A2 (Blx(s,)] = Ix(sy) = F(s)D1Nds

s¢
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< Vi(so) + f e*0CTO[=2(A) — A (1) + 2260 (DIx(s,)I1ds

St

22
< V,(s0) + _A f t e x(g I ds,
2(4; = o) Jy,

which gives the required assertion. m|

Remark 3.3. Compared with the static ETM (3.1), the dynamic ETM (3.20) introduces the internal
dynamic variable (3.21), which enables adaptive adjustment of the triggering threshold. Specifically,
the event-triggering condition of (3.20) can be expressed as @ +0|x(s0)| —|x(sp) — x(2;)] < 0. It is worth
noting that the dynamic ETM (3.20) reduces to the static ETM (3.1) when § — oo. Since the solution
of (3.21) remains positive, the adaptive mechanism can enlarge the average inter-event intervals,
thereby reducing unnecessary transmissions or control updates and enhancing resource efficiency while
preserving the desired stability properties. Hence, dynamic ETMs generally provide a more flexible
and less conservative alternative to static ETMs.

For ease of modeling, we define an auxiliary variable as (3.3), where J(¢) is replaced by J (1) :=
n(t) + 6(0|x(t)| — |x(r) — X(r)]). Under the auxiliary variable, the closed-loop system can be modeled
as (3.4). Furthermore, set ¢; = L%TJ, the dynamic system (3.21) can be rewritten as 7(¢) = —A;n(¢) +
A2 (Bls)l = |x(s1) — X(@))).

The main result for the dynamic ETC is given as follows.

Theorem 3.2. Consider closed-loop system (3.4) satisfying Assumptions 2.1 and 2.2. For given € €
(0, 1), if the sampling period T and the event-triggering parameter (9, 6, 11, A,) of ETM (3.20)—(3.21)

: Y Y InE""/e) AT
satisfy that 1, > o A > Ay > S nETMIS 6> —l(e 1T — 1), and

<1, (3.23)

RETRLCT)

_r In(e”™ M
+ ‘ﬁz (6a /12a /107 M)
where 5(7’, 0,6,A) and J((S, Ay, Ao, A) are defined in (3.32) and (3.36), respectively. Then the trivial
solution of system (3.4) is almost surely exponentially stable. In other words, there exists a periodic
event-triggering controller (2.3) with dynamic ETM (3.20)—(3.21) such that event-triggered control
stochastic system (2.1) is almost surely exponentially stable.

In order to give a strict and explicit proof of Theorem 3.2, several important lemmas are first
introduced.

Lemma 3.5. Let x(t) be the solution of closed-loop system (3.4), then there holds that for any t > sy,

¢ € N,
sup B |[x)PLZ, | + sup B [P WLZ | < (x(so)P + 7P (se)efe, (3.24)
E [ sup [x(s)f° + sup ()| Fs, | < 2Alx(s0F + 7 (s0)eh 0, (3.25)
E [1x(5) - %0OP1Z,, | < 2(r, 6, 0)(Ix(s)l + 77 (se)ef ™7, (3.26)
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2L2(1+2L2

where,B :(2L1+3L2+2L§(1+2L$)(5+1)2 = B2y By = QLy + 13112 + L2(1+ 130L3)(5 +

?+ & L2y BUOD  ind Bi(r, 6,0) = (127(t + 1)L$L§e6T<T+I>L1 +4)/6% v (127(r + LA + Ly(6 +
1))2 6T(T+1)L% +452)_

Proof. By dynamic event-triggering mechanism (3.20), and the notations ¢; and X(¢), one can obtain
that for any ¢ > ¢,

+ (0 + DlIx(sy)l. (3.27)

|X(0)| < |%() — x(sp)| + |x(s)| < 77(;’:)

Then, it is easy to show from (3.8) that

[(2L1 + 3LDx(s)* + 2L5(1 + 2L1)(S + 1)*|x(sy)[*1ds|.Z.

St

2L2(1 +212) f

E[lx(t)P|. 7,1 < Ix(so? +E

E[7 (¢ %, 1d

Using the fact that sup, ., E[|x()I?|.7,,] = E[Ix(¢)*|.%;,] V E[Ix(1)]*|.%,,], the above inequality yields

t

sup E[|x(s)I*|. %1 < |x(so)* + Ly + 3L + 2L5(1 + 2L)(S + 1)%) sup E[|x(s)*|.Z;,1dv

Sp<s<t S¢ S¢SS<V

221 +2L3) (1,
+TIE[U (6 F5,1ds. (3.28)

Based on the fact that E[|x(,)I*|.7,,] < sup,,,., E[Ix(v)]*|.%,,] holds for any s € [s,,7]. Letting
Ao = 01n (3.22), and taking the conditional mathematical expectation on the two sides of (3.22), one
can obtain

/1262 t
sup E[* (). %s,1 < n*(sp) + =— f sup E[|x(s)*|.Z,,1dv. (3.29)
S¢<S<t 2/11 s¢ S(<S<v

Combining (3.28) and (3.29), we have

sup E[|x(s)*.7,] + sup B ()71 < [x(s)l + 177 (se) +B, { sup E[|x(s)]’|. %]

Sp<s<t se<s<t S¢ S¢SS<v

+ sup E[n ($)|-Z5, 1}dv.

Se<s<y

An application of the Gronwall inequality gives the required assertion (3.24).
Similarly, set 4o = 0 in (3.22), we have

pERS )
sup 17°(s) < 77 (s0) + —f sup |x(s)|"dv.

S¢<s<t 2/ll ¢ Se<S<y

Then, it follows from (3.11) and (3.27) that

E[ sup |x(s)]* + sup 72 (). 7,1 < 2(Ix(so)* + 77 (s¢))

Se<s<t Se<s<t

t
+2ﬁLf E[ sup |x(s)I’| + sup n°(s)|.Z,,]dv
se

Se<s<y Se<s<y
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S 2(|X(S[)|2 + UZ(S€))CZBL(Z_S[)-
Finally, let us proceed to prove the assertion (3.26). By Yong’s inequality and (3.27),
Ellx(t) — X(0)P1. 7] < 2BIIx(1) — x(6)PIF, ] + 2E[Ix(s)) — XOPLF,,]

4
< 2E[|x(1) — x(s)*l. %] + @E[UQ(Q)IL%J + 46°E[|x(s) 1.7, 1. (3.30)

Now, we use Holder’s inequality and Burkholder-Davis-Gundy inequality to estimate the first term
of (3.30).

E [1x(0) - x(s)P1 %, | = B

f Fort (53 3(5), ko ()5

2

+fga(s)(S,X(S),k&(s)(f(s)))dw(s) ﬁw]

St

<2+ 1) f B[(x(s)l + LIEIP1F, | ds
St

! L
<2Li(r + 1)f E|(x(s) — x(so)l + gzn(gs) +[1+ Ly(6 + 1)]|X(§s)|)2|<%5] ds
St

L2
< 61Li (1 + )eST LR [0—22;72@,) +[1 4 Ly(6 + 1)]2|x(g,)|2|£355] )

Substituting the aforementioned inequality into (3.30) gives
Ellx(r) — OP1F,,] < 8(r, 6, 0)E [Ix(s) + ()l Z,, |

It follows from (3.24) that (3.26) holds for any ¢ > s,. O

Lemma 3.6. Let x(t) be the solution of system (3.4), and y(t) be the solution of system (2.2) with initial
value (x(s¢), 0(s¢)). Then, there holds that for any t > s,

E|ly(1) - xOPIF,, | < 318,61 = s)(x(s0)F + 1P (s0). (3.31)
where

8(A + 1)L212
B

—L

— 1
#(1.6.0,) = [E(T, 5,0) + 4(1 = e)( 5 v (6 + D) (" — 1) DT (332)

Proof. With the help of (3.5), (3.14), and (3.17), we see that

E [ly(t) — ()7, | < 8(t = s + DLI(1 + Ly)® f Elly(s) — x(s)P|.%, 1ds

8(1 — s + 1)L2120(1, 6, 0)
+
B

—L

!
+16(t — s, + DL2L2(1 — &) f E [1%(s)P.7,, | ds. (3.33)
S¢

(L7 = 1) (I + n*(s0))
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In view of Lemma 3.4 and (3.27), we see that

E[l%s)P1Z, | < 2 f E [;(6 +DP(6) + (8 + Dx(s)P

St

ﬁs,] ds

t

< 2(% VG + 1 | {supE [nZ(s)Iﬁsf] +sup E [Ix(s)lzlgﬂf]}dv

s¢ S¢SV Sps<y
2(% V(6 + 1)

<
B

—L

(L7 = 1) (x(s0)P + 7 (s0)).

Substituting the above estimation to (3.33) and using the Gronwall inequality, one can obtain the
assertion (3.15). O

Now, we are ready to prove Theorem 3.2.

Proof. By the holder inequality and the inequality (a + b)? < a” + b”, p € (0, 1), inequality (3.15)
implies that for any p € (0, 1),

E[ly(0) = x()I"1-75,] < 5g(T, 6,0,1 = so)(|x(so)” + 17 (s¢)). (3.34)
On the other hand, it follows from Lemma 3.5 that for any ¢ > s,,
E [P OLF,,] < [e7070 + §(6, A, Ao, t = sl (s0) + (6, Ao, do, £ = sOlx(se)
which implies that
B[P (00 Fs ] < [77500 4+ 55 (6, A, dout = sOWP(50) + 6, Ao, Aot = solx(sP, (3.35)
where J(é, As, Ao, A) 18 defined as

pEr

LA a—220A
2(A; — A0)(2A + gL)(eﬁ e ). (3.36)

E(é, /127 /10$ A) =

Let x(t,0,6, €) denote the left side of (3.23). It can be seen that for any given € € (0, 1) and
0 > 0, x(1,6,6, €) is a continuous strictly increasing function with respect to (7, 6), and satisfies that
limg_ 10 ¥(0,0,6,€) = € and x(7, 9,0, €) = +0 as (1, 0,0) — (+00, +00,0). Therefore, there exist small
enough positive constants 7, 9, and a sufficient large scalar 6 such that (7, 6,6, €) < 1.

Set T = %, 1= L%J, T =ir,and Ay = %;‘;SZAZ)E) Note that € € (0,1) and M > 1. one has
0< A< % < A;. Moreover, it can be verified that

MeT7 =€, and e POTHT = ¢, (3.37)
Using (3.34)—(3.37), we get

E[Ix(se + T + 17 (se + DIV, | <E|ly(se + T) = x(se + DIPLE | + B|(se + I, |
+ B|n"(sc + DIF, |
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< 3 (1.6,0, TY(x(s)I” + 17 (50)) + Me™T |x(s,)|”

F P 4 556, Ao, Ao, TV (50) + 0 8, . Ao D)l
< X(T’ 6’ 0, 6)(|X(S€)|p + Up(st’))

which means that E[|x(s,+0)|” + 1°(s.+0)] < x(1, 06, 0, €)E[|x(s.)I” + nP(s¢)]. By Lemma 2.2, we conclude
that the zero solution of the event-triggering stochastic systems (2.1)-(2.3)-(3.20)-(3.21) is almost
surely exponentially stable. O

4. Stability verification and emulation control law design

In this section, we present Lyapunov-based conditions for verifying Assumption 2.2 in both the
nonlinear and linear cases, respectively.

For the general nonlinear case, sufficient conditions guaranteeing the exponential moment stability
of the closed-loop system (2.2) are stated as follows.

Proposition 4.1 (Stochastic control Lyapunov function (SCLF) condition). For each mode i € M,
suppose there exists a stochastic control Lyapunov function V; € C*(R X R"; Rs) and constants ¢, > 0,
c; >0, u>0 pe(0,1), g> p, and n; such that c,|x|? < Vi(x) < c;|x|? and, for all x € R", t > 0, one
can choose a control u = k;(x) satisfying

-E‘/l(t’ X, kl(-x)) + O'SCpqnizVi(t’ X) - Cpqr]iq{vi(t’ X, kl(x)) < u‘/l(t’ X), (41)

Vi, v, 0V (t,
where LV!(L X, I/l) = % + #ﬁ(l" X, I/t) + %tr(g;r(t’ X, u)%gl(l‘, X, I/t)) + Z]EM n'lej(t’ )C),
HVi(t, x,u) = %g,{t, x,u), and cpg = 1 — 1%' Then the closed-loop system (2.2) is exponentially

pth-moment stable, and its solution has the following estimate
Elx( < (e2/er)ilxol’e” s 7. 4.2)
Proof. The proof follows similar arguments as those in Theorem 3 of [23] and is therefore omitted. O

It should be noted that Proposition 4.1 provides a constructive criterion: Any Lipschitz feedback
k;(-) that enforces the inequality (4.1) (e.g., via pointwise optimization or a quadratic program)
guarantees Assumption 2.2. Consequently, the control input u can be systematically designed using the
SCLF approach combined with quadratic programming. Furthermore, if the closed-loop system (2.2)
possesses a strict-feedback structure, the stochastic backstepping technique can be employed as an
alternative for constructing the controller.

For the linear case, the system is described by the It6 stochastic differential equation

dX(t) = [AO-(I)X(Z‘) + Bo-(t)lxt(t)] dr + [CO-(I)X(t) + DO-(I)I/!(I)] dW(I), (43)

where A € R™", B e R™" C € R™", D € R™"™ are real matrices, and u(t) is the control input.

We consider the mode-dependent state feedback control u(f) = Ky )x(t), where K;, i € M are
constant matrices. Then, by applying Proposition 4.1, the almost sure stability criterion of the resulting
closed-loop system can be established as stated below.

AIMS Mathematics Volume 10, Issue 9, 21737-21759.



21754

Proposition 4.2 (Stability criterion). If for some prescribed scalars p > 0, u > 0, and n; € R, i € M,
there exist n X n positive definite matrices P;, i € M, such that the following linear matrix inequalities
(LMIs) hold for all i € M:

N
— — — — C — —
am+£a+dﬂq+Zﬁ#y%§ﬁ+@a—%maa+dﬂnm, (4.4)

=1
where A; = A; + BK;, C; = C; + D;K;, and c, = 1 - g, then system (4.3) is almost surely
exponentially stable, and its solution has the estimate (4.2) with ¢ = 2, ¢ = minjep Amin(P;), and
C2 = MaX;em /lmax(Pi)-

Proof. The proof follows Proposition 4.1 and is therefore omitted. O

The following result shows that the aforementioned stability criterion can be used to determine
almost surely exponentially stabilizing control laws.

Proposition 4.3 (Feedback controller design). If for some prescribed scalars p > 0, u > 0, and n; € R,
i € M, there exist n X n positive definite matrices X;, and n,, X n matrices K;, i = 1,2, ..., N, such that

Yiu,p) X.Cr+K'DI Y,
* —X; 0 |<0,ieM, 4.5)

where lPl'(/.l, p) = A,‘X,' + )(114;r + Bil_(i + I_(;TB;T - Cpni(CiXi + X,C;T + Dil_{,‘ + I_(ITD’ZT) + (O5Cp7712 +u+ ﬂii)Xi:
yi = I:\/Tl'l‘lX,' e Vﬂ'i(i—l)Xi \/ﬂ,‘(l‘+1)X,' cen \/ﬂ,‘NX,'], and Xi = diag{Xl, ey X,'_l, Xi+1 ey XN}
Then the feedback control u(t) = K, x(t) with K; = I_(in.‘l is almost surely exponentially stabilized
system (4.3), and the solution x(t) satisfies (4.2) withq = 2, ¢, = L and ¢y = L

max;e p Amax(X7)’ mingep( Amin(X;)

Proof. By using P = X~! and the Schur complement, it can be proven that (4.5) is equivalent to (4.4).
m]

Remark 4.1. It should be noted that once the scalar parameters p > 0, u > 0, and n; € R are specified,
the matrix inequalities (4.4) and (4.5) become LMIs. In practice, we employ a two-step iterative
procedure: First, the scalar parameters u, p, and n; are fixed within reasonable ranges, and then the
resulting conditions reduce to LMIs in the matrix variables P; or X;, which can be efficiently solved
using standard LMI solvers. By scanning the scalar parameters, feasible solutions to the coupled
inequalities can be obtained.

5. Numerical examples

Example 5.1 (Stabilization by noise). Consider the Markovian jump system (4.3) with the parameters:

el e el

0 -15 1 05 1 -1
1 0 .
D1_|:0:|7D2_|:1:|’Bi_ci_0’l_1’2’
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and the switching signal {o"(r) € M = {1, 2}},5¢. Figure 2a shows that the sample path trajectory of the
open-loop system is unstable. Moreover, the controller acts only on the diffusion term. The existing
results of the event-triggered control, e.g., [7,8,20], are not applicable to such systems. By solving the
linear matrix inequalities (4.5) with the choice p = 1073, u=0.5,n =18,and n, = —1.9, we have the
gain matrices: K, = |1.1074 0.6873|, K, = [-0.7256 —1.0928|, and the parameters c; = 3.42x10*
and ¢, = 2.40 x 1073, Therefore, Theorem 3.1 (resp. Theorem 3.2) ensures the existence of a periodic
event-triggering controller (2.3) with a static ETM (3.1) (resp. a dynamic ETM (3.20)—(3.21)) that
stabilizes the stochastic hybrid system (2.1) in the almost sure sense. In fact, one can verify that the
conditions of Theorem 3.2 hold with 7 = 1073%, § = 107192, [, = 1.8251, L, = 1.3088, 6 = 10",
A, =025, 2, = 1,and € = 1 — 107°. Nevertheless, it should be emphasized that the comparison system
method for designing event-triggering parameters is rather conservative. Indeed, when the parameters
of ETM (3.20)—(3.21) are instead chosen as 7 = 0.001, 6 = 0.01, 8 = 1, 4; = 0.5, 1, = 0.1, with
initial conditions xy = (1,—1.5)" and oy = 1, the simulation results in Figure 2 demonstrate that both
the sample-path solution of the closed-loop system and the trajectory of the auxiliary variable 7(z) still
converge to the origin.
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-700
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nit)

05

Inter-event time

0.4

N\ bl

0 5 10 15 20 0 5 10 15
Time (sec.) Time (sec.)

(©) (d)
Figure 2. Simulation for Example 5.1: (a) State response of the open-loop system; (b) state
response of the closed-loop system; (c) state response of 7(¢); and (d) inter-event times.

0

Example 5.2 (Disturbance by noise). Consider a single-link robot arm [24] described by the following
dynamic equation:

Jo (1) + Mg L sin(q(1)) + D()q(1) = u(r) (5.1
where ¢(¢) and u() are the angle position of the arm and the control input, respectively. M, is the mass
of the payload, J,, is the moment of inertia, g is the acceleration of gravity, L is the length of the arm,
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and D(t) is the coefficient of viscous friction interfered by white noise, satisfying D(¢) = Dy + D, &(1),
where the nominal value Dy = 2, D,, is the noise intensity, and &(¢) is Gaussian while noise that satisfies
fot &(s)ds = w(t), t > 0. Moreover, the behavior of o(¢) is modeled as Markov chain with three different

-3 05 25
states with generator: [ = 1 -2 1 |. The parameters g =9.81, L =0.5,J; = M;,i =1,2,3, and
07 03 -1

the values of Ji, J,, J5 are given by 1, 5, and 10, respectively.
By introducing the variable changes: x,(f) = ¢(f), x,(t) = ¢(t), system (5.1) can be written

as system (2.1) with fi(t,x,u) = | _ @ sin (xl))cz— DT? ot Jl y and g;(t,x,u) = [_ 133 )Q]' Clearly,
Assumption 2.1 holds with L; = 5.3109. Choose u(t) = K, x;(?) in which K; = -0.13, K; = -0.54,
and K3 = —0.65, then it can be verified that Assumption 2.2 holds. By applying Theorem 3.2 with the
choices 7 = 1072, § = 1071, L, = 53109, L, = 0.65, 0 = 10", e = 1 -107%, 4, = 2.5 x 10°,
and A, = 1, it can be verified that inequality (3.23) holds. Therefore, there exists a periodic event-
triggered control law designed in (2.3) with the dynamic ETM (3.20)—(3.21) such that system (5.1) can
be almost surely stabilized. On the other hand, when the parameters are chosen as 7 = 0.01, 6 = 0.2,
6 =1,1, =0.1,and A, = 1, the simulation results are shown in Figure 3, indicating that the trajectories
of system (5.1) still converge to the origin. This demonstrates that the theoretical conditions derived in
Theorem 3.2 are conservative, and in practice, much less restrictive parameter choices are sufficient to

guarantee stabilization.

0 5 10 15 20 25 0 5 10 15 20 25
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Figure 3. Simulation for Example 5.2: (a) state response of x(¢); (b) switching signals; (c)
state response of 7(#); (d) inter-event times.
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6. Conclusions

This paper has shown that there exist static and dynamic periodic event-triggered asynchronous
controllers such that the hybrid stochastic system driven by the continuous-time Markov chain and
Brownian motion is almost surely exponentially stable as long as the corresponding continuous-time
feedback control system is almost surely exponentially stable, and the sampling period and event-
triggering parameters are small enough. Furthermore, the proposed PETC strategies can incorporate
the positive effects of stochastic noises and can be used to solve stochastic stabilization problems in
the presence of sampled measurements. Several promising directions for future research are worth
pursuing, including (i) extending the proposed framework to broader classes of stochastic systems,
such as impulsive systems [25], (i1) developing approaches to reduce conservatism by exploiting
local Lipschitz properties, and (iii) integrating event-triggered strategies with learning-based control
methods.
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