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Abstract: As known, coral reefs have important economic and social value, but they are damaged
by various environmental factors worldwide. In this work, a delayed coral reefs system with white
noise and Lévy jumps are studied. First, we examine the existence problem using Lyapunov analysis
methods. Then, from a stochastic analysis technique, we studied the problems for the stochastics
persistence and extinction. Furthermore, conditions for stochastic bounded in mean were obtained.
Our results indicated that large noise intensity was not conducive to populations. The above results
may help us better understand the macroalgae and coral reef dynamics in the fluctuating environments.
The most important findings of this article are that we studied a variable coefficient coral reef model
under various random disturbances and identified the impact of random perturbation and Lévy jump
on the dynamic properties of the system. Finally, five numerical simulations are presented to check the
obtained results.
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1. Introduction

Coral reefs are a type of structure formed by animals of the Caryophyllaceae order. It is widely
present in deep and shallow waters, and has important aesthetic and commercial value. Furthermore,
it plays a significant role in resisting coastal storms and protecting fisheries. Coral reefs contain
abundant oil and gas resources, and the diverse corals can be used as decorative crafts. Many reef
areas have been developed as tourist destinations, and many countries rely on it to generate economic
income [1–4]. There are two major reasons for the destruction of coral reefs: First, natural disasters,
such as hurricanes, tsunamis, earthquakes, and volcanic eruptions; the second is human destruction,
such as overfishing, oil and gas development, and pollution emissions. Therefore, many scholars are
concerned about the protection and rational development of coral reefs. Thus, the establishment of
coral reef models and the study of their dynamic mechanisms have important practical value.
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In 2007, Mumby et al. [1] introduced a coral reef model

w′(t) = w(t)
(
a − aw(t) + (b − a)z(t) −

c
1 − z(t)

)
,

z′(t) = z(t)
(
e − d − (b + e)w(t) − ez(t)

)
,

(1.1)

where w(t) denotes coverage of macroalgae, z(t) denotes coverage of corals, and b < d < a < r <
2a, 0 < c < a,
• a represents speed which large algae grow on grass;
• b represents speed that the corals are overgrown by macroalgae;
• c denotes the rate at which large algae are eaten by parrot fish;
• e denotes the rate that coral reproduces on grass;
• d denotes mortality value of corals.

In [5], the authors studied basic properties of system (1.1) including the nonexistence and the
dissipativity of limit cycles. Considering the inherent time delay, system (1.1) can be changed into
the following delay model:

w′(t) = w(t)
(
a − aw(t) + (b − a)z(t)

)
−

cw(t − υ)
1 − z(t − υ)

,

z′(t) = z(t)
(
e − d − (b + e)w(t) − ez(t)

)
,

(1.2)

here υ > 0 is delay. They further discussed the dynamics of the equilibrium in the linearized equation
of system (1.2).

Consider uncertainties from the recycle, let a→ a+σ1dB(t) and e→ e+σ2dB(t), then system (1.1)
is changed into the form:

dw(t) = w(t)
(
a − aw(t) + (b − a)z(t) −

c
1 − z(t)

)
dt + σ1w(t)dB(t),

dz(t) = z(t)
(
e − d − (b + e)w(t) − ez(t)

)
dt + σ2z(t)dB(t),

(1.3)

where B(t) denotes the 1−dimensional Brownian motion. Huang [6] discussed permanence and
ergodicity of system (1.3) using Lie algebra and the geometric analysis method. Stochastic population
systems consider only the influence of white noise and cannot accurately reveal the complex dynamic
mechanisms of the population. As pointed out by the researchers in [7, 8], using a Lévy process
can overcome these limitations in stochastic population systems. In fact, the sudden stochastic
environmental disturbances can be described by Lévy noise. In recent years, many results for
population ecosystems with the effects of Lévy noise have been obtained, such as a stochastic
population system with Allee impact by Lévy noise [9]; stochastic neural network by Lévy noise [10];
stochastic population system with age-dependent [11]; and Lotka-Volterra model with random noises
and delay [12]. For more two-dimensional, multi-dimensional and multi-noise problems, see [13–15].

Inspired by the above studies we investigate a non-autonomous random coral reefs model with
delays and Lévy noises:
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dx =x(t−)
(
γ(t) − γ(t)x(t−) − β1(t)y(t−)

)
dt −

g(t)x(t− − κ(t))
1 − y(t− − κ(t))

dt

+ σ1(t)x(t−)dB1(t) +
∫
Y

x(t−)γ1(t, v)M̃(dt, dv),

dy =y(t−)
(
β2(t) − β3(t)x(t−) − r(t)y(t−)

)
dt

+ σ2(t)y(t−)dB2(t) +
∫
Y

y(t−)γ2(t, v)M̃(dt, dv),

(1.4)

where the parameter functions γ, β j, g, σi, κ, and r are positively continuous functions. x(t−) denotes
the left limit of x, y(t−) denotes the left limit of y, and M denotes a Poisson numeration measure. The
M̃ and δ are defined on a measurable subset Y of (0,∞) with δ(Y) < ∞, and M(dt, dv) − δ(dv)dt =
M̃(dt, dv), γi(t, v) : Y × Ω (i = 1, 2) is continuous and is B(Y) ×Gt-measurable. In view of biological
meanings, the intensities of Lévy noises should be taken as a smaller value. System (1.4) satisfies the
following initial condition:

ξ = (x(s), y(s)) ∈ C([−κ+, 0],R2
+), (1.5)

where C([−κ+, 0],R2
+) denotes a continuous function space. For the biologic significance of

system (1.4), y and x satisfy conditions:

Γ = {(x, y) : x < 1 − y, x, y > 0}.

Furthermore, we need the following assumptions:
(H1) 1 + γi(s, v) > 0,

∫
Y
| ln(1 + γi(s, v))| ∨ | ln(1 + γi(s, v))|2µ(dv) ≤ c1 for s ≥ 0 and v ∈ Y, i = 1, 2,

where c1 > 0 is a constant.
(H2) κ′(s) < 1 for s ≥ 0.

Let R2
+ = {(ζ, η) ∈ R

2 : ζ, η > 0} and (Θ,G, {Gt)}t≥0, P) be a complete probability set with a σ−field
filtration {Gt}t≥0 fulfilling the standard conditions. For an integral function ϑ on [0,∞), denote

⟨ϑ(u)⟩ =
1
u

∫ u

0
ϑ(τ)dτ, ⟨ϑ(u)⟩− = inf

1
u

∫ u

0
ϑ(τ)dτ, ⟨ϑ(u)⟩+ = sup

1
u

∫ u

0
ϑ(τ)dτ.

For a function ϑ on [0,∞), denote ϑ+ = supτ≥0 ϑ(τ), ϑ− = infτ≥0 ϑ(τ).
The differences between the results of this article and existing results, as well as the innovations of

this article, are as follows:
(1) We study for the first time, the dynamic properties of a variable coefficient coral reef model under
random disturbances.
(2) We find that the white noises and Lévy noises have an important impact on the population system.
(3) We develop stochastic analysis techniques to study complex systems, and the above methods have
good reference value for studying other stochastic dynamical systems.

The arrangement of the following parts of this article is as follows: In Section 2, we give the
existence and uniqueness for the global positive solution by using Lyapunov analysis methods. In
Section 3, we give the stochastic extinction and persistence in mean. Stochastic bounded in the mean
are obtained in Section 4. In Section 5, we give five examples for verifying our results. We draw some
conclusions in the final part.
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2. Existence

In this part, by the Lyapunov analysis methods [16–18], we obtain some existence results for
system (1.4).

Theorem 2.1. Suppose that (H1)–(H2) and (1.5) satisfy. Then, system (1.4) has unique solution (x, y)
on t ≥ 0, and the solution will stay on R2

+ with probability 1.

Proof. Since local Lipschitz condition holds for the coefficients of system (1.4), and (x(s), y(s)) ∈
C([−κ+, 0],R2

+), system (1.4) has the unique positive solution (x, y) for t ∈ [−κ+, κe), here κe represents
the stopping time. Let n0 be large enough, then initial values x(s), y(s) ∈ [ 1

n0
, n0]. For any positive

integer n > n0, let the stopping time be

γn = inf
{
t ∈ [−κ+, κe) : x(t) < (

1
n
, n) or y(t) < (

1
n
, n)
}
.

If γ∞ = ∞, then κe = ∞. Hence, we should show that γ∞ = ∞. Assume that γ∞ , ∞. For ς ∈ (0, 1)
and Γ > 0, we have P(γ∞ ≤ Γ) > ς. Then, for n1 ≥ n0, we get

P(γn ≤ Γ) ≥ ς for all n ≥ n1. (2.1)

LetV(x, y) ∈ C2(R2
+,R+) be

V(x, y) = x
1
2 − 1 − 0.5 ln x + y

1
2 − 1 − 0.5 ln y +

0.5
|1 − κ′(t)|−

∫ t

t−κ(t)

g(t)x(ν)
x(t)(1 − y(ν))

dν.

V is nonnegative. By (1.4), we get

dV(x, y) =LVdt + 0.5
(
x0.5 − 1

)
σ1dB1(t)

+ 0.5
(
y0.5 − 1

)
σ2dB2(t)

+

∫
Y

[
(ln(1 + γ1(t, v))

1
2 − 1)x

1
2 − 0.5 ln(1 + γ1(t, v))

]
M̃(dt, dv)

+

∫
Y

[
(ln(1 + γ2(t, v))

1
2 − 1)y

1
2 − 0.5 ln(1 + γ2(t, v))

]
M̃(dt, dv),

(2.2)
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where

LV =
1
2
(
x0.5 − 1

)(
γ − γx − β1y −

gx(t − κ(t))
x(1 − y(t − κ(t)))

)
+ 0.125

(
− x0.5 + 2

)
σ2

1

+

∫
Y

[
((1 + γ1(t, v))

1
2 − 1 − 0.5γ1(t, v))x

1
2 − 0.5(γ1(t, v) − ln(1 + γ1(t, v)))

]
δ(dv)

+ 0.5
(
y0.5 − 1

)(
β2 − β3x − ry

)
+ 0.125

(
− y0.5 + 2

)
σ2

2

+

∫
Y

[
((1 + γ2(t, v))

1
2 − 1 − 0.5γ2(t, v))y

1
2 − 0.5(γ2(t, v) − ln(1 + γ2(t, v)))

]
δ(dv)

+
0.5

|1 − κ′(t)|−
g(t)x(t)

x(t)(1 − y(t))
−

0.5(1 − κ′(t))
|1 − κ′(t)|−

g(t)x(t − κ(t))
x(t)(1 − y(t − κ(t)))

≤ − 0.5γ−x1.5 + 0.5γ+x0.5 + 0.5(γ+ + β+3 )x + 0.5(β+1 + r+)y + 0.25(σ2
1)+

− 0.5r−y1.5 + 0.5r+y0.5 + 0.25(σ2
2)+ +

0.5g+

|1 − κ′(t)|−
x−1

+ 0.5
∫
Y

(|γ1(t, v)| + | ln(1 + γ1(t, v))|)δ(dv)

+ 0.5
∫
Y

(|γ2(t, v)| + | ln(1 + γ2(t, v))|)δ(dv)

≤C,

(2.3)

where C is a constant. The following proof is similar to those in [19–22]. For the convenience of
readers’ understanding, we provide detailed proof. From (2.2) and (2.3), we have∫ γn∧Γ

0
dV ≤

∫ γn∧Γ

0
Cdt +

∫ γn∧Γ

0

[
0.5
(
x0.5 − 1

)
σ1dB1(t) + 0.5

(
y0.5 − 1

)
σ2dB2(t)

]
dt

+

∫ γn∧Γ

0

∫
Y

[
(ln(1 + γ1(s, v))

1
2 − 1)x

1
2 − 0.5 ln(1 + γ1(s, v))

]
M̃(ds, dv)dt

+

∫ γn∧Γ

0

∫
Y

[
y

1
2 (ln(1 + γ2(s, v))

1
2 − 1) − 0.5 ln(1 + γ2(s, v))

]
M̃(ds, dv)dt.

Whence taking the expectation leads to

EV(x(γn ∧ Γ), y(γn ∧ Γ)) ≤ V(x(0), y(0)) + E
∫ γn∧Γ

0
Cdt

≤ C̃ + ΓC.
(2.4)

For n ≥ n1, let Ωn = {γn ≤ Γ}. Based on (2.1), then P(Ωn) ≥ ς. For each χ ∈ Ωn, x(γn, χ) and y(γn, χ)
equals n or 1

n . Hence, we have

V(x(γn ∧ Γ), y(γn ∧ Γ)) ≥
(
n − 1 − ln n

)
∧

(1
n
− 1 − ln

1
n

)
. (2.5)

From (2.4) and (2.5), we have

C̃ + ΓC ≥ E
[
1ΩnV(x(γn ∧ Γ), y(γn ∧ Γ))

]
≥ ε
(
n − 1 − ln

1
n

)
∧

(1
n
− 1 − ln n

)
,
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where 1Ωn denotes a indicator mapping for Ωn. For n→ ∞, we get the contradiction∞ > C̃ +ΓC = ∞.
Hence, γ∞ = ∞ almost surely. System (1.4) has a unique positive solution.

3. Persistence and extinction

In this part, we are devoted to considering the stochastic persistence and extinction in the mean for
system (1.4). For the convenience of proof, we list the following notations:

∆1 = γ
+ −

(σ2
1)−

2
+

[ ∫
Y

(ln(1 + γ1(s, v)) − γ1(s, v))δ(dv)
]+
,

∆2 = β
+
2 −

(σ2
2)−

2
+

[ ∫
Y

(ln(1 + γ2(s, v)) − γ2(s, v))δ(dv)
]+
,

∆̂2 = γ
− −

(σ2
2)+

2
+

[ ∫
Y

(ln(1 + γ2(s, v)) − γ2(s, v))δ(dv)
]−
,

Mi(t) =
∫ t

0
σidBi(s), Θi(t) =

∫ t

0

∫
Y

ln(1 + γi(s, v))M̃(ds, dv), i = 1, 2.

Definition 3.1. [23, 24]
(1) The ν(τ) is extinct if limτ→∞ ν(τ) = 0 almost surely.
(2) The ν(τ) is strongly persistent in the mean if limτ→∞⟨ν(τ)⟩− = 0 almost surely.
(3) The ν(τ) is weakly persistent in the mean if limτ→∞⟨ν(τ)⟩+ = 0 almost surely.

Theorem 3.1. Suppose that assumptions (H1)-(H2) are satisfied. The solution (x, y) ∈ R2
+ of (1.4) exists

asymptotic behaviors:
(1)

lim
τ→∞

sup
1
τ

ln x(τ) ≤ ∆1 almost surely

and

lim
τ→∞

sup
1
τ

ln y(τ) ≤ ∆2 almost surely.

(2) If ∆1 < 0, then
lim
τ→∞

x(τ) = 0 almost surely.

If ∆2 < 0, then
lim
τ→∞

y(τ) = 0 almost surely.

(3) If ∆1 > 0, then

lim
τ→∞
⟨x(τ)⟩+ ≤

∆1

γ−
almost surely.

If ∆2 > 0, then

lim
τ→∞
⟨y(τ)⟩+ ≤

β+2β
+
3∆2

β−2
.
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(4) If ∆̂2 >
β+3∆1

γ−
, we obtain that

lim
τ→∞
⟨y(τ)⟩− ≥

∆̂2γ
− − β+3∆1

r+γ−
almost surely.

Proof. Using the first equation of (1.4), then

ln x(t) = ln x(0) +
∫ t

0

[
γ(τ) − γ(τ)x(τ) − β1(τ)y(τ) −

g(τ)x(τ − κ(τ))
x(τ)(1 − y(τ − κ(τ)))

− 0.5σ2
1(τ) +

∫
Y

(ln(1 + γ1(τ, v)) − γ1(τ, v))δ(dv)
]
dτ

+

∫ t

0
σ1dB1(s) +

∫ t

0

∫
Y

ln(1 + γ1(τ, v))M̃(dτ, dv).

(3.1)

By (3.1) we have
ln x(t)⧸x(0)

t
≤ ∆1 +

M1(t) + Θ1(t)
t

. (3.2)

From the theorem in [25] and (3.2), then

lim
τ→∞

M1(τ)
τ
= 0 and lim

τ→∞

Θ1(τ)
τ
= 0.

Thus, it follows by (3.1) that

1
t

ln x(t) ≤ ∆1 +
ln x(0) + M1(t) + Θ1(t)

t
. (3.3)

In view of (3.3), then

lim
τ→∞

sup
ln x(τ)
τ
≤ ∆1 almost surely.

If ∆1 < 0, then
lim
t→∞

x(t) = 0 almost surely.

If ∆1 > 0, in view of Lemma 2 in [26], then

lim
t→∞
⟨x(t)⟩+ ≤

∆1

γ−
almost surely.

From the second equation of (1.4), then

ln y(t) = ln y(0) +
∫ t

0

[
β2(τ) − β3(τ)x(τ) − r(τ)y(τ)

− 0.5σ2
2(τ) +

∫
Y

(ln(1 + γ2(τ, v)) − γ2(τ, v))δ(dv)
]
dτ

+

∫ t

0
σ2dB2(τ) +

∫ t

0

∫
Y

ln(1 + γ2(τ, v))M̃(dτ, dv).

(3.4)

By (3.4), then
ln y(t)⧸y(0)

t
≤ ∆2 +

M1(t) + Θ1(t)
t

. (3.5)
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Thus,

lim
τ→∞

M2(τ)
τ
= 0, lim

τ→∞

Θ2(τ)
τ
= 0.

By (3.5), then
1
t

ln y ≤ ∆2 +
ln y(0) + M2(t) + Θ2(t)

t
. (3.6)

Taking the limit on both sides of (3.6), we can derive

lim
τ→∞

sup
1
τ

ln y(τ) ≤ ∆2 almost surely.

If ∆2 < 0, then
lim
τ→∞

y(τ) = 0.

On the other hand, if ∆2 > 0, in view of Lemma 2 in [26], then

lim
t→∞
⟨y(t)⟩+ ≤

β+2β
+
3∆2

β−2
almost surely.

By (1.4), then
ln y⧸y(0)

t
≥ ∆̂2 − β

+
3 ⟨x⟩

+ − r+⟨y⟩ +
M2(t) + Θ2(t)

t
. (3.7)

From ∆̂2 −
β+3∆1

γ−
> 0, (3.7), Lemma 2 in [26], then

lim
τ→∞
⟨y(τ)⟩− ≥

∆̂2γ
− − β+3∆1

r+γ−
.

4. Stochastic boundedness

Theorem 2.1 gives a good foundation for us to further discuss the stochastivs bounded in mean of
solutions.

Theorem 4.1. Assume that assumptions (H1)-(H2) satisfy and p > 0. The solution (x, y) ∈ R2
+ of

system (1.4) has asymptotic properties:

lim
t→∞

supExp(t) ≤ L1(p)

and
lim
t→∞

supEyp(t) ≤ L2(p),

where L1(p) and L2(p) are positive constants.

Proof. Define the function V1(x) = xp. By (1.4), we drive

E(etxp) = V1(x(0)) + E
∫ t

0
eτ
[
V1(x(τ)) +LV1(x(τ))

]
dτ,

AIMS Mathematics Volume 10, Issue 9, 21193–21208.
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here

LV1 =pxp
(
γ − γx − β1y −

gx(t − κ(t))
x(1 − y(t − κ(t)))

−
1 − p

2
σ2

1

)
+

∫
Y

[
(1 + γ1(t, v))p − 1 − pγ1(t, v)

]
δ(dv)xp.

Thus,

V1(x(τ)) +LV1(x(τ)) ≤ −pγ(τ)xp+1 +

[
pγ(τ) + 1 +

p(p − 1)
2

σ2
1(τ)
]
xp ≤ L1(p).

Further, we have

E(etxp) ≤ V1(x(0)) + E
∫ t

0
esL1(p)ds = V1(x(0)) + L1(p)(et − 1),

which generates the assertion

lim
t→∞

supExp(t) ≤ L1(p).

Define the function V2(y) = yp. By (1.4), then

E(etyp) = V2(y(0)) + E
∫ t

0
eτ
[
V2(y(τ)) +LV2(y(τ))

]
dτ,

where

LV2 =pyp
(
β2 − β3x − ry −

1 − p
2
σ2

2

)
+

∫
Y

[
(1 + γ2(t, v))p − 1 − pγ2(t, v)

]
δ(dv)yp.

Thus,

V2(y(τ)) +LV2(y(τ)) ≤ −pr(τ)yp+1 +

[
pβ2(τ) + 1 + 0.5p(p − 1)σ2

2(τ)
]
yp ≤ L2(p).

Furthermore, we have

E(etyp) ≤ V2(y(0)) + E
∫ t

0
esL2(p)ds = V2(y(0)) + L2(p)(et − 1),

which generates the assertion

lim
t→∞

supEyp(t) ≤ L2(p).
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5. Numerical examples

In this part, we use the method provided in [27] to provide numerical solutions for system (1.4).
System (1.4) can be discretized into the following system

xk+1 − xk =xk
(
γ(k∆τ) − γ(k∆τ)xk − β1(k∆τ)yk

)
∆τ −

g(k∆τ)xk(k∆τ − κ(k∆τ))
1 − yk(k∆τ − κ(k∆τ))

∆τ

+ σ1(k∆τ)xk(∆τ)
1
2 ξk +

σ2
1(k∆τ)

2
(xk)2(ξ2

k∆t − ∆τ),

xk+1 − xk = xk
N(tk+1)∑

j=N(tk)+1

h1(Y1 j),

yk+1 − yk =yk
(
β2(k∆τ) − β3(k∆τ)xk − r(k∆τ)yk

)
∆τ

+ σ1(k∆τ)yk(∆τ)
1
2 ξk +

σ2
2(k∆τ)

2
(yk)2(ξ2

k∆τ − ∆τ),

yk+1 − yk = +yk
N(tk+1)∑

j=N(tk)+1

h2(Y2 j),

where k = 1, 2, · · · , ξk is a Gaussian random variable with satisfying standard distribution N(0, 1),and
γi is Lévy noise intensity. Here, we let lnYi j = yi j ∼ γiN(0, 1) with hi(Yi j) = Yi j − 1, N(tk) are
counting Poisson course, M(t) is equivalent to P(δ∆t). In the system (1.4), taking the coefficients as
follows:

γ = 0.5 + 0.1 sin
t
3
, β1 = 0.3 + 0.01 cos

πt
2
, β2 = 0.5 + 0.1 cos

πt
3
,

β3 = 0.2 + 0.01 sin
πt
4
, r = 0.7 + 0.001 cos

πt
5
, g = 0.5 + 0.01 sin

πt
2
,

κ(t) = t − 0.1 sin t, Y = (0,∞), δ(Y) = 1.

We have
γ− = 0.4, γ+ = 0.6, β+2 = 0.6, β−2 = 0.4, β+3 = 0.21.

Example 5.1. Letσ1 = 0.25+0.05 sin t
2 , σ2 = 6.5+0.02 sin t

3 , γ1 = γ2 = 0.12. By simple computation,
we have σ−1 = 0.2, σ−2 = 6.48. Thus,

∆1 = γ
+ − 0.5(σ2

1)− +
[ ∫
Y

(ln(1 + γ1(s, v)) − γ1(s, v))δ(dv)
]+
≈ 0.46

and
∆2 = β

+
2 − 0.5(σ2

2)− +
[ ∫
Y

(ln(1 + γ2(s, v)) − γ2(s, v))δ(dv)
]+
≈ −20.51 < 0.

It follows by Theorem 3.1 that the solution (x, y) of (1.4) has the asymptotic property:

lim
τ→∞
⟨x⟩+ ≤

∆1

γ−
= 1.15, lim

τ→∞
y = 0.

Figure 1a,b verifies the above results.
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Example 5.2. Letσ1 = 5.22+0.01 sin t
2 , σ2 = 0.2+0.03 sin t

3 , γ1 = γ2 = 0.15. By simple computation,
we have σ−1 = 5.21, σ−2 = 0.17. Thus,

∆1 = γ
+ − 0.5(σ2

1)− +
[ ∫
Y

(ln(1 + γ1(s, u)) − γ1(s, u))δ(du)
]+
≈ −13.12 < 0

and
∆2 = β

+
2 − 0.5(σ2

2)− +
[ ∫
Y

(ln(1 + γ2(s, u)) − γ2(s, u))δ(du)
]+
≈ 4.48 > 0.

It follows by Theorem 3.1 that the solution (x, y) of (1.4) has the asymptotic behaviors:

lim
t→∞
⟨y(t)⟩+ ≤

β+2β
+
3∆2

β−2
= 1.41, lim

τ→∞
x(τ) = 0.

Figure 2a,b verifies the above results.

Example 5.3. Let σ1 = 4 + 0.05 sin t
2 , σ2 = 5 + 0.02 sin t

3 , γ1 = γ2 = 0.5. By simple computation, we
have σ−1 = 3.95, σ−2 = 4.98. Thus,

∆1 = γ
+ − 0.5(σ2

1)− +
[ ∫
Y

(ln(1 + γ1(s, u)) − γ1(s, u))δ(du)
]+
≈ −7.8 < 0

and
∆2 = β

+
2 − 0.5(σ2

2)− +
[ ∫
Y

(ln(1 + γ2(s, u)) − γ2(s, u))δ(du)
]+
≈ −12.3 < 0.

It follows by Theorem 3.1 that the solution (x(t), y(t)) of system (1.4) has the asymptotic property:

lim
t→∞

x(t) = 0, lim
t→∞

y(t) = 0 almost surely.

Figure 3a,b verifies the above results.
From Figures 1–3, when the external environment is harsh (the densities of white noises and Lévy

noise are very high), it will go extinct. Hence, the density of external disturbance has a direct impact
on the survival of populations. In order for coral reefs to survive for a long time, humans should create
a favorable environment.

Example 5.4. Let σ1 = 0.02+ 0.01 sin t
5 and σ2 = 0.03+ 0.02 sin t

2 . Furthermore, choose Lévy noises
γ1 = γ2 = 0.01. It can be seen that all conditions of Theorem 4.1 hold. Based on Theorem 4.1, (1.4)
has a non-trivial solution that is stochastic bounded in mean. Figure 4a,b verifies the above results.

Example 5.5. Let σ1 = 0.03 + 0.01 sin t
3 and σ2 = 0.04 + 0.02 sin t

2 . Furthermore, choose Lévy
noises γ1 = γ2 = 0. All conditions of Theorem 4.1 hold. Based on Theorem 4.1, (1.4) has a non-trivial
solution that is stochastic bounded in the mean. Figure 5a,b verifies the above results.

Remark 5.1. In Figure 1a, when the rate γ of macroalgae spread is high, σ1 and γ1 are low, the
macroalgae x is surviving. In Figure 1b, when the rate r of corals recruit is low, σ2 and γ2 are high,
the corals y are extinct. In Figure 2a, when the rate γ of macroalgae spread is low, σ1 and γ1 are high,
the macroalgae x is extinct. In Figure 2b, when the rate r of corals recruit is high, σ2 and γ2 are low,
the corals y are surviving. In Figure 3a, when the rate γ of macroalgae spread is low, σ1 and γ1 are
high, the macroalgae x is extinct. In Figure 3b, when the rate r of corals recruit is low, density σ2 of

AIMS Mathematics Volume 10, Issue 9, 21193–21208.



21204

white noise and Lévy noise γ2 are high, the corals y are extinct. In Figure 4a,b, when σ1, σ2, γ1, and
γ2 are all sufficiently small, all assumptions of Theorem 4.1 are satisfied, and the macroalgae x and the
corals y are stochastic bounded in mean. In Figure 5a,b, the dynamical mechanism of solution to (1.4)
without Lévy noise can be found.

0 100 200 300 400 500
0

0.2

0.4

0.6

0.8

t

x(
t)

a

0 100 200 300 400 500
0 

0.2

0.4

0.6

0.8 

t

y(
t)

b

Figure 1. The numerical simulation of the stochastic path of system (1.4) using the
parameters of Example 5.1.
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Figure 2. The numerical simulation of the stochastic path of system (1.4) using the
parameters of Example 5.2.
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Figure 3. The numerical simulation of the stochastic path of system (1.4) using the
parameters of Example 5.3.
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Figure 4. The numerical simulation of the stochastic path of system (1.4) using the
parameters of Example 5.4.
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Figure 5. The numerical simulation of the stochastic path of system (1.4) using the
parameters of Example 5.5.

6. Conclusions

In this paper, an extension of the delayed coral reefs model with stochastic disturbances originally
developed in [3] was derived to explore the impacts of environmental noises on the populations
dynamic mechanism. In spite of population systems with Lévy noises were reported in the papers,
a delayed coral reef model taking into account the impacts of stochastic disturbances has been rarely
considered. Therefore, we study the influences of stochastic disturbances on the dynamic mechanism
of a coral reef model. We first show the existence results. Next, we study the stochastic extinction,
persistence, and stochastic bounded in mean, which are of great significance for the coral reef
model. The numerical examples indicate that white noises and Lévy noises have a great influence
on population dynamics in the aquatic environments.

In fact, when system (1.4) with only white noises or only Lévy noise or both, it can be found that
the persistence of the coral reef model remains unchanged with the weak noise intensities ( [5, 6]).
For the strong noise intensities, coral reefs and macroalgae are the stochastic extinction ( [2, 3]). Our
results indicate that the weak white noises or Lévy noises could not affect the stochastic persistence
of the system. Although we obtained rich dynamic properties of system (1.4), there are no results on
the system’s ergodicity and system (1.4) with Markov processes. In a future study, we will conduct
research on these aspects.
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