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1. Introduction

Fractional differential equations (¥ D&s) have gained substantial popularity in recent decades due
to their ability to model a variety of physical, chemical, and engineering processes. ¥ DEs initially
emerged within the framework of dynamic systems and control theory, where they are used to describe
controllers and regulated systems. Their increasing relevance is also driven by novel applications in
modeling physical systems, such as the simulation of rheological materials that exhibit both dissipative
and elastic behavior. For additional applications of ¥ D&Es, see [1-3]. Fractional differential equations
are important for understanding complex physical phenomena. According to Mainardi [4], fractional
calculus helps describe linear viscoelastic materials, where the current response of these materials is
influenced by their past behavior, a phenomenon known as memory effects.

Recent studies [5-7] have explored advanced mathematical models to analyze fluid flow and wave
propagation phenomena, incorporating effects such as thermal delay, electromagnetic fields, and
nonlocal elasticity. In the field of control theory, Zhang et al. [8] proposed a robust fault-tolerant
scheme for attitude stabilization in spacecraft based on Lyapunov methods, while Wang et al. [9]
developed a consensus approach for fuzzy fractional-order multi-agent systems. Collectively, these
works reflect the growing interest in modeling complex physical and engineering systems using
generalized and memory-based frameworks-challenges also addressed in this study through the
fractional modeling of Basset-type equations with Caputo—Fabrizio derivatives.

The Basset equation is fundamental in mathematical physics, and its application appears in the
dynamics of a sphere immersed in an incompressible viscous fluid. This is a classical problem with
notable applications in material sciences, as well as in the study of geophysical flows. A particularly
important aspect is the study of a sphere subjected to gravity, which was first presented by Basset [10]
and later extended in [11], where a special hydraulic force known as “Basset’s force” was introduced.
Mainardi [12, 13] identified the generalized Basset’s force by examining Basset’s force in terms of a
fractional derivative of order % of the particle’s velocity with respect to the fluid. For more details about
the Basset equation, see [14—16].

In modern applied mathematics and engineering, fixed-point methods play a crucial role in solving
nonlinear problems, optimizing iterative algorithms, and modeling dynamic systems. Key fixed-point
theorems provide rigorous criteria for the existence, uniqueness, and stability of solutions to fractional
differential equations, which are essential for applications in control theory, signal processing, and
fluid dynamics. Recent advances in this field are well-documented, with significant contributions such
as [17-19]. Initial and boundary value problems together with Ulam stability for various fractional
derivatives have been examined in [20-22]. The solution and Ulam-Hyers—Rassias stability of
boundary value problems involving both Caputo fractional and standard derivatives were investigated
by Castro and Silva [23], which ensures important properties around the exact solution.

The Basset problem describes the Lagrangian acceleration of a spherical particle in an unsteady
flow, combining viscous forces, gravitational force, buoyancy, virtual mass, and Basset forces. While
widely applied, the fundamental solution’s properties remained unknown. The authors in [24]
established the global existence and uniqueness of solutions for the fractional
Basset—Boussinesq—Oseen equation within a partially ordered Banach space, along with an easily
implementable approximation method. These results were later improved in [25] by relaxing the
initial conditions and verifying a new existence and uniqueness theorem under weaker conditions.
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More specifically, the well-posedness of the Basset problem in spaces of smooth functions was
demonstrated by Ashyralyev [26]. Cona [27] presented a new result on the existence for the Basset—
type initial value problem using the fixed-point iteration method. Bahuguna and Anjali [28] studied a
generalized Basset problem in viscoelasticity, with the existence and uniqueness of solutions confirmed
via Rothe’s method in fractional Banach spaces. A priori estimates were derived, ensuring the well-
posedness of the discrete problem.

The Caputo—Fabrizio fractional derivative (CF¥ ¥ D), defined with a nonsingular exponential
kernel [29], has been effectively used in modeling various phenomena in fields such as biology and
infectious diseases [30-32]. Moreover, considerable attention has been given to the existence and
Ulam stability of solutions of the initial and boundary value problems for fractional differential
equations with Caputo—Fabrizio fractional derivatives (CF ¥ Ds); see [33-35]. Fractional differential
equations via the Caputo—Fabrizio derivative are examined in [36-38] , with a focus on their
analytical properties and applications. The Hyers—Ulam stability and existence of solutions for
weighted fractional differential equations were studied in [39].

Although numerous contributions have addressed problems involving the Caputo—Fabrizio
fractional derivative, to the best of our knowledge, the Basset problem, formulated under the
Caputo—Fabrizio derivative within a theoretical setting and solved using the modified
Caputo—Fabrizio operator, has not been reported previously. This dual-approach methodology
enhances the model’s ability to capture memory effects and effectively handle boundary conditions. It
provides novel theoretical insights and practical significance that have not been explored before. The
contributions of this work can be summarized as follows:

(1) The establishment of a new Caputo—Fabrizio fractional Basset equation (C¥ F BE) capturing
memory effects in Basset-type models.

(2) Rigorous validation of the existence of solutions through Darbo’s fixed-point theorem, which
generalizes both the Banach contraction principle and the Schauder fixed-point theorem by
employing the measure of noncompactness; for more details about Darbo’s theorem,
see [40-42].

(3) The uniqueness of the solution is investigated by applying Banach’s fixed-point theorem.

(4) Investigation of the Ulam—Hyers and Ulam—Hyers—Rassias stabilities of the proposed boundary
value problem.

(5) Presentation of an illustrative example, supported by figures and tables, to validate the theoretical
findings and demonstrate the practical significance of the proposed model.

The remaining parts are structured in the following manner. Section 2 presents the problem
formulation and discusses the key qualitative properties of the problem. Section 3 reviews the
fundamental mathematical principles, such as the definitions, lemmas, and the fixed-point technique
necessary for this study. Section 4 details some auxiliary lemmas, including the conversion of the
(CFF BE) into an equivalent integral equation. Section 5 contains the main results, covering the
existence and uniqueness of solutions for the CF¥F BE. Section 6 analyzes the Ulam—Hyers (UH)
and Ulam—Hyers—Rassias (Y HR) stability results within a general framework. Finally, Section 7 is
dedicated to evaluating the effectiveness of the main outcomes.
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2. Basic equation

The qualitative behavior of fractional differential equations, including the existence, uniqueness,
and stability of solutions, is essential for understanding the complex dynamics of fractional-order
systems. Recognized as generalizations of classical integer-order models, these systems require
rigorous analysis to ensure their mathematical and physical validity.

Inspired by the significance of the modified Caputo—Fabrizio (MC¥) fractional derivative
introduced in [43, 44] and the findings in [26-28], this analysis considers a composite fractional
differential equation involving two Caputo—Fabrizio derivatives of different orders, given by the
boundary value problem

TDEDG) + T DYDe) + D) = Qx),  x €I =[0,T], (2.1)

®(0) = O(Y), (2.2)

where Q(») = Q (%, @(%),CTDg(D(%),C¢D‘O”CD(%)) withQ: IJXR X R xR — R, ““D¢and " D]
are Caputo—Fabrizio derivatives, 0 < p, w < 1, within this framework, the existence, uniqueness, and
stability of solutions will be rigorously examined, as these properties are fundamental to the
mathematical and physical validity of the model. Ensuring these qualitative aspects guarantees that
the solutions are well-defined and robust under perturbations, which is crucial for applications across
various fields such as viscoelasticity, fluid dynamics, control theory, and anomalous diffusion.

3. Preliminaries

This section presents some definitions, lemmas, and foundational concepts that will be used
throughout the remainder of the paper. Denote the Banach space of all continuous functions by
C(3, X) with the norm

IOl = sup |@(x)l.
#€[0,Y]

Let L'(J) represent the space of Bochner integrable functions ®@ : J — X, with the norm

Y
DIl; = f |D(¢)ld.
0
Definition 3.1. [44] The Caputo—Fabrizio fractional derivative for ® € L'(3), p € (0, 1) is defined as
T D@ (x)) = /1\4—(‘2 f ' (v)e ™ dy. (3.1)
—pP Jo

To normalize the function M(p), the conditions M(0) = M(1) = 1 are imposed. Under this
normalization, the modified Caputo—Fabrizio fractional integral is defined as follows

1 _
CTMP P(3) = M—<£(®(”) — ®(0) + Mp(p)

Lemma 3.2. [44] For ® € L'(3) and p € (0, 1), the following results hold

f%((D(v) — ©(0))dv. (3.2)
0
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(1) (TMIGT DD () = () — D(0)
(2) (T DO TMIT)() = D) — D(0).

Definition 3.3. [40] Let X be a Banach space and By, a bounded subsets of X. Then, the Hausdorff
measure of noncompactness of By, is defined by

F(Bpyo) = inf{r, > 0 : By, has a finite cover by balls of radius t,}.

Lemma 3.4. [40] Let By, Byr C X be bounded. Then, the Hausdorff measure of noncompactness
has the following properties:

(1) By C Bz = F(By1) < F(Bm);
(2) F(By1) = 0 © By, is relatively compact;
(3) F(Bu1 U Bpz) = max{F(By), F(Bm)};

(4) F(B1) = F(By1) = F(conv(By1)), where By, and By, represent the closure and the convex hull
of By, respectively;

(5) FQU, +A,) < F(Bpy1) + F(Bun), where (Byr) + (Bpn) = {l+v:1€ Byy,v € Byyl;

Lemma 3.5. [40] If W C C(3, X) is bounded and equicontinuous, then F(W(x)) is continuous on 3

and
F(W) = sup F(W(x)).

PIRY

The set By, C L(J, X) is (uniformly) bounded if A p € L'(J, R™), such that
[P < p(%), VD € By, anda.e.x €.
Lemma 3.6. [45] If{®;}:2, C LY(3, X) is integrable (uniformly), then F({®x}7,) is measurable, and

F({fﬂ (I);l(v)dv} )S ZIKF({(D,&(V)}ZL)‘JV-
a n=1 a

Lemma 3.7. [46] If W is bounded, then for each 'V, there is a sequence {®;} | C W, such that
F(W) < 2F ({®;)2) + V.
Definition 3.8. [46] The mapping G : QQ C X — X is said to be a F-contraction, if there exist a positive
constant, ] < 1 exist such that
F(G(W)) < KF(W), for all bounded W C Q.

Definition 3.9. [47] A function | : J X X — X satisfies the Carathéodory conditions if the following
hold:

o f(x, D) is continuous with respect to ® € X for x € J,
e f(x, ®) is measurable with respect to x for ® € X.

Theorem 3.10. [40] Let Q be a nonempty, bounded, closed, and convex subset of a Banach space X
and let G : Q — Q be a continuous operator. If G is a F-contraction, then G has at least one fixed
point.
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4. Some auxiliary lemmas
This section is devoted to demonstrating the equivalence of the boundary value problems (2.1)
and (2.2).

Definition 4.1. [48] Let n < w < n + 1 and ® be such that ®™ € H'(a,b). Set 8 = w —n. Then
B € (0, 1] and we define
(D @) (1) = (7D D) (0).

In the left Riemann—Liouville sense, this has the following form:
(o) (1) = (0P ) (1),
The associated fractional integral is
(§7190) (1) = (" TPD) (1).

Lemma 4.2. Let n be a natural number and w,p € (0, 1). Then

CTI:Z C?-Z)ZH"(D(%) _ lMl i (L)n—mq)(m)(%) n [(P UJ)M((U) _L(% a)

powry w-—1 (1-ww

_ pM(w) Z (wa_) l)n—mq)(m)(a) [pﬂifw) —1%-(a—s)

- pﬁﬁw—)e‘f‘“(”ﬂ] mZ:O (%)n_mq)(m)(s) + Ml(wa_) 1)” j; e TS ID(s)ds

_ (PM(w))(L)" f e D) ds - (M)(L) f s elf’w(“@((e)dS]Kp

w-1 w w-—1

where
2 M(w)
K== M= (-p( L)
(2 - p)M(p)
Proof. Form Definition 4.1, it holds that

CTIp sz)aﬁnq)(%) CTIp CTDw(z)n(D(%)) CTJ'p sz)w (D(n)(%)
2
=——[(1 - )" D D" (x) + f T e d"(s)ds],
a—pmip ' 7P ?J. ]

where
(1=p) DY ") = (1 p)(M((j) f T @(s)ds.

Applying integration by parts, it follows that

(1 -p) T D" () = M, Z (%)“""qw(m _ e ta g, Z (%)"ﬂ"@(m(d)
=0 m=0 (4.1)

o (=) f D (s,
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and

* M
P f C’f’i)gcpw(s)ds: Mw) f f 620" (g)deds,

0 f ’ ST DUD™ (5)ds = p - %( f ) e-(li’w)sczs) ( f S e(&)'S@(")(g)dg). (4.2)

The first integral is directly computed as

f " () g = _(1 - ‘“)e—m)x . (1 - w)e—m)a.
a w w

Applying recursive integration by parts, the second integral takes the following form:

fa (5 (o) = o () mZO (%)m O(s) — e () mzo (%)m ()
+ (ﬁ)n j: (D(s)e_(ﬁ)gde.

Substituting the computed integrals into the original expression in Eq (4.2) yields the final form

p f ’ T Ded(5)ds = pM(a)) o (=) Z B m(D(’")(s) e el i (%)"_mcp(m)(a)
“ m=0
+ (a)cj 1 )n L e_%(%_g)(b(g)dg e mzn::() (a)ci 1)"_mq)(m)(s)

+ ;(%)n—mq)(m)(a) " (w(t_) l)n LS e_ﬁ(“_g)q)(s)da].

From Eqgs (4.1) and (4.3), it follows that

4.3)

n

W+ _ W\ (P - (U)M(w) -1 (x—a
CG‘—'IZ C‘Fz)a (D(%) — [Ml Z (m) (D( )(%) + [We (x—a)

m=0

_pM(w) C W n-m x (m) pM(w) )
) ]Z(w—l) ¢ (a)+[Te

pMaEw) ”f”“(”_”]zn:(ﬁ)n_m@m)(mm(wcf o) f ()
m=0 “
(A f R C
ARG [ mands

O
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Lemma 4.3. The function ® € C([0, Y], R) is a solution of the boundary value problems (2.1) and (2.2)
if and only if @ satisfies the integral equation

D(x) = 1 ((1—(1))K2 (1

Jo,
K1 +kKk3+1 w M(p)

o sy, KeMp) +p f K f s
" 1) (K4(1 - a)) f (D(V)e dv K4M(p) o (D( )d K Jo (D(g)e de

T 0
4M(p)(Q( ) - Q0)) + 4M(p)
WK1

D)5 * Mg Lfcb d
(1—a))(/<1+/<3+1)f (e [— ()dv

—Lf (D(s)el_w("_'s)ds+Lf O(g)eTo4de

K1 +Kk3+1 K +k3+1

—w —w
—e'-w")+/<1€1-w”+ %+ K3

L2 f Dleyerds + f @) - Qonav)

(4.4)

0
(@) - QO + f Q) — QO))dv,

K1 + K3 +
wherex € 3=10,T],0<e<y<x <Y,
(I-pMw)  __ pMw) LY.
I-—oMp) 7 d-—oMp) " Mp)

(I -w) o
) o)

Proof. Applying the operator ““ 1% to both sides of Eq (2.1), one obtains

K1 =

K4:(K1—

CEMIT DRDe) + M I Dy D) + T I D) = TV IHQ). (4.5)
After some computations, we have

CEM ST DL D () = D () — D(O0). (4.6)

CFMIP

Applying the definition of the modified Caputo—Fabrizio fractional integral operator 0> as given

in Eq (3.2), for the function f = Q(x) — ®(x), yields

1 _
CEM 79(Q(3) — D)) = —p(aof) — D) — (Q(0) — B(0)))
“4.7)
v f QW) - () - (Q(0) - D(0)))dv.

By applying Lemma (4.2), it follows that

1 - w —w
CEM 70CT 00 () = Kk D(x) + (ﬂ (1= &™) = k1 Jo(0)e 7"
w

_ 2 f@(v)el_—%(”_")dv+/<2f CI)(v)dv+K2f O(e)em™s* D de (4.8)
0

l-w 0 0

—Kzf O(e)eT%de.
0
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Now, from (4.6)—(4.8), the Eq (4.5) becomes

1 - . .
) = —— (! w‘“)KZ (1) + e + T+ o)
wia T2 =) 30 M) +p *
ECErED fo POe @ (k1 + k3 + DM(p) Jo oy (4.9)
— L ’ T2 (%—¢) K> Y s :
ki +k3+1 L O(e)e de + K1+ K3+ 1 ‘/OV Dlo)e de
K3 0 %
@ - a0y + s [ @ - a0

From the boundary condition ®(0) = ®(T), the following holds:

T Y
WK o 1y Ky M(p) +p
®0) = —f Dd()ers T Mdy - ——— L d(v)dv
ks(1 — w) Jo kM) Jo
v —w v w 1
2| o(e)ems T de + 2 f D(e)e 5 de + ——(Q(T) - Q)  (4.10)
K4 Jo K4 Jo ks M(p)
v
+ (Q(v) — Q(0))dy.
ks M(p) j(:
Substituting Eq (4.10) into Eq (4.9) yields Eq (4.4), which completes the proof. O
For convenience, the following notation is introduced:
— 1 _ K1 _ K2 _ K3
ZO_|K1+K3+1|, Z1_|K1+K3+1|’ Z2_|K1+K3+1|’ Z3_|K1+K3+1|’
1- w
Zy= —Zz, Zs = —ZO, Ze=2Zo+ L3+ Zsy Zn=1T—""21.
up) l-w
The analysis also involves the following constants:
c100) = (1-eT5%), o) =(1—e™%),  o3x) = (1 — e T T0%),
o1 = sup o(x), oy =sup 0a(x), 03 =supos(x),
(%) = (z4 (1-e™) + Z1e™" + ZsT + Z5 + Zo), Ay = sup (),
- 1-
= (1 (1 rey 4 LUV o L Oy )
K4 kaM(p) WK
77 = ¥ +d 'r)
| 4M(p)|(m0 mp) + | 4M(p)|(m0 0)
Sr =N ZF +(ZsY + Zs)mo + do),
—w 1 - w —w
=2 L1 — o) 4 2,7+ Zy LG e o),
M(w ) e M(w) =
01(%) = (Zr + Z7) =+ Zs o1(%), 61 = sup 6,(x),
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M 1 —w — —
@U—v%?——«a FZ) (e — oY £ Zoma(e), 8 = sup (),
M M 1 - M
5 =2 27+ 2 (T - xa - ) + (2o + 2O 2,
M _ _ Mw)
%2 =6.7.F +Zz| | +Zs | w )|(mo(1 —o0p) +do(1 +0'1))+Z5 (mo + dp)| (w)|0'1,
M - _ _
G=577+ 2+ z3|(?wma—aa+%a+mﬁ+za%+mwn,
— A 1 . . _
112 = Z7 M(p) Z7 M o3+ Z7 (p)(0'1 _ 0-3) + Zo w@’
(w—2wp +p) 0
— l—a),\ l-w _w
W =4, S, +(Z7+2>) o+ T+ o (61‘“ —1)
ﬂ&=ﬂmﬁ@r+a+za: Ws = 5,3, + 5,
—~ Mw)__ —~ - 5, _
Wy = (61K4/\//)((p)T + Zs (w)O'l) Ws =0, S + Uy, W = K4/\2/[€D)T+ZOO-2’
ms&+a”@h—@|er4MaaMWM—m
) - C (L+p(x—1))
2) = (%2 + 91 + 92), Tl = —M(p)(l — QBI)
) (I+p— D)Ws\ (1= W)M(@)por1 ) + (1 + p(x — 1)) Wsew
T2_(‘72(”)+ Mp)(1 —2B)) ) T _( Mol — 1)) )
LW, W, WWy
%7_3(1_%1 + T + — W, +01+92).

5. Main results (existence and uniqueness)

The existence and uniqueness of the solution to Eq (2.1) are established under the following
premises:
(N1) The function Q : I X R x R x R — R satisfies Carathéodory conditions.
(N>) A positive constants dy > 0 exists such that
1Q .y, z,w) | < do,

and Q is a continuous nondecreasing function satisfying

my = sup|Q (%,0,0,0)|, and m; = sup|Q(Y, y(1), z("), w("1))l,

XET XET

forall y,z,w e R and x € 3J.
(N3) Q is continuous and satisfies the Lipschitz condition, and a constant 2 > 0 exists such that

Q (e, y1, 21, w1) = Q (8,2, 22, w2) | < 2 (Iy1 = yal + 21 — 22| + w1 — wa),

for each y1, y2, 21,20, wi, w; € R, and x € J.
(N4) A positive constant K exists such that

F(Q G, W, D’W, D*W)) < & F(W),
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for any bounded set W ¢ R and » € J.

Theorem 5.1. Assume that the conditions (1), (Ny), and (N4) hold. If 63 < 1, then the problems (2.1)
and (2.2) have at least one solution defined on J.

Proof. Consider the operator G : C(J, X) — C(J, X) defined by

— WKy
( X+ K3

—w —w
1- elw") + KkjeTo" +
w

_ ! (1 p
GOk = K| + K3 + 1( M(p)

WK1 22 (T-) KZM(P) +pf _ _f =5 (T-¢)
+ 1)(/(4(1 " f Dd(v)e dv= =N | emay =2 | e de

K2 feta 1-
+ ) d)(s)e de + 4M(p)(Q(T) Q0)) + 4M(p)

WK1 K3
D(v)ers*d —f D(v)d
1 -k +r+1) e e B NS0l

e f @(s)e%@f—@dg 2 f D(e)e™%de + —=—(Q(x) - Q(0))
0 + k3 + 1

K1 +Kk3+1 K1+ kKk3+1 K1 + K3

f Q) - Q(O))dv)

0))d
m+m+nM@Lf@W’QO)V

(5.1
It is evident that G is well defined by conditions (N;)—(N3). Consequently, the fractional integral

Eqgs (2.1) and (2.2) is expressed as follows:
O =GD. (5.2)

Subsequently, showing the existence of fixed points for (5.2) is equivalent to the existence of a solution
for (4.4). Let B4 = {® € C(J, X) : ||D||lo < A} be a closed convex set with A > 0, such that

(S + 1 + &)

A> .
- ((/11 L5+ 53 (S + 5 + uz))

Step 1. To establish that GB 4 C B4, the condition (N;) is applied, which yields the following:

|GD ()| < (Z4 (1 -~ eﬁ”) + Ziev" + ZsY + Zs + ZO) ( (1 — f IO dy

Kzﬁdpngp f DO )|dy + 2 f 1D(e)|e 5" 8)ds+— f |D(e)|e ™55 de

M(p) M(p)f ('Q(V)HlQ(O)l)dv +Z; f [D)ers*Mdy  (5.3)
+z3f|@wwv+zaf'Q@Whﬂﬁus+z{fkumwmmg+zx@m»+@mm
0 0 ;

+alﬁmeQMMa
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Using the same approach with condition N,, and performing the necessary calculations, Eq (5.3)

becomes as follows:

~ (Kl oy KyM(p) + p k(1 - w) e k(1 — w) e
Sﬂ/h( (1) 4 LN+ B 21— o)+ e 1))
1- 1-
+/11 4M(p)(m0+m1)+/11 4M(p)(m0+d0)T+Z7ﬂ—(1—€l‘“)+Z2ﬂ‘r
+Z2.?( (eﬁT—el%w”)+(Z3+Zs T)(mg + dy).

Hence, for all ® € B 4, the result is

IGD|| < (4 S + G3)A + S,. (5.4)

Similarly, the next result is derived as follows:

1
G DF Do) < (M((ZL(Zz +Z)(e — e + ZoO'z(%))( < 1 — f D)le My

KZM(P) +p K2 2 (T—g)
K4M(p) f |D(V)|dv + f |D(e)le de

2 e I -
+ —f |D(e)le™"de + 4/\/[(p)(@('r)l +1Q0)) + 4M(p) f Q)| + |Q(0)|)dv)
M(p)f |D(v)|eT> p(x v)dv Z7 (J.)M(p) p)f f e p(% V)el-w(”_‘g)l(l)(s)ldsdv

(1 -
+ z, MO +p) f |<D(v>|ew<”‘”dv+zz ) f Qe dy
(1— 5 —o "YU

Zo f Q)Ie™s* ™ dy + Zo(1 - e7+)QO),

1 -
< (52 S1A+ (52 ( M(p)(m() +my) + 4M(p)(m0 + do)T) + Z7ﬂ M(p)(l — F )
M(p) _(ﬁﬂww)" 1 (l’jp+1‘“w)% _ ( p)
+Z7 A ((Ip N ww (e 1) - 0 ( 1))
+ ZoA —(’QM(;’) 21— oty + 2o

+Z5 /1\/(_(’;)) (moe_lljp" +do(1+(1 - el_-pﬂ”))) + Zo(dy + mo)(1 — e_l%ﬂ”).

Therefore, for all ® € B 4, one obtains

IGT DFO|| < (5, S, + M)A+ 1Uj. (5.5)

At this point, the norm ||G°” D“®|| is evaluated using the same analytical technique
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T
Igc’f’@wcb(xns(<zz+z7)M(“’)ef%W+ 1(%)ZSA/[(“’))( al f DTS dy

K4(1 -
"2’24/\(’2;;’) f OOy + — f D(e)le ™5 de + f |D(e)le™"de
M( ) i w(;{ V)
M(p) M(p) f Q)| + IQ(O)I)dv) Z7 f |D(v)le dv 56
+ Z (al)/\_/((a)) f f |D(e)leT* Ddedy + Zs M(w)(l - em”)IQ(O)l
" (-Z2 + ZS)M(C‘)) f lq)( )|€1 - (n— V)dV+ Z2 w
(1-w) -
- Bt 2D [y + |a<v>|)eﬁ<%-v>dv.
- 0
Under condition (N,), and after performing the necessary computations, Eq (5.6) simplifies to
16 DIl < (51 1 + F1)A + F>. (5.7)

Combining the inequalities (5.4), (5.5), and (5.7) leads to
1601 < (1 +51 +5)& + (@5 + 51 + WA+ @+ M+ F) < A

IGD|lx < A. Thatis, GB4 C Ba.

Step 2. The operator G is continuous. Let @, be a sequence in B 4 such that ®,, — ® as n — oo. Since
@ satisfies (), it follows that for each x € J, the following expression holds:

7 WKy ! =0 (7_y)
IGD, (%) — GD(x)| < 4 (m f(; |D,(v) — O(v)|eT=""dv

Ky M(p) +p f & 3 Ky f Y B = (T—g)

“aMe) s D, (v) <I>(V)IdV+K4 ) |D,(g) — D(e)le de
+ 2 0, - D) de

K4 Jo

K4M(p) f Q (v, D,(v), DPD,(v), D’D,(v)) — Q (v, D(v), D’ D(v), D“D(v)) |dv)

+Z; f |D,(v) = DW)|eTs*dy + Z, f D, (v) = P()ldy
0 0

+2Z> f ' |®,(¢) — D(e)le™*Pde + Z, f ' |®,(c) — D(e)leTo°de
0 0

+ Z51Q (¢, @, (), D @, (), DD, (%)) — Q (3¢, D(3x), D D(3x), D D)) |

+Zs f 1Q (v, @,(v), D D,,(v), D D,(v)) — Q (v, D(v), D D(v), D“D(v)) |dv,
0
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and
IGD, — GD|| < W, ||D,(.) — D)l

+W[|Q (, D, (), DD, (), DD, () — Q(, D(), D°D(.), D*D())l.

In the same manner, it follows that

(5.8)

Y
f |®,(v) — D)™ dy

67 D', ~ T D00l < S s |

KM(p) +p
ksM(p)

— O(e)leTo%de +

T v v
f ©,(v) - DOy + = f [u(e) — P)eTH s + 2 f @)
0 4 JO

f 1Q (v, By (), DFD,(v), D D, ()

M(p)
—Q (v, D), D D(v), D D(v)) |dv)+(Z7 M), (’QM(’O“’) )) f D, (v)
— O™ * Vdy + Zg— wM(p) f f eTH* V) eTs w(”‘€)|(1)n(s) — O(e)|dedv
(1-w)(1-p)
s ?A_(p )) f Q' (7, @, (1), DPD,(v), DD, () — Q' (v, D), D D), D D(v)) |eTs*dly
+Zog p) f 1Q (7. @,(v), DD, (v), DD, () — Q (v, D), D D(v), D“D(v)) | s* ",
- 0

and
IGT DP®, — G DPD|| < Ws|| D, (1) — ||

+ 7 Aﬁp)a\an( B, D Do), D D)) — Q' (D), DFDC), DD (5.9)
FWQ (. Dy, D Do), D)) = Q (o D), DFD(.), DD .

Furthermore, applying the same technique to each @, € B 4, one obtains

IG”" D@, — G D] < V|| D,(.) = D]
M)F

+ wIIQ' (. Dy (), DD, (), DD, () = Q'(, @), D'D(), D*P))| (5.10)

+ WyllQ (., V, (), DD, (L), D@, () — Q(., D), D°D(.), D D).

From Egs (5.8)—(5.10), the following result is obtained:

16D, — GOllx < (W + Ws + Ws)[|D,(.) — POl + Z(

M(w)A M(p),\
O'] )
w

1Q" (., ©u(), DD, (1), DD, (1)) = Q'(, D(), DPD(), DD())|
+ (2 + Wy + We)lIQ (., D, (), DD, (), D@y () = QC, @), D’ O(), D))

From the inequality above, when ®, — @, [|GD, — GD||x — 0, that is, G is continuous on X.
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Step 3. The operator G is equicontinuous. For any x;,%, € J, we have

IGD(s) — GGy < ((z4 T ZD)leT — e T 4 Zaly - x1|)<51 A+ (Z5|%2 ol

+(Zs+ZZ elw"z—elw"‘)( mo + mp) + f Q)| +m, dv)
(Z4 Dl | 4M(p)( 0+ mp) 4M(p) (1QM)| + mp)
woo % (5.11)
+ Z7ﬂf (eﬁ("z_v) — eTa1™ V))dv + Z7.?(f et dy + sz Ady
0
+2Z, A f (eT6%27 — eFo®1™))dg + Z5|Q0¢2) — Q)| + Zs f (1QW)| + mo)dv.
0 [
On the basis of condition (X,), Eq (5.11) can be rewritten as
< ((z4 + ZpleR - e%m + Zato w) (1 A+ 2L+ m)
ks M(p)
(do + )+ TR _ oo |
K4M(p) (do +mo) |+ Z7 e (e ) (5.12)
1 —w w w 1 - —w —w w
+ Z7A em”2|em”2 — e+ 2o ey A+ Zr A w|€m%2 —ero*|(ems " — 1)

+ Z5(1Q(%2) — QGx1))) + Zslxa — x1l(do + mo) Y.

Applying the same procedure yields the following result:

M(P)(l

G DPD(z) - G DOy < ( o

(z2+z7)(|m<x2) 1G] = lora(oa) — 0'2(%1)|)

(mo +my) +

1 -
ks M(p) 4M(,0)
M(p)

+ Zoloa(a) — 0'2(%1)|)(61~7( N (do+ mo)'r)

eTr*2|eT5% — o157

+ Z7ﬂ¥|02(%2) - Uz(%l)|(t‘3§%1 -N+Z; A

M(p)(l - w) (e(l’%p+ﬁ)m _ M(,O)

+ Zy s e2) = sl e s R 1))

(o MO~ 0) ooy, sy MO e, e
+ L Ae ((p - 2pw + w) (e - e e ))
+ Zoﬂwlaz(%z) — aGenle™ — 1) + zoﬂm:# T — et

+ Zoloa(%2) — 02 (3¢1) mo + Z3 /1\/(_(’jo)|0'2(%2) - 0'2(%1)|(|Q(%1)|€1p7’%' +my + do(elpf"%1 - 1))

(.0) P

P P P P
+ g e (lawz)el-v”z — QUe)e ™| + dole T —el-P"'l)

+ Zodo|0'2(%2) - 0'2(%1)|(€1%p%1 -+ -ZOCIIO'Q%%2|€I%"%2 - el%’%l|-
(5.13)

Similarly, the following estimate is derived:
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M —w —w
67 D) - 67 D0 < ((Z+ Z) (‘:)) ey — T
M
5 (w) ) (61 A + 4M(p) (moy +my) + 4M(p)T(d0 + mo))
+ Z7ﬂM(w) (|€1-U:)M2 - e%’ﬂ(eﬁ“' —1)+(1- e—ﬁ(%z—ﬂl))) + 27?((}1\/(_(62)))|e1—3”2

—‘A);{ll(l - w(eﬁxl _ 1) _ %1) + Mel_(ﬁ)xz(l - W 2 gy
w w

—eTw —w

(5.14)
N (Z2+ Z5)\?U\/((w)|€%%2 e — 1) + (Z2+ Z5)ﬂM(w)eﬁ%2|eﬁ%z o4
w w
+ 255 M) — leTo - efﬁ”w[a(xl)em + mg + do(eT! — 1)]
M w w w w
+Z, (‘Z)) 7| [QUe T = Qe + dofet T |
+Zs M(“’)dae%"z — P 1)+ 2 oo B 4 e — e

Upon merging Eqs (5.12)—(5.14), one obtains

IGO(2) = GO(x1)llx = sup |GD(x2) — GO + sup |G DP D) — G D Doty

H1X2€EY H1%2€J
+ sup |G DD(xy) — G DD ().
PRI

Hence [|®(5;) — O(3)||x — 0 as %; — x,, and thus the operator G is equicontinuous.

Step 4. We start by showing that the operator G is a F-contraction on 8B 4. For every bounded W ¢ B4
and for any V > 0, by virtue of Lemma 3.7 and the properties of F, a sequence {®;}>, C F exists
satisfying

T T
i < {1 | m’*v)}?ile%“‘”d”% @y
2 (o, ()2, =5 de 4+ 2 o, (&), e de
K1 Jo K4 Jo

T
*aMp) fo QU (D)2, DB, DD, e
+ Z7f {q)i(v)}f;e%(%—")dv+ sz {D;(v)}2,dv + sz (@))€ L0-8) g
0 0 ;
e fo (©()}2 e de + Z3QU, (D, CONZ,, " DRGNS DD,

+Zs f QU { @), DO, @“{Qi(V)}?il)dV} +V
0
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By Lemma 3.6, it follows that

36 36
- WK1 - 0 7L (T-v) KzM(,D) +p ) o0
< 4{41(K4 o fo FUROINZ ™ dy + 0L | @0l

Ll f RO e+ 2 [ R @)z e ds

0

oo CF oo CF w 0
" M(p) f QU D)2, .CF DD, D {cb,-(v)},-:l))dv)

+Z7 f" F{D;("))2 e dy + sz F{D:(»)}2 v (5.15)
0 0

' sz FUROIE e ™" de + Z, f F(®i(e))Z e de

0 0

+ZzF(Q(% (@0}, . D(O,(0), CFD“{cD,-w)};';))

+Zs fo ’ FQOM @012, D), F Z)‘”{q)i(v)}fi]))dv} + V.
Applying the condition (N4), Eq (5.15) becomes
FGWe) <4, + s1&9)/[({(1)[};?;1) +V, VV>0.
Then,
F(GW) = supF(GW (x)) < 4(181 + QBZR)F(sBﬂ). (5.16)
The following result is also derived using the same technique:

M(p)(l
(o —

WK (N® LT (T-) Ky M(p) +p " TS
ra(l = )f {D;()}:2,e dv+—K4M(p) ) (D)}, dv

L& {(D (&), e™ o= 8)d8+ f {Di(e)}2eT Tofde
K4 Jo

Ka Jo

F(QCTDpW(%)) < ZF{( (Z2 + Z7)(e|—w N “)

+%®MX

/<4M(p) f QU (DI, DO, D‘”{@i(V)}fil)dV)

Z7M(P) {(Di(v)}zlem(%—v)dv_l_z wM(p) p)f f el‘; (x— v)el“;(% £) (®; (8)}?Zld8dv

(1 -w)1 -
(KzM(P) +,0) {q)i(v)}ile%(%—v)dv
(1-p) 0

+ Z O [T Q00 DO T DD ey

+ 2o

+Zo f QU (O}, DD, T @“’{@,-(v)};?;)el”p(”—v)dv} +V,

(1—)
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SO
F(GT DPW()) < 4(Ws + 6 R)F(D;)2,) + VIF(Ba).
F(GT DPW(x)) = supF(GT DPW(x)) < 4(Ws + 0, R)F(B ). (5.17)

By Lemma 3.6, along with (NX,), the following estimate is obtained:
F(GTT D ®(x)) < 2F{5A (L f OIS, e Ty 4 MO +p f O v
ST T k(-0 Sy kM) Jo T

Ky (7 o o [ .
+ = [ (@)™ e + 2 f [Di(e))2 eTo°de
K4 0 K4 0

Y
P f QU (@), D@, DD M )
0

ks M(p)
+Z7M(w) f {CDi(V)}?Z]e%(”_V)dV+Z7 wM(w) f f{(pi(g)};?ilel_”;(x—s)dgdv
1-w 0 (1 _ (,4))2 0 0
+(Z2 + Zs) M) {(I)i(y)};’zleﬁ(x—v)dv
(I-w)Jo
M * y
+ -Z3(1 —(ac)u)) I) Q’(V’ {(Di(V)}?zl,CF Dp{q)i(V)};:pCF Dw{q)i(v)}zl)em(%_y)dv
+ZS(/1V(_((Z)))IO Qv (@M}, CF DD, ()2, Dw{q)i(v)}fil)em(”‘”dv}+V,

F(GYT D D (x)) < 4(W; + éZR)F({CDi};’il) + V. (5.18)
It follows from Eqs (5.16)—(5.18) that
F(GW () = sup F(GW () + sup F(G" D W(x)) + sup F(GT" DWW (%)) < 465 F(B),

where

é3 = 4(%1 + QB; + %5) + 4(é] + éz + %2)R

If §3 < 1, G is shown to be a F-contraction on B4. Therefore by Theorem 3.10, the boundary value
problems (2.1) and (2.2) have at least one solution. This completes the proof. O

Theorem 5.2. Suppose that (X3) holds. If

((SIB] + %3 + %5)%2

1,
-, +$)<

then the boundary value problems (2.1) and (2.2) have a unique solution.
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Proof. Let @, and ®, € X. Then for each x € J, this implies

T
G016 - G009 < T fo [@1(v) — D)5y

WK1
k(1 — w)
M T y 3y )
+ % f Dy (v) — D(v)|dv + ﬁf |, (e) — q)z(g)l(ew(Y_s) + el‘”g)dg

f Q (v, @1 (v), DD (v), DD (v)) — Q (v, D2 (v), D Dy (v), D Dy(v)) Ia’V)

" 4M(p>
+Z f B1(v) — Do)y + Z, f B1() — Do)y + Zo f ©6) = @s(e)(e 7
0 0 0

+ elwﬂf‘g)ds + Z51Q (e, @1 (%), D° Dy (), DD (%)) — Q (3¢, (), D D), DDy (x)) |
+Zs f Q (v, @1 (v), DD (v), DD (v)) = Q (v, D2(v), D D2(v), DDy (v)) |dv.
0
From the Lipschitz condition (N3), the result follows

I(GP1) = (GD)I| < W, || Dy — Dy

(5.19)
+ 3, (0] - 0| + 19D, — Do) + DD — DD ),
Similarly,
Y
(GD’ D) () — (GD D) (2)| < 62 ( f 1D, (v) — D)™ dy
ki(1 —w) Jo
M) +p (o O A e, e
s f D, (v) — Dy ()|dv + f D,(e) q>2(g)|(e te )ds
K4M(p) f Q (v, ©1(v), D D1 (v), DD (v)) — Q (v, Da(v), D’ Dy (v), DDy (v)) |dV)
(@72 + 2T [0, - a5y
MR e _“)A)A((f)_ 5| f f T e T OBy () — Da(e)ldedy
+Z3 (/1\/(_(p))euxf Q" (v, ©1(v), DF Dy (v), DDy (v)) — Q' (v, D2 (v), DF Dy (v), DDy (v)) e dy
+ Zo(l e f 1Q (v, D, (), DD, (v), D D1 (v)) — Q (v, Do (v), DF Do (v), D D ()) [e T+ dy.
’ (5.20)
By using the integration by part and applying the condition (X3), Eq (5.20) becomes
(GD’ D) — (GD D)l < Ws|| Dy — Dy
(5.21)

£ 3 el(ncbl _ Oyl + | DD, — DD + |DV D, — qu)2||)~
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Using the same technique, it is found that

IGD D) — GD“D,|| < W;]|D; — Dy

R . . (5.22)
+ 30|01 - Dol + [ DDy - DD + DD, DD ).
It follows from Eqgs (5.19), (5.21), and (5.22) that
IGD — GD:llx <(W; + W + Ws)||D; — D,|
. . (5.23)
+39 (I0) - ©all + DD - D] + D70y - D D]
At this point, we need to compute the term ||®; — ®,||, and it is determined as follows:
W, o "
01 - @al] < =22 (101 = @all + DDy = D] + D70y — D] (5.24)

By means of Eq (5.24), Eq (5.23) takes the form

IGD, — GD,llx < B I|D) — Dyl
m m W )W
( 1+ 283 + 5) 2+?))-
1 —W,

where B=13 (

If B < 1. Then, by the Banach contraction principle, the boundary value problems (2.1) and (2.2) have
a unique solution. O

6. Stability results

Stability is a key qualitative aspect of fractional-order systems, where the analysis is more intricate
than in their integer-order counterparts. This importance arises from the sensitivity of physical models
to perturbations and measurement errors. In this section, the Ulam—Hyers and Ulam—Hyers—Rassias
stability analyses of the Caputo—Fabrizio ¥ D& (2.1), subject to the boundary condition (2.2), are
presented.

Definition 6.1. The Eq (2.1) is Ulam—Hyers stable if a real number 1j; > 0 exists such that for each
&> 0 and for each solution T € C'(3, R) of the inequality, we have

T DPTCe) + T DUT(e) + Te) — Q (. T(x), T DPX(0), T D)) | <€, x e (6.1)
A solution ® € C'(3, R) of Eq (2.1) exists with
IT00) — Dol < 1€, €.

Remark 6.2. A function T(x) € C(J, R) is a solution of the inequality (6.1) if and only if a function B
exists such that

DB < & forallx €,

2
)T D°T() + T DT () + Tx) = Q) + B(x), Vx €. ©2)
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Definition 6.3. Eq (2.1) is Ulam—Hyers—Rassias stable with respect to O € C(3, R,), if a real number
1. > 0 exists such that for each & > 0 and for each solution T € C'(3, R) of the inequality, we have

T DPT(x) + T DT (%) + T(x%) — Q (% T(x), T DPI(x), CT@“’z(z)) |<&0(x), xe€3.  (6.3)
A solution ® € C'(3,R) of Eq (2.1) exists with
1T(x) - ()| < 7E0(x), x€3.

Theorem 6.4. If condition (NX;) holds with W, < 1, then the boundary value problems (2.1) and (2.2)
are Ulam—Hyers stable.

Proof. Let T(x) € C(J, R) be any solution of the inequality (6.1). Then, by Remark (6.2), we have
TDPT0e) + T DT0x) + Tx) = Q (2, T30), T D T(), T DT () + B(0).

Let £ > 0 be arbitrary and T € C(3, R) be any solution satisfying inequality (6.1). Then

'z(%) - (-Z4 (1 - e%") + Z1€1_fa:m + s+ 3+ Z()) ( 4((;)’11 o) f I(V)el (- Iy

Y v
- % T - % fo Te)e ™ T e + 2 f T(e)e s de
o (V)
o M(p) (Q(T) Q0)) + M(p) f Q) - Q(O))dv) Z: f T(v)e dv
‘2 f T0)dv + Z f Ue)e ™ Ods - Z, f Te)e ™ de — Z5(Q) — Q)
0 0
Y (I +p(x—1))
_Z f QW) - QO))dv ’ gLrpe=D
Moreover
1
'Dpz(%) (M%(ZZ - -Z )(61 0’ — el—p ) .Z()O'z(%))( ) f I(V)el (T~ v)dv
_ M) +p _k 2 (T—e)
Mp) ; E( )dv p I) T(e)e de
Ky v w g
2| Seerds + (p)(a(‘r Qo) + M 5 f Q) - Q(O))dv)
_ Z7M(P) Z(v)e'-ﬂ(” v)d L 1MW) Z7C()M(p) f f e p(u v)el w(x—s)z(g)dgdv
(I-w)1-p)

N Zo(KzM(P) +p) f T(v)e 5y — Zrw Z M(p) f Qe 5" dy
(1- l-w (I=p)Jo

-Z f QW)™ * dy + Zo(1 - elﬂ")Q(O)‘ <28 oy (),
0

P
(I-p)
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and

GN][S SULL

T
0T (s [ e
0

_ kM) +p _k 2 (T-5)
WM@) j(; IT(v)dv - f T(e)e de
K> v ﬁg 1
+ Pl I(e)eTode + Mo L@ -Qo)) + M ® f Q) — Q(O))dv)
Zi//i/[(w) z( ) T (%= V)d 'Z(;Q:M()az))f f :I(S)el = (%~ S)dgdv
+(Z2+ Zs) M( ) z(v)em(”_")dv - ©__ M) f Q (v)ers*Mdy
(1-w) Jy l-w (-w) Jy
_ ZSM((U) f Q(V)e%(x—v)dv _ ZSM(w)(l _ el_‘:’u%)a(o)'
(1-w) w
<2¢? Aﬁ(pial(%).

For T, ® € C(3, R), it means that

‘Z(%) - D(x)

< ‘3(%) - (Z4 (1 - 6%”) + Ziev* + Zsu + Zs + -ZO)

WK1 22 (T-) KZM(P) +pf _ _f =5 (T-¢)
(K4(1 — w) f T v ksM(p)  Jo POrdy k4 Jo e de

. 1-
+ ) (D(s)el ’de + WM @) (Q(T) Q0)) + 4M(p)

—Z7f (D(v)el_cfu(”_v)dv+Z2f (D(v)dv+sz (D(s)elw("_‘g)ds—zzf D(e)eTa%de
0 0 0 0

f QW) - Q(O))dv)

_ Z:4(@Q00) - Q0)) - Z- f Q) - QOND.
0

It follows from (3) that

s (I +p(—1)) W,
T_0<2 T-0
I =l < 2% L+ S g (1T - 9l o
+1DPT - DPD| + ||DVT — Z)‘“(DH).
In the same manner, one obtains
) . (1 + ploe — 1)y
12T - D0 < 26 (0200 + Mo 3 ) o

W,
+3 (1 e +91) (||z— D[ + |D°T — DPO|| + ||z)wz—z)wq>||).

- 1
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Moreover

M(w)

DT - DD| < |DUT - ((Zz + Z7) 6%’“1' +01(%)Zs M(w))

a)K1 f |(D(V)|€' ~ (- v)d KZM(p) +Pf |(1)(V)|dV+ _f |q)(8)|€1 == ("~ s)dg

K4(1 ks M(p)
+—2f |D(e)leT%de + M(p)(|Q(T)|+|Q(O)|)+ M(p)f (|Q(V)|+|Q(0)|)dv)
—Z7M(w) f [DW)leTs " dy — 8/\_/((0)) f f |®O(e)|e ™" dedy
pEE :—1Z_5)M(w) j; (IQ )| + IQ(V)I)eliT(”‘V)dVI.

o3 _ gy 2MWpo 160 s (12 _ oy _ gy
1% - Do < 28=FE :92(||z D[ + |D°T — DPD|| + | DT — D c1>||)

+ W[ — D).
From Eq (6.4), it becomes

" » ~M(w)po(x) A B B v

ID“T — DD < 25—M(p) :192(”1 D[ + [D°T — DO + | DT — D q>||)

. a 1 0,4
sopq, APz D) | o W (||:z D[ + |D°T — DO + DT — z)wcpn)

M(p)1 -W1) (1 - W)

Mp)l —T6,) 66
9}) (||z _ Q||+ |D°T — DD + || DT — Z)’“CI)H).

W, W5
+3( +
(1—-))

From Eqgs (6.4)—(6.6), the following result is obtained:

2 T)+T,+T
101 - @alls <, where 1y = 2( = 3)
1 —MW,
Hence, the boundary value problems (2.1) and (2.2) are Ulam—Hyers stable. O

Theorem 6.5. If the condition (N;) holds with W, V3; — (W, + W;) < 1, then the boundary value
problems (2.1) and (2.2) are Ulam—Hyers—Rassias stable.

Proof. Consider an arbitrary £ > 0 and a solution T € C(J, R) satisfying inequality (6.3). Then, for
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every » € J, the following estimates hold:

'zoo ~(Z4(1- eP) 4 Zie™ + Zox+ Zo 4 Zo) (2 > f TSy

Ka(1 -
M@ Ap (T (T _f ..
K4M(p) ‘[OV 2:(V)dv K4L 1(8)6 d8+ o 1(8)8 dE
() 6.7
M(p) 4M(p) f @ - Q((’))dV) Z f (e dy (6.7)
+Z2f I(v)dv+sz z(8)6'-‘“("—‘9)ds—szf I(e)eTode
0 0 0

<& V,5 B00).

— Z3(Q(%) - Q0) - Zs fo (Q(v) - Q0))dv

Moreover, a corresponding estimate for the fractional derivative of T with respect to the order p is
given by

1
'Dpz(%) (M((Z)(—(Zz - Z7)(€"°’ —eTs % ) ZoO'z(%))
Y
WK (T g, KM(p) +p _ _f )
(K4 T fo T)e av -l | z( wy =2 | Tee de

K> v e
+ K—4 ; I(e)eTo"de + 4M(p) (Q(T) +Q0)) + 4M(p) f Q) + Q(O))dv)

-Z M(? TMe™ ¥ dy + Z7 wM(p) p) f f e e T O (g)dedy

w)(1 -
+ ZOM g z(y)e%(%_v)dy — Z2 - Z3 M(p) f Q (y)el p(% V)dv
(1-p) 0 1 -—w (I-p)
~Zp—L f Q)e™* dy + Zo(1 — eT*)Q(0)| < & Vi B(x0).
(I-p)Jo

Finally, the bound related to the fractional derivative of T of order w is obtained in the form

D) - ((Zz - Z7)M( )e‘fmT +01(0)Zs Ma()w) )( = w) f Teretdy

K4(1
LMo +p z(v)dv + 2 f T(e) e T + 2 f Ue)eTode
K4M(P) 0 0 ks Jo

WMP) (Q(T) + Q(0)) + ) M(p)

wM(w)

f (Q(V)+Q(0))dv) Z7M( w) f T(v)ems*dy

+ 7,2 = f f Yo dedy + (2o + Z) ))
_Z2 _Z3 M((U) f Q’( )el‘”(% V)dV -ZS M(U)) f Q( )elw(% V)dV

(1-w) (1-w)
M(“’)( - eT5)Q(0)

T(V)eTo* M dy

-2Zs

< &V B0).

AIMS Mathematics Volume 10, Issue 9, 21159-21192.



21183

Using the condition (N;), it is easily rewritten as

Vs O JW
1T - < g o0 =2
1-W,  1-W,

(||z _ Q||+ |D°T — DD + | DT — Z)“’(Dll).
By the same technique, it holds that
(vm B0 = Wy) + Ws Vg S(x))

1 - W,

W W
+3 (1 — 91) (||iz _ Q|| + |D°T - DD + || DT — z)wq>||),
- 1

|D°T - DPO| < &

and

(Vs B0 = 28)) + 385 Vi, B
-,

0w, W
+3 (1 — 92) (||z _ Q|| + |D°T - DD + || DT — Z)“’CDII).
- 1

1D“T — D“O|| < &

Combining inequalities (6.8)—(6.10) yields ||T — ®||x < éﬁcfj(%), where

5 = ((1 +W; + Ws)Vi5 + (Vo + Vg ) — %1))
¢ (1 + 03,037 — W, —W,) '

Hence, the boundary value problems (2.1) and (2.2) are Ulam—Hyers—Rassias stable.
7. Example

An example is given in this section to illustrate the usefulness of the main results.

Example 7.1. Consider the following boundary value problem:

| . D(%) . F o . €T D@ Ple*
+% b+ Dx) b TPV 4y b+ [TDUDP’

T DPOx) + T DOx) + D(x) = -

®0) = O(1), x € [0,1].

(6.8)

(6.9)

(6.10)

(7.1)

Givena=0, Y =1,and p=0.2, w =0.6, b = 10, applying the Lipschitz condition leads to 3 = 0.1,

and

N Wy + Wy + W)W
B= (( 1 3 5 )W, N
1 - W,
Then, the boundary value problem (77.1) has a unique solution.
To estimate at least one solution, from the condition

2)) —> 0.1246852 < 1.

1
b+x

1

O3 = 4(W; + W + Ws) + 4(6; + 6, + W,)] = 0.6480568 < 1. The requirement of Theorem 5.1 is

satisfied. Hence, the boundary value problem (71.1) has at least one solution on [0, 1].
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The Ulam—Hyers stability result for Eq (7.1) is now considered. Set ®(x) = e™*. Then according to
Definition 3.1, one obtains

O Dl = B (o _ o,
20—1
DO(x%) satisfies Eq (6.1) withé = 0.2097746. Then, the Eq (7.1) is Ulam—Hyers stable with ||T — ®||x <
0.2097746 1i;. Next, to estimate the Ulam—Hyers—Rassias stability for Eq (7.1) , let ® = e™ and
ZAS(%) = e7*, by Theorem 6.5, the results is ||T — ®||x < fﬁcfi(%) — (0.2097746) = (0.7065934) =
0.14822534 > 0. To investigate the behavior of the functions T and ||E(x)|| = ||T — O||x, we used
Matlab, and the results are depicted in Figures 1 and 2.

1k N 4
0.8\

0.6 RS

A
/

04f >

02 T

02 i i i i 04 i i i i
0 0.2 0.4 0.6 0.8 1 0 2 4 6 8 10

> >
(a) (b)
Figure 1. Behavior of T when (a)x € [0,1], and (b) % € [0, 10].

03l : ] 0.8
0.6
0.2F 1
0.4

0.2 0.4 0.6 0.8 1 ) 2 4 6 8 10

> »
(a) (b)
Figure 2. Behavior of E(x) when (a)x €[0,1], and (b)x € [0, 10].

8. Discussion

To provide further insight into the qualitative behavior of the solution, graphical data based on the
illustrative example in the manuscript were generated by varying the parameters p and w. This
approach facilitates the investigation of the solution’s existence and potential stability under different
scenarios, demonstrating its behavior within the framework of Banach’s fixed-point theorem and
verifying the fulfillment of Ulam-type stability conditions. The resulting graphical evidence thereby
supports and validates the theoretical findings presented throughout the paper.
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Our main objective is to assess the theoretical result of the Banach contraction principle and to
evaluate the effectiveness of the UH and UHR stability concepts for the problem (7.1) when
x% € [0, 1]. First, Table 1 and Figures 3—5 demonstrate the values and graphical representation of /3 at
various fractional orders of (po,w) = {(0.3,0.85),(0.5,0.9),(0.65,0.75),(0.5,0.35),(0.8,0.55),
(0.9,0.6)}. Second, to demonstrate the sufficiency of the T/H stability for the solution, the stability is
analyzed by examining the behavior of 77}3, as illustrated in Figures 6 and 7 for selected fractional
orders. Specifically, the analysis considers p = 0.3 with w € [0.1,0.4] and w € [0.6,0.9], as well as
p =10.1,0.4] with w = 0.3 and w = 0.9. For further details, refer to Table 2. Moreover, to evaluate the
efficiency of the UHR stability, the value of Sﬁcfj(%) is calculated foré = 0.2097746 and 6(%) =e™”
at several orders corresponding to (p,w) = {(0.45,0.8),(0.55,0.9), (0.6,0.3), (0.8,0.45), (0.9,0.55)},
as shown in Table 3. Additionally, the behavior of &7, 0(x) at selected orders is illustrated in Figures 8
and 9.

Table 1. Values of,@ when 0 <p <1, and 0 < w < 1, for Example 7.1.

p =03 p=05 p=065 p=038 p =028 p =09
X w=08 w=09 w=075 w=035 w=055 w=06
0 0.115223 0.093032 0.146157 0.102221 0.095086 0.109877
0.1 0.067309 0.049904 0.113061 0.112551 0.080196 0.084621
0.2 0.040362 0.032404 0.087813 0.122229 0.070466 0.072901
0.3 0.025034 0.025227 0.068426 0.130695 0.063691 0.066461
0.4 0.016205 0.022209 0.053459 0.137886 0.058733 0.062302
0.5 0.011033 0.020871 0.041856 0.143943 0.054991 0.059307
0.6 0.007928 0.020211 0.032831 0.149059 0.052142 0.057041
0.7 0.005998 0.019827 0.025794 0.153425 0.050007 0.055318
0.8 0.004740 0.019558 0.020301 0.157203 0.048477 0.054054
0.9 0.003871 0.019337 0.016014 0.160525 0.047479 0.053198
1 0.003228 0.019142 0.012679 0.163489 0.046961 0.052717

0.18
« 0.16
0.14
0.12

0.1

0.08-
0.4

(a) (b)
Figure 3. The values of,@ when (a) p = 0.8, w €[0.3,0.4], and (b) p = 0.8, w € [0.5,0.6].
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055 0 ’ )4

)

(a) (b)
Figure 4. The values ofB when (a) p = 0.9, w € [0.6,0.7], and (b) p € [0.5,0.6], w = 0.9.

0
0.45

(@ (b)
Figure 5. The values ofﬁ when (a) p € [0.6,0.7], w = 0.75, and (b) p € [0.3,0.4], w = 0.85.

(a) (b)
Figure 6. The values of n}-é when (a) p = 0.3, w € [0.1,0.4], and (b) p = 0.3, w € [0.6,0.9].
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(a) (b)

(a) (b)
Figure 8. The values of éﬁcﬂ(%) when (a) p = 045, w € [0.6,0.9], and (b) p = 0.9,
w € [0.1,0.4].

(b)
Figure 9. The values of éﬁcﬁ(%) when (a) p € [0.1,04], w = 0.2, and (b) p € [0.1,0.4],
w=0.9.
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Table 2. Values of 77}3 of UH stability when 0 < p < 1 and 0 < w < 1 for Example 7.1.
p=03 p=0.6 p=08 p=05 p=07 p=09
X w=0.5 w=0.8 w=09 w=03 w=05 w=06
0 0.721926 0.207777 0.002551 0.146942 0.180329 0.037618
0.1 0.759346 0.287687 0.408271 0.145205 0.201126 0.268935
0.2 0.793342 0.329523 0.606063 0.139622 0.203481 0.381079
0.3 0.828302 0.348975 0.710957 0.130882 0.194436 0.426924
0.4 0.862619 0.354757 0.770417 0.119599 0.178844 0.445203
0.5 0.896056 0.351888 0.805878 0.106321 0.159997 0.450355
0.6 0928322 0.343334 0.827798 0.091531 0.140081 0.448079
0.7 0.959096 0.330881 0.841656 0.075661 0.126251 0.440846
0.8 0.988041 0.315631 0.850521 0.059085 0.131958 0.429909
0.9 1.014811 0.298284 0.856201 0.058509 0.134925 0.416045
1 1.039073 0.2793045 0.859815 0.062368 0.135826 0.399823

Table 3. Values of £1,.0(x) of Ulam—Hyers—Rassias stability for Example 7.1.

p=045 p=055 p=06 p=0.8 p =09
X w=08 w=09 w=03 w=045 w=0.55
0 0.058198 0.001113 0.014388 0.032992 0.012241
0.1 0.099223 0.103129 0.008245 0.009509 0.066011
0.2 0.113944 0.153368 0.005425 0.032744 0.094014
0.3 0.114752 0.183472 0.003922 0.044839 0.103992
0.4 0.107861 0.204768 0.003061 0.050391 0.106871
0.5 0.096573 0.221655 0.002557 0.052065 0.106583
0.6 0.082701 0.235941 0.002267 0.051432 0.104594
0.7 0.067246 0.248422 0.002113 0.049421 0.101496
0.8 0.050765 0.259491 0.002049 0.046583 0.09756
0.9 0.033565 0.269369 0.002047 0.043245 0.092971
1 0.015822 0.278209 0.002089 0.039601 0.087837

9. Conclusions

This paper has addressed the solution of a class of Caputo—Fabrizio #9D&s with boundary
conditions, particularly those associated with Basset-type models that arise in physical systems
exhibiting memory effects, such as fluid dynamics and viscoelastic materials.

The existence and uniqueness of solutions were established through the application of Darbo’s
fixed-point theorem and the Banach contraction mapping principle.  The Ulam-Hyers and
Ulam—-Hyers—Rassias stabilities of the boundary value problems (2.1) and (2.2) were investigated,
confirming the robustness of the solution under small perturbations. An illustrative example,
supported by tables and graphical representations, was presented to validate the theoretical findings
and to demonstrate the effectiveness of the proposed model in addressing Basset-type problems.

AIMS Mathematics Volume 10, Issue 9, 21159-21192.



21189

The originality of this study lies in the dual-framework methodology that combines the Caputo—
Fabrizio derivative in the theoretical formulation with the modified Caputo—Fabrizio operator in the
solution process. To the best of our knowledge, this combination has not been previously explored,
providing new theoretical insights and practical significance.

Future research may focus on extending the current model to incorporate more general boundary
conditions, variable-order fractional operators, or systems influenced by external forces and distributed
delays. Such extensions would further enhance the applicability of the model to complex phenomena
in engineering and applied sciences.
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