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Abstract: This paper presented an efficient algorithm for addressing large-scale linear fractional
program problems, which are widely used in hospital management. First of all, we converted the
initial problem into an equivalent problem by applying the Charnes-Cooper transformation technique.
Next, by directly relaxing the nonlinear constraints, a mixed-integer linear relaxation problem was then
constructed. Subsequently, by successively partitioning the initial output space rectangle and solving a
series of mixed-integer linear relaxation problems, we proposed an efficient branch-relaxation-bound
algorithm for globally addressing large-scale linear fractional program problems for the first time.
Moreover, the computation complexity of the algorithm was analyzed, and the maximum number of
iterations of the algorithm in the worst-case scenario was estimated. Furthermore, the experimental
results demonstrated the high efficiency of the proposed algorithm in solving the investigated large-
scale linear fractional program problem.
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1. Introduction

As is known to all, the linear fractional program problem has a wide range of applications in hospital
management [1, 12, 35], queueing location [20, 28], multi-stage transportation [28], chip layout and
compaction [8], adaptive analysis [32], bond portfolio optimization [21], and image processing [33,34].

In recent years, numerous algorithms have been developed to solve linear fractional programming
problems involving only continuous variables. Based on the construction characteristics and theoretical
foundations of these algorithms, they can be classified as follows: the simplicial branch-and-duality-
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bound algorithm [3], image space analysis method [9], trapezoidal branch-and-bound algorithm [22],
monotonic optimization approach [23], outer approximation algorithm [4], interior-point method [10],
and rectangle branch-and-bound algorithms (for example: the rectangle branch-and-bound algorithms
for nonlinear sum of ratios problems [2, 5], the rectangle branch-and-bound algorithms for the linear
sum-of-ratios problem with lower dimension [6], the rectangle branch-and-bound algorithms for sum
of affine fractional functions [15,31], the rectangle branch-and-bound algorithms for generalized linear
fractional programming [16, 17]). More recently, to effectively solve generalized affine fractional
programming problems, Jiao et al. [12] proposed an outer space approach using a branching method
and a two-stage linearization technique.

Recently, Li et al. [36] proposed an outer space branch-and-bound algorithm for linear ratio
problems based on the inverse denominator outer space partitioning search and direct relaxation
bounding technique. Based on the entire fractional image space partitioning search and direct
relaxation techniques, Li et al. [37] proposed an image space branch-and-bound algorithm for affine
comparison equations. Based on the fractional image space partitioning search and two-stage
relaxation technique, Hou and Liu [38] provided an image space branch-reduction-bound algorithm
for generalized fractional programming problems. Based on the new spatial branching and relaxation
bounding techniques, Hou and Liu [39] provided a spatial branching-pruning-bounding algorithm
for generalized linear fractional problems. Hou and Liu [40] provided an accelerated outer space
algorithm for generalized linear multiple-product programming problems based on the linear function
image spatial branch search and region acceleration methods. Based on the standard space search
and new relaxation techniques, Jiao et al. [41] proposed a standard space acceleration algorithm
for the generalized multiple-product programming problems. For the generalized affine fractional
programming problem, Jiao and Ma [42] proposed an efficient outer space algorithm based on the
different relaxation processes or techniques. In addition, using the Charns-Cooper transform, a reduced
outer space equivalence problem was constructed, and a direct relaxation technique was used to
construct the relaxation problem. Jiao et al. [43] proposed a reduced outer space algorithm for the
sum of linear fractional functions problems. The above algorithms are designed for linear fractional
programming problems or generalized linear fractional programming problems with continuous
variables. However, the computational efficiency is not high, making it difficult to solve large-scale
linear fractional programming problem with mixed-integer variables.

The aforementioned method is employed to address the linear fractional program problem with
only continuous variables. However, in numerous problems, quantities or logical relationships are
typically represented using mixed-integer variables. Furthermore, mixed-integer programming proves
to be exceedingly useful in resolving various issues, as demonstrated by Khalil [18], Wolsey [30],
and Juan [29]. Recently, Chaiblaine and Mustapha [7] proposed an exact approach for solving
the integer linear fractional program problem. However, the large-scale linear fractional program
problems investigated in this paper have not received much attention in the current research. Actually,
there is currently no method available to solve the mixed-integer linear fractional program problem.
Therefore, it is necessary to develop an effective approach for solving the mixed-integer linear
fractional programming problem.

The large-scale linear fractional program problem investigated in this article is defined as follows:
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(LFP):


U =min f (x) =

p∑
i=1

d⊤i x + ci

e⊤i x + gi

s.t. x ∈ χ = {x ∈ Rna × Znq |Ax ≤ b} ,

where b ∈ Rm; A ∈ Rm×n; ci, gi ∈ R; di, ei ∈ R
n; i ∈ {1, 2, . . . , p}; n = na + nq; na and nq respectively

represent the number of continuous variables and integer variables; and n is a large positive integer. X
is a non-empty bounded set, c⊤i x + fi and e⊤i x + gi are affine functions over X, and e⊤i x + gi > 0, for all
x ∈ X.

Due to the non-convex objective function of problem (LFP), there may be multiple local optima
that are not global optima, which brings enormous theoretical and computational complexity to solving
problem (LFP).

In production and daily life, the hospital management problem [35] is a concrete example about
the above large-scale linear fractional program problem. If a hospital wishes to increase its charges
by a certain percentage from the last year, the mathematical modelling of the reward that the hospital
receives is formulated as follows:

max F(x) =
d̂∑

i=1

[ p̂i∑
j=1

ôi j

(
1 + xi j

)
+ Ĉi

p̂i∑
j=1

m̂i j(1+xi j)
p̂i∑
j=1

ĉi j(1+xi j)

]
,

s.t.
d̂∑

i=1

p̂i∑
j=1

ĉi jxi j = q̂
d̂∑

i=1

p̂i∑
j=1

ĉi j,

l̃i j ⩽ xi j ⩽ ũi j, i = 1, . . . , d̂, j = 1, . . . , p̂i, xi j ∈ R or Z,

where d̂ denotes the number of departments in a hospital, p̂i represents the number of procedures in a
department i, i = 1, 2, . . . , d̂; for each procedure j in a department i, ĉi j, m̂i j, and ôi j, i = 1, . . . , d̂, j =
1, . . . , p̂i, denotes the amount of total charges, Medicare outpatient charges, and other non-Medicare
charges, respectively. Ĉi, i = 1, 2, . . . , d̂, denotes the fixed Medicare outpatient cost for a department
i; xi j denotes the ratio of increase in charge for procedure j in department i, i = 1, . . . , d̂, j = 1, . . . , p̂i;
q̂ · 100 percent denotes that the hospital manager wants an overall charge to increase the percentage;
ĉi j > 0, m̂i j ⩾ 0, ôi j ⩾ 0, l̃i j ⩽ q̂ ⩽ ũi j, i = 1, . . . , d̂, j = 1, . . . , p̂i. Due to the large number of
departments i and procedures j in a hospital, the scale of variable x is often large, making the hospital
cost problem a large-scale linear fractional program problem.

This paper exploits the structural characteristics of problem (LFP) by introducing auxiliary variables
and applying the Charnes-Cooper transformation to derive an equivalent reformulation. A mixed-
integer linear relaxation problem is then constructed by directly relaxing the nonlinear constraints,
enabling the computation of a valid lower bound through a sequence of such relaxations. Furthermore,
in the worst-case scenario, the maximum number of iterations of the algorithm is estimated. Numerical
experiments demonstrate the effectiveness of the proposed method in solving large-scale problem
(LFP).

The main contributions of this article are as follows: (1) For the first time, this article proposes an
effective branch-and-bound algorithm for large-scale mixed-integer sum of linear ratios problems. (2)
This article provides a complexity analysis of the algorithm, estimates the computational complexity of
the algorithm in the worst-case scenario, and constructs a theoretical system for this type of algorithm.
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(3) The numerical comparison results indicate that the algorithm has higher computational efficiency
compared to the currently popular BARON solver [19].

The remainder of this paper is organized as follows: Section 2 reformulates the original problem
(LFP) into an equivalent problem and constructs a mixed-integer linear relaxation using the proposed
method. Section 3 introduces an output-space branch-relaxation-bound algorithm, along with
complexity and convergence analysis. Section 4 presents numerical results on both deterministic
instances and randomly generated examples from recent literature. Finally, Section 5 concludes the
paper.

2. Equivalence transformation and its relaxation technique

For clarity of exposition, define the index set Θ = {1, 2, . . . , p}. To obtain a global solution to
problem (LFP), applying the Charnes-Cooper transformation, i.e., introducing variables yi =

1
e⊤i x+gi

and
si = yix, i = 1, 2, . . . , p, we can obtain

p∑
i=1

d⊤i x + ci

e⊤i x + gi
=

p∑
i=1

(d⊤i x + ci)yi =

p∑
i=1

(d⊤i yix + ciyi) =
p∑

i=1

(d⊤i si + ciyi),

1 = yi(e⊤i x + gi) = (e⊤i yix + giyi) = e⊤i si + giyi.

Therefore, an equivalent problem of problem (LFP) can be derived as follows:

(EP)



u = min G (x, y, s) =
p∑

i=1

(d⊤i si + ciyi)

s.t. e⊤i si + giyi = 1, i ∈ Θ,

si = yix, i ∈ Θ,

yi > 0, i ∈ Θ,

Ax ≤ b,

x ∈ Rna × Znq , s ∈ Rp×n, y ∈ Rp.

From the form of the equivalent problem above, it can be seen that by using the Charnes-Cooper
transformation technique, we can transform the nonlinear objective function of problem (LFP) into a
linear function, while the only nonlinear constraint function in the equivalent problem is the bilinear
term. Therefore, for the equivalent problem (EP) after the Charnes-Cooper transformation, it is easier
to construct its linear relaxation.

Next, the equivalence between problems (EP) and (LFP) is established.
Definition 2.1. If there exists a point x∗ ∈ χ such that f (x∗) ≤ f (x) holds for any x ∈ χ, then we say
that x∗ is an optimal solution of problem (LFP).
Theorem 2.1. x∗ is a global optimum solution for problem (LFP) if and only if (x∗, y∗, s∗) is a global
optimum solution for problem (EP) with y∗i =

1
e⊤i x∗+gi

and s∗i = y∗i x∗, i ∈ Θ.
Proof: If (x∗, y∗, s∗) is a global optimum solution for problem (EP), but x∗ is not a global optimum
solution for problem (LFP), then there always exists a feasible point x for problem (LFP) that satisfies
f (x∗) > f (x), that is,

p∑
i=1

d⊤i x∗ + ci

e⊤i x∗ + gi
= f (x∗) > f (x) =

p∑
i=1

d⊤i x̄ + ci

e⊤i x̄ + gi
. (2.1)
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Letting ȳi =
1

e⊤i x̄+gi
and s̄i = ȳi x̄, i ∈ Θ, (x̄, ȳ, s̄) can be obtained as a feasible point for problem (EP), and

the following equation can be obtained:
p∑

i=1

d⊤i x̄ + ci

e⊤i x̄ + gi
=

p∑
i=1

d⊤i s̄i + ȳici. (2.2)

By combining the inequalities (2.1) and (2.2), it can be deduced that
p∑

i=1

d⊤i x∗ + ci

e⊤i x∗ + gi
= f (x∗) > f (x) =

p∑
i=1

d⊤i x̄ + ci

e⊤i x̄ + gi
=

p∑
i=1

d⊤i s̄i + ȳici. (2.3)

Furthermore, since (x∗, y∗, s∗) is a global optimum solution for problem (EP), it follows that

y∗i =
1

e⊤i x∗ + gi
, s∗i = y∗i x∗, i ∈ Θ.

Hence, it follows that
p∑

i=1

d⊤i x∗ + ci

e⊤i x∗ + gi
=

p∑
i=1

d⊤i s∗i + ciy∗i . (2.4)

Finally, by combining (2.3) and (2.4), we obtain
p∑

i=1

d⊤i s̄i + ciȳi <

p∑
i=1

d⊤i s∗i + ciy∗i .

The above inequality contradicts the assumption that (x∗, y∗, s∗) is a global optimum solution for
problem (EP). Thus, the proof of the first half of the theorem has been established. Using a similar
approach, we can also prove the converse case. □

In addition, the optimal values of problems (LFP) and (EP) are equal, which implies that solving
problem (LFP) can be achieved by solving problem (EP).

Since yi =
1

e⊤i x+gi
, its maximum and minimum values are obtained by computing the minimum and

maximum values of e⊤i x + gi over χ, respectively. Letting

t0
i =

1

maxx∈χ

{
e⊤i x + gi

} and T 0
i =

1

minx∈χ

{
e⊤i x + gi

} , i ∈ Θ,

then an initial output space rectangle can be defined as follows:

H0 = [t0,T 0] =
{
y ∈ Rp| t0

i ≤ yi ≤ T 0
i , i ∈ Θ

}
.

Subsequently, problem (EP) on the rectangle H0 can be formulated as follows:

(EP(H0))



u(H0) = min G (x, y, s) =
p∑

i=1

(d⊤i si + ciyi)

s.t. e⊤i si + giyi = 1, i ∈ Θ,

si = yix, i ∈ Θ,

yi > 0, i ∈ Θ,

Ax ≤ b, x ∈ Rna × Znq , s ∈ Rp×n, y ∈ Rp, y ∈ H0.
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Without loss of generality, we can define H = [t,T ] = {y ∈ Rp|ti ≤ yi ≤ Ti, i ∈ Θ} ⊆ H0,
which results from the branching process. Then, problem (EP) corresponding to the domain H may be
expressed as follows:

(EP(H))



u(H) = min G (x, y, s) =
p∑

i=1

(d⊤i si + ciyi)

s.t. e⊤i si + giyi = 1, i ∈ Θ,

si = yix, i ∈ Θ,

yi > 0, i ∈ Θ,

Ax ≤ b, x ∈ Rna × Znq , s ∈ Rp×n, y ∈ Rp, y ∈ H.

To facilitate the solution of problem (EP(H)), the constraint si = yix is relaxed by introducing
bounds ti ≤ yi ≤ Ti for all i ∈ Θ, i.e., si = yix is relaxed into tix ≤ si ≤ Tix for all i ∈ Θ. Based
on this relaxation technique, the mixed-integer linear relaxation problem (MILRP(H)) is formulated as
follows:

(MILRP(H))



u(H) = min G (x, y, s) =
p∑

i=1

(d⊤i si + ciyi)

s.t. e⊤i si + giyi = 1, i ∈ Θ,

tix ≤ si ≤ Tix, i ∈ Θ,

yi > 0, i ∈ Θ,

Ax ≤ b, x ∈ Rna × Znq , s ∈ Rp×n, y ∈ Rp, y ∈ H.

Based on the above relaxation technique, any feasible solution to problem (EP(H)) is also feasible to
problem (MILRP(H)). At the same time, the objective functions of problems (EP(H)) and (MILRP(H))
are completely identical. Therefore, the optimal value of problem (MILRP(H)) provides a valid lower
bound for that of problem (EP(H)), i.e., solving problem (MILRP(H)) yields a valid lower bound for
the optimal value of problem (EP(H)).

3. Global algorithm and its theoretical analysis

In this section, an output space branch-relaxation-bound algorithm (OSBRBA) based upon the
former relaxation method and the subsequent branching method is presented. In addition, theoretical
analysis of the OSBRBA is also provided. Furthermore, the maximum number of iterations for the
OSBRBA in the worst-case scenario is estimated.

3.1. Branching method

For any selected rectangle Ĥ = {y ∈ Rp| ti ≤ yi ≤ Ti, i = 1, 2, . . . , p} ⊆ H0, the proposed branching
method is as follows:

(i) let q = arg max{Ti − ti| i = 1, 2, . . . , p};
(ii) let λq = (tq + Tq)/2;
(iii) let

Ĥ1 = {y ∈ Rp|ti ≤ yi ≤ Ti, i = 1, 2, . . . , p, i , q; ti ≤ yi ≤ λi, i = q},
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and
Ĥ2 = {y ∈ Rp|ti ≤ yi ≤ Ti, i = 1, 2, . . . , p, i , q; λi ≤ yi ≤ Ti, i = q}.

By the branching method, the rectangle Ĥ can be subdivided into two sub-rectangles Ĥ1 and Ĥ2.

3.2. Output space branch-relaxation-bound algorithm

The algorithm starts from the initial rectangle H0, and gradually divides the investigated rectangle H
into two equal sub-rectangles by bisecting its longest edge. Then, by solving problem (MILRP) about
each sub-rectangle, we can compute the lower bounds of the optimal value for problem (EP) about each
sub-rectangle. Meanwhile, we can also update the current best feasible solution for problem (EP), as
well as the upper bounds. It should be noted that by calculating the objective function values at feasible
points, we can update the upper bound. The smallest known lower bound is the lower bound of the
original problem.
Definition 3.1. Let v be the global optimum value for problem (EP), and let (xk, yk, sk) be a feasible
solution for problem (EP). For any given termination error ϵ > 0, if G(xk, yk, sk) − v ≤ ϵ, we call
(xk, yk, sk) an ϵ-global optimum solution for problem (EP).
Steps for the OSBRBA:
Step 0. We are given that ϵ ∈ (0, 1).

Solve problem (MILRP(H0)).
If problem (MILRP(H0)) is infeasible, problem (LFP) is also infeasible. Otherwise, an optimal

solution (x0, ŷ0, ŝ0) and optimal value u0 for problem MILRP(H0) can be obtained. Let y0
i =

1
e⊤i x0+gi

, s0
i =

y0
i x0, i = 1, . . . , p. Let the lower bound LB0 = u0, and the upper bound UB0 = u0 = G(x0, y0, s0).

If UB0 − LB0 ≤ ϵ, then (x0, y0, s0) is a globally ϵ-optimum solution for problem (EP), and the
algorithm terminates.

Otherwise, let k = 0, denote F = {(x0, y0, s0)} as the set of feasible points, and denote Λ0 = {H0} as
the collection of all active nodes.
Step 1. By bisecting the longest edge of Hk, two new sub-rectangles Hk1 and Hk2 are generated, and
the set Ξ = {Hk1 ,Hk2} is formed.
Step 2. Solve problem (MILRP(Hk j)) for each sub-rectangle Hk j ∈ Ξ, j = 1, 2.

If problem (MILRP(Hk j)) is infeasible, problem (EP(Hk j)) is also infeasible, and let Ξ =
Ξ\{Hk j}. Otherwise, obtain its optimal solution

(
xHk j
, ŷHk j
, ŝHk j
)

and optimal value u
(
Hk j
)

of problem

(MILRP(Hk j)), and let LB
(
Hk j
)
= u
(
Hk j
)
.

If LB(Hk j) > UBk, let Ξ = Ξ\{Hk j}. Otherwise, let

yHk j

i =
1

e⊤xHk j
+ gi
, sHk j

i = yHk j

i xHk j
, i = 1, . . . , p,

and let
UB(Hk j) = G(xHk j

, yHk j
, sHk j

).

Update the upper bound UBk = min{UBk,UB(Hk j)}, and update the feasible point set F =

F
⋃
{(xHk j

, yHk j
, sHk j

)}. Meanwhile, refer to (xk, yk, sk) as the current best feasible point for problem
(EP), which satisfies UBk = G(xk, yk, sk).
Step 3. Set Λk = (Λk\Hk)

⋃
Ξ, and by letting LBk = min{LB(H) | H ∈ Λk}, update the lower bound
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LBk.
Step 4. If UBk − LBk < ϵ, the algorithm terminates, and a globally ε-optimal solution (xk, yk, sk) to
problem (EP) is obtained.

Otherwise, let k = k + 1, pick out a sub-rectangle Hk that satisfies Hk = arg minH∈Λk LB(H), and go
back to Step 1.

3.3. Theoretical analysis

This subsection first presents Theorem 3.1, which shows that when the investigated subrectangle
Hk satisfies certain conditions, the algorithm terminates and returns a globally ε-optimal solution to
problem (EP). Theorem 3.2 then provides a theoretical guarantee by analyzing the algorithm’s behavior
and estimating its maximum number of iterations in the worst-case scenario. For clarity of exposition,
we introduce the following definitions:

Mi = max
x∈χ
|xi|, i ∈ Θ, M = max

{
Mi

∣∣∣ i ∈ Θ}, µ = max
{
|ci|
∣∣∣ i ∈ Θ},

σ = max
{
|di j|
∣∣∣ i ∈ Θ, j ∈ {1, 2, . . . , n}

}
, λ = nMσ + µ.

Theorem 3.1. Given termination error ϵ > 0, after k iterations, if the investigated sub-rectangle
Hk =

∏p
i=1

[
T k

i , t
k
i

]
satisfies

T k
q − tk

q ≤
ϵ

pλ
,

where q = arg max
{
T k

i − tk
i |i ∈ Θ

}
, the OSBRBA will terminate, and a globally ϵ-optimum solution for

the (EP) will be returned.
Proof. Without loss of generality, assume that (xk, ŷk, ŝk) is the optimal solution of problem (MILRP)
over Hk. Let yk

i =
1

e⊤i xk+gi
and sk

i = yk
i xk, i ∈ Θ. It is obvious that (xk, yk, sk) is a feasible point for problem

(EP(Hk)), and we can obtain that

LBk = G(xk, ŷk, ŝk) ≤ UBk ≤ G(xk, yk, sk).

Furthermore, when the algorithm reaches the kth iteration, if Hk =
p∏

i=1

[
tk
i ,T

k
i

]
satisfies T k

q − tk
q ≤

ϵ
pλ , then

we can get that

AIMS Mathematics Volume 10, Issue 9, 21004–21024.
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|UBk − LBk| ≤ |G(xk, yk, sk) −G(xk, ŷk, ŝk)|

=

∣∣∣∣∣ p∑
i=1

(d⊤i sk
i + ciyk

i ) −
p∑

i=1

(d⊤i ŝk
i + ciŷk

i )
∣∣∣∣∣

=

∣∣∣∣∣ p∑
i=1

d⊤i (sk
i − ŝk

i ) +
p∑

i=1

ci(yk
i − ŷk

i )
∣∣∣∣∣

≤

∣∣∣∣∣ p∑
i=1

d⊤i (sk
i − ŝk

i )
∣∣∣∣∣ + ∣∣∣∣∣ p∑

i=1

ci(yk
i − ŷk

i )
∣∣∣∣∣

≤

p∑
i=1

|d⊤i | × |s
k
i − ŝk

i | +

p∑
i=1

|ci| × |yk
i − ŷk

i )|

≤

p∑
i=1

|d⊤i | × |T
k
i xk − tk

i xk| +

p∑
i=1

|ci| × |yk
i − ŷk

i )|

≤

p∑
i=1

(T k
i − tk

i ) × |d⊤i xk| +

p∑
i=1

|ci| × (T k
i − tk

i )

≤

p∑
i=1

(T k
i − tk

i ) ×
( n∑

j=1

|di j|xk
j

)
+

p∑
i=1

|ci| × (T k
i − tk

i )

≤

p∑
i=1

n∑
j=1

M|di j||T k
q − tk

q| +

p∑
i=1

|ci||T k
q − tk

q|

≤

p∑
i=1

( n∑
j=1

M|di j| + |ci|

)
|T k

q − tk
q|

≤ p(nMσ + µ)|T k
q − tk

q|

= pλ|T k
q − tk

q|

≤ ϵ.

This implies that the proposed algorithm will terminate at Step 0 or Step 4. Meanwhile, denoting υ∗ as
the optimal value of problem (LFP), from Steps 0, 3, and 4 of the OSBRBA, noting that υ∗ ≤ UBk =

G(xk, yk, sk), LBk ≤ υ
∗, and the termination condition that UBk − LBk ≤ ϵ, we can further get that

υ∗ ≤ G(xk, yk, sk) ≤ ϵ + LBk ≤ ϵ + υ
∗. Then, the OSBRBA returns an ϵ-globally optimum solution of

the (EP).
Remark 3.1. Supposing that the OSBRBA does not end after k iterations, then in the previous iteration,
the H0 are divided into at most k+1 sub-rectangles. From Theorem 3.1, in the k-th iteration, we choose
q and obtain T k

q − tk
q ≥

ϵ
pλ . The interval

[
tk
q,T

k
q

]
is subdivided into two subintervals at the midpoint

tkq+T k
q

2 .
The two generated subintervals satisfy T k1

q − tk1
q = T k2

q − tk2
q >

ϵ
2pλ . This indicates that each rectangle

H =
∏p

i=1 [ti,Ti] satisfies

Ti − ti ≥ min
{
ϵ

2pλ
,T 0

i − t0
i

}
, i = 1, . . . , p.
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Furthermore, if T 0
i − t0

i ≤
ϵ

pλ , the i-th orientation of H0 is never partitioned in these k iterations. Next,
we will obtain the maximum number of iterations for the proposed algorithm through the following
theoretical analysis.
Theorem 3.2. Given the termination error ϵ > 0, a globally ϵ-optimum solution for the (EP) may be
found using the OSBRBA after at most

N̂ =
⌈ p∏

i=1

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}⌉

iterations, where ⌈·⌉ represents taking an integer downward.
Proof: By Remark 3.1, after k iterations, the initial rectangle H0 can be partitioned into at most k + 1

sub-rectangles by the branching process, and each sub-rectangle H =
p∏

i=1
[ti,Ti] satisfies

Ti − ti ≥ min
{
ϵ

2pλ
,T 0

i − t0
i

}
, i = 1, . . . , p.

Thus, if we denote the volume of all these sub-rectangles as V , then we can obtain the following
inequality:

V ≥ (k + 1)
p∏

i=1

min
{
ϵ

2pλ
,T 0

i − t0
i

}
. (3.1)

Besides,

V =
p∏

i=1

(T 0
i − t0

i ) (3.2)

is apparent. Thus, from (3.1) and (3.2), we can follow that

p∏
i=1

(T 0
i − t0

i ) ≥ (k + 1)
p∏

i=1

min
{
ϵ

2pλ
,T 0

i − t0
i

}
.

This indicates that

k ≤
p∏

i=1

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}
.

That is to say, this algorithm iterates at most

N̂ =
⌈ p∏

i=1

max
{2p|nMσ + µ|

ϵ
(T 0

i − t0
i ), 1
}⌉

times, and will be terminated by Theorem 3.1. Otherwise, if k ≥ N̂, then we can get the following
inequality:

(k + 1)
p∏

i=1

min
{
ϵ

2pλ
,T 0

i − t0
i

}
>

p∏
i=1

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}
·min

{
ϵ

2pλ
,T 0

i − t0
i

}
. (3.3)

Subsequently, we take into account the following two situations:
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(i) If ϵ
2pλ < T 0

i − t0
i , we have

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}
×min

{
ϵ

2pλ
,T 0

i − t0
i

}
=

2pλ
ϵ

(T 0
i − t0

i ) ×
ϵ

2pλ
= T 0

i − t0
i . (3.4)

(ii) If ϵ
2pλ > T 0

i − t0
i , we have

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}
×min

{
ϵ

2pλ
,T 0

i − t0
i

}
= 1 × (T 0

i − t0
i ) = T 0

i − t0
i . (3.5)

From (3.1)–(3.5), it can be concluded that

p∏
i=1

(T 0
i − t0

i ) = V >
p∏

i=1

(T 0
i − t0

i ),

which is obviously contradictory. Therefore, a globally ϵ-optimum solution for problem (EP) may be
found using the OSBRBA after at most

N̂ =
⌈ p∏

i=1

max
{2pλ
ϵ

(T 0
i − t0

i ), 1
}⌉

iterations, and the proof is complete.
Remark 3.2. According to the conclusion of Theorem 3.1, when the maximum side length of all
examined sub-rectangles satisfies the condition T k

q − tk
q ≤

ϵ
pλ , where q = arg max

{
T k

i − tk
i |i ∈ Θ

}
, the

algorithm proposed in this paper terminates and obtains a globally ϵ-optimal solution to the problem.
From the exhaustive nature of the rectangular maximum edge splitting rule used in this paper and the
conclusion of Theorem 3.2, it can be concluded that after N̂ =

⌈∏p
i=1 max

{2pλ
ϵ

(T 0
i − t0

i ), 1
}⌉

iterations,
the maximum edge length of all examined sub-rectangles will satisfy the condition T k

q − tk
q ≤

ϵ
pλ .

Therefore, the algorithm proposed in this paper converges to a globally ϵ-optimal solution of problem
(EP).

4. Numerical experiments

In this section, to assess the computing efficiency of the OSBRBA, we conducted a range of
numerical experiments and implemented the code of the OSBRBA using MATLAB (2023a). All
numerical computations were completed on a computer with an AMD Ryzen 5 5500 CPU 2.1GHz
processor and 16GB RAM memory. Each mixed-integer linear relaxation problem was solved by the
Intlinprog solver in the MATLAB Optimization Toolbox. In all experiments, the convergence error ϵ
is set to 10−6.

First, to demonstrate the superiority of the OSBRBA compared to the Baron solver, we tested ten
deterministic examples and listed their numerical results in Table 1. Some symbols used in Table 1 are
listed as follows: Time: CPU time(s), Iter: number of iterations, Opt. val.: optimum value.

Subsequently, to assess the robustness and computational effectiveness of the OSBRBA, we set
ϵ = 10−6, and solved a randomly generated test problem (Example 11) with large-scale variables.
Numerical comparisons between the OSBRBA and the Baron solver [19] (version 25.3.19) are reported
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in Table 2 and Figure 1, where the Baron solver is regarded as one of the best global optimization
solvers available for commercial use.

Table 1. Comparisons of numerical results between the OSBRBA and BARON on test
Examples 1–10.

Example Algorithm Opt. val. Optimal solution Iter. Time

1 OSBRBA -2.47143 (1.0000, 0.0000, 0.0000) 0 0.013

Baron -2.47140 (1.0000, 0.0000, 0.0000) 1 0.03

2 OSBRBA -1.90000 (0.0000, 3.3333, 0.0000) 69 0.70

Baron -1.90000 (0.0000, 3.3333, 0.0000) 1 0.03

3 OSBRBA 1.62320 (0.0000, 0.2875) 502 3.56

Baron 1.62320 (0.0000, 0.2839) 1 0.02

4 OSBRBA 2.86190 (5.0000, 0.0000, 0.0000) 1 0.016

Baron 2.86190 (5.0000, 0.0000, 0.0000) 1 0.03

5 OSBRBA -4.09070 (1.1111, 0.0000, 0.0000) 45 0.43

Baron -4.09070 (1.1111, 0.0000, 0.0000) 1 0.03

6 OSBRBA 3.71092 (0.0000, 1.6667, 0.0000) 99 1.02

Baron 3.71090 (0.0000, 1.6667, 0.0000) 1 0.03

7 OSBRBA -3.00292 (0.0000, 3.3333, 0.0000) 287 2.60

Baron -3.00290 (0.0000, 3.3333, 0.0000) 7 0.03

8 OSBRBA -4.09070 (1.1111, 0.0000, 0.0000) 44 0.41

Baron -4.09070 (1.1109, 0.0000, 0.0005) 1 0.02

9 OSBRBA 3.29167 (3.0000, 4.0000) 0 0.005

Baron 3.29170 (3.0000, 4.0000) 1 0.01

10 OSBRBA 4.42857 (5.0000, 0.0000, 0.0000) 0 0.005

Baron 4.42860 (5.000, 0.0000, 0.0000) 1 0.02
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Table 2. Computational comparisons between the OSBRBA and BARON on Example 11
with p = 2 and m = 100.

n Algorithm
Iteration Time

min ave max min ave max

600 BARON 1 1.4 5 21.41 29.51 37.50
Ours 12 48.1 89 10.85 26.16 48.75

700 BARON 1 1.8 5 28.70 37.39 57.55
Ours 6 45.8 106 13.20 29.60 55.67

800 BARON 1 1.4 5 39.16 56.889 77.84
Ours 15 44.7 93 17.11 44.95 132.28

900 BARON 1 3 5 62.05 84.95 128.45
Ours 22 53.9 103 24.84 59.17 96.64

1000 BARON 1 1 1 68.11 91.01 151.70
Ours 9 65.4 106 15.43 86.90 178.92

1500 BARON 1 1 1 223.05 284.07 364.07
Ours 24 96.5 324 140.27 276.23 853.38

2000 BARON 1 1 1 425.38 594.04 831.70
Ours 46 80.4 140 182.03 377.90 716.73

2500 BARON 1 1.4 5 780.41 1040.48 1479.05
Ours 40 69.5 124 234.83 453.63 827.45

3000 BARON 1 2.6 5 1042.59 1561.41 1888.05
Ours 56 96.2 148 477.18 836.55 1676.83

3500 BARON 1 1.4 5 1568.23 2295.708 2979.62
Ours 36 70.8 122 448.70 831.18 1427.87

4000 BARON 1 3.4 5 2146.97 3209.87 3866.33
Ours 50 82.3 123 804.15 1277.88 1814.45

4500 BARON 1 2.2 5 3017.02 3558.13 3851.44
Ours 51 66 116 672.39 1295.32 2216.27

5000 BARON 1 2.2 5 3596.69 3868.91 4119.98
Ours 65 96.5 178 1464.30 2237.79 4118.10
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Figure 1. Numerical comparisons between the OSBRBA and BARON solver on the average
time in Example 11 with p = 2 and m = 100.

For the random generated test Example 11, letting p = 2, m = 100, and n ≥ 600, setting ϵ = 10−6,
taking the first 50 components of variable x as integer variables, and setting other components of
variable x as continuous variables, we solved 10 randomly generated test problems and recorded their
computational results in Table 2. In Table 2, “ave” denotes the average value of the results.

These ten deterministic examples and one random example with their computational results are
listed as below.
Example 1. (Phuong & Tuy [23], Shen et al. [26])

max 3x1+x2−2x3+0.8
2x1−x2+x3

+ 4x1−2x2+x3
7x1+3x2−x3

s.t. −6x1 + x2 + x3 ≤ −4.1,
12x1 + 12x2 + 7x3 ≤ 29.1,
x1 + x2 − x3 ≤ 1,
12x1 + 5x2 + 12x3 ≤ 34.8,
−x1 + x2 − x3 ≤ −1,

where x1, x2, and x3 are integers.
Example 2. (Shen et al. [26], Shen & Wang [24])

max −
4x1+3x2+3x3+50

3x2+3x3+50 −
x1+2x2+4x3+50

5x2+4x3+50 −
3x1+5x2+3x3+50
5x1+5x2+4x3+50 +

3x1+4x2+50
3x1+5x2+4x3+50

s.t. 6x1 + 3x2 + 3x3 ≤ 10,
10x1 + 3x2 + 8x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x1 and x3 are integers.
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Example 3. (Shen et al. [26]) 
min 4x1−3x2+4

−2x1+x2+3 +
−x1+2x2+2
3x1−4x2+5

s . t . x1 + x2 ≤ 1.5,
x1 ≤ x2,

0 ≤ x1, x2 ≤ 1,

where x1 is an integer.
Example 4. (Shen & Lu [25], Gao & Jin [11])

min 4x1+2x2+4x3+50
5x1+4x2+3x3+50 +

3x1+5x2+3x3+50
3x1+4x2+5x3+50 +

3x1+4x2+50
4x1+3x2+2x3+50

s . t . 9x1 + 7x2 + 3x3 ≥ 10,
2x1 + x2 + 5x3 ≤ 10,
x1 + 6x2 + 2x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x1, x2, and x3 are integers.
Example 5. (Shen & Lu [25])

max x1+2x2+4x3+50
5x2+4x3+50 +

x1+2x2+5x3+50
x1+5x2+5x3+50 +

3x1+4x3+50
4x1+4x2+5x3+50 +

4x1+3x2+3x3+50
3x2+3x3+50

s . t . 9x1 + 7x2 + 3x3 ≤ 10,
x1 + 6x2 + 3x3 ≤ 10,
2x1 + x2 + 5x3 ≤ 10,
5x1 + 9x2 + 2x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x2 and x3 are integers.
Example 6. (Shen & Lu [25], Gao & Jin [11])

min 4x1+3x2+3x3+50
3x2+3x3+50 + 3x1+4x3+50

4x1+4x2+5x3+50 +
x1+2x2+4x3+50
x1+5x2+5x3+50 +

x1+2x2+4x3+50
5x2+4x3+50

s . t . 9x1 + 7x2 + 3x3 ≥ 10,
x1 + 6x2 + 3x3 ≤ 10,
2x1 + x2 + 5x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x1 and x3 are integers.
Example 7. (Shen & Lu [25])

max 4x1+2x2+4x3+50
5x1+4x2+3x3+50 +

3x1+5x2+3x3+50
3x1+4x2+5x3+50 +

3x1+4x2+50
4x1+3x2+2x3+50

s . t . 6x1 + 3x2 + 3x3 ≤ 10,
10x1 + 3x2 + 8x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x1 and x3 are integers.
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Example 8. (Jiao et al. [14], Jiao & Liu [13], Shen & Wang [24])

max 4x1+3x2+3x3+50
3x2+2x3+50 + x1+2x2+5x3+50

x1+5x2+5x3+50 +
x1+2x2+4x3+50

5x2+4x3+50 +
3x1+4x2+50

4x1+4x2+5x3+50

s . t . 9x1 + 7x2 + 3x3 ≤ 10,
5x1 + 9x2 + 2x3 ≤ 10,
2x1 + x2 + 5x3 ≤ 10,
x1 + 6x2 + 3x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x2 and x3 are integers.
Example 9. (Shen & Wang [24], Shi [27])

max 37x1+73x2+13
13x1+13x2+13 +

13x1+13x2+13
63x1−18x2+39 +

13x1+26x2+13
−37x2−73x3−13 +

63x1−18x2+39
−13x1−26x2−13

s . t . 1.5 ≤ x1 ≤ 3,
5x1 − 3x2 = 3,

where x1 and x2 are integers.
Example 10. (Shi [27])

max x1+2x2+4x3+50
5x2+4x3+50 +

x1+2x2+5x3+50
x1+5x2+5x3+50 +

3x1+4x3+50
4x1+4x2+5x3+50 +

4x1+3x2+3x3+50
3x2+3x3+50

s . t . 9x1 + 7x2 + 3x3 ≥ 10,
x1 + 6x2 + 2x3 ≤ 10,
2x1 + x2 + 5x3 ≤ 10,
x1, x2, x3 ≥ 0,

where x1, x2, and x3 are integers.
Example 11. 

min
p∑

i=1

ĉ⊤i x + f̂i

ê⊤i x + ĝi

s.t. Ax ≤ b,
x ≥ 0,

where f̂i, ĝi ∈ R, i ∈ Θ; êi, ĉi ∈ R
n, i ∈ Θ; b ∈ Rm; A ∈ Rm×n; each element of ĉi and êi is

randomly generated in [−0.1, 0.1]; every element in the vector b is 10; every elementary substance
of A is randomly created from [0.01, 1]; and f̂i and ĝi satisfy ĉ⊤i x + f̂i > 0 and ê⊤i x + ĝi > 0, i ∈ Θ.

For all deterministic Examples 1–10, from Table 1, compared with the known global optimization
solver BARON, with almost the same computational efficiency, the OSBRBA can obtain almost the
same optimum solutions.

For the large-scale randomly generated Example 11, from Table 2 and Figure 1, compared with the
known global optimization solver BARON, the OSBRBA clearly has high computational efficiency.

Furthermore, to demonstrate the efficiency of the algorithm proposed in this paper, for the random
generated test Example 11, letting p = 2, m = 100, and n = 500, 1000, 1500, 2000, 2500, 3000, 3500,
4000, 4500, 5000, setting ϵ = 10−4, and setting all variables x as continuous variables, we used the
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proposed algorithm in this paper and the algorithm of Li et al. [37] to solve 10 randomly generated test
problems, and recorded their numerical comparison results in Table 3. Here, it should be noted that
the selection and symbol representation of experimental parameters in Table 3 are the same as those in
Table 2.

Table 3. Numerical comparisons between our algorithm and the algorithms of Li et al. [37]
on Problem 1 with p = 2 and m = 100, and the given termination error ϵ = 10−4.

n Algorithms Optimum
Iter. Time

min. ave. max. min. ave. max.

500 Algorithm of [37] 1.9540 57 58.2 62 3.44 3.66 3.73
Ours 1.9540 12 14 17 1.64 1.78 1.94

1000 Algorithm of [37] 1.9535 52 58.4 62 8.92 9.76 10.51
Ours 1.9535 9 13.4 15 3.45 6.30 8.10

1500 Algorithm of [37] 1.9499 56 58.5 62 19.87 20.68 22.13
Ours 1.9499 12 13.8 17 11.27 13.88 17.85

2000 Algorithm of [37] 1.9484 55 57.9 60 32.56 34.16 36.73
Ours 1.9484 12 13.9 15 18.95 23.17 27.55

2500 Algorithm of [37] 1.9494 58 60 63 50.60 53.01 57.07
Ours 1.9494 14 15 16 35.44 40.31 46.93

3000 Algorithm of [37] 1.9474 58 59.2 61 70.56 72.45 76.32
Ours 1.9474 14 14.5 15 47.36 50.75 54.97

3500 Algorithm of [37] 1.9464 58 60.4 69 100.87 104.07 109.83
Ours 1.9464 14 15 19 69.07 79.13 110.59

4000 Algorithm of [37] 1.9459 58 59.6 64 119.79 126.87 132.54
Ours 1.9459 14 14.7 17 82.87 94.22 117.07

4500 Algorithm of [37] 1.9451 59 61.8 68 157.68 166.02 175.37
Ours 1.9451 14 16.1 19 122.03 142.75 180.38

5000 Algorithm of [37] 1.9450 56 61.4 69 180.96 195.27 218.74
Ours 1.9450 13 16.2 20 115.29 168.60 227.45

From the numerical results in Table 3, compared with the algorithm of Li et al. [37], the algorithm
proposed in this paper not only obtains the same optimal value and solution, but also has higher
computational efficiency.

5. Conclusions

This paper studies the large-scale linear fractional program problem and presents an effective
solving algorithm. In this algorithm, by applying the Charnes-Cooper transformation technique,
the original problem (LFP) is first equivalently reformulated as problem (EP). Subsequently, by
applying the novel linearizing method, the mixed-integer linear relaxation problem of problem (EP)
is established. In addition, the theory of the proposed OSBRBA is analyzed. The OSBRBA can
achieve a globally ϵ-optimum solution after at most finite iterations. Numerical experimental results
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show that the OSBRBA is superior to the BARON solver in globally finding the optimum solution of
problem (LFP) with large-scale variables. However, in the worst-case scenario, the OSBRBA exhibits
an exponential increase in the maximum number of iterations as the number of fractional terms p
increases, which also indicates that the OSBRBA may not be efficient for problem (LFP) with many
fractional terms. In future work, a meaningful direction is to develop a more effective algorithm for
addressing the mixed-integer nonlinear fractional program problems using other branch techniques and
bound schemes.
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