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1. Introduction

Surfaces of revolution hold a very important place in geometry. Ruled surfaces, canal surfaces, and
embankment surfaces belong to this class of surfaces. Ruled surfaces from this family are generated
by moving a line along a curve. Canal and embankment surfaces are constructed by the movement of
spheres and cones along a curve, respectively.

Ruled surfaces are important from a geometric point of view. Many mathematicians have provided
parametrizations of these surfaces according to the Frenet frames of curves and examined their
geometric properties. These surfaces were first introduced and studied by Monge [1]. Catalan studied
ruled minimal surfaces [2]. The theory of ruled surfaces was further developed by using the E-Study
transformation [3]. The geometric properties of the ruled surfaces were investigated by Izumiya and
Takachi [4]. Similarly, Yoon [5] investigated the characterization and properties of ruled surfaces.
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Another important family of surfaces are canal surfaces defined by Monge [6]. The canal surface
is generated as the envelope of a moving sphere with variable radius. It is a special case where the
tubular surface has a constant radius. Canal surfaces and tubular surfaces have been studied extensively
in geometry. Gray mentioned canal surfaces and their equations, illustrating their graphs using the
program Mathematica [7]. Gross studied canal surfaces from an analytical perspective [8]. Ugum
and Tlarslan also examined canal surfaces from a different point of view [9]. Xu investigated the
analytical and algebraic properties of canal surfaces [10]. Karacan explored Weingarten-type tubular
surfaces and geodesics of tubular surfaces, considering them from a geometrical perspective in certain
spaces [11, 12]. Maekawa and others analyzed tubular surfaces, which are special cases of canal
surfaces, and studied some of their applications [13]. Blaga examined tubular surfaces in computer
graphics [14]. Canal and tubular surfaces are very useful in engineering and computer visualization.
Moreover, these surfaces have many applications in daily life.

Especially for curves, geometric properties are examined using the Frenet frame. However, this
frame may not be defined for all points along every curve. The Bishop, Darboux, and extending
Darboux frames provide the desired properties for space curves. Therefore, they are important in areas
such as mathematical analysis and computer graphics. In recent years, these frames have been widely
used, especially in curve and surface theory. Some significant works on curves and surfaces according
to the Darboux frame are also presented [15-18].

Parametric expressions of surfaces generated by movements along a curve can be succinctly
expressed with the help of homothetic motions and matrices. In addition, quaternions defined by
Hamilton, have a very useful structure in terms of representing movements [19]. Thus, surface
equations can be expressed more simply with the aid of quaternions corresponding to matrices.
Quaternions, which hold an important place in the geometry of motion, are widely used, especially in
terms of expressing surfaces more easily and providing operational convenience. Detailed information,
applications, and examples on this subject are given in [20] and [21]. Babaarslan and Yayli examined
constant slope surfaces using quaternions [22]. Aslan and Yayli expressed canal surfaces generated by
a regular curve with quaternions and investigated and exemplified their properties using the Darboux
frame in the Euclidean 3-space [23]. Then, Gok examined canal and tubular surfaces constructed
by spherical indicatrices of regular curves with an alternative moving frame in Euclidean 3-Space.
Moreover, he provided their matrix and quaternionic representations [24]. Dogan characterized canal
surfaces in different frames, including the Darboux frame, and investigated their properties within this
frame [15, 25]. Ates et al. examined tubular surfaces constructed by spherical indicatrices of a regular
curve with an alternative moving frame in the Euclidean 3-Space [26]. They presented some properties
satisfied by these tubular surfaces and provided related examples.

Similarly to canal and tubular surfaces, embankment surfaces are also defined [27]. The
embankment surface is generated by the envelope of a moving cone of variable radius. Since its
parametrization depends on its own components, it is difficult to express. For this reason, embankment-
like surfaces created based on an arbitrary function and tubembankment-like surfaces created with the
help of a constant function are defined.

Embankment surfaces can be modeled by using parametric methods. These surfaces have found
significant usage and application areas, especially in geological engineering. They play a highly
functional role in infrastructure projects such as terrain modeling, road construction, and dam design.
They are employed in these structures to prevent landslides. Furthermore, derivation of geometric
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equations is important for facilating the construction of these structures. Thanks to their parametric
definitions, geometric properties such as slope, curvature, and local orientation can be precisely
controlled. Thus, critical engineering factors such as the stability of embankments or support
structures, material optimization, and drainage analysis can be examined more effectively. In addition,
digital modeling of these surfaces enables rapid prototyping and simulation processes within GIS
(geographic information systems)- and CAD (computer aided design)-based terrain design systems.
In this way, it contributes to reducing project costs and increasing design accuracy. Therefore, the
application of embankment surfaces plays an effective role for both theoretical geometry studies
and practical engineering designs. Detailed information on engineering applications, usage areas,
and the importance of these surfaces is provided in the study titled “Guidelines for Embankment
Construction” [28].

However, while many articles deal with the geometric aspects of canal and tubular surfaces,
embankment surfaces have been studied very little. One of the most important works in this area
is the study conducted by Kazan and Karadag [29]. They investigated embankment, embankment-like
and tubembankment-like surfaces constructed by regular curves in Euclidean 3-Space. Moreover, they
provided quaternionic representations and some properties of these surfaces. Finally, each surface
was exemplified, and their graphs were drawn by using Mathematica. Another important article
dealing with these surfaces from a geometrical perspective is the work done by Mahmoud and Abd
ElHafez [30]. In this study, they considered and characterized the isotropic Weingarten embankment
surfaces. They presented their geometrical properties and illustrated the graphs by providing examples
for each surface.

In the classical differential geometry literature, canal and tubular surfaces generated by envelope
families of spheres along a space curve have been studied, and their properties investigated both in
Euclidean space and, where problems arise or to provide a different perspective, in Bishop, Darboux,
and alternative moving frames. Similarly, embankment and embankment-like surfaces generated by
envelope families of cones have received very little study, almost exclusively in Euclidean and Galilean
spaces. In these studies, quaternionic expressions have been given and exemplified. However, studies
particularly in Euclidean space, other than those based on the Frenet frame, are scarce. In particular,
in derivative calculations, applying rotations locally at points where problems arise is more easily
achieved with alternative moving frames. Bishop and Darboux frames are among these alternative
frames. To contribute to addressing this deficiency in the literature, in this paper, we specifically
address the surfaces generated by envelope families of cone surfaces in the Darboux frame. This
motivation has led us to undertake the present study.

The rest of the paper is organized as follows: Section 2 presents the general definitions employed
in differential geometry, together with the Darboux frame and its properties. Quaternions and their
properties are then introduced, along with their corresponding matrix representations, which play a
significant role in the geometry of motion. In Section 3, embankment surfaces are defined with respect
to the Darboux frame and expressed parametrically; subsequently, simpler representations are obtained
via quaternions, and their matrix counterparts are formulated as homothetic motions. Section 4 follows
a similar approach for embankment-like surfaces, constructed in terms of the Darboux frame elements
and represented using quaternions, with their equations derived through matrix representations. Section
5 addresses tubembankment-like surfaces, the most specific case of embankment surfaces, again
defined with respect to the Darboux frame. Their equations are obtained in a concise form using
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quaternions and matrices, followed by the computation of the normal vector, fundamental form
coefficients, and curvature functions. Several results and theorems characterizing these surfaces are
presented, and the conditions under which their parameter curves become special curves are examined,
contributing to the closure of certain gaps in the literature. The minimal curve conditions are also
determined, showing that such surfaces are Weingarten surfaces. In Section 6, embankment-like and
tubembankment-like surfaces are generated from a curve according to the Darboux frame, and their
parametric, quaternionic, and matrix representations are provided. Examples and applications are
of great importance in geometry. Therefore, graphical illustrations of these surfaces under various
parameter settings are produced using Mathematica. As analytical equations of surfaces alone may
be insufficient for a full understanding of their geometric properties, three-dimensional visualization
offers a clear means of observing their structural characteristics, thereby serving as a powerful tool
for both theoretical and applied analyses. Finally, Section 7 summarizes the main conclusions of this
work.

2. Background material

Let E? be 3-dimensional Euclidean space endowed with the standard metric given by

- - - o - o

<ZZ, V> = ﬁ’lvl + Uurvr + U3zvs,

where iZ = (uy, us, u3), V¥ = (vi, v2,v3) € R3. The norm of the vector u € R? is defined by

I = a0
and the vector product is given by

— -
U AV = (Uavs — vallz, Uzvy — valy, U1 vy — Vi)

[31].
We recall elementary properties of the surface in R>.
The Gauss map of the surface ‘P'(s, 6) is the following as:

L YA,
0=_—"_",
¥ A Foll

where {¥;, Wy} is the natural base [31].
Then, the first fundamental form I and the second fundamental form II of the surface ¥ (s, 6) are
defined by

| g“dsz + 2g12de9 + g22d92,
Il = L;ds*+2Ldsdd + Lydb?,

respectively [31], where we put

g1 (W5, ¥s), 812 = (s, Wo) , 822 = (W, P
Ly = <‘Pss, ﬁ> s Ly = <‘Ps9, Ij> yLy = <‘{’99, ﬁ)
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We can compute Gauss and mean curvature functions as, respectively

K= LiLy; - L%z o= g0l —2g1Li + guily
811822 — g%z ’ 2(81182 — g%z)

We know that a surface is called a (H, K)-Weingarten surface if it satisfies ®(H, K) = H,Ky— HyK =
0 [32].

Let « : I < R-—E be a regular unit speed curve with Frenet apparatus
{f(s),ﬁ (s),ﬁ (S),K(S),T(S)} in Euclidean space E®. Here, k(s) and 7 (s) are called the first and
the second curvature functions of the curve a (s) , respectively.

Since the curve « (s) also lies on the surface ‘P'(s, 6), there exists another frame along « (s) which
is called the Darboux frame and given by {f (s),8(s), 1 (s)} . In this frame, T () is the unit tangent of
the curve a (s), 7 (s) is the unit normal of the surface W (s, ) along the curve « (s), and g (s) is a unit
vector defined by g = # A T.

We can give the following relation for Frenet and Darboux frame apparatus:

T (s) 1 0 0 T (s)
2@ | = l 0 cos®(s) sin®(s) || N |, (2.1)
i (s) 0 —sin®(s) cos®(s) || B(s)

where O is the angle between the vectors g(s) and N (s).
The derivatives of the Darboux frame are given by the following formulae:

T (s) 0 k() k() ][ T(s)
g [=] %G 0 1,0 || g | (2.2)
fly (S) —Kn (S) —Tg (S) 0 fi(S)

where k, (5) = k (5)cos O (), k,, () = k(5) sin O (), and 7, () = 7(s) + @

Moreover, the geodesic curvature «, (s) and geodesic torsion 7,(s) of the curve a(s) can be

calculated as
da dzcv/\9 da 9/\dﬁ
Ko =\ —, —= n), 7.,=\—,Nn —_— .
& ds’ ds? & ds ds

In the differential geometry of surfaces, for a surface curve a (s), the following is well-known:
i) a (s) is a geodesic curve if, and only if, k, = 0,
ii) a (s) is an asymptotic line if, and only if, «,, = 0,
iii) a () 1s a principal line if, and only if, 7, = 0 (see [31, 33, 34] for details).
The real quaternion algebra H was consicely defined by Hamilton [19] in the following form:

H={Q = qo+ qii + q2j + g3k | g0, 91,92, 43 € R},
where i, j, k are imaginary units satisfying the following multiplication rules:
) b

1 :J :kzzl/\]/\k:—l,l/\]:—]/\l:k

This real quaternion algebra is associative and not commutative. A basis of real quaternions is
{1,1, j, k} and the identity element of H is 1. Also, i, j, and k are standard orthonormal bases in R*. A
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real quaternion can be written as Q = qo + ¢1i + q2j + gsk or Q = (qo, V), where the vector and the
scalar component of Q are V(Q) = ¥ € R? and S (Q) = gy € R, respectively. So, the real quaternion can
be written as Q = S(Q) + V(Q). If S(Q) = 0, the real quaternion is called a pure real quaternion. The
conjugate of a real quaternion, addition of two real quaternions, and multiplication of a real quaternion
with a scalar A can be given, respectively, as

Q0 = S(Q-V(,
Q+P = (S(Q)+S(P)+(V(Q)+V(P)),
A0 = AS(Q) + AV(Q).

By using dot and cross-product, we can give the real quaternion product of two real quaternions Q
and P as

QX P=S8(Q)S(P)- < V(Q),V(P) > +S(QV(P) + S(P)V(Q) + V(Q) A V(P), (2.3)

where X is the real quaternion product. The norm of a real quaternion is 0P = 0x Q0 =0xQand

10| = \/ 45 + 47 + ¢ + ¢;. If norm of a real quaternion is 1, it is called a unit real quaternion. The unit

. . 0 . 6 _
real quaternion can be written as Q = cos + sin 5\7‘, where V¥ € R? and ||\7|| = 1 The inverse of Q can

be given as

a_ 9
0= —=5, 10 #0.
o
One parameter homothetic motion in the 3-dimensional Euclidean space can be given by the
following translation as

y=hMpx+C,

where y and x are the position vectors of a same point of the fixed space R” and the moving space R,
respectively. h, My, and C are a homothetic scalar, an orthogonal matrix, and a translation vector,
respectively; also, they are continuously differentiable functions dependent on real parameter s.

Let ¢ : R® — R? be a linear mapping and ¢(if) = Q X it X Q~!, where Q is a unit real quaternion and
it is a pure real quaternion (a vector in R?). So, for every unit real quaternion Q = g + q1i + ¢»j + g3k,
we can give matrix representation My, of ¢ by using pure real quaternion basis elements of H as

G+ — -9 29093+ 219> 24092 + 29193
Mo=| 2q90q3+2q19> G+ —q1—q5 —249091 +292q5 |, (2.4)
—2q0q> +2q1q5  2q0q1 + 29245 G+ G — 4 — G

where M, is an orthogonal matrix (namely /\/(QM(T2 = [ and detM, = 1) [21]. Thus, we can say that
the linear mapping ¢ is a rotation in 3-dimensional space. Additionally, ¢ is given as
(i) = Ox i x Q7' = Mou.

The vector ii(s) is consistently treated as a 3 X 1 column matrix representing the expression denoted
by u in matrix multiplications. It is considered as a pure real quaternion in quaternion multiplications.
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3. Embankment surfaces according to the Darboux frame in E*

In this section, the definitions required for the construction of embankment surfaces will first be
presented, and then the equations of these surfaces with respect to the Darboux frame will be derived
with detailed step by step procedures. Subsequently, the surface equations will be expressed in terms
of homothetic motions using matrices and quaternions multiplications.

Let A : (r(t),z(¢), t € [a,b] be a parametric planar curve with » > 0, then ® :=
(r(t)cose,r(t)sing,z (1)), t € [a,b], ¢ € [0,2n] is called parametric surface of revolution. For any
implicit planar curve A : f(r,z) = 0 with r > 0, the surface @ := (\/)c2 + yz,z) is called implicit
surface of revolution [27].

Let ®, : f(X,c) = 0, ¢ € [c,c2] be a one parameter family of regular implicit surfaces. The
intersection curve of two neighbored surfaces @, and ®,, . fulfills the two equations f (X, c) = 0 and

X,0)—f(X,c+A
f(X,c+ Ac) = 0. We consider the limit for Ac — 0 and get f. (X,c) = Alimf( O X er A

—0 Ac
0 [27]. The last equation motivates the following definitions.

Definition 3.1. Let @, : f(X,c) = 0, ¢ € [c,c»] be a one parameter family of regular implicit C?
surfaces. The surface which is defined by the two equations f (X,c) = 0 and f. (X,c) = O is called
envelope of the given family of surfaces [27].

Definition 3.2. Let A : X = a(s) = (a; (s), a2 (5), a3 (s)) be a regular space curve and m € R, m > 0
2 2
with |ma’3| < \/(a’l) + (ag) . Then, the envelope of the one parameter family of cones

FX;5) = (x—a1 () + G —ar () —m’ (z—a3(5))* =0 (3.1

is called an embankment surface and A is its directrix [27].

2 2
In Definition 3.2, the condition |ma/§ < (cx'l) + (aé) guarantees an intersection with the cone.
For more detailed information, see ([27], p.118).

The stages of creating embankment surfaces that are constructed by a regular space curve can be
seen in Figure 1 [27]. The embankment surfaces are generated through envelope families of cones
moving along the curve. Figure 1(a) depicts the motion of a cone along the curve. Figure 1(b)
illustrates the formation process of the envelope families of these cones. Figure 1(c) presents the
resulting embankment surfaces, namely, the envelopes of cones moving along the curve.
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Figure 1. Generation of an embankment surface.

Let W be a parametrization of the envelope of cones defining the embankment surface given by
WE (5,0) = (W5 (5.6), P22 (5,60) , W (5,6)) . Moreover, let a (s) = (a1 (), @2 (), @3 ()) be a regular

< (0/1)2 + (0/2)2. Then, the

space curve which is diretrix of WE (s5,6) and m € R, m > 0 with |mo/3
embankment surface can be given as

(¥ (5.0) = a1 () + (¥ (5,60) = a2 () — i (¥5 (5,6) — 3 (s)

+ (‘I’E3 (s,0) — as (s))2 - (‘I’E3 (s,0) — a3 (s))2 =0. (3:2)

In the next step, the following equality is obtained by making the necessary adjustments to Eq (3.2).

(¥ (5,6) - a (), W (5,0) — @ (5)) = (m + 1) (¥ (5,6) - 3 () . (3.3)
However, the parametric equation on this surface with Darboux frame is given as
YE (5,0) —a(s) = a; (5,0) T (s) + a> (5,0) 8 (s) + a3 (5,0) i (s5) , (3.4)
where a;, a,, and a3 are differentiable functions of s and 6§ on the interval /.
Moreover, we have
(WE (5.0) = (s), P (5.0) - @ (5)) = a] (5.0) + @3 (5,6) + a3 (s5.6).. (3.5)
Hence, via (3.3) and (3.5), we have
a; (5,0) + @3 (5.0) + @3 (5, 0) = (m* + 1) (¥ (5.0) — 3 (s))2 . (3.6)

By taking the derivative of expression (3.6) with respect to s and 6, the subsequent Eqs (3.7) and (3.8)
are obtained, respectively.
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a1 (s, 0)ar (s, 0)+ax(s, O)ar(s, 0) +as(s, O)as(s, 0), = (m*+1) (¥ (5,0) — 3(s)) (¥*(5, 0) — a3(s)) -
3.7)

ay (s,0) a; (5.0)5+a; (5.0) a (s, 0)+ a3 (5,0) a3 (5.0)y = (m* + 1) (P2 (5.0) — a3 (5)) (¥ (5.6))

.-
(3.8)
Also, if we differentiate the Eq (3.4) with respect to s and 6, then, we have

WE(s,0) = (lle (DIl +ar (5,0), = ko2 (5, 0) = Kya3 (5,60)) T (s) (3.9)

+ (a2 (5.0), + kea (5,0) — a3 (5,0) 7,) § (s)

+ (a3 (s,0), + kuatr (5,6) — a2 (5,0)) i (s),

and

Wy (5,0) =ay(s,0),T () +ax(s,0),8(s) + as (s,0),7(s) . (3.10)

Since the embankment surfaces and cones are tangent to each other along the curve, their tangent
planes at the contact points coincide. As the position vector of the cone equals to its normal vector, the
normal of the cone surface is given by

U(s,0) = YE (5,0) — a(s).

Therefore, the condition
(W (s5,0) - (5), WE (5,0)) = 0

constitutes a necessary and sufficient condition for the embankment surface. Next, using Eqs (3.4)
and (3.9), we arrive at the following result:

ay (s,0) || (| +ay (s,0) a, (s,0), +a>(s,0) ay (s,0), + az (s,0) a; (s,0), = 0. (3.11)
Hence, by using (3.7) and (3.11), we obtain
a (5,6) = —(m2 ) (5 (5.0) — 3 () (¥ (5,6) — a3 (5)) (3.12)
’ lle” ()l ’ ’ s’ '
By utilizing Eqs (3.6) and (3.12), the following expression can be derived.
& (5.0) + a3 (5.0) = (m” + 1) (P* (5.0) - a3 (s))2 [1 - ﬁ:z(:)ﬁz) (P (5.0) - a3 (s))f . (3.13)

With the help of (3.13), and using the well-known fundamental trigonometric identity cos? 6 + sin® 6 =
1, the following selections can be made.

ll” (s)II”

a(s,0) = +Vm?+1 (‘I’E3 (s,0) — a3 (s)) \/1 - (m? + 1) (W (5,0) — a3 (S))i cosd, (3.14)

,0
@ (50 I I

= Vm? + 1(¥5 (5,0) — 3 (5)) \/ o lmt ) (W (s,6) — a3 (5))° sin 6.

So, we can construct our main theorem as the following:

AIMS Mathematics Volume 10, Issue 9, 20979-21003.
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Theorem 3.3. In Euclidean 3-space E°, an embankment surface is the envelope of a one-parameter
family of cones centered on the spine curve a(s). The embankment surface can be parametrized as

m* + 1

o3 (5,005 (5,0), T (s) (3.15)
lla’ ()]l

YE(5,0) = a(s) -

+ Vm? + 1o (s, 0) \/1 - (”mz(+)ﬁz) 03 (s, 0)2(cos 03(s) + sin bii(s)),
a’'(s

where {f, g, ﬁ} is the Darboux frame of a(s), 03 (s,60) = P (5,60) — a3 (s), and m € R, m > 0 with

|ma/’3| < 4 a;)z + (a;)z.

Theorem 3.4. Let a : I C R — R? be a unit speed diretrix curve of embankment surface Y- (s, 0) and
0 0
0(s,0) = cosi + sin Ef(s) be a unit real quaternion in S* C R*. Then, the parametric equation of

embankment surface YE (s, 0) generated by the curve a can be given

(i) Via the real quaternion product Q (s, 6) x g(s) x Q7! (s,6)

WE(s,0) = als) = (m’+1)03(s5,0) 03 (s,0), T (s) (3.16)

+ Vm? + 1o (s, 0) \/1 — (M2 +1)03 (5,020 (5,0) x g(s) x 07! (5,6).

(ii) Via the matrix representation of the map ¢ : R — R for the unit real quaternion Q (s, 6) and
WE (s, 0) can be obtained by the homothetic motion as

VE(5.0) = a(s)—(m*+1)03(s.0) 05 (s,60), T (s) (3.17)

+ Vm? + 105 (s, 6) \/ 1—(m2+1) 03 (s, 0> Mog,

where {f, I8 ﬁ} is the Darboux frame of a(s), M is the matrix representation of the map ¢ for Q (s, 6),

2 2
< (@) +(a3)
Proof. Assume that WE (s5,6) is an embankment surface generated by the unit speed curve a (s)
according to the orthonormal Darboux frame {f, g, ﬁ’} By using (3.15), we can easily obtain

03 (5,0) = P& (5,0) — a3 (5), and m € R, m > 0 with |ma}

YE(5,0) = a(s) - (m2 + 1) 03 (s,0) 05 (s,0) f(s)

+Vm? + 1073 (s, 6) \/ 1 — (m? + 1) 03 (s, 6)(cos 63(s) + sin 6ii(s)).

g 8 =2 6 9 =
Via (2.3), for the real quaternions Q (s, 6) = COSE + sin ET (s), 07! (5,0) = COSE —sin ET (s) and the

pure real quaternion g(s), we get
0 (s5,0) X 2(s) X Q7' (s,0) = cos 3(s) + sin O(T'(s) A g(s)) + (1 — cos ) < T(s), 8(s) > T(s).

The trigonometric half-angle formulas are employed here.
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As aresult, since the coefficients of the Darboux frame are orthogonal, their inner products are zero.
Consequently, the following equality is obtained.

0(s,0) X 2(s) X Q"' (5,6) = cos 08(s) + sin Oii(s). (3.18)
On the other hand, if as) = (m+1)o3(5,0)05(s,0),T (s),

+ Vm? + 1lo5 (s, 0) \/ 1 —(m?+1)0;(s, 0)?, and M, are defined as translation vector, the homothetic
scalar, and the orthogonal matrix of the homothetic motion, respectively, then (3.17) is a homothetic
motion. This completes the proof. O

4. Embankment-like surfaces according to the Darboux frame in E*

In this section, first, embankment-like surfaces, which are special cases of embankment surfaces,
will be defined. Subsequently, the parametric equations of these surfaces according to the Darboux
frame will be given by means of a real quaternion product and matrix forms of homothetic motion.

Definition 4.1. Let o : I ¢ R — R? be a regular space curve. Then, the surface
WEL (5,6) = (WEL' (s,6) , WEL2 (s, 0) , WEL (s, 0)), which can be given by

PEL (5,0) = a(s)— (m2 + 1) o (5,0)0(s,0),T (s)

+ Vm? + 1o (s, 0) \/1 — (m2 + 1) o (s, 0)*(cos 0(s) + sin Hii(s)) 4.1)

is called an embankment-like surface, where {f g, ﬁ} is the Darboux frame of a(s), o (s,68) = Q(s,0)—

2 2
< \/(af’l) + (a’z) and Q (s, 6) is an arbitrary function of s and 6.

Corollary 4.2. Leta : I C R — R? be a unit speed diretrix curve of embankment-like surface WL (s, 0)

as(s) and m € R, m > 0 with |mc

and Q(s,0) = cosg + sin gf(s) be a unit real quaternion in S c R*. Then, the parametric equation
of embankment-like surface WYE- (s, 0) generated by the curve « can be given.
(i) Via the real quaternion product Q (s,6) x g(s) x Q7' (s,6),
YEL (5,0) = a(s) - (m2 + 1) o(s,0)0(s,0), T (s)

£ VPP + 107 (5,0) A1 = (0 + 1) (5,670 (5, ) x ) x 07 (5,6).  (4.2)

(if) Via the matrix representation of the map, ¢ : R* — R? for the unit real quaternion Q (s, ) and
WEL (5, 0) can be obtained by the homothetic motion as

P (5,0) = a(s)—(m*+1) 0 (s,0) 0 (5.0),T (s)

+Vm? + 1o (s, 0) \/ 1 —(m?+1)o(s,0)>Mpg, (4.3)

where {f, g fi} is the Darboux frame of a(s), M is the matrix representation of the map ¢ for Q (s, 6),
<

o (s,0) = Q(s,0) — as(s), Q(s,0) is an arbitrary function of s, and 6 , m € R, m > 0 with |mag
/7 2 ’ 2
(a) + (a3

Proof. By choosing W (5,0) = Q(s,6) in Theorem 3.4 presented in Section 3, the proof becomes

evident, where Q (s, 6) is an arbitrary function of s and 6. O
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5. Tubembankment-like surfaces according to the Darboux frame in E*

In this section, we introduce a tubembankment-like surface, which represents another special case
of embankment surfaces obtained from the nonzero constant function o (s,6) = c. The parametric
equations of these surfaces are then expressed in terms of the Darboux frame, using the real quaternion
product and its matrix representation as a homothetic motion. For convenience in the computations of
theorems and examples, the sign will be assumed positive. Similarly, calculations can also be carried
out with the negative sign. Finally, the geometric properties of these surfaces are presented using the
given theorems.

Definition 5.1. For the embankment-like surface given in (4.1), if o (s,6) = c is a constant function,
this surface is called a tubembankment-like surface.

Corollary 5.2. Let « : I ¢ R — R? be a unit speed diretrix curve of an embankment-like surface
WTEL (s5,0). Then, the parametrization of tubembankment-like surface generated by a (s) is given by

WTEL (5,0) = a(s) £ ¢ Vm? + 1(cos 62(s) + sin H7i(s)), (5.1)
where {f g, ﬁ’} is the Darboux frame of a(s).

Corollary 5.3. Let @ : I ¢ R — R? be a unit speed diretrix curve of a tubembankment-like surface
0 -
WTEL (5,0) and Q (s,0) = cos3+ sin ET (5) be a unit real quaternion in S C R*. Then, the parametric

equation of tubembankment-like surface YTEL (s, ) generated by the curve a can be given.

(i) Via the real quaternion product Q (s,6) x g(s) x Q7' (s,6),
PTEL (5,0) = a((s) £ ¢ Vi + 10 (s,0) x @(s) X 07" (s, 6) .

(if) Via the matrix representation of the map, ¢ : R®> — R3 for the unit real quaternion Q (s, #) and
WTEL (5, 6) can be obtained by the homothetic motion as

PIEL (5,0) = a(s) £ c Vm? + IMpg,

where {f, g ﬁ’} is the Darboux frame of a(s), My is the matrix representation of the map ¢ for Q (s, 6),

o (s,60) = c is constant function, and m € R, m > 0 with |m0/| < (a/’ )2 + (a’ )2
5 ’ > 3 1 2)

The unit normal vector U of the tubembankment-like surface is given as
U (s,6) = cos 02(s) + sin 6ii(s). (5.2)

The first and second order derivatives of the tubembankment-like surface W7 £~ (s, 6) with respect to
the parameters s and 6 can be easily calculated as follows:
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PTEL = AT(s) — ¢ Vm? + 1sin 07,8(s) + ¢ Vm? + 1 cos 07,7(s),
YIEL = —c Vim? + 1sin 68(s) + ¢ Vm? + 1 cos 6ii(s),
WIEL — (—c \/nmké cos@—cVm? + 1 &, sin@
+c ‘/nT—l—lKng sinf — ¢ \/nmknrg cos 8) T(s)
+ (AKg - cmf’g sinf — cmrg cos 9) g(s) (5.3)
+ (AKn +c WT; cosl —c \/mrz sin 9) i(s),
Pt = (c Vi® + 1k, sin 6 — ¢ Vm? + 1k, cos 9) T(s)
-c \/nmfg cos g(s) — ¢ mrg sin 7i(s),
WIEL = e Nm? + 1 cos 03(s) — ¢ Vm? + 1 sin 6ii(s).

In order to find the surface properties of the tubembankment-like surface, it is useful to have
expressions for the coeflicients of the first and second fundamental forms given by

g = A+ ° (m2 + 1)T§,g12 =c? (m2 + I)Tg,gzz =c? (m2 + 1) , 5.4)
L, = A(Kg cos 8 + K, sin@) —cVm? + IT§,L12 =—cVm? + 114, Ly = —c Vm? + 1.

The Gauss and mean curvature functions of the tubembankment-like surface are given as follows:

Ky €08 6 + K, sin @

AcVm? + 1

c m2+1(Kgcosé’+K,,sin0)—A
H = , (5.5)
2Ac Vm? + 1

1 1
H = ——(—+ch2+1K),

2\evVm2 + 1

K =

where A = 1 — ¢ Vm? + 1k, cos 0 — ¢ Vm? + 1k, sin 6.

Proposition 5.4. The tubembankment-like surface YTEE (s, 0) given by (5.1) is a regular surface if and

1
only if the inequality k, c0S 0 + K, Sin @ # ——— is provided.
cVm? + 1

Proof. The surface to be regular should provide inequality g;;g2, — gé # 0. By using (5.4), we have
811822 — g%z = A% (’712 + 1) )

where A = 1 — ¢ Vm? + 1k, cos @ — ¢ Vm? + 1k, sin 6.

Since ¢ is a nonzero constant, ¢? (m2 + 1) # 0. So, from the last equation, we obtain

Kq COS 6 + K, sin € #
cVm? + 1

So, the proof is completed. O
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Theorem 5.5. The Gaussian curvature function K of the regular tubembankment-like WTEL (s, 0) is
zero if, and only if, T, = 7 for the s parameter curves.

Proof. Let K be zero. Then,

K Kq €OS 6 + K, sin 6 _ 0o
c2(m?+ 1)kgco80 + 2 (m?> + 1) ky sin@ — c Vm? + 1

. Kg .
Hence, we conclude that k, cos @ + k, sin@ = 0. It means that — is constant for s parameter curves.

Kn
Kg\ . . d® .
We know that ® = arccot| — | is constant. Since 7, (s) = 7(s) + I therefore, we obtain 7, = 7. The
Ky, s
sufficiency part of the proof is obvious. O

Theorem 5.6. Let WEL(s, 6) be a regular tubembankment-like surface (5.1) in E3. Section curves of
the tubembankment-like surface YTEL(s, 0) have the following properties.

(i) The s-parameter curve of the surface W7£%(s, 6) is an asymptotic curve if and only if the following
equality is satisfied:

cVm? + 1T§

1 —cVm? + 1k, cos 6 — c Vm? + 1k, sin 6 = (5.6)

Kg COS 0 + K, SIN G
(ii) The -parameter curve of the surface W7£L(ss, §) cannot be an asymptotic curve.

Proof. (i) A curve y on a surface in E? is an asymptotic curve if, and only if, normal vector y~ always
points to the curve as tangent to the surface, that is, <lj , y"> = 0. For the s-parameter curve, by using
(5.2) and (5.3), we have

(Kg cos 8 + K, sin@)(l —cVm? + 1k, co8 0 — ¢ Vm? + 1x, sinH) —cVm? + 17'5,
0.

(0. w7

By making the necessary adjustments in this expression, equality (5.6) is obtained.
(if) By using (5.2) and (5.3), the following inequality is provided

<lj, ‘PGTGEL> =—cVm?+1#0,
for the #-parameter curve, this curve cannot be an asymptotic curve. m|

Theorem 5.7. Let WYTEL(s,0) be a regular tubembankment-like surface (5.1) in E3. Section curves of
the tubembankment-like surface YTEL(s, 0) have the following properties.

(i) The #-parameter curve of the surface W7£L(s, 6) is a geodesic curve.
(if) The s-parameter curve of the surface W"=L(s, 6) is a geodesic curve if, and only if, «, is constant,

.. .. . . K
where 0 ¢ {%” |k € Z}. In addition, the condition of 7, being constant requires — =tané.

Kyg
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Proof. (i) A curve y lying on a surface is a geodesic curve if, and only if, the acceleration means that y”
and the surface normal U are linearly dependent, namely, U A ¥" = 0. In this case, for the 6-parameter
curve, by using (5.2) and (5.3), we get
0 AWTEL = ¢
Hence, the §-parameter curve on the surface is always a geodesic curve.
(if) For the s-parameter curve, by using (5.2) and (5.3), we compute

U A PIeL = [(K,, cos 0 — K, sin 9) (1 —cVm? + IKg cosf—c IK,, sin 8) +cVm? + IT;,] f(s)
+ [c Vm?2 + 1sin* 6 (Kng - K;) +cVm? + 1sinfcos 6 (TgKn ;,)] g(s)
+ [c Vm? + 1 cos® 9(—/<’ - ‘rgk,,) + ¢ Vm? + 1 sinfcos H(Kn - Kng)] 7i(s).

8

_)—)—)

Since {T, g, i1

( cosG—Kgsme)(l—c\/ 24 IKgcose—c\/m2+lknsin0)+c\/m2+1723]:O,
c m2 1 sin® H(Kgrg )+c\/m2+1sin0cos9(rgkn—/<;,) =0,

Vm? + 1 cos? 0( TgKn) +cVm? + 1 sin@cos@(K;Z — KT ] = 0.

} is a triply orthogonal system and U A PTEL = (, the following equalities are obtained

By the last two equations, the second equation is multiplied by cosf and the third equation
multiplied by sin 6, then they are added together and necessary adjustments are made, and we obtain
K, 1s constant. Also considering the first equation, the following equality is obtained.

A
Tg—

(K, cOS 6 — Kg sin 6) (1 — ¢ Vm? + 1(k, cos 6 + k, sin 9))
cVm? + 1 .
Since the surface is regular, then, we know
) 1
Ko COS O + Kk, SIn 6 # .
cVm? + 1

Therefore, the condition of 7, being constant requires «,cos — k,sinf = 0. In other words, it

. K .
necessitates — = tan . Then, the proof is completed. m|
K
8

Proposition 5.8. [35] On the surface, a hyperbolic point is a minimal point if, and only if, the
coefficients of the first and second fundamental forms at this point are satisfying the following equation:

8nLiy —2g812L1 + g11Lxn = 0. (5.7)

Theorem 5.9. The minimal curves of regular tubembankment-like surface given by (5.8)

PTEL (5,0) = a(s) + ¢ Vm? + 1(cos 03(s) + sin O7i(s)) (5.8)
are as follows:
B(s) = a(s) + ¢ Vm? + 1(cos 0Z(s) + sin O7i(s)), (5.9

1
2k(s)cVm? + 1

where 6 = f (Tg (s)—1 (s)) ds + arccos( ) , k # 0, and, here, « and 7 are the curvature

functions of the curve a(s).
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Proof. From (5.4) and (5.7), we have
2cVm? + 1 (KgCOSQ+ Kn sin@) -1=0.

Therefore, we obtain

1
0-0) = :
cost : (2/<(s)c\/m2 + 1)

and so,

6= f(rg (s) — T(S)) ds + arccos (2K(s) ) bm) ,

d
where k, (s) = k(s)cosO(s), k,(s) = k(s)sin® (s), and 7,(s) = 7(s) + I This completes the
s
proof. O

Theorem 5.10. If a(s) : I € R — R? is a regular unit speed space curve with nonzero curvature,
then the tubembankment-like surface YTEL (s,0) given by (5.1) , with directrix curve a (s) and a non-
degenerate second fundamental form, is a (H, K)-Weingarten surface.

Proof. By the help of (5.5), we know that

1 1
H:——(—+cvm2+1K .

2\eVm2 +1

From this, we can easily check that H,Ky—Hy;K, = 0. Thus, the tubembankment-like surface W7~ (s, 6)
is a (H, K)-Weingarten surface. O

6. Visualizations for embankment-like and tubembankment-like surface in E>

In this section, we present examples of embankment-like and tubembankment-like surfaces ge-
nerated by the unit speed curve a (s) with respect to the Darboux frame. For these examples, we
assume the positive sign; however, the same construction can be carried out with the negative sign as
well. Thereafter, we provide the parametric equations of these surfaces, followed by their quaternionic
and matrix representations. Finally, we illustrate their graphs using the software Mathematica.

Consider the surface of the cylinder I' given by the parametrization I'(u,v) = (sinu,cosu,v). The

curve given by the parametrization form a(s) = |sin — is a unit speed helix curve on

s s
,CO8 —, —
V2 V2 V2

the surface I'. The curve a(s) is regarded with respect to the components of the Darboux frame as:

a(s) = ((5), T(5)) () + {(5), §(5)) (5) + (a(s), i(s)) (s)). 6.1)

To simplify the notation, the curve a(s) with respect to the Darboux frame will be denoted by S(s) .
Vector fields and curvatures of the Darboux frame {f, g1, K,,,Kg,rg} of the curve a (s) can be
calculated as follows:

T(s) = (t1.1013) = — sin —, 1)

1 s
o
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gls) = %(—Cos %,sin %,1)

s s
ia(s) = (— sin —, — cos —, 0)
V2 V2
1 1

kp = 0, kg = ~5 Tg = ~5

Throughout the matrix multiplications, the vector g(s) is consistently treated as a 3 X 1 column

matrix and will be denoted by g. The given vector is considered as a pure quaternion in the quaternion

multiplications. The following equality, also theoretically proven in Eq (3.18) of Section 3, is known

to facilitate the representation of the examples in terms of homothetic motions and quaternions with
respect to the Darboux frame

Mopg = Q(s,0) x g(s) x Q7' (s,6) = cos 8g(s) + sin ii(s). (6.2)

) ) . ) ) 6 .6 )
Moreover, M, is a matrix equivalent to the unit real quaternion Q (s, ) = cosi + sin Ef(s) given

as the following:

aiy dip a3
MQ =\ dzx dyp a3 (63)
asz; dsp dass

6 .,0 ) ., 0 . ., 0
cos? 3 + sin? 3 (t% — t§ — t%) —t38In 8 + 2111, sin’ 3 L sinf + 2t 1 sin® 2
. ., 0 6 .,0 . ., 0
My = t38in 6 + 21115 sin’ 3 cos? 3 + sin? 3 (t% - tf - t%) —t1sin 6 + 2613 sin® 3
. ., 0 . ., 0 2 0 205 5 5
—tp sSIn @ + 2tz Sin 5 t1 sin 6 + 2t,t5 sin 5 CcoS ) + sin ) (t3 - - t2)

The first column of M, is given as

r 0 1 0 ]
cos? — + — sin’ = (cos V25 — 1)
o 2727 2
a | = % sin@ — 5 sin’ > sin V2s ’
as | Osin > + i , 0 s
—— sin @sin — + sin® — cos —

the second column of My is given as

1 1
———sinf — = sin’ Q sin \/Es
V2 2 2
a2 b1 ..6
an| = cosz———sinz—(cos \/§s+l) ,
2 2 2
asz 1 o s ., 0 . s
— sinfcos — — sin® = sin —

AIMS Mathematics Volume 10, Issue 9, 20979-21003.



20996

and third column of M, is given as

. .S .2 0 s
———sin @ sin — + SIn“ — cos —

lzi} = —$ sin @ cos % ; sin 3 sin @
cos? 3
Example 6.1. Let’s consider that Q(s,6) = 6 + iz, m = 5 Then, we can construct the embankment-

like surface. By the help of (4.1) we can easily obtain the equation of this surface by using components
of the Darboux frame as

YEL (5,0) = ﬁ(s)+ge(coseg(snsineﬁ(s)). (6.4)

Employing the representation of the curve with respect to the Darboux frame together with its
components yields the following equations:
(i) The parametric form of the embankment-like surface is given by:

s V10 s V5 s

sin — — ——6#cosfcos — — —@sinfsin —,
v V2 V2
WEL (5,0) = | cos = + —()Gcost9sini - —Sésinecos i, .

Ve Vi 2 V2
s N0

— + ——fcosb
> 4 COS

(ii) As quaternionic via (6.2) and (6.4):
YL (s,0) = B(s) + @Q(S, 0) x 8(s) x Q' (s,0),

0 0 -
where O (s,6) = cos— + sin ET () is a unit real quaternion.
(iii) As a homothetic motion represented via the matrix form of Q(s, 8) according to (6.2) and (6.4):

PEE (5, 0) = B(s) + gMQg,

where M, (6.3) is a matrix equivalent of the unit real quaternion Q(s, 6).

The graph of this surface can be found in Figure 2 for the different parameters. In Figure 2(a),

3 3
s € [=x, 7] and 6 € [5, 5]. In Figure 2(b), s € [~3,3] and 6 € [—7” 7”] In Figure 2(c), s € [~5, 5]

and 6 € [-2,2]. Distortions in the surface plots are particularly evident in Figure a, where the regularity
of the surfaces is not maintained.
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(a) (b) (©)
Figure 2. Embankment-like surface WE* (s, 6).

1
Example 6.2. Let’s consider that Q (s,0) = 6,m = —. Then, we can construct the embankment-like

surface. By the help of (4.1), we can easily obtain the equation of this surface by using components of
the Darboux frame as

) - \/% )
9— —|T(s)+ — [0- —
vz) W+ 7% ( v

By utilizing the representation of the curve in the Darboux frame along with its components, one arrives
at the following equations:
(i) The parametric form of the embankment-like surface is given by:

WEL (5,0) = B(s) + —=

5g/§(

) (cos 0g(s) + sin 07i(s)). (6.5)

sini +§(6’— i)cosi - E(@— i)cos@cosi
V2 8 V2 V2 o8 V2 V2
—@ (9 - i) $in @sin —
8 V2 V2’
PEL (5,60) = cos% - 2(9— %)sm% + g(@— %)cosﬁsin%
—@ (9 - i) sin 6 cos =
8 V2 V2’
= é( - i)+ E(@— i)cos@
V2 8 V2 8 V2
(if) As quaternionic via (6.2) and (6.5):
WEL (5, 6) = B(s) + ¥ (9 - %) 7 (s) + @ (9 - %) 0(s,0) X 3s) X 07\ (5,6),

6 0
where QO (s,6) = cosz + sin ET () is a unit real quaternion.

AIMS Mathematics Volume 10, Issue 9, 20979-21003.



20998

(iii) As a homothetic motion represented via the matrix form of Q(s, 8) according to (6.2) and (6.5):

EL 5vV2 s .= V30 s
W& (s,0) = B(s) + T(H_ %)T(s)+ T(G— $)Mgg,
where M, (6.3) is a matrix equivalent of the unit real quaternion Q(s, 6).

The graphs of this surface for different parameters can be found in Figure 3. In Figure 3(a), s €
[-7, 7] and 6 € [-5,5]. In Figure 3(b), s € [x,n] and 0 € [-4n, 4x]. In Figure 3(c), s € [-3m,3n] and
0 € [—10m, 10x]. Distortions in the surface plots are observed in Figure 3, where the regularity of the
surfaces is not maintained.

(a) (b) (©)
Figure 3. Embankment-like surface WEL (s, 6).

3
Example 6.3. Let’s consider that o (s,0) = 1,m = T Then, we can construct the tubembankment-like

surface as the following. By the help of (5.1), we can easily obtain the equation of this surface by using
components of Darboux frame as

YTEL(5,0) = B(s) + %(cos 02(s) + sin 67(s)). (6.6)

Using the Darboux frame representation of the curve in conjunction with its components leads to the
following equations:

(i) The parametric form of the embankment-like surface is given by:

sini—ﬂcosé’cosi—ésmesini
I vttty
s 5vV2 Ky 5 Ky
WIEL (5,0) = cos$+Tcosesin$—Zsinecos$ )
il +5\/§cose
V2 8

(i) As quaternionic via (6.2) and (6.6):
W (5,6) = B0) + 20(5,6) X 89 X 0 (5.0),
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0 0 -
where Q (s,6) = cos— + sin ET (s) is a unit real quaternion.

(iii) As a homothetic motion represented via the matrix form of Q(s, 8) according to (6.2) and (6.6):

5
PTEE (5,6) = B(s) + 7 Mos:

where My, (6.3) is a matrix equivalent of the unit real quaternion Q(s, 6).
Moreover, the Gauss and mean curvature of surface Y7L (s, §) are given as:

16cos @ —16 —20cos 8

K=——"— H=——7"—.
40 + 25 cos 8 40 + 25 cos 6
In addition, by applying the minimal curve condition stated in Theorem 5.9, we obtain 6 = a +

arccos 3 where a is a real constant.
The graphs of this surface for different parameters can be found in Figure 4. In Figure 4(a), s €
[-3,3] and 6 € [-4,4]. In Figure 4(b), s € [-2r,2n] and 8 € [-5x, Sx]. In Figure 4(c), s € [-10, 10]
4
and 6 € [-5,5]. Moreover, the minimal curve corresponding to the constant § = arccos — on the

tubembankment-like surface is depicted in red. The endpoints of the curve are highlighted with blue
points for clarity.

(a) (b) (©)
Figure 4. Tubembankment-like surface W7 £~ (s, 6) and its minimal curve.

Furthermore, the Gauss and mean curvature functions of the surface W=~ are presented in Figure
5. In this figure, the Gauss curvature function K is depicted by the red curve, while the mean curvature
function H is represented by the blue curve. The Gauss and mean curvature functions are important
for interpreting the flatness and minimality of the surface, respectively. Therefore, the graph presented
in Figure 5 allows us to observe these properties.
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Figure 5. Gauss and mean curvature functions of the surface ¥7£% (s, 6).

7. Conclusions

In recent years, many researchers have studied canal and tubular surfaces using the Darboux
frame. The concept of the embankment surface has been introduced more recently, with relatively
few studies available. In this paper, we investigate the characterization of embankment, embankment-
like, and tubembankment-like surfaces generated by a spatial curve with respect to the Darboux
frame. Parametric definitions are provided, enabling the examination of geometric properties such
as slope, curvature, durability, material compatibility, and drainage performance, which are crucial in
engineering applications. The equations of these surfaces are simplified using matrix representations
and quaternions, significantly reducing computational complexity. For tubembankment-like surfaces,
curvature properties and special curves are analyzed, and the necessary conditions for minimal curves
are obtained. These results are important for ensuring accurate and efficient design in practical
applications.

Furthermore, the surfaces are visualized using the software Mathematica, clearly revealing their
structural features. Analytical equations alone may be insufficient for full comprehension, whereas
graphical visualization offers a strong analytical tool for both theoretical research and applied design.
The findings contribute new perspectives and construction methods to differential geometry.

Study limitations: At the points where the curvature x of the space curve is zero, the Darboux
frame cannot be defined. Thus, the study is limited at this stage, which poses a problem.

Future recommendations: The combined use of the Darboux frame and quaternions provide a
robust framework for future studies. The presented methods and visualization techniques may inspire
applications in computer graphics, kinematics, and surface modeling. Additionally, extending the
study of such surfaces to different motion types or alternative geometric spaces, such as Minkowski or
isotropic spaces, presents promising directions for further research.
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