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Abstract: Weak degeneracy is a refined variation of degeneracy that retains many of the useful
structural properties of degeneracy, such as facilitating efficient graph orientation, enabling compact
representations, and supporting algorithmic applications in graph theory. We focus on the Erdds-
Nesetfil Conjecture from the prespective of weak degeneracy. In this paper, we prove that for every
subcubic graph G with a maximun average degree less than %, % 15—3 and %, the weak degeneracy of
the corresponding graph (L(G))? is at most 5, 6, 7, and 8, respectively, where (L(G))? is the square of
the line graph of G.
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1. Introduction

All graphs in this paper are finite and simple. For a graph G = (V, E) and e}, e, € E, the distance
dg(ey, e2) between e and e, is the length of the shortest path between the end vertices of e; and the end
vertices of e, in G. For a graph G, (L(G))? denotes square of the line graph, where

V((L(G))*) = E(G), E((G))*) = {eie; : dg(ei,e)) < 1).

A proper coloring of G is an assignment of colors to the vertices of G so that no two adjacent
vertices receive the same color. A proper coloring of (L(G))? is called a strong edge-coloring of G.
The chromatic number of (L(G))?, denoted by x’.(G), is called the strong chromatic index of G, where
the strong chromatic index is the minimum number of colors needed to color its edges so that each
color class is an induced matching. The concept of strong chromatic index was introduced in [6, 7].

In 1985, Erd6s and Nesetfil [5] presented the following conjecture.


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025933

20892

Conjecture 1. Assume G is a graph with a maximum degree of A. Then,

G < %AZ if A is even;
X\ = §A2—5A+% if A is odd.

This conjecture received a lot of attention. It was verified for graphs G with A(G) < 3 [1, 11], and
remains open for graphs G with A(G) > 4. For graphs G with A(G) = 4, the conjectured upper bound
for x'.(G) is 20. The current known upper bound is 21 [12]. For graphs with a large maximum degree,
Molly and Reed [15] proved that y’(G) < 1.998A2, which was subsequently improved by Bonamy,
Perrett, and Postle [3] to y(G) < 1.835A2, and by Hurley, Verclos, and Kang [13] to Xi(G) < 1.772A%.

We usually use mad(G) = maxyce vm=1 % to denote the maximum average degree of the graph
G. Hocquard and Valicow [10] studied the strong chromatic index of subcubic graphs with limited
mad(G), and provided the following theorem.

Theorem 1. Let G be a subcubic graph:
(a) If mad(G) < =2 then)(s(G) <6;

(b) If mad(G) < %, then x'(G) < 7;

11’

(c) If mad(G) < = then)( (G) <8;

(d) If mad(G) < =3, then x'(G) < 9.

13’

Later, Hocquard et al. [9] improved Theorem 1 and produced Theorem 2.
Theorem 2. Let G be a subcubic graph:
(a) If mad(G) < 1 3 then x(G) < 6;
(b) If mad(G) < 5, then ' (G) <7;
(¢) If mad(G) < &, then x'(G) < 8;
(d) If mad(G) < 2 then)( (G)<o.

Moreover, for (a), (b), and (d) of Theorem 2, Hocquard et al. [9] provided some graphs that satisfied
with mad(G) = 2 (3,2) and x|(G) > 6 (7 and 9, respectively). These examples showed that the
corresponding bounds were sharp.

An edge list L of a graph G is a mapping that assigns a finite set to each edge of G. We say that L is
a k-edge list if |L(e)| > k for every edge in G. The graph G is strongly L-edge colorable if there exists
a strong edge-coloring ¢ of G such that c(e) € L(e) for every edge e of G. For a positive integer k, a
graph G is strongly k-edge choosable if for every k-edge list L, G is strongly L-edge colorable. The
list strong chromatic index x;.(G) is the minimum positive integer k for which G is strongly k-edge
choosable. There are many works on the list strong chromatic index. For example, x; (G) for subcubic
graphs was investigated by Ma et al. [14], which presented the following theorem.

Theorem 3. Let G be a subcubic graph:
(a) If mad(G) < 2, then Xx,(G) £ 6;
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(b) If mad(G) < 3, then x| (G) < 7;

ﬁ)
(c) If mad(G) < % then x; (G) < 8;
(d) If mad(G) < %, then x, (G) < 9.

For (b), (c) and (d) of Theorem 3, Zhu and Miao [18] provided a better upper bound with mad(G)
using the following Theorem 4.

Theorem 4. Let G be a subcubic graph:
(a) If mad(G) < %, then x,(G) <7;
(b) If mad(G) < %, then x,(G) < 8;

(c) If mad(G) < &, then x| (G) < 9.

For a graph G, the k-assignment L assigns a list L(v) (a set of colors) with |L(v)| = k to each vertex
v. G is defined as L-colorable if there is a proper coloring f where f(v) € L(v). If G is L-colorable
for any k-assignment L, then G is k-choosable.  The choice number of G, denoted x/(G), is the
smallest integer k such that G is k-choosable. Based on the definition of a choice number, it is easy to
observe that the choice number y;((L(G))?) of (L(G))? is equal to x,(G) for every graph G. The choice
number y;((L(G))?) of (L(G))? has been previously studied in a few papers. In [17], it was proved that
xi(L(G))?) < 22 for G with A < 4.

The degeneracy of graphs comes from the greedy algorithms for graph coloring. The basic greedy
algorithm considers the vertices of G one at a time. Considering how to color one vertex u in the proper
coloring, we assign to it an arbitrary color, say a, from L(u) (which is the set of available colors of u).
At this point, to ensure that the coloring is proper, we have to remove the colors which correspond to
a from the lists of colors available to the neighbors of u. Thus, the list size for every neighbor u may
decrease by 1, while all the other lists remain unchanged. If no list size reduces to O throughout this
process (i.e., if every uncolored vertex always has at least one available color), then we successfully
obtain a proper coloring. This idea is formally captured in the notion of the degeneracy of the graph.

To motivate the definition of weak degeneracy of graphs, consider a vertex u € V(G) and let A be
a subset of its all neighbors. In general, if we assign a color to u, then every vertex of A may lose one
of its colors. However, suppose that |L(u)| > X,ca|L(v)| ( 1.e., u has strictly more available colors than
the set of all available colors of vertices in A). In this case, there must be a color in L(u) that does
not correspond to any color in | J,c4 L(v), and assigning such a color to u# does not affect the number of
available colors of any vertex contained in A (of course, the other neighbors of # may still lose a color).
In this way, we “save” an extra color for every vertex in A. This idea naturally leads to the notion that
we call weak degeneracy.

In this paper, we are interested in the weak degeneracy of (L(G))*. The weak degeneracy of a graph
is a variation of its degeneracy, which was recently introduced recently by Bernshteyn and Lee [2]. Let
G = (V,E) be a graph, Z be the set of integers, and Z¢ be the set of mappings f : V(G) — Z. An
integer k € Z is viewed as a constant mapping in Z° defined as k(v) = k for all v € V(G). For f, g € Z°,
f+g € ZCisdefined as (f£g)(v) = f(v)+g(v) for all v € V(G). For f € Z° and a subset U of V(G), let
flu be the restriction of fto U, and let f_; : V(G) — U — Z be defined as f_y(x) = f(x) — |Ng(x) N U|
for x € V(G) — U. For convenience, we may use f for f|y, and write f_, for f_,. We denote the set of
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edges incident to u for any u € V(G) by E(u), and let E(U) = U,y E(u). For a subset X of V(G), dx is
the characteristic function of X, which is defined as 6x(v) = 1 if v € X and 6x(v) = 0 otherwise. Let L
be the set of pairs (G, f), where G is a graph and f € Z°.

When comparing the pair (G, f) with the algorithm for graph coloring, it is clear that G is a graph
and f is mapping that initially assigns a positive integer for every vertex in G. While we intend to
find a proper coloring for G, you could view the positive integer as the number of available colors for
every vertex. Based on this idea and the above improved algorithm for graph coloring, we introduce
the delete-save operation for (G, f).

Definition 1. For u € V(G) and A C V(G), the deletion-save operation DeleteSave(u,A) : L — Lis
defined as follows:

DeleteSave(u, A)(G, f) = (G — u, f_, + 0a).

We say DeleteSave(u, A) is legal for (G, f) it A C Ng(u), f(u) = 3,,ea f(w) + |A|, and both f and
f-u + 04 are non-negative.

It is evident that the delete-save operation has a strong connection with the improved algorithm for
graph coloring. After we use legal DeleteSave(u,A) for (G, f), the new pair (G — u, f-, + 64) can be
viewed as follows:

(1) uis deleted (in the graph coloring, we usually say that u is colored);
(2) If ve V(G) —uand v ¢ Ns(u), then f.,(v) = f(v);

3) If ve V(G)—uand v € A, then f,.,(v) = f(v) (comparing with the improved algorithm for
graph coloring, the number of availbale colors for these vertices which are contained in A does
not change, because we select one color a for u and @ does not appera in the set of available
colors of any vertex in A);

(4) frew(v) = f(v) — 1(after u is colored, the number of available colors of these vertices will decrease
at most 1);

where f., = fou + 0a.

The above definition is slightly different from the one in [2], where DeleteSave(u, A) is restricted
to the case that |A| < 1. Actually, we only consider |A| < 1 in this paper; DeleteSave(u, 0) is called a
deletion move and is denoted by Delete(u).

Definition 2. A removal scheme Q@ = DeleteSave(9,,6-,...,6y) : L — L, where for each i, 0, =
(u;, A;), is recursively defined as follows:

DeleteSave(6,, 6,, ..., 0:)(G, f) = DeleteSave(6,)(DeleteSave(6,, 6,, ..., 0;_1)(G, f)).

We say DeleteSave(6,,6,, ...,6,) is legal for (G, f) if DeleteSave(8,, 6., ..., 0,_y) is legal for (G, f)
and DeleteSave(6,) is legal for DeleteSave(8,,6,,...,0.1)(G, f). A move 0; = (u;,A;) removes u;
from G. A graph G is weakly f-degenerate if there is a removal scheme Q) = DeleteSave(6,, 6., ..., 6,)
that is legal for (G, f) and removes all vertices of G. The weak degeneracy of G, denoted by wd(G), is
the minimum integer d such that G is weakly d-degenerate.
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Note that if all vertices of G can be removed by a sequence of legal deletion operations (i.e.,
operation of the form (u, ?)) with respect to (G, f), then G is f-degenerate, and the degeneracy of G,
denoted by d(G), is the minimum d such that G is d-degenerate. For every graph, its weak degeneracy
is less than or equal to the degeneracy.

For simplicity, we shall denote 6; = (u;, 0) by 6; = (u;) and 6; = (u;, {w;}) by 6; = (u;, w;).

Let us show the difference between the weak degeneracy and the degeneracy. For the bipartite
complete graph K33 with two independent sets {u;, u,, us} and {vy, v,, v3}, it is clear that its degeneracy
is 3. However, its weak degeneracy is at most 2 because the following removal scheme Q =
DeleteSave((u;), (uz, v1), (43, {v2, v3}), (v1), (v2), (v3)) is legal for (K3 3, 2) such that all six vertices could
be removed. Here, f(u) = 2 for every vertex in K33 at first (see Figure 1(a)). In step one, u = u; and
A = 0, and the resulting pair is shown in Figure 1(b). In step two, u = u,, A = {v;}, and the resulting
pair is shown by Figure 1(c). In step three, u = u3, A = {v,,v3}, and the resulting pair is shown in
Figure 1(d). In step four, u = v; and A = Q. In step five, u = v, and A = 0. In step six, u = v3 and
A = (). By iteratively deleting vertices, all vertices are removed by legal delete-save operations, which
implies that wd(K33) < 2.

U1 2 u2 2 U3 2 u2 2 U3 2
1 2 val 2 V3 2 V1 1 V2 1 V3 1
(a) (b)

U3 2
1 1 vl D0 3 0 V1 0 vl D0 V3 0
(©) (d)

Figure 1. Three resulting pairs after delete-save operations.

The weak degeneracy of a graph gives an upper bound for many coloring parameters. In [2], it was
proved that for any graph G,

X(G) < xi(G) < xpp(G) < xppp(G) <WA(G) + 1,
and
X(G) < xi(G) < xp(G) < xppp(G) <WA(G) + 1.

Here, x1(G), xp(G), xpr(G) , and y ppp(G) are the choice number, paint number, DP-chromatic number,
and DP-paint number of G, respectively. The reader can refer [4, 16, 19] for the definitions of these
parameters.
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We have to recall that y; (G) = xi1((L(G))?) for any graph G. According to the definition of weak
degeneracy and the fact that y;(G) < wd(G) + 1, a new prespective of weak degeneracy will help
us to think about the Erdés-Nesetiil Conjecture. Herein, the paper will focus on subcubic graphs G
with different mad(G), and the study of wd((L(G))?). Moreover, as an extension, the upper bound of

wd((L(G))?) reflects some upper bound for other parameters. This paper proves Theorem 5 as follows.
Theorem 5. Let G be a subcubic graph and H = (L(G))*:
(a) If mad(G) < 2, then wd(H) < 5;

16’
(b) If mad(G) < %, then wd(H) < 6;

11’

(¢) If mad(G) < 2, then wd(H) < 7;

(d) If mad(G) < %, then wd(H) < 8.

The following sections are organized as follows: in Section 2, an important proposition is
introduced, and the proof of Theorem 5(a) is completed; and in Sections 3-5, the proofs of
Theorem 5(b)—(d) are given, respectively.

Before our next section, some definitions are introduced in advance in order to help us explain more
clearly. The degree of vertex u is denoted by d(u). A vertex of degree k (at least k, at most k) is referred
to as k(k*, k™)-vertex. A k(k*,k™)-neighbor of u is a neighbor of u and the degree of this neighbor is k
(at least k, at most k). A 2;-vertex is a 2-vertex, and the number of its 3-neighbors is k exactly. A 3;-
vertex is a 3-vertex, and the number of its 2-neighbors is k exactly. A 2;-neighbor of u is one neighbor
of u so that the neighbor is 2;-vertex. A 3;-neighbor of u is one neighbor of u so that the neighbor is
3k-vertex. A 3-vertex is an old 3-vertex if it is adjacent to one 1-vertex, otherwise it is young.

2. The proof of Theorem 5(a)

Before we introduce our proof for Theorem 5, because the next Proposition 1 plays an important
role during the process, Proposition 1, which was proven in, [8] is shown here.

Proposition 1. If G — U is weakly f_;-degenerate, then G is weakly f-degenerate if and only if G[U]
is weakly f-degenerate. In particular, if f(x) > deg,;(x), then G is weakly f-degenerate if and only if
G — x 1s weakly f-degenerate.

If £, € Z6, f < f', and G is weakly f-degenerate, then it is obvious that G is weakly f’-
degenerate. However, a DeleteSave move (v,A) legal for (G, f) may not be legal for (G, f). This
happens if f(v) > X ,ca f(u) + |A], but f'(v) < 3 ,ca f' (1) + |A]. In this case, one may replace A by A’,
where A’ = A —{u: f'(u) > f(u)}.

Now, we could start the proof of Theorem 5. If Theorem 5(a) is false, then we choose G as a
counterexample with a minimum |E(G)| and f € ZC is defined as f(e) = 5 for each edge e.

Let H = (L(G))*>. As A(G) < 3, we have |[Ny(e)| < 12 for any e € V(H) = E(G), where Ny(e)
denotes the set of all neighbors of e in H. For a removal scheme Q, let (Hg, fo) = Q(H, f). For e € Hg,
denote Ng(e) be the set of the neighbors e’ of e removed by the move of Q, i.e., No(e) = Ny(e)—Npg,(e).
Next, we will prove some claims for G that will lead to a contradiction.

Claim 1. For any 1-vertex u in G, the neighbor v of u is 3y-vertex, and v has only one 1-neighbor.
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Proof. Suppose that G has a 1-vertex u and the neighbor v of u is not 3y-vertex. If v is 1-vertex, then
G = {uv}. Obviously, H is weakly f-degenerate by a deletion move, which is a contradiction.

Otherwise, v is either 2-vertex or 3-vertex, which has at least one 2-neighbor or 3-vertex, which
has another 1-neighbor. Let G, = G — u, G, = G[{uv}], and H; = (L(G;))* for i € [2]. Note that
H, = H[E(G) — {uv}] and H, = H[{uv}]. Let Q be a legal removal scheme for (H, f) that removes all
the vertices in H; by minimality. Let (Hq, fo) = Q(H, f). Then, Hg = H,. Due to |Ngo(uv)| < 5, we
have fo(uv) > 0. Obviously, 8 = (uv) is a legal deletion move for (Hg, fo). By Proposition 1, H is
weakly f-degenerate, which is a contradiction. O

Claim 2. For any 2-vertex in G, it has at most one 2-neighbor.

Proof. Suppose that G has one 2-vertex u, and v and w are two 2-neighbors of u.

Let G, = G — u, G, = G[E(w)], and H; = (L(G;))* for i € [2]. Note that H; = H[E(G) — E(u)]
and H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H; by
minimality. Let (Hq, fo) = Q(H, f). Then, Hy = H,. For each e € E(u), as |[Nq(e)| < 4, we could
obtain fo(e) > 1. By Proposition 1, Hq, is weakly fo-degenerate and H is weakly f-degenerate, which
is a contradiction. O

Claim 3. G doesn’t contain a path x;x,x3x4x5X¢ such that x; is an old 3-vertex for any i € [6].

Proof. Suppose that G has such a path that x;x,x3x4X5%X6, a; is 1-neighbor of x; for any i € [6], and as
the neighbors of x; and x¢, u and v, respectively, are 3-vertices by Claim 1 (see Figure 2). We want
to stress in advance that the process of following proof works, regardless of whether # and v, are one
same vertex.

ai a2 as a4 as ae

T T2 T3 T4 T5 6 [

Figure 2. The configuration for Claim 3.

We could choose U = {x,, x3, x4, x5} and set E’ = E(U) U {x1a,}; then,let G’ = G — E' G” = G[E'],
H' = (I(G"))* and H” = (L(G"))* . Note that H' = H[E(G) — E’] and H” = H[E']. Let Q be a legal
removal scheme for (H, f) that removes all the vertices in H” by minimality. Let (Hg, fo) = Q(H, f).
Then, Hn = H”. It is easy to check that |[Nq(xs5x6)| < 4, |Na(e)| < 3 for e € {x1ay, x1x2}, |Na(e)| < 2 for
e € {x4x5, xs5as5}, |[Na(e)| < 1 for e € {x,a,, x,x3}, and [Nq(e)| = O for e € {x3as, x3x4, x4a4}. Thus,
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, if e = x5x¢;
, if e € {xja1, x1x2};

1
2

Jale) > 1 3, if e € {x4xs, xs505};
4

{
, if e € {xas, xox3};
{

5, ifee X303,X3X4,X4(14}.

We only need to prove that H” is weakly fo-degenerate. Set

1, if e = x5x¢;

2, if e € {x1a1, x1x2};
fole) =14 3, if e € {xyxs, x505};

4, if e € {xpa;, X2x3};

5 {

s ifee x3a3,X3x4,x4a4}.

As fo > fo, it is sufficient to prove that H” is weakly f,-degenerate. We will give a legal removal
scheme Q' = DeleteSave(6,,0,,...,0,) for (H”, fy) such that all vertices of H” are removed. For
i € [10], let (H;, f;) be the resulting pair after applying 6; over (H;_y, fi—1), where Hy, = H”. For

€ {0,1,---,10}, the operation 8; and the function value of f;(e) for e € V(H;) are shown in the
(i + 1)-th row of the following Table 1, where 6, is undefined. The cell of the table is empty if the
corresponding edge is removed.

Table 1. The legal removal scheme for (Hy, fy) in Claim 3.

fi(e)
ei X1aq X1Xp Xpdp XoX3  X3d3  X3X4 XqQ4 XgXs5 Xs5ds Xs5Xg
2 2 4 4 5 5 5 3 3 1

(x3X4, X2X3) 2 1 3 4 4 4 2 2 0

(XsXg) 2 1 3 4 4 3 1 1
(X3(13, Xzaz) 2 0 3 3 2 0 1

(X4Xs) 2 0 3 2 1 0

(x5a5) 2 0 3 2 0

(x4a4) 2 0 3 1

(x1x2) 1 2 0

(X2X3) 0 1

(x1a1) 0

(X2a2)

From this Table 1, it is easy to verify that H” is weakly fy-degenerate. Hence, H is weakly f-
degenerate by Proposition 1, which is a contradiction. O

Next, the discharging method is used to lead a contradiction. First, we provide the initial charge for
every vertex u in G by ch(u) = dg(u) — ==. It is easy to see that the sum of all charges ey ch(u) is
negative due to mad(G) < 2. All dlscharglng rules are shown as follows:
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R1. For each young 3-vertex u, ux;x,...Xx, is a path where each x; is 2-vertex for i € [¢], and the
neighbor v of x; is not 2-vertex; then, u sends 3i2 to each x; fori € [1].

R2. For each young 3-vertex u, ux;x; ... x; is a path where each x; is an old 3-vertex for i € [¢], and
there exists one 2*-neighbor v of x, which is not old 3-vertex; then, u sends % to each x; fori € [f].

R3. For each old 3-vertex u, u sends % to the 1-neighbor of u.

After these discharging rules (R1-R3), the final charge of each vertex u denoted by ch*(u) of G will
be considered. By Claim 1, we should notice the following: in R1, as one neighbor of x,, v is also a
young 3-vertex; and in R2, as one 3-neighbor of x;, v is not contained in such a path and is one young
3-vertex.

For the 1-vertex u, by R3, it receives % from one old 3-vertex. Therefore, ch*(u) = —% + % = 0. For
the 2-vertex u, by R1, it receives 3l2><2 from some young 3-vertices. Therefore, ch*(u) = _11_e+31_2><2 =0.
For the old 3-vertex u, it sends % to its 1-neighbor by R3; at the same time, it will receive % X 2 from
some young 3-vertices by R2. Therefore, ch*(u) = 12 — 12 + = X2 = 0.

Now, we only need to consider each young 3-vertex. Assume that u is a young 3-vertex; we use
s to denote the number of 2-vertices that receive charges from u, and ¢ to denote the number of bad
3-vertices that receive charges from u. By Claim 2 and Claim 3, we have s < 6 and 7 < 15.

e If s = 0, then ¢ < 15. Therefore, we have ch*(u) > % - %6 x 15 =0.
e If1 < s <2, thent < 10. Therefore, we have ch*(u) > i—g - % x 10 — é x2>0.
o If 3 < 5 <4, then < 5. Therefore, we have ch*(u) > £ — = X5 — 35 x4 > 0.

e Otherwise, 5 < s < 6 and = 0. Therefore, we have ch"(u) > £ — 3 X 6 > 0.

Hence, for each vertex u, ch*(u) is non-negative. It implies that 0 < X ey ch* (1) = Zjevch(u) <
0, which is a contradiction. The proof of Theorem 5(a) is finished.

3. The proof of Theorem 5(b)

If Theorem 5(b) is false, then we choose G as a counterexample with a minimum |E(G)| and
f € Z% is defined as f(e) = 6 for each edge e. Let H = (L(G))?. Next, some claims of G are given in
order to obtain a contradiction.

Claim 4. G has no 1-vertex.

Proof. Suppose G has one 1-vertex u, and the neighbor of u is v. Let G; = G — u, G, = G[{uv}], and
H; = (L(G)))? for i € [2]. Note that H, = H[E(G) — E(u)] and H, = H[E(u)]. Let Q be a legal removal
scheme for (H, f) that removes all the vertices in H; due to minimality. Let (Hq, fo) = Q(H, f). Then,
Hqo = H,. For e = uv, we have |Ng(e)| < 6; thus, fo(e) > 0. Since the deletion move (uv) can delete
only one vertex in H,, H, is weakly fo-degenerate. By Proposition 1, H is weakly f-degenerate, which
is a contradiction. O

Claim 5. For any 2-vertex u in G, it has at least one 3-neighbor.
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Proof. Due to Claim 4, we could suppose that G has one 2-vertex u and its neighbors x and y of it are 2-
vertices. Let G| = G—u, G, = G[{ux, uy}], and H; = (L(G;))? for i € [2]. Note that H, = H[E(G)—E(u)]
and H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H; by
minimality. Let (Hg, fo) = Q(H, f). Then, Hy, = H,. Due to d(x) = d(y) = 2 in G, it is easy to
obtain |Ng(e)| < 4, for any e € E(u). Therefore, fo(e) > 2, for any e € E(u). A legal removal scheme
DeleteSave((ux), (uy)) could remove all vertices in Hg. By Proposition 1, Hg is weakly fo-degenerate
and H is weakly f-degenarate, which is a contradiction. O

Claim 6. For any 2,-vertex u in G, it does not have any 3;-neighbor; here, k € {2, 3}.

Proof. Suppose u is one 2;-vertex in G, which has one 3;-neighbor y and another 2-neighbor x of u;
here, k € {2, 3}.

Let G, = G — u, G, = G[E(w)], and H; = (I(G,))* for i € [2]. Note that H, = H[E(G) — E(u)]
and H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H,
by minimality. Let (Hq, fo) = Q(H, f). Then, Hy = H,. As |No(ux)| < 5 and |Nq(uy)| < 6, thus
fa(ux) > 1 and fo(uy) > 0. Then, we choose one removal scheme Q" = DeleteSave((uy), (ux)). It is
easy to verify that Q' is a legal removal scheme for (Hg, fq) such that all vertices of Hq are removed.
Therefore, H is weakly f-degenerate by Proposition 1, which is a contradiction. O

Claim 7. For any 2,-vertex u in G, it has at most one 33-neighbor.

Proof. Suppose that G has one 2,-vertex u, and x and y are 33-neighbors of u. a,b, and u are 2-
neighbors of x, while c, d, and u are 2-neighbors of y (Figure 3).

Figure 3. The configuration for Claim 7.

We could choose U = {x,u,y} and let G’ = G — E(U), G” = G[E(U)], H = (L(G"))*, and
H" = (IL(G"))*. Note that H' = H[E(G)—-E(U)] and H” = H[E(U)]. Let Q be a legal removal scheme
for (H, f) that removes all the vertices in H’ by minimality. Let (Hgq, fo) = Q(H, f). Then, Ho = H”.
It is easy to check that [Ng(e)| < 2 for e € {ux,uy} and |Ng(e)| < 4 for e € {xa, xb, yc, yd}. Therefore,
fale) > 4 for e € {ux,uy} and fo(e) > 2 for e € {xa, xb,yc,yd}. We only need to prove that H" is
weakly fo-degenerate.

Let

4, if e € {ux, uy};
Jole) = .
2, if e € {xa, xb, yc, yd}.

As fo = fo, it suffices to obtain a legal removal scheme Q, = DeleteSave(6,, 0., .. ., 6) for (Hy, fo)
that removes all the vertices of Hy; here, Hy = H". For i € [6], let (H,, f;) be the resulting pair after
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applying 6; over (H;_1, fi-1). Fori € {0,1,---,6}, the operation 6; and the function value of f;(e) for
e € V(H;) are shown in the (i + 1)-th row of Table 2, where 6, is undefined. The cell of the table is
empty if the corresponding edge is removed.

Table 2. The legal removal scheme for (Hy, fy) in Claim 7.

o fite) ux uy xa xb yc yd
4 4 2 2 2 2
(ux, xa) 3 2 1 1 1
(uy, yc) 1 0 1 O
(xb) 0 1 0
(xa) 1 0
(vd) 0
(o)

By Table 2, all vertices in H” are removed by the legal removal scheme €. Therefore, H is weakly
f-degenerate by Proposition 1, which is a contradiction. m|

We will use the discharging method to prove Theorem 5(b). First, every vertex u of G gets an initial
charge by ch(u) = dg(u) — %_Z Due to mad(G) < 2, the sum of all charges is negative. Next, some

11
discharging rules are given as follows.

R1. For 2;-vertex u, the only 3-neighbor sends % to u.
R2. For 2,-vertex u, the two 3-neighbors of u are v and w.

R2.1. If there exists one neighbor of u as a 3;-vertex (we assume that 3;-vertex is v ), then v sends
% to u and w sends % to u.

5
2to u.

R2.2. Otherwise, every neighbor of u sends =5

After these discharging rules (R1, R2, R2.1, and R2.2), the sum doesn’t change. Let us consider the
final charge for each vertex u denoted by ch*(u). By the way, ch(u) = —% if dg(u) = 2, and ch(u) = 1—61
if dg(u) = 3.

In order to quickly calculate ch*(u), we consider which kind of vertex is available for different rules
in advance. For rule R1, by Claim 6, the only 3-neighbor is 3;-vertex. For rule R2.1, by Claim 7, the
3-neighbor w is not 3;-vertex. For rule R2.2, every 3-neighbor is either 3;-vertex or 3,-vertex.

Due to Claim 4, G doesn’t have a 1-vertex. We only need to consider the 2-vertex and 3-vertex. For
the 2-vertex u, by Claim 5, u is not 2y-vertex. If u is 2;-vertex, then we have ch*(u) = -2 + 2 = 0
by rule R1. Otherwise, if u is 2,-vertex, by R2, then either ch*(u) = —% + % + 13—1 =0orch*(u) =
-2 +2x2=0.

Next, 3-vertex u will be considered. If u is 3;-vertex, then u sends % to each 2,-neighbor by R2.1.
It is easy to obtain ch*(u) > % - % x3=0.

When u is 3,-vertex, we assume that v and w are two 2-neighbors of u and x is the 3-neighbor of u.

u sends at most = to each 2,-neighbor by R2. Hence, there is ch*(u) > & — 2 x2 = 0.
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When u is 3;-vertex, u sends at most % to the only 2-neighbor of u by R1 and R2. Therefore,
ch*(u) > 1—61 - % > (. Otherwise, if u is 3(-vertex, then it doesn’t send any charge to any neighbor.
Therefore, ch*(u) = ch(u) > 0.

After all discharging rules, for each vertex u in G, we find that ch*(«) is non-negative. Therefore,
the final sum is also non-negative. Thus, we have 0 < X,cyg)ch™ () = Zyevych(u) < 0, which is a

contradiction. Hence, the counterexample G of Theorem 5(b) doesn’t exist.

4. The proof of Theorem 5(c)

In this section, we will give the proof of Theorem 5(c). If Theorem 5(c) is false, then we choose
G as a counterexample with a minimum |E(G)| and f € Z° is defined as f(e) = 7 for each edge e. Let
H = (L(G))*. Next, some claims of G are given in order to obtain a contradiction.

Claim 8. G has no 1-vertex.

Proof. This proof is similar to the proof of Claim 4; therefore, we omit it here. O

Claim 9. For any 2-vertex u in G, all neighbors of u are 3-vertices.

Proof. By Claim 8, we could suppose that the 2-vertex u has a 2-neighbor v and another neighbor w.
Let G, = G — u, G, = G[E(u)], and H; = (L(G;))* for i € [2]. Note that H, = H[E(G) — E(u)] and
H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H; by
minimality. Let (Hg, fo) = Q(H, f). Then Hg = H,. Considering |[Nq(e)| for e € {uv, uw} = E(u), we
can obtain [No(uv)| < 5 and |[Nq(uw)| < 7. Therefore, fo(uv) > 2 and fo(uw) > 0.

Let Q)" = DeleteSave((uw), (uv)) be a removal scheme for (Hg, fo). It’s easy to verify that Q' is
legal and remove all vertices of Hy. Therefore, Hg is weakly fo-degenerate. This implies that H is
weakly f-degenerate by Proposition 1, which is a contradiction. O

Claim 10. G has no 33-vertex.

Proof. Suppose that G has a 33-vertex u, and v, z, and w are three 2-neighbors of u. Let G; = G — u,
G, = G[E(u)], and H; = (L(G;))* for i € [2]. Note that H;, = H[E(G) — E(u)] and H, = H[E(u)).
Let Q be a legal removal scheme for (H, f) that removes all the vertices in H; by minimality. Let
(Hg, fo) = Q(H, f). Then, Ho = H,. Similarily, we can obtain |[Nq(e)| < 5 for e € {uv, uz,uw} = E(u).
Therefore, fo(e) > 2 for e € E(u). Due to Proposition 1, H is weakly f-degenerate, which is a
contradiction. O

Claim 11. For any 2-vertex u in G, u has at most one 3,-neighbor.

Proof. Suppose that G has a 2-vertex u, and v and w are two 3,-neighbors of u. v has one 2-neighbor a
and one 3-neighbor z, and w has one 2-neighbor b and one 3-neighbor y (Figure 4).
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a b
) ° w
U
2 Y

Figure 4. The configuration in Claim 11.

We could choose U = {v,u,w} and let G’ = G — E(U), G” = G[EU)], H = (L(G"))*, and
H” = (L(G"))* . Note that H = H[E(G) — E(U)] and H” = H[E(U)]. Let Q be a legal removal
scheme for (H, f) that removes all the vertices in H' by minimality. Let (Hg, fo) = Q(H, f). Then,
HQ = H”.

It is easy to check that |[Ng(e)| < 7 for e € {zv,wy}, [Na(e)| < 5 for e € {av,wb}, and |[Ng(e)| < 3
for e € {vu, uw}. Therefore, fo(e) > 0 for e € {zv,wy}, fa(e) > 2 for e € {av, wb}, and fo(e) > 4 for
e € {vu, uw}. It is sufficient to prove that H” is weakly fo-degenerate. Set

0, if e € {zv, wy};
Jfole) =1 2, if e € {av, whb};
4, if e € {vu, uw}.

Due to fo > f;, we need to show that H” is weakly fy-degenerate by a legal removal scheme
Q, = DeleteSave(b,, 6,, ..., 0¢) for (Hy, fy), which removes all the vertices of Hy; here, Hy = H".
For i € [6], let (H;, f;) be the resulting pair after applying 6; over (H;_i, fi-1). Fori € {0, 1,--- , 6}, the
operation 6; and function value of f;(e) for e € V(H;) are shown in the (i + 1)-th row of Table 3, where
6, 1s undefined. The cell of the table is empty if the corresponding edge is removed.

Table 3. The legal removal scheme for (H,, fy) in Claim 11.

0. fite) v oav vu wy wb uw
0O 2 4 0 2 4
(zv) 1 3 0 2 3
(wy) 1 2 1 2
(vu, av) 1 0 1
(wb) 1 0
(uw) 0
(av)

Table 3 helps to confirm that this removal scheme €}, is legal and removes all vertices in H.
Therefore, H is weakly f-degenerate by Proposition 1, which is a contradiction. O

Similarily, we use the discharging method to finish this proof to obtain a contradiction. First, let
ch(u) = dg(u) — ? for each vertex of G. Hence, the sum of all charges is negative due to mad(G) < 151
Next, some discharging rules are given as follows:
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R1. For the 2,-vertex u, the two neighbors of u are v and w.

R1.1 If there exists one neighbor of u as a 3,-vertex (we assume that this 3,-vertex is v), then v
sends £ to u, and w sends 2 to u.

R1.2 Otherwise, each neighbor of u sends 13—0 to u.

Before considering the final charge of every vertex u in G denoted by ch*(u), let us figure out which
kind of vertex is applied for which rules. By Claims 8-10, G has no 1-vertex, 2,-vertex, 2,-vertex, and
3s-vertex. For rule R1.1, due to Claim 11, the only possibility is that v is 3,-vertex and w is 3;-vertex.
For rule R1.2, v and w are both 3;-vertices.

For the 2,-vertex u, by rule R1, ch*(u) = =3 + 1 + 3 = —
% to each 2-neighbor of u by R1.1. Therefore, ch*(u) = %
at most % to the only 2-neighbor, and we obtain ch*(u) > % - % = 0. For the 3y-vertex u, there is no
change for the charge of it. Therefore, ch*(u) = ch(u) = % > 0.

Therefore, the final charge of each vertex is non-negative. This implies that 0 < X,y ch* (1) =

Zuevicych(u) < 0, which is a contradiction. The proof of Theorem 5(c) is finished.

2+ 3 %2 = 0. For the 3,-vertex u, u sends
— % X 2 = 0. For the 3;-vertex u, u sends

5. The Proof of Theorem 5(d)

In this section, we provide the proof of Theorem 5(d). If Theorem 5(d) is false, then we choose
G as a counterexample with a minimum |E(G)| and f € Z° is defined as f(e) = 8 for each edge e. Let
H = (L(G))*. Similarily, some claims of G are given as follows.

Claim 12. G has no 1-vertex.
Proof. This proof is similar to the proof of Claim 4; therefore, we omit it here. O
Claim 13. For any 2-vertex u in G, u doesn’t have a 2-neighbor.

Proof. Suppose that G has one 2-vertex u that has one 2-neighbor v, and the other neighbor of u is w.
Let G, = G — u, G, = G[E(u)], and H; = (L(G;))* for i € [2]. Note that H, = H[E(G) — E(u)]
and H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H; by
minimality. Let (Hg, fo) = Q(H, f). Then, Hy = H,. Considering |[Ng(e)| for e € E(u), we can obtain
|INo(vu)| < 5 and |Ng(uw)| < 7. Therefore, fo(vu) > 3 and fo(uw) > 1. Hence, by Proposition 1, H is
weakly f-degenerate, which is a contradiction. O

Claim 14. For any 3-vertex u in G, it has at most one 2-neighbor.

Proof. Suppose that G has one 3-vertex u, where v and w are two 2-neighbors of u, and z is the other
neighbor of u.

Let G, = G —u, G, = G[E(u)], and H; = (L(G;))* for i € [2]. Note that H, = H[E(G) — E(u)]
and H, = H[E(u)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H;
by minimality. Let (Hgq, fo) = Q(H, f). Then, Ho = H,. Due to |Ng(e)| < 6 for e € {uv, uw} and
|No(uz)| < 8, we can obtain fo(e) > 2 for e € {uv,uw} and fo(uz) > 0.

Then, let ' = DeleteSave((uz), (uv), (uw)). It is easy to check that Q' is a legal removal scheme
for (H,, fo) such that all vertices in H, are removed. Hence, H is weakly f-degenerate, which is a
contradiction. O

AIMS Mathematics Volume 10, Issue 9, 20891-20908.



20905

Claim 15. For any 3;-vertex u in G, it doesn’t have a 3;-neighbor.

Proof. Suppose that G has one 3;-vertex u which has a 3;-neighbor v; z and b are the other two
neighbors of u, w and a are the other two neighbors of v, x is the other 3-neighbor of w, and y is
the other 3-neighbor of z by Claim 13 (see Figure 5(a)).

) O AN

v u

(a) (b)

Figure 5. Two configurations of Claim 15.

If w = z, then we could consider this situation in Figure 5(b). Let G; = G —w, G, = G[E(w)] and
H; = (L(G;))* for i € [2]. Note that H, = H[E(G)— E(w)] and H, = H[E(w)]. Let Q be a legal removal
scheme for (H, f) that removes all the vertices in H; by minimality. Let (Hq, fo) = Q(H, f). Then,
Hg = H;. Due to [Ng(e)| < 5 for e € E(w), we obtain fo > 3 for e € E(w). Obviously, by Proposition
1, Hq is weakly fo-degenerate and H is weakly f-degenerate, which is a contradiction.

Therefore, w # z (the situation in Figure 5(a)). We can choose U = {u,v,w,z} and let G’ =
G- EWU),G” = GIEWU)), H = (L(G"))?, and H” = (L(G"))? . Note that H' = H[E(G) — E(U)] and
H” = H[E(U)]. Let Q be a legal removal scheme for (H, f) that removes all the vertices in H’. Let
(Hg, fo) = Q(H, f). Then, Ho = H".

Considering |Ng(e)| for e € E(U), we can obtain that [No(e)] < 6 for e € {av,wx,zy,ub} and
|INa(e)| < 4 for e € {vu,vw,uz}. Therefore, fo(e) > 2 for e € {av,wx,zy,ub} and fo(e) > 4 for
e € {vu,vw, uz}. It suffices to prove that H"” is weakly f,-degenerate.

Let

2, if e € {av, wx, zy, ub};
Jole) = .
4, if e € {vu, vw, uz}.

As fo > fo, we only need to prove that H” is weakly fy-degenerate by a legal removal scheme
Q, = DeleteSave(6,, 0, ..., 0;) such that all vertices in H"" are removed. For i € [7], let (H;, f;) be the
resulting pair after applying 6; over (H;_y, fi_1), where Hy = H”. Fori € {0,1,---,7}, the operation
6; and the function value of fi(e) for e € V(H;) are shown in the (i + 1)-th row of Table 4, where 6, is

undefined. The cell of the table is empty if the corresponding edge is removed.
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Table 4. The legal removal scheme for (H, fy) in Claim 15.

o fie) av vyw wx vu uz zy ub
2 4 2 4 4 2 2
(vu, zy) 1 3 1 3 2 1
(av) 2 0 2 2 0
(wx) 1 2 2 0
(ub) 0 1 1
(vw) 0 1
(uz) 0
(zy)

By Table 4, we can verify that € is a legal removal scheme for (Hy, f;) such that all vertices in H,
are removed. Hence, H is weakly f-degenerate by Proposition 1, which is a contradiction. O

Next, the discharging method is used in order to find a contradiction For each vertex u in G, 1et
ch(u) = dg(u) — be an initial charge of it. Therefore, ch(u) = — =% for the 2-vertex u and ch(u) = =
for the 3-vertex u The sum of all charges is negative due to mad(G) < 2. The discharging rules are
shown as follows:

R1. For 2,-vertex u, each 3-neighbor of u sends % to u.

R2. For 3;-vertex u, each 3y-neighbor of u sends + to u.

Ly
i

Now, we calculate the final charge ch*(«) for every vertex u in G after these discharging rules (R1
and R2). By Claims 12-14, G has no 1-vertex, 21 vertex, 2o-vertex, 33-vertex, and 32—Vertex.

For each 2,-vertex u, every 3-neighbor sends > tou by R1. Therefore, ch*(u) = 10 + ><2 O For
each 3;-vertex u, all 3-neighbors of u are 3g- vertlces by Claim 15. Therefore, ch*(u) = = —= + ><2 =
0. For each 3-vertex u, it sends 5 to every 3;-neighbor of u by R2. Thus, ch*(u) > 35 — % >< 3 = 0.
Hence, the final charge of each Vertex 1S non-negative.

Thus, we can easily find that 0 < ey ch*(u) = Zyevch(u) < 0, which is a contradiction. The
proof of Theorem 5 is completed.

6. Conclusions

According to Theorem 5 and the proposition from [2], the following three corollaries can be implied,
concerning coloring parameters for the square of line graph of G denoted by H.

Corollary 1. Let G be a subcubic graph and H = (L(G))*:

(a) If mad(G) < =, then yp(H) < 6;

16’

(b) If mad(G) < %=, then yp(H) <7;

11’

(c) If mad(G) < = then)(p(H) <8

(d) If mad(G) < then yp(H) < 9.

13’
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Corollary 2. Let G be a subcubic graph and H = (L(G))*:
(a) mad(G) < 16,
(b) If mad(G) < 2,
(c) If mad(G) < = then)(Dp(H) <8;
(d) Ifmad(G) < %,

Corollary 3. Let G be a subcubic graph and H = (L(G))*:
(a) If mad(G) <
(b) If mad(G) < 11, then xyppp(H) <7;
(c) If mad(G) < = thenXDpp(H) <8;
(d) If mad(G) <

then ypp(H) < 6;
then ypp(H) < 7;

then ypp(H) < 9.

16’ thel’l)(Dpp(H) < 6

38 then xppp(H) < 9.
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