AIMS Mathematics, 10(9): 20825-20842.
DOI: 10.3934/math.2025930
ATMS Mathematics Received: 12 June 2025

Revised: 02 September 2025

Accepted: 05 September 2025
https://www.aimspress.com/journal/Math Published: 10 September 2025

Research article

Soft structural Oxtoby—Rose operators and their generated topologies

Zanyar A. Ameen'* and Ohud F. Alghamdi’

! Department of Mathematics, College of Science, University of Duhok, Duhok 42001, Iraq
2 Department of Mathematics, Faculty of Science, Al-Baha University, Al-Baha, Saudi Arabia

* Correspondence: Email: zanyar.ameen@uod.ac; +9647504727411.

Abstract: In this study, we introduce the notion of soft Oxtoby—Rose operators within the framework
of abstract measurable soft spaces, extend the classical concept of lower-density operators, and
explore their essential characteristics. Subsequently, we delve into the so-called soft Oxtoby—
Rose topologies (soft OR-topologies), the soft topologies generated by soft Oxtoby—Rose operators.
We examine the key features and definitions associated with soft OR-topologies. Specifically, we
demonstrate that within soft OR-topologies, Baire category soft sets, soft locally closed sets, and Borel
soft sets are all equivalent. We wrap up this research by analyzing various soft topological properties
linked to soft OR-topologies.

Keywords: soft Oxtoby—Rose operator; lower-density soft operator; soft topology; soft density
topology
Mathematics Subject Classification: 54A10, 54A99, 03E99

1. Introduction

The issue of the design of complicated systems incorporating uncertainty is often encountered
by researchers in lots of areas, like system engineering, medical science, Al, economics, and other
fields. In addressing such situations, traditional approaches such as probability theory, fuzzy sets [1],
and rough sets [2] are widely employed, but due to parameter constraints, they do not always offer
acceptable solutions. Molodtsov [3] probed the theory of soft sets, an innovative method for addressing
uncertainty that deals with the limitations of previous methods. The utilization of soft sets is employed
in this method, leading to a set of parameterized subsets from a single universal set. Unlike prior
techniques, soft set theory does not impose exact limits on objects, and parameters are picked in a
number of forms, like words, phrases, numbers, and maps. Consequently, in practice the theory is
very flexible and can be used easily. Molodtsov has also employed his theory to a variety of subjects,
which demonstrates its flexibility and wide-ranging relevance. Several scholars offer diverse real-world
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implementations of soft sets, including those related to the COVID-19 outbreak, decision-making
processes, information systems, and prostate cancer [4-8]. A systematic literature review on soft
set theory was given by Alcantud et al. in [9]. Further extensions and hybrid models of soft sets are
proposed in [10-12] followed by some applications [13, 14].

Classical topology is a well-known and significant area of mathematics that deals with the
application of set theory concepts and topological structures. Soft topology [15] is a recent topic
of topology research that brings together the concepts of the theory of soft sets and classical (general)
topology. The authors in [15] defined the most fundamental properties of soft topological spaces, like
soft open sets, soft closed sets, soft neighborhoods, soft separation axioms, soft regular spaces, and
soft normal spaces. Further, separability [16], compactness [17], doorness and submaximality [18],
and connectedness of soft topological spaces [19] are examples of how traditional topological ideas
have been extended and made more broadly applicable in soft set environments.

Another ongoing field of research is strategies for constructing topologies on a recognizable
universal set in soft settings. Terepeta [20] created two efficient methods that allow one to transform
crisp topologies into soft topologies. To create soft topologies from crisp topologies, Terepeta’s
processes were improved by Alcantud [21]. The preceding techniques have been examined with
additional details in [22].

Kandil et al. [23] presented a technique for producing soft ideal topologies, using the generalized
local function as a basis. Another different technique of generating soft ideal topologies was presented
in [24]. This technique was based on determining cluster soft points. The cluster soft set, which is the
collection of all cluster soft points of some soft set, behaves like a soft operator of the soft set. In this
note, we introduce a novel soft operator on a measurable soft space called lower-density. This operator
is a generalization of the lower-density operator, which itself extends both the Lebesgue lower-density
operator [25,26] and the lower-density soft operator [27], noting that such an operator can be regarded
as the set of all density points. For more details on the classical lower-density operators and density
topologies, we refer the reader to check [28-33]. Furthermore, we study the soft topologies produced
by soft Oxtoby—Rose operators on (abstract) measurable soft spaces in the sense of category.

The remainder of the paper is organized as follows: We provide a survey of the available concepts
on soft sets and soft topologies in Section 2. The introduction of soft Oxtoby—Rose operators along
with fundamental characteristics is covered in Section 3. We define the term “soft OR-topology” in
Section 4. Next, we determine sufficient and necessary requirements for the density of a soft topology.
Additionally, we derive many characterizations for soft OR-topologies. A few soft topological
properties of this group of soft topologies are established in this section. We provide an overview
of the study in Section 5.

2. Notations and background

Throughout this note, we refer to our universe as the set X, a nonempty set of parameters as o, and
any index set as A.

Definition 2.1. [3] A soft set over X is defined to be the pair

(Z,0) ={(y, Z(y)) : y € 0, Z(y) € 2%},

where 0 # 0o Coand Z : o — 2% is a function.
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Definition 2.2. [34] Let (Z,0) € S(X). Then (Z,0) is called a null soft set with respect to o, denoted by
B, if Z(y) = 0 for each y € o, and it is an absolute soft set with respect to o, denoted by X, if Z(y) = X
foreachy € o.

S(X) represents the class of all soft subsets over X related to a set of parameters .
Remark 2.3. A soft set (Z,0) € S(X) extends to the soft set (Z,0) by setting Z(y) = 0 for eachy € 0—o.

Definition 2.4. [7] Let (Z,0) € S(X). The complement (Z,0)° of (Z,0) is a soft set (Z¢,0), where
Z¢ : 0 — 2% is such that Z°(y) = X — Z(y) for each y € o.

Definition 2.5. [35] Let (Z,0) € S(X). Then (Z,0) is said to be finite (resp. countable) if Z(y) is
finite (resp. countable) for each vy € o. Otherwise, it is called infinite (resp. uncountable).

Definition 2.6. [7, 36] Let (Z,0),(L,0) € S(X). Then (Z,0) is a soft subset of (L,0), denoted
by (Z,00S(L,0), if Z(y) S L(y) for each y € o. And (Z,0) is equal to (L,0) if (Z,0)S(L,0)
and (L, 0)C(Z, o).

Definition 2.7. [20, 34] Given a collection {(O;,0) : A € AYTS(X). Then, the intersection of (O, 0) is
a soft set (Z, 0) having the property that Z(y) = (ea O1(y) for eachy € o, which is denoted by (Z, 0) =
Naea(02, 0), and the union of (0, 0) is a soft set (Z, 0) having the property that Z(y) = |en O1(y) for
each y € o, which is denoted by (Z,0) = Uea(O0,, 0).

Definition 2.8. [24,34] Let (Z, 0), (L, 0) € S(X). The set difference between (Z, 0) and (L, 0) is defined
to be the soft set (R,0) = (L,0) — (Z,0), where R(y) = L(y) — Z(y) for each y € o. The symmetric
difference between (Z,0) and (L, p) is defined to be the soft set (R,0) = (L,0)A(Z,0), where R(y) =
L(y)AZ(y) for each vy € o.

Definition 2.9. [37] Let (Z,0) € S(X). Then (Z,0) is called a soft point, symbolized with Xy, if there

exists x € X andy € o such that Z(y) = {x} and Z(6) = 0 for each 6 € o—{y}. The expression x, € (Z,0)
implies x € Z(y).

P(X) represents the family of all soft points in X linked to .

Definition 2.10. [15] A soft topology over X is a family T C S(X) that includes @, X and satisfies the
condition that it is closed under arbitrary unions and finite intersections.

The 3-tuple (X, T, 0) is defined to be a soft topological space. An element of T that is known as a
soft J-open set or simply a soft open set. The complement of a soft T-open set or simply a soft open
set, is referred to as a soft T-closed set, or simply a soft closed set. The class denoted by T contains all
soft closed sets in (X, T, 0). The collection of soft topologies over X is represented by T(X). (see [38]).

Definition 2.11. [15] Let (L, 0) # @ be a soft subset of (X, T, 0). Then T, = {(G,0)"(L,0) : (G,p) €
T} is said to be a relative soft topology over Y and (Y, T (14, 0) is a soft topological subspace of (X, 7, 0).

Definition 2.12. [39] Let (G,0) € S(X) and T € T(X). A soft neighborhood of x, € P(X) is a soft
set (G, 0) whenever there is (H,0) € T(x,) such that x, € (H,0)C(G, 0), where T(x,) is the collection
of all soft T-open sets containing x,,.

Definition 2.13. [40] A (countable) soft base for a soft topology T is a (countable) subfamily B C T
such that every member of T is a union of members of B.
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Definition 2.14. [38] Let GCS(X). The intersection of all soft topologies over X containing G is called
a soft topology produced by G and is denoted by T(9).

Lemma 2.15. [15] Let (X, 7T, 0) be a soft topological space. The collection T(y) = {U(y) : (G,0) € T}
is a topology on X for eachy € o.

Definition 2.16. [I5] Let (Z,0) € S(X) and T € T(X). Then Inty(Z,0) = U{((G,0)
(G,0)2(Z,0),(G,0) € T} and Cly(Z,0) = D(G,0) : (Z,0)C(G,0),(G,0) € T} are respectively defined
to be the soft interior and the soft closure of (Z, 0).

We can use Int(Z,p0) and CI(Z, o) for the soft interior and soft closure of (Z,p), if there is no
possibility of misunderstanding.

Remark 2.17. [41] Let (Z,0) € S(X) and T € T(X). Then
Int((Z,0)°) = (CI(Z,0))" and CI((Z,0)°) = (Int(Z, 0))".

Definition 2.18. /23] A soft o-ideal over X is a non-null family ITS(X) that satisfies the following:
(]) U(O]’Q)’ (02’ Q)’ st € S’ then Ooo (On’ Q) € 3

n=1

(2) If (Z,0) € 3 and (L,0)C(Z,0), then (L,p) € J.

Whenever (1) holds true for finite members, then 3 is called a soft ideal over X. The family of all soft
ideals over X is denoted by 1(X).

Definition 2.19. Let (Z,0), (L,0) € S(X) and let T € T(X). Then (Z,0) is called soft regular open [42]
if Int(Cl(Z,0)) = (Z,0); soft nowhere T-dense (or shortly soft nowhere dense) [43] if Int(CI(Z, 0)) = D,
soft locally T-closed (or shortly soft locally closed) [44] if (Z,0) = (G,0)\(E, o) for some (G,p) € T
and (E,0) € T¢; soft T-dense (or shortly soft dense) in (L,0) [45] if (L,0)CCIUZ,0); a soft set of the
first-category [45] if (Z,0) = O;.jl(Ai, 0), where each (A;,0) is a soft nowhere T-dense set; otherwise,
it is a soft set of the second category [45].

The family of all soft regular open sets (resp. soft nowhere T-dense sets, first category soft sets, soft
locally T-closed sets) in (X, T) is denoted by RO(T) (resp. N(T), M(7), LC(7)).

Definition 2.20. [24,46] Let (Z,0) € S(X), T € T(X), and 3 € I(X). The point x, € P(X) is called
a cluster soft point of (Z, 0) if (Z,0)0(G,0) ¢ 3 for each (G, ) € T(x,). The cluster soft set of (Z,0),
denoted by ¢g.5\(Z,0) or simply «(Z,0), is defined to be the collection of all the cluster soft points
of (Z,0).

If 3 = M(7), then the cluster soft point x,, is called a second category soft point of (Z, 0). Otherwise,
X, is a first-category soft point. The family of all first (resp. second) category soft points of (Z,0) is
denoted by C,(Z, o) (resp. C2(Z,0)).

The cluster soft topology is given by T(3) = {(Z,0) € S(X) : «(Z,0)°)C(Z,0)°}. It is identical with
the soft ideal topology introduced in [23].

Definition 2.21. A collection X of soft sets over X is called a soft o-algebra [47] if £ comprises @ and
is closed under countable unions and the complement. And X is called a soft algebra [48] if it is closed
under finite unions of its elements.
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The smallest soft o-algebra over X containing the family CCS(X) is called the soft o-algebra
produced by C. The same is true for soft algebras.

Definition 2.22. [45] Let (Z,0) € S(X), T € T(X), and 3 € I(X). Then (Z, 0) is said to be a soft T-open
set modulo 3 if (Z,0) = (H,0)A(P, 0) for some (H,0) € T and (P,0) € 3. The family of all soft T -open
sets modulo 3 is symbolized by Bo(T, J).

If 8 is equal to the soft o-ideal M(T), then By(T,M(T)) is the soft o-algebra of Baire property
soft sets.

Definition 2.23. [45] The soft o-algebra produced by a soft topology T € T(X) is called a Borel soft
o-algebra. A Borel soft set is the member of this soft o-algebra.

Lemma 2.24. [46] Let T € T(X). For (Z,0) € M(T), there exists a soft F,, set (L,0) € M(T) such
that (Z, 0)S(L, 0).

Lemma 2.25. Let T € T(X) and (Z, 0), (L, 0) € S(X). Then

(1) C2((Z,0) — Ca(Z,0)) = @.

(2) (Z,0S(L,0) = Ci(Z,0)CCa(L,0).
Proof. Theorem 3 (1) and [45, Proposition 12 (2)]. O
Theorem 2.26. [45] Let (Z,0) € S(X) and T € T(X). The following properties are equivalent:

(1) (Z,0) € Bo(T, M(T)).

(2) (Z,0) = [(G,0) — (M, 0)]U(N, 0), where (G,0) € T and (N, 0), (M, 0) € M(T).

(3) Ca(Z,0) — (Z,0) € M(T).

Definition 2.27. A soft topological space (X, T, 0) is said to be soft T, [16] if every x, in (X, 7T,0) is
soft closed.

Definition 2.28. A soft topological space (X,7T,0) is said to be soft compact [17] (resp. soft
Lindelof [49]) if every soft open cover of (X, T, 0) has a finite (resp. countable) subcover.

Definition 2.29. A soft topological space (X, 7T, 0) is said to be soft second countable [49] if (X, T, 0)
has a countable soft base. It is said to be soft first countable [49] if every x, in (X, T, 0) has a countable
soft base.

Definition 2.30. [45] A soft topological space (X, T, o) is said to a be soft Baire space if every non-null
open set is of the second category.

Definition 2.31. [50] A soft topological space (X, T, 0) is said to be soft nodec if every soft nowhere
dense set is soft closed.
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3. Soft Oxtoby—Rose operators

In what follows, by the quadruple (X, X, J,0), we mean a measurable soft space, shortly MSS;
where X is a soft o-algebra over X and J is a proper soft o-ideal in X, i.e., 3C¥ and X ¢ J. We denote
the expression (Z, 0)A(L, 0) € 3 by (Z,0) =~ (L,0)

Definition 3.1. Let (X, X, 3,0) be an MSS. The mapping ¢ : X — S(X) is named a soft Oxtoby—
Rose operator on (X, X, 3, 0); shortly, a soft OR-operator, if it satisfies the following conditions, for
each (Z,0),(L,0) € Z:

(C1) ¢(X) = X and p(2) = B;

(C2) ¢((Z,0)0N(L, 0)) = ¢(Z,0)Np(L, 0);

(C3) (Z,0) = (L,0) = ¢(Z,0) = ¢(L,0); and
(C) (Z,0) = p(Z,0).

Notice that soft OR-operators under the name of lower-density soft operators on different domain
structures were discussed in [27]. The concept of almost lower-density soft operators is presented
in [51].

Lemma 3.2. Let ¢ : ¥ — S(X) be a soft OR-operator on an MSS (X, X, 3, 0) and let (Z,0), (L, 0) € X.
Then the following properties hold:

(1) ¢(Z,0) = (p(Z,0)).
(2) (Z,0) ~ p(Z 0"
(3) ¢(Z,0)N¢l(Z,0)] = @.
(4) If o(Z,0) = ¢(L, 0), then (Z,0) ~ (L, 0).
(5) If (Z,0)S(L, 0), then ¢(Z,0)Cp(L, 0).
(6) ¢(Z,0)U¢(L, 0)¢l(Z, 0)U(L, 0)].
(7) ¢(Z,0)C¢(L,0) iff (Z,0) - (L,0) € 3.
(8) 3={(Z0)e2:¢(Z0) = D).
Proof. (1) Suppose (Z,0) € X. By (C4), (Z,0) = ¢(Z,0), and so, by (C3), ¢(Z,0) = ¢(¢(Z, 0)).
(2) Suppose (Z,0) € X. By considering
(Z,0°Alp(Z,0)1° = [(Z,0) = [¢(Z, 0)IITllp(Z, 0)]° ~ (Z, 0)]
= [(Z,0)'Ne(Z,0)10ll¢(Z, 9)]'N(Z, 0)]

= [¢(Z,0) = (Z,0)]0[(Z,0) — ¢(Z,0)]
= (Z,0)Ap(Z,0) € .

Thus, we have (Z,0)° = [¢(Z, 0)]°.
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(3) Suppose (Z, 0) € X. Then, by (C>), ¢(Z,0)N¢l(Z,0)] = ¢l(Z,0)N(Z,0)] = ¢(D) = @.

(4) Suppose (Z,0),(L,0) € X. Since (Z,0) = ¢(Z,0) and ¢(Z,0) = ¢(L,0), then (Z,0) = ¢(L,0).
However, ¢(L, 0) ~ (L, 0) implies (Z, 0) = (L, 0).

(5) Suppose (Z,0),(L,0) € X such that (Z,0)C(L,0). Then (Z,0) = (Z,0)N"\(L,0) and therefore,
@(Z,0) = ¢(Z,0)Np(L,0) Cp(L, 0). Hence, p(Z, 0)Cp(L, 0).

(6) Suppose (Z,0),(L,0) € X Since (Z,0)C(Z,0)U(L,0) and (L,0)C(Z,0)U(L,0), then
by (5), ¢(Z,0)C¢l(Z,0)U(L,0)] and @(L,0)Ce[(Z,0)U(L,0)].  Thus, @(Z,0)Up(L,0) <
¢l(Z, 0)U(L, 0)].

(7) Suppose (Z,0),(L,0) € X. If ¢(Z,0)C¢(L,0), then (Z,0) — ¢(Z,0))U((L,0) — ¢(L,0)) € J. But
(Z,0) — (L,0)S((Z,0) — ¢(Z,0))U((L, 0) — ¢(L,0)). Thus, (Z,0) — (L,0) € J.
Conversely, if (Z,0) — (L,0) € 3, then (Z,0) = (Z,0)N(L,0). Therefore, ¢(Z,0) = ¢(Z,0)N
@(L,0)C¢(L, 0) and so, ¢(Z,0)C¢(L, 0)-

(8) Suppose (Z,0) € J. Since (Z,0) ~ @, by (C3), then ¢(Z, 0) = (@) = @. Thus, ¢(Z,0) = @.

4. Soft Oxtoby—Rose topologies

In this section, we introduce the so-called “soft Oxtoby—Rose topology”, for short soft OR-topology,
and investigate its main properties.

Definition 4.1. Let ¢ be a soft OR-operator on an MSS (X, X, 3, 0). If the family

T, =1{(Z,0) € 2: (Z,0)0Cp(Z,0)}
forms a soft topology over X, then T, is called the soft OR-topology produced by ¢.

Proposition 4.2. Let ¢ be a soft OR-operator on an MSS (X,X,3,0). The soft OR-topology T,
produced by ¢ is equivalent to the following family:

‘Jg = {SO(Z’Q) - (L’Q) : (Z’Q) € Z’ (L’Q) € S}

Proof. We need to prove that T, = Ug. Suppose (Z,0) € X,(L,0) € 3. Then, ¢(Z,0) — (L,0) € ‘Jg.
Set (Z,0) = ¢(Z,0) — (L, 0). Therefore, (Z,0)C¢(Z, 0) and thus, ‘JEC%.

Conversely, let (Z, 0) € X. Assume (Z, 0) € T,. Then, (Z,0)Cp(Z, 0). Put (Z,0) = ¢(Z,0)— (¢(Z, 0) -
(Z,0)). Since (L,0) = ¢(Z,0) — (Z,0) € I, then (Z, 0) € T). Accordingly, T, = T7. o

Remark 4.3. It is worth noting that, generally, T, may not be a soft topology as shown in the next
example. However, it constitutes a soft base for some soft topology (compare this remark with [24,
Theorem 4.5]).

Example 4.4. Consider the soft topology T on the class of real numbers R produced by the soft base:
B={(y.(s,0) : 5,1 eR;s <1,y € 0}.
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The soft identity mapping ¢ on the MSS (R,B(7), 39,0) is a soft OR-operator, where 3, = {@}.
However, T, is not a soft topology over R because it is not closed under arbitrary unions. Take the
soft set (V,0), where V is a Vitali (non-Borel) set (see [52, page 259]). Clearly, (V,0) ¢ B(T) and
so (V,0) ¢ J,. However,

(V.0) = | oeralx):
and each {x,} € T, (as {x,} € B(7)).

Notice that the following are natural examples of soft OR-topologies:

Example 4.5. Let S(X) be the soft o-algebra of all soft sets over an infinite set X and let J,, =
{(Z,0) € SX) : x, & (Z,0)} be the soft o-ideal for some fixed soft point x,. The soft operator ¢ on the
MSS (X,S(X), 3., 0) given by

X, if(Zo)¢3,,
Z - Y
w20 {@, if Z0) € 3.,

is a soft OR-operator. Then

T, =1{(Z,0) € S(X) : (Z,0)Cp(Z, 0)}
=1{(Z,0) € S(X) : x, € (Z,0))U{D}
is a soft topology on (X,S(X), 3, ,0).

Example 4.6. Let (R, X, 3, 0) be an MSS, where X is any soft o-algebra over the real number system
R and 3, is a soft o--ideal over R which includes all soft subsets that are countable. Let a soft operator
¢ be defined on the MSS (R, X, 3,,,0) by

R, if(Zo) ~R,
Z,0) = —
#z.0 {'az, if(Z.0)# .

Clearly, ¢ is a soft OR-operator. Then

T, ={(Z,0) € 2: (Z,0)C¢(Z 0)}

={(Z,0) € X: (Z,0) ~ RIU{D}

is a soft topology on (R, X, 3 ,, 0).

Proposition 4.7. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0). For any (Z,0) € X, we have

(1) Ints,(Z,0) = (Z,0)Np(Z, 0).
(2) Cly,(Z,0) = (Z,0)Ulp((Z, 0))]".
Proof. Suppose (Z,p0) € 2.

(1) Let us start with
(Z,0Al(Z, 00¢(Z,0)] = [(Z,0) — [(Z, 0)0(Z, O)1IT[(Z, 0)p(Z, 0)] - (Z, 0)]
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= [(Z,0)N(Z,0) T(e(Z, ) NUI(Z, 0)Np(Z, 0)I(Z, 0)]
= [(Z, 0)N(¢(Z, 0)) 1UD

= (Z,0) — ¢(Z,0).
Since (Z,0) — ¢(Z,0)C(Z,0) = ¢(Z,0) implies (Z,0) — ¢(Z,0) € J. By (C3),
(Z,0009(Z,00C¢(Z, 0) = ¢l(Z,0)Np(Z, 0)]. 4.1)

This implies that (Z,0)N¢(Z,0) € T, and therefore, (Z,0)N¢(Z,0)CInts,(Z,0). Then, by
Definition 2.16, Intg,(Z,0) = U(G,, 0) such that (G,,0)C¢(G,,0) and (G,,0)C (Z,) for each A.
Since ¢ is monotone, then we have (G, 0)C¢(G,, 0)C¢(Z, 0) and therefore (G, 0)S(Z, 0)Np(Z, 0)
for each A. Thus, Ints(Z, 0)S(Z, 0)Np(Z, 0). Hence, Ints(Z,0) = (Z,0)0¢(Z, 0).

(2) By using Remark 2.17, one can have
Cly,(Z,0) = Untz,[(Z,0)11° = [(Z,0)'Ne((Z,0))]° = (Z,0)Vlp((Z, 0))]".

O

Proposition 4.8. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0). Then o(Z,0)<Cly,(Z, 0) for each (Z,0) € X.

Proof. Let (Z,0) € X. By Lemma 3.2 item (3), ¢(Z 0)N¢((Z,0)) = @, which implies
@(Z,0)C [¢((Z,0))]° and, by Proposition 4.7 item (2), [¢((Z, 0))]°CCly,(Z,0). Therefore, ¢(Z,0)C
CZ‘J’W(Z, Q) O

Proposition 4.9. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, 2, 3,0). Then ¢(Z,0) € RO(T,) for each (Z,p) € Z.

Proof. Let (Z,0) € 2. Now,
Intg,[Cls, [p(Z,0)]] = Int3,[¢(Z, 0)Ule([9(Z, 0)])]]

= Intg,[p(Z,0)Ul¢((Z,0))]°] (by Lemma 3.2 item (2))
= Intg [[¢((Z,0))]°] (by Lemma 3.2 item (3))
= [¢((Z, )] Ne([e((Z, 0))])
= [¢((Z, )] Ne((Z,0)])
= [¢((Z,0))]'Ne(Z, 0)
= ¢(Z,0).

Therefore, ¢(Z, 0) € RO(T,). O

This conclusion can be employed immediately:

Corollary 4.10. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an MSS (X, %, 3, o).
Then (Z,0) € RO(Jy) iff o(Z,0) = (Z, 0).

Definition 4.11. [27] A collection & of soft sets over X is termed a soft n-system provided that S
satisfies the following axioms:
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(1) (Z,0) € 8 and (L,0) € 8 imply (Z,0)N(L,0) € 8.
(2) § +@.
We call 8§ a strong soft n-system if X € 8.
According to the following theorem, the range of ¢ may be determined with X.

Theorem 4.12. Assume ¢ is a soft OR-operator on an MSS (X, X, 3, 0). If there is a strong soft n-system
§ on X such that 3CECX and a soft OR-operator ¢ : 8 — Xon (X,8,3,0), then Ty = T,,.

Proof. Set § = {(Z,0) € X : ¢(Z,0) € X}. By (Cy) and (C;), § is a strong soft m-system on X
including @, X such that IJCSCTX. If we restrict ¢ to 8 and denote it by ¢ = ¢|,. Apparently, ¢ is a soft
OR-operator on (X, 8,3, 0). To prove that T; = T, it suffices to show only T,CT, since the reverse
is always possible. If (Z,p) € T,, then (Z,0) € X and (Z,0)C¢(Z,0). Since ¢(Z,0) = (Z,0), then
w(Z,0) = (Z,0)U[p(Z,0) — (Z,0)] and therefore, (Z,0) € 8. This means that (Z,0)C¢(Z,0) = ¢(Z,0)
and hence, (Z, o) € T4. Thus, T,CT;. O

Proposition 4.13. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0). Then (Z,0) € 3 iff (Z,0) € T,AN(T,).

Proof. Suppose that (Z,0) € J. Obviously, (Z,0) € X. Since (Z,0)° ~ X, then ¢((Z,0)°)
= ¢(X). Therefore, (Z,0)CX = ¢(X) = @((Z,0)), and so, (Z,0)° € T,. Hence, (Z,0) € T,.
We now prove that (Z,0) € N(T,). If (G,0) € T, such that (G,0)S(Z,p), then (G,0)C¢(G,0)C
©(Z,0)C [X — ¢((G,0))] = @. This implies that (G, 0) must be null. Therefore, (Z,0) € N(Ty).
Thus, (Z,0) € ‘J’;ﬁN(‘J@.

Conversely, assume (Z, o) € ‘J’;ﬁN(%). Since (Z, 0)° € T,CX and X'is a soft o-algebra, then (Z,0) €
2. Therefore, @ = Int,(Z,0) = (Z,0)N¢(Z, o) implies (Z,0) = (Z,0) —p(Z,0) € 3. Since (Z, 0) € N(T,,)
and (Z,0) = Cly,(Z, 0) € 3, by the earlier steps, we have (Z, 0) € 3. We are done. O

Proposition 4.14. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0). If (Z,0) € 3, then (Z,0) € T,ND(T,), where D(T,) is the family of all soft discrete
sets in (X, T,). In addition, the converse holds, whenever 3 contains all finite soft sets over X.

Proof. Suppose (Z,0) € 3. By Proposition 4.13, (Z,0) € Tg. It remains to show that (Z,0) € D(T,).
Let x, be a soft point in (Z,0). Since (Z,0) — {x,}C(Z,0) implies (Z,0) — {x,} € J. Again, by
Proposition 4.13, (Z,0) — {x,} € ‘J';; and hence, {x,} is a soft J,-open set in (Z,0). Evidently, {x,}
is a soft J,-closed set in (Z, o). Therefore, (Z, 0) € D(T,).

Conversely, suppose (Z,0) € T;ﬁ'D(%). Clearly, we have that (Z,0)° € T,CX. Since X' is a soft
o-algebra, then (Z, 0) € X. But (Z,0) € D(7,); so, for each x, € (Z, o), there exists (G,,,0) € T, with
xy € (G,,0) such that (G, ,0)N(Z, 0) = {x,}. Therefore,

xy € (Gy,,00C¢(Gy,,0) = ¢l(Gy,,0) — {x,}ICp[(Z,0)].

This means that (Z, 0)S¢[(Z, 0)°]; and then, (Z, 0) = ¢[(Z,0)] = (Z,0)°. By Lemma 3.2 (2), ¢[(Z, p)] ~
(Z,0),s0 (Z,0) ~ (Z,0)°. Since J contains all finite soft sets, this implies (Z,0) € J. O

Proposition 4.15. Let (X, X, 3, 0) be an MSS and let ¢, ¢ be soft OR-operators on (X, X, 3, 0). Then
e =0¢iff T, =T,
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Proof. Clearly, ¢ = ¢ implies T, = T,.
Conversely, suppose that (Z,0) € X. By Proposition 4.9, ¢(Z,0) € T, = T,4. It follows that

o(Z,0)CP(p(Z,0)). By (Cy), (Z,0) ~ ¢(Z,0), which implies that ¢(Z,0) = ¢(¢(Z,0)). Therefore,
©(Z,0)CP(Z, 0). Similarly, we have that ¢(Z, 0)Ce(Z, 0). Hence, ¢(Z, 0) = ¢(Z, 0). O

The following definition may be stated based on the uniqueness of the soft OR-topology generated
by a soft OR-operator:

Definition 4.16. Let (X, X, 3, 0) be an MSS and let T € T(X). We call T a soft OR-topology if there
exists a soft OR-operator ¢ on (X, X, 3, 0) such that T = T

Theorem 4.17. Let (X, X, 3,0) be an MSS and let T € T(X). Then T is a soft OR-topology over X
iff £=By(T, ) and I = N(T)NT“.

Proof. Let T be a soft OR-topology over X. By Proposition 4.13, 3 = N(T)NT°. 1t is left
to prove that ¥ = By(T,3). Let (Z,0) € X. Then (Z,0) = [(Z,0)Ne(Z,0)]0[(Z,0) — ¢(Z,0)].
Clearly, (Z,0)N¢(Z,0) € T and (Z,0) — ¢(Z,0) € J. Since By(T, J) is the soft o-algebra produced
by TAN(T) = TAJ, by [45, Theorem 2], we have (Z,0) € By(T, J). For the reverse of the inclusion,
if (Z,0) € Byo(T,9), then (Z,0) = (G,0)A(N, o), where (G,0) € T and (N,p) € N(7). Since TCZ,
s0 (Z,p) € X. Consequently, X = By(T, J).

Conversely, let ¥ = By(7,3) and J contains all soft T-closed and soft nowhere T-dense sets.
We first prove that there exists a soft OR-operator ¢ on (X, X, J,0) such that T = T,. Let (Z,p) €
Y. Then (Z,0) = (G,0)A(N, ), where (G,0) € T and (N, 0) € N(7). By Propositions 4.28 and [45,
13], (Z, o) is uniquely represented by (P, Q)Z(M, 0), where (P,0) € RO(7) and (M, o) € N(7). Define
¢ as the following:

©(Z,0) = (P,p) for each (Z,p) € X.

Then C,, C, are easily satisfied. That is, ¢(@) = @ and ¢(X) = X. Let (Z,0),(L,0) € X. Then
there are (P, ), (Q,0) € RO(T) and (M, 0). (N, 0) € N(T) such that (Z,0) = (P,0)A(M, o) and (L. 0) =
(Q,0)A(N, 0). At present, since

(Z,0)N(L, 0) = [(P,o)AM, 0)IN[(Q, AN, 0)]
= [(P,oN(Q,0)1A(S, 0), (4.2)

for some (S,0) € N(7); where (S,0) = [(P,0)N(M,0)N(N,0)]U[(M,0)N(N,0)]; then, from
Identity (2), we obtain that

@(Z,00N¢(L, 0) = (P,0)N(Q,0) = ¢l(P,0)N(Q,0)] = ¢l(Z,0)N(L, 0)].

If (Z,0) = (P,0)A(M, ), where (P,0) € RO(T) and (M,0) € I, then (Z,0)A (P,0) = (M,p), but
¢(Z,0) = (P,0); hence, (Z,0)Ap(Z,0) € N(T) = 3. Plainly, if (Z, 0)A(L, 0) € I, then ¢(Z,0) = ¢(L,0).
Therefore, ¢ is a soft OR-operator on (X, X, 3,0). We now show that T = T,. Let (Z,0) € T,.
Then (Z, 0) € X and (Z,0)C¢(Z, 0). By our construction, (Z,0) = (P,0)A(M, o), where (P, 0) € RO(T)
and (M,0) € 3. This implies that (P,0)A(M,0)Cp(Z,0) = (P,0). Therefore, (M,0) — (P,0) = @
and (P,0) — (M, 0) = (Z,0). Since each (M, p) € INT*, then (Z,0) € T; hence, T,CT. If (Z,0) € T;
then, by [45, Lemma 18], (Z,0) = (P,0) — (S,0) for some (P,p) € RO(T) and (S,0) € N(T)NT*. It
follows that (Z,0) € X and (Z,0)S(P,0) = ¢(Z,p), and therefore, (Z,0) € T,; hence, TCT,. Thus,
T =17, =
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Corollary 4.18. Let (X, X, 3, 0) be an MSS and let T € T(X). If T is a soft OR-topology over X, then
I =M(T).

Proof. Suppose (Z,0) € 3. By Theorem 4.17, (Z,0) € N(T) and N(T)CM(T) implies (Z, 0) € M(T).
Thus, ICEM(T). If (Z,0) € M(T), then (Z,0) = U~ (B,, 0) for some (B,,0) € N(T). By Theorem 4.17,
Cly(B,,0) € 3. However, (B,,0)CCly(B,,0) and then U (B,, 0)C U Cly(B,, 0). Since J is a soft o-
ideal, then U2 Cl5(B,, 0) € 3. Consequently, U* (B,,0) € J, and so M(T)CJ. Thus, I = M(T). O

Next, we find a condition under which T, forms a soft topology, after giving the following two
definitions and a lemma:

Definition 4.19. Let (X, X, 3, 0) be an MSS and let (Z,0) € S(X). A soft set (L,0) € X is said to be
measurable kernel of (Z,0) if (L,0)C(Z, 0) and for each (R, 0)2(Z, 0) — (L, 0), we have (R,0) € J.

Definition 4.20. Let (X, X, 3, 0) be an MSS. It is said that (X, X, 3, 0) satisfies the hull property if for
each (Z,0) € S(X), there exists (L,0) € X with (Z,0)C(L, 0) such that for each (R,0)C(L,0) — (Z,0),
if R,0) € X, then (R,0) € J.

Lemma 4.21. Let T € T(X) and let (Z, 0) € S(X) such that (Z,0)C(L, o) for some (L, 0) € Bo(T, M(T)).
If there exists (W, 0) € Bo(T, M(T)) such that (Z, 0)S(W, 0), then (L, 0) — (W, 0) € M(T).

Proof. Assume that (Z,0) € S(X). Since, by Lemma 2.25, (Z,0) — C2(Z,0) € M(T), then, by
Lemma 2.24, there exists a soft F,-set (F,p) € M(7T) such that (Z,0)C(F,p). Evidently, (W,0) =
(F,0)UC»(Z,0) € Bo(T,M(T)) such that (Z,0)S(W, o). If (L,0) € Bo(T, M(T)) such that (Z, 0)C(L, 0),
then, by Lemma 2.25, C»(Z, 0)CC,(L, 0). Therefore, we have

(W, 0) = (L,0) = [(F,0)UC:(Z,0)] - (L, 0)
= [(F,0) = (L,0)IVUIC:(Z, 0) — (L, 0)]

Since C»(Z,0) — (L, 0) € M(T), by Theorem 2.26 (3), and (F, 0) € M(T), so (F,0)U[C2(Z,0) —(L,0)] €
M(T). It follows that (W, o) — (L, 0) € M(7). O

Theorem 4.22. Let ¢ be a soft OR-operator on an MSS (X, X, 3,0). Then (X, X, 3, o) satisfies the hull
property iff T, is a soft OR-topology over X.

Proof. Suppose (X, X, J, o) satisfies the hull property. We have to prove that T, is a soft topology.
Evidently, we have @,X € T,. If (Z0),(L.o) € T, then (Z,0)Z¢(Z0), (L,0)T¢(L,0).
Therefore, (Z, 0)N(L, 0)Ce(Z, 0)N@(L, 0) = ¢l(Z,0) N(L,0)] from (C5); hence, (Z,0)N(L,0) € T,. We
now check that Uyea(Wy,0) € T, for each {(W;,0) : 4 € AJCT,. Let (R, 0) be a measurable kernel
of Ujea(Wa, 0). Since [(Wa, 0)N(R,0)] ~ (W, 0) for each 4 € A, then p[(Wy,0)N (R, 0)] = ¢(Wy, 0).
Now, we obtain that

R.OT_1er W 00E(J1eaeWo.0) = [ ientl(Wa 0FW(R. 0)IE(R. 0). (4.3)

Since ¢(R,0) ~ (R,0) = ¢(R,0) — (R,0), then Upep(Wp,0) — (R,0) € I, and thus Uyer(Wy,0) =
[Taea(Wy,0) — (R, 0)]U(R,0) € X, as X is closed under finite unions. Furthermore, by Eq (4.3) and
Lemma 3.2 (5), we have Uuep (Wi, 0)C@(Usea (W), 0)). Thus, Uyea(W,, 0) € T

Conversely, suppose T, is a soft OR-topology over X. By Theorem 4.17 and Corollary 4.18, 3 =
M(T,) and X' = Bo(T,M(T,)). Lemma 4.21 guarantees that (X, X, 3, o) satisfies the hull property. O
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Remark 4.23. Compare the above theorem with [27, Theorem 4.27].
The following example presents two MSSs to demonstrate whether or not the hull property holds:

Example 4.24. Consider the MSSs (R,Bo(7),M(7),0) and (R,B(7T), 39,0), where T is the soft
topology given in Example 4.4 and 3y = @. By Definition 2.22 and Lemma 4.21, it follows
that (R, Bo(7), M(T), o) satisfies the hull property, whereas (R,B(7), 3¢,0) does not, as shown by
Theorem 4.22 and Example 4.4.

Theorem 4.25. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an MSS (X, X, 3, 0).
Then (Z,0) € LC(T,) iff (Z,0) € X.

Proof. Assume (Z,0) € LC(7,). Since T, is a soft topology over X, by Proposition 4.2, soft T-
open sets are like (H,0) — (P, p), for some (H,p) € ‘J'g, (P,0) € N(‘Jg). While, soft T -closed sets
are like (F,0)U(Q, o) for some (F,0)* € T), (Q,0) € N(T)), where T) is a soft topology produced
by {¢(Z,0) : (Z,0) € X}. Since By(7T,,N(T,)) is a soft o-algebra, then LC(‘Tg)CBO(%,N(%)).
However, iTgZ‘J'w; therefore, LC(T,)CBo(T,, N(T,)) = X. Consequently, ¥ = LC(T,).

Conversely, suppose that (Z,0) € X. Then (Z,0) = [(Z,0)Ne(Z,0)]U[(Z,0) — ¢(Z,0)]. By
Proposition 4.7 item (1), (Z,0)Np(Z,0) € T,. By (Cs), (Z,0) — ¢(Z,0) € 3 and therefore, (Z,0) —
¢(Z,0) € T,. Thus, (Z,0) € LC(T,) and so XELC(T,). O

Theorem 4.26. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an MSS (X, X, 3, 0).
Then X = B(7,).

Proof. Since T, is a soft topology over X, by second part of the proof of Theorems 4.17 and 4.25,
LC(T,)CBy(T,. N(T,)) = X. However, T,CLC(T,), which implies that T,CX. Since B(T,) is the
lowest soft o-algebra including T, then B(T,)CZ.

Conversely, if (R, 0) € X, by Theorem 4.17, (R, 0) € By(7T,, M(T,)). By Theorem 2.26 (2), (R,0) =
[(H,0) — (Z,0)]0 (L, p) for some (H,0) € T, and (Z, 0), (L, 0) € M(T,). Now, we have

(R,0) = [(H,0)U(L, 0)IN[(Z,0)T(L, 0)].

Clearly, (H,0)U(L,0) is soft T,-closed. However, since [(Z, 0)‘U(L,0)]° = (Z,0)N(L,0)* € M(T,),
then (Z, 0)°U(L, o) is soft T,-open as [(Z, 0)°U(L, 0)]° is soft T,-closed. But B(T,,) contains all soft T,,-
open and soft T,-closed sets, and is closed under finite intersections, which means that (R, 0) € B(7,).
Thus, ¥ € B(T,). In conclusion, X = B(T,). m]

Remark 4.27. Compare the above result with [27, Theorem 4.28].

Proposition 4.28. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0). Then

(1) (X,7,) is a soft nodec space.
(2) (X,T,) is a soft Baire space.

Proof. (1) Let (Z,0) € N(T,). By Proposition 4.13, N(T,) = J. But each element in J is T implies
(Z,0) € ‘J‘;. Thus, (X, T,) is soft nodec.
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(2) Let @ # (Z,0) € T,. Evidently, (Z,0) ¢ 3. By Corollary 4.18, no (Z,p) € M(T,) implies
(Z,0) € T,. Therefore, (X, T,) is soft Baire.
O

Proposition 4.29. Let T, be a soft OR-topology produced by a soft OR-operator ¢ on an
MSS (X, X, 3,0) such that 3 contains the whole singleton soft sets. Then

(1) (X,T,) is not soft compact, if 3 contains an infinite soft set.

(2) (X,T,) is not soft Lindeldf, if 3 contains an uncountable soft set.
(3) (X,7,) is a soft T-space.

(4) (X, T,) is not soft separable.

(5) (X, T,) is not soft first countable.

(6) (X, T,) is not soft second countable.

Proof. (1) Assume (Z, o) € J is infinite. For each y, € PX), (Z, 0)—{y,} € Jandso (Z,0)—{y,} € T
Therefore, (Z,0)°U{y,} € T,. This means {(Z, Q)CU{y),}}yye(Z,Q) is a soft T -open cover of X with no
finite subcover. Hence, (X, 7T,) is not a soft compact space.

(2) Similar to (1).

(3) The proof is clear since {y,} € J for each y, € P(X) and each element of J is soft J,-closed.
Therefore, (X, 7,) is soft 7.

(4) Since, by Proposition 4.13, 3 = N(J,), which contains all soft sets that are countable.
Consequently, each countable soft set is soft closed. Then, there does not exist a countable soft
set which is also a soft T -dense set in (X, T,). Thus, (X, J,) cannot be soft separable.

(5) Picky, € P(X) and let {(Oy,0) : k = 1,2,---} be a family of soft J,-open sets containing y,. For
any k, let %, € (O, 0) with y§ # y,. Set (0,0) = (01,0) = {y} : k= 1,2,---}. Then (0, ) is a soft
J,-open set including y,. But, (O, ) does not contain an (O, o) for each k. Therefore, (X, T,)
cannot be soft first countable.

(6) The proof is followed from (5), since soft second countable space implies soft first countable.
O

5. Conclusions

In this work, we introduced the concept of soft Oxtoby—Rose operators (soft OR-operators)
on measurable soft spaces and studied the corresponding soft Oxtoby—Rose topologies (soft OR-
topologies) they generate. We established that the proposed soft base yields a soft topology precisely
when the underlying measurable soft space satisfies the hull property, and we analyzed the behavior
of interior and closure under the soft OR-operator. Moreover, we showed that members of the
underlying soft o-ideal naturally act as soft closed, soft discrete, and soft nowhere dense sets within
this framework. A central finding is the equivalence of Baire property soft sets, soft locally closed sets,
and Borel soft sets in soft OR-topologies, offering a unified treatment of these classes.
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Beyond these characterizations, we identified several distinctive topological properties of soft OR-
topologies, which extend classical density-based constructions into the soft set setting. These results
provide a foundation for further exploration in the development of soft topology theory. As future
work, we plan to introduce a weaker variant of the lower-density soft operator, tentatively called the
quasi-lower-density soft operator, and investigate the properties of the soft topologies it generates.
We also aim to establish and analyze the connections between these new soft topologies and the soft
OR-topologies studied in this paper.
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