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Abstract: For the positive semi-definite tensor complementarity problem (TCP), based on the
natural residual function, we first established an error bound estimation for the positive semi-definite
TCP without the fractional term of the residual function. Compared with the existing results, the
requirements imposed on the TCP such as being an m-uniform P-function and being m-monotone
were removed. As an application of the error bound obtained, we showed the global R-linear
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the proposed method.
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1. Introduction

Let the sets T),,, and R" consist of all real m-order n-dimensional tensors and all real n-dimensional
vectors, respectively. Given a tensor A = (a;,4,.i,) € ITmn and g € R", the tensor complementarity
problem, denoted by TCP, is to find a vector x € R" such that

x>0, A" '+g>0, x"(AX"'+¢) =0, (1.1)
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where Ax™! is a vector in R" with its ith component as

n

m—1
(AX" )i = Z Qiiyevipy Xiy ** * Xiyys

i2,im=1

and it is a homogeneous polynomial of degree m — 1. We denote by X™* the solution set of this TCP, and
suppose that it is nonempty.

The TCP was first introduced and used by Song and Qi [1], and was researched initially by Song
and Qi [2] and Che, Qi, and Wei [3]. The TCP has growing applications [4, 5], for example, in game
theory [6], nonlinear compressed sensing [7], and so on.

The TCP is a natural generalization of the linear complementarity problem (LCP). Inspired by the
fundamental role played by the structured matrices in the properties of solutions of LCPs, a lot of
theoretical results about the properties of the solution set of the TCP have been obtained [8]. The
TCP is also a special case of the nonlinear complementarity problem (NCP), due to the multilinearity
and homogeneity of the mapping Ax"~'. TCPs have their own special and interesting properties that
are not covered by the theory of the general NCP. More interestingly, by making use of properties of
structured tensors, some error bounds obtained usually go beyond the frameworks of error bounds of
the NCP. For example, Zheng et al. [9] presented some error bounds for the TCP with a P-tensor. Ling
et al. [10] studied a Holderian local error bound of generalized TCPs with an m-monotone function.
Ling et al. [11] analyzed the error bounds of the polynomial complementarity problem with an m-
uniform P-function. Hu et al. [12] established a local fractional-type error bound based on the natural
residual function for the quadratic complementarity problem with an Ry-tensor.

Recently, some numerical methods for solving the TCP have been presented [13]. For instance, the
homotopy continuation algorithm [14], the potential reduction algorithm [15], the nonsmooth Newton
algorithm [16], the smoothing Newton method [6], the total least squares method [17], the nonlinear
gradient dynamic method [18], and the Levenberg-Marquar algorithm [10]. In particular, the projection
methods have been successfully developed to solve the TCP recently (see [19-21]).

Motived by these, we further consider an error bound without the fractional term for the positive
semi-definite TCP based on the natural residual function, where the requirement of some abstract
conditions, e.g., an m-uniform P-function [11] and being m-monotone [10], are removed. At the same
time, based on the error bound established, we further consider a new projection method to solve the
TCP in this paper.

The remainder of this paper is organized as follows. In Section 2, we recall some basic definitions
of some structured tensors and some related properties, and develop an equivalent transformation of
problem (1.1). In Section 3, based on the natural residual function, we establish an error bound for the
positive semi-definite TCP by making some characterization of the structured tensors. As a specific
application of the error bound obtained, we show the global linear convergence rate of the proposed
self-adaptive projection method for the TCP in Section 4, and an approximate optimal solution is
obtained in a finite number of iterations. In Section 5, some numerical experiments on the TCP are
constructed to verify the effectiveness of the obtained results. Some remarks and conclusions are given
in Section 6.

Some notations used in this paper are in order. We denote the index set {1,2,--- ,n} as [n]. For
vector x € R" and number r, we use x'! to denote column vector (x7, x5, -- -, x7)". For convenience,
in some places, we also use (x, y) to represent the standard Euclidean inner product of the two column
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vectors x and y in R". We denote by R’ the nonnegative quadrant in R", and by x, the orthogonal
projection of vector x € R" onto R", i.e., (x;); := max{x;,0}, i € [n]. We denote by ||-|| the Euclidean 2-
norm. We denote by det(M) the determinant of the square matrix M and, by [,,, the identity matrix of
order n. For any subset S C [m], we denote by Ag the submatrix of A obtained by removing all rows
i ¢ S of A. Analogously, for any vector x € R™ and any subset S C [m], we denote by xg the vector
with components x;, i € § (with the x;’s arranged in the same order as in x).

2. Preliminaries

In this section, we give some definitions and some related properties [22], and present an equivalent
formulation of problem (1.1).

Definition 2.1. Let A € T,,, be positive semidefinite (definite) if for any x € R" and x # 0, one has

n
T -1
X AX"T = Z Qi iyeeig Xiy Xiy = Xy 2 0(> 0)

1,02, 5 im=1

Definition 2.2. Let A € T,,, be symmetric if and only if a;,;,..;, is invariant by any permutation m,
that is, Q,i,..i, = GQn(iiri,) Where all iy € [n] with k € [m]. Denote by ST,,, the set of all m-order
n-dimensional symmetric tensors.

In the following, the definition of the diagonalizable tensors [23,24] is given as follows.

Definition 2.3. Let A € ST,,, be diagonalizable if and only if A can be represented as
{(AeST | A=D X BXyB--- X, B},

where B € R™" with det(B) # 0 and D is a diagonal tensor. Denote by D,,,, all m-order n-dimensional
diagonalizable tensors.

Obviously, D,,, C ST,.,. When A € D, is positive semi-definite, and F(x) £ Ax"' + g,
the following theorem gives a property of the Jacobian matrix VF(x) at the x(x # 0) point
(Theorem 4.4 [3]).

Theorem 2.1. Assume that A € D,,, is positive semi-definite. Then, the Jacobian matrix VF(x) is
positive semi-definite with nonzero vectors x € R".

To establish an equivalent formulation of (1.1), we give the following assumption.

Assumption 2.1. Assume that tensor A € D,,,, is positive semi-definite.
To proceed, we establish an optimization problem as follows:

min  g(x) = LxTAx"! + x7Tq,
2.1
st. xeRL.

By Theorem 2.1, we know that g(x) is convex, and the feasible set is a polyhedron. Then
problem (2.1) is a standard convex optimization. Thus the stationary set of (2.1) coincides with the
solution set of problem (1.1).
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3. Error bound for the positive semi-definite TCP

In this section, using properties of structured tensors, we establish an error bound estimation for the
positive semi-definite TCP via the natural residual function. To this end, we recall a useful definition
and some properties, which are the basis of our analysis.

Proposition 3.1. [25] Assume that K is a nonempty closed convex subset of R", and for given z € R",
set Px(z) = argmin{||z — y|| | y € K}. Then, one has

IPk(z1) = Px(z2)ll < llz1 — z2ll, V21,22 € R".
For (1.1) and x € R", we define the following natural residue function:
r(x,p) = [Iminfx, o(AX"™ + P}l = llx = Pro{x = p(AX"™" + @}, 3.1)

where p > 0 is some constant. The natural residue function is intimately related to the solution of (1.1)
as given by the following result (Lemma 3.1 [26]).

Proposition 3.2. The vector x* is a solution of (1.1) if and only if r(x*, p) = 0 with some p > 0.

Proposition 3.3. (Lemma 2.5.1 [27]) Assume that Q is a nonempty closed convex subset of R", and
f : Q — R" is differentiable. Then, for any x,y € Q and each vector B € R", there exist vector
E=x+1ly—x) € Qand constant 0 < t < 1 such that

BTLf(x) = fOM] =BTV — x). (3.2)
Take B = f(x) — f(y) in (3.2), and it is not difficult to see that
1/ () = FDI < NIVFEO — Dl (3.3)

Based on Propositions 3.1-3.2 and (3.3), we can establish the following error bound for the TCP.

Theorem 3.1. Suppose Assumption 2.1 holds. Then, there exists a positive constant T such that
dist(x,X") < tr(x,p), VYxe{xeR"||xll <}, (3.4

where dist(x, X*) denotes the distance from point x to the solution set X*, and ¢, and p are both positive
constants.

Proof. Suppose that the theorem is false. Then, there exist the sequence {x*} and the positive sequence
{1} such that ||x¥|| < ¢;, Tx = o0 as k — oo and

dist(x*, X*) > (x5, p). (3.5)

Hence,

r(x*, p) 1
— < — >0 ask . 3.6
dist(xk, X*) < Tk TU ke (3-6)

Since {x*} is bounded and r(x, p) is continuous, by (3.6), we have r(x*, p) — 0 as k — 0. Since {x*}
is bounded again, there exists a subsequence {x"} of {x*} such that lim x* = x with r(%, p) = 0. Hence

k,‘—)OO
xe X
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On the other hand, we first defined vector function
f(x) = x — pAxX™".

Using Proposition 3.3 and (3.3) for vector function f(x) with x and X, there exist constant 0 < ;, < 1
and vector & = X + ;. (x* — X) such that

IF ) = FEN < IVEE = DIl = 1 = pVF (&))" = DI. (3.7

Since A € D,,, is positive semi-definite, by Theorem 2.1, then the matrix VF(X) is positive semi-
definite, Therefore, one has [VF(X)]; > O for any i € [n]. In the following, we define two index
sets

S={ien|[VF®];=0}, S ={ie[n]|[VF®];>O0}.

Foranyie€ S,1e., [VF(X)]; =0, together with Theorem 2.1, it follows that [VF(X)]s = 0.
Foranyie€ S,i.e., [VF(X)]; > 0, it follows that there exists p > 0 such that
Ils = p[VF(X)]s]l < 1. (3.3)

Based on the discussion above, combining x — X with r(x%,p) — 0, and letting y¥ = x* — % for
simplicity, one has

k.

) (ke
lim lim 7, p)
ki ki [3%al

g =0 llyg11—=0

X = Pre (X = p(A)"" + gl

= lim lim

1110 %10 [l
_ Lm lm I[x* = Pgo (xb = p(AGF)Y" + g) = [X = Pgo (X — p(AZ" + @)l

110 1110 [l
_ bm lim IY" = [Pre (X = p(AXY" ! + q)) — Pge (X — p(AZ" + )]l

10 1§10 [l
> Lm  Lm Y5l = [|Pre (x5 = p(AX*)Y™! + @) = Pro (X — p(AX™! + )|
-0 -0 [l
> lim lim Yl = 16" = p(AC)™ ! + @) — (X = p(AF" + @) (3.9)
oY [l

-0 b 10
O (G ) e G

1110 1y -0 IIy%ll
o ’ IVl = I = pVF &)yl
" o0 b

154150 114110 y

X X . 1

_ . Y1l = LI — pVEENsy >+ NI —PVF(fk,-))Syk’Hz]z]
0 b ]

-0 110

X . . 1

> lim lim [||yk’|| — [ = pVEE sy IF + U —PVF(fk,-))§||2||yk’||2]2]
-0 -0 [

> 1 —|lIs = p[VF®]sll > 0,
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where the second inequality follows from Proposition 3.1, the third inequality by (3.7), the fourth
inequality by the Cauchy-Schwarz inequality, the fifth inequality by the fact that &, — X as k; — oo
and [VF(X)]s = 0, and the last inequality by (3.8).

Furthermore, by (3.6), we further obtain

) L )

Iim lim <lim ————=0. (3.10)
g 110 g -0 [l kimeo dist(x*, X*)
This contradicts (3.9). Thus, (3.4) holds. O

The TCP is a subclass of generalized tensor complementarity problems (GTCP) [10] and
polynomial complementarity problems (PCP) [11]. When the GTCP or PCP reduce to the TCP, from
the conclusion above, an error bound for the TCP is established via the natural residual function.
The requirement of some abstract conditions, e.g., being m-monotone [10] and an m-uniform P-
function [11], are both removed.

In addition, we first consider the GTCP [10] of finding x € R" such that

xeK, A ' +qgeK, xX(AX+4¢) =0,

where K = {v € R" | Bv > 0, Cv = 0} is a polyhedral cone in R” for some matrices B € R*",C € R™",
and K* ={ueR"|u=B"A;+C" Ay, 4; € R}, A, € R"} is its dual cone. By the discussion in Section 1
of [26] for the GTCP, we conclude that the GTCP can be equivalently transformed into the following
variational inequality problem of finding x* € R" such that

(x=x) (A" " +9) >0, YxeK.

The problem can further be formulated as the following fixed-point problem [26] via a projection
operator:

x = Px[x = p(AxX" " + )] = 0,
where p > 0 is a constant. Substituting r(x*,p) = x* — Pri (X} — p(A*)" ! + ¢) in (3.9) with
r(xhi, p) = xki — Pye(xki — p(A(x* Y"1 + g), it is straightforward to verify that (3.9) holds. Thus, the
proof uses a similar technique to that of Theorem 3.1 above. Under the assumption of Theorem 3.1,
we conclude that there exists a positive constant 7; such that

dist(x, X*) < 1|lx = Pg[x — p(Ax"" + P]II.

In what follows, we consider the PCP of finding x € R" such that

m/2
x20, F)2 ) Ax"®D4g20, xTF(x) =0,
k=1

where A = (A, Az, . Awp) € Toun X Tyypy X -+ X Tr, m is even, and A, 1S a square matrix.
Suppose that Ay(k € [m/2]) satisfies the hypotheses of Theorem 3.1, and let g;(x) = A" %D,
It follows from Theorem 2.1 that the Jacobian matrix Vgi(x) = (m — 2k — 1))Ax""%* is positive
semi-definite with nonzero vectors x. Therefore, we can further obtain that the Jacobian matrix

VF(x) = (m— DAX"? + (m = DA + -+ Appo
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is also positive semi-definite. This, together with letting f(x) = x — p(ZZ:/ f Arx =D 4 g in the proof
of Theorem 3.1, and using use a similar argument to that of Theorem 3.1 above, we obtain that there
exists a positive constant 7, such that

m/2
dist(x.X") < Tl min{x, p() | A" + ).

k=1

At the end of this section, a more explicit comparison with existing bounds and the corresponding
required assumptions are summarized in Table 1, and we also summarize key differences.

51(x) = [l minfx, [ACx - £" "5+ (AR + ) F ),
where x € R", and £ € X* satisfies dist(x, X*) = ||x = £||co.

$2(x) = ECEI + IV(AX"" + @Il + | min{Bx, UA" + g)}l17,

where
1
. 1 A" = ! ! = et L
c(x)z{—max{l,anc(ﬂ) ~ SOIBI+ [Ulle(A) : )} X EX.
P Il = [l 2l = 1]
1
m—1 1 G m—1 m—1 m—1
5300 = [minfx, > A"+ gIET |1+ ———— [ >l = ||
£ el — 1l (£ £

where x* is the unique solution of the PCP.
1 1
54(x) = |Ix = Ppo[x — (AX"" + )" 5emm 300,

r(x, p) = || min{x, pAx"" + g}|l.

It can be easily seen from Table 1 that our established error bound estimation via the natural residual
function has no fractional term, which is a key difference compared with other existing error bounds.
Thus, this is a new result for the TCP.

Table 1. Error bounds for the TCP (PCP or GTCP).

Assumptions Error bounds Problems References

P-tensor s1(x) TCP Theorem 3.2 [9]
m-monotone $2(x) GTCP Theorem 4.1 [10]
m-uniform P-function s3(x) PCP Theorem 5.4 [11]
Ry-tensor 54(x) Quadratic CP Theorem 3.1 [12]
Assumption 2.1 r(x,p) TCP Theorem 3.1 in this paper
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4. Algorithm and linear convergence

In this section, we develop a new method for solving model (1.1), and establish its global R-linear
convergence rate based on the obtained error bound in Section 3.

Now, our algorithm is stated formally as follows.
Algorithm 4.1.

Step 0. Select 8> 0,7 > 1, >0,y € (0,1),x" € R", and set k := 0.

Step 1. For the current iterate points x*~!, compute

1
x* 1= argmin {le o —Vg(xk_l)llz}, (4.1)
xERL’ Lk
where Vg(x*~!) = AG* Y™ + ¢, Ly = "™, and my is the smallest nonnegative integer m satisfying

g(¥) < g1 —y(f = A Ve (H ), (4.2)

and
0 < (1+y)xr =1 vy + UT'BIka - XA (4.3)
Step 2. If ||x* — x*7!|| < ¢, stop. Then, x* is an approximate solution of (1.1). Otherwise, go to Step1

withk :=k+ 1.
For g(x) given by (2.1), we let

L
O, (x, 71 £ g + (x = 7, V(D) + Ekllx - X (4.4)
This, together with (4.1), makes it easy to calculate that

x* = arg min{Qy, (x, ¥ H). (4.5)

By Taylor’s expansion of g(x) at the x*~! point, there exist constant 0 < # < 1 and vector & = (1 —#)x* +
tx*~! such that

g(x) = g(x* 1) + (= 71, V() + mT_l(x — XTHTAL 2 (x - 2, (4.6)

If L > (m — 1)||AE™ 2|, using (4.4), (4.5), and (4.6), we obtain

g0¥) < g(H1) + (& — 21, Vg(r ) + 25 IAE 2 — P

4.7
< QLk(-xk’ xk_l) < QLk(xk_l9xk_l) = g(xk_l)' ( )
Thus, the sequence {g(x*)} is monotonically decreasing.
Lemma 4.1. For any k > 1, one has
L
g(x) — g(x*) > 7’“”)&( — P+ L = XL A - X5, Yxe R (4.8)
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Proof. By (4.1), for any x € R", we get
(x — x4, Vg(* ™) + Ly(x* — ¥ > 0. (4.9)
Since g is convex, then one has g(x) > g(x*") + (x — x*7!, Vg(x**!)). This, together with (4.9), gives us

g(x) —g(x*) = g(x) = O, (&, ¥1)
= g(x) — g1 — (xF = xF71 V() — H|lxk — x|
> (x — X1 Vg (k1)) — (xF — Xk V() — Lk — k)2
= (x = xk, Vg(x¥ 1)) — Lok — X412
> Li(x — 2k, 71— xky — Bk — k=12
= Lif(x — X7 + (871 = b, b — k) — Bk — 12
= L — 21— by o Lk R,
where the first inequality follows from the fact that g(x*) < Qy, (x*, ¥*"!) by (4.7), and the first equality
follows from (4.4) with x = x*. o

In the following convergence analysis, suppose that Algorithm 4.1 generates an infinite sequence,
and the global convergence of our proposed algorithm is given.

Theorem 4.1. Under Assumption 2.1, g(x) given by (2.1) is bounded below on R';. Then the sequence
{x*} generated by Algorithm 4.1 converges globally to a solution of (1.1).

Proof. By Lemma 4.1 with x = x*~!, one has
2L (g — g(F)) > Ik = XA

Combining L; = n™p with 7 > 1 yields L; > 8 (Vk > 1). This, together with g(x*~!) — g(x*) > 0, gives
us that
257 () = g () > I = XTI, (4.10)

By (4.7), we know that sequence {g(x*)} is monotonically decreasing, and g(x*) is bounded from below,
so it converges. It follows from (4.10) that

lim lloF = X1 = 0. (4.11)
By (4.8) with x = x* € X* and a direct computation yield that
0 > F(gx) - g(x")
> [k = AP 4+ 200 — x5, k1 = iy
=l = TR 4 (= o)+ (o — ), kT = xR
+ = L R = x) + (= X))
= (x* — x5, 1 = XK 4.12)
T e B o B I e
= (x* — x5, X —x+ x =X
T B B e B o

=[x = P =l = P
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From (4.12), we obtain that the nonnegative sequence {||x* — x*||} is monotonically decreasing, so it
converges. Thus, the sequence {x'} is bounded, and there exits a convergent subsequence {x*} of {x*},
where we assume that lim;_,, x = %. This, together with (4.11), gives us

lim ||x%7! = 7| < lim ||x% = X574 + Tim ||x% - %]| = 0. (4.13)
k—o0 k— o0 k—o00

By (4.1), one has (x — x, Vg(x¥=!) + L. (xY — x571)) > 0,¥x € R". Combining this with (4.11)
and (4.13) gives (x — x,Vg(x)) > 0, Vx € R, i.e., X is a solution of (1.1). So, the X can be used as
x* in the discussion above, and we get that sequence {||x* — ||} is also convergent. This, together with
limy_,, ||x% — X|| = 0, gives us that lim;_,., ||x* — %|| = 0. Thus, the desired result follows. o

Next, we prove that there are upper and lower bounds of the parameter L;, and the iteration stepsize
Lik can be self-adaptively updated. To this end, we first recall that an operator T4 : R" — R" is defined
by, for any x € R",
x> Ax™", x # 0,
Ta(x) = {

, x=0,

and

1Tl = ﬁgllTﬂ(X)ll-

The following properities of this operator norm were established by Song and Qi [28, 29].

Lemma 4.2. (Theorem 4.3 [28], Lemmas 2.3, 2.4 [29]) Let A = (a;,i..i,) € Tyn. Then
O T AN < ITalllxll;

1
.. m=2 2\2
(@) ITall < maxep, n 2 (Z?:] (ZZ =1 |aii2-~~i,,,|) ) .

Lemma 4.3. For L, defined in Algorithm 4.1, we have B < L, < nMy,Vk > 1, where My > 0, 8 > 0,
and n > 1 are constants.

Proof. By Ly = ™ and np > 1, we obtain L; > S(Vk > 1). In addition, by Theorem 4.1, we have that
the sequence {x*} is bounded, i.e., there exists a constant ¢, > 0 such that ||x*|| < ¢;. Combining this
with (4.6) gives ||€]] < (1 = D)||IxX|| + #||x*7!|| = co. It follows from the definition of T#(x) that

(m = DIAE" | = (m = DIA" 2 ITa@)ll < m = DIE" " ITall < (m = Vg™ ITall £ My, (4.14)

where the first inequality is by Lemma 4.2 (i). Combining (4.14) with (4.6) gives

g(x*) < gy + (F = XL Vg(r ) + %nxk — (4.15)

Since inequalities (4.2) and (4.3) are satisfied for some "8 > M,, this, together with the definition of
my, we ensures that L;/n = n™'8 must violate it, i.e., Ly/n < M, for every k > 1, and the desired
result follows. a

Lemma 4.4. Suppose that Assumption 2.1 holds, and the sequence {x*} is generated by Algorithm 4.1.
Then, for any k > 1, we have

M, |,
g0 - ) < T2 - P, (4.16)

where My is defined in (4.14), x* € X*.

AIMS Mathematics Volume 10, Issue 9, 20805-20824.



20815

Proof. In order to make the description more concise, in (4.12), we replace x* with x’, and we have
2 % t * 112 * —1112
f(g(x ) —g(x)) = [lx" = X7 = [l = X7 4.17)
t

Since x* € X*, i.e., x* is a solution of (2.1), it follows that g(x") — g(x*) > 0. Combining this with
Lemma 4.3, we obtain

2 * 2 3k * k —
——(g(x") — g(x") = =(g(x") — g(x")) > [Ix* — x> = [lx* = x| (4.13)
nM L,
Summing (4.18) over ¢t = 1,2,--- , k gives

2 & | .
g ke = D) = Il = P = = AP, (4.19)
t=1

By (4.10), and replacing x* with x, one has

287 (") = gy = || = x| (4.20)
Multiplying both sides of (4.20) by i f];;) we get
2 t—1
(= Dg(r™) - gy + g = B Dy w1, (4.21)
nM, nMo
Summing (4.21) overt = 1,2,--- , k gives
’ k B k
——(—kg(X)+ > g(x) > — > (t - Dllx' = x7'|*. 4.22)
nMo ; nMo ;

Adding (4.19) and (4.22), one has

k
P N e e e |

t=1

2% B
——(g(x*) — g(x") > |Ix* — XIP + ——
nM 8 § nM,

This, together with g(x*) — g(x*) < 0, gives us that (4.16) holds. O

Remark 4.1. By (4.16), it is easy to see that getting an e-optimal solution requires the number of
iterations to be at most [c/€] + 1, where ¢ = 3nMo|Ix° — x*|I*.

To proceed, we establish the linear convergence rate of our proposed method. To this end, we give
some lemmas as follows.

Lemma 4.5. Suppose that Assumption 2.1 holds, and the sequence {x*} is generated by Algorithm 4.1.
Then, one has

dist(x*, X*) < 1(1 + %)ka -, (4.23)

where positive constant T is given by Theorem 3.1.
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Proof. By (4.1), we obtain (x — x*, (x* — X*1) + L;'Vg(x**")) > 0, Vx € R". It follows that
1
X = Pt - L—vg(xk—l)} =0. (4.24)
k

For Ax™!, using (3.3), there exists an n-vector & lying on the line segment joining x*~! with x* such
that

A" = A" < (m = DIAE)™ (= D).

This, together with a similar argument to that for (4.14), gives us
(m — DI|AEY" 2 = XD < (m = DIAEY™ I = 7Y < Mollx* = X1,

1.e.,

A" = A" < Mol = . (4.25)

Then, by (3.1), one has

r(xk, ik) = ||x* - Pre {xk — leVg(xk)}H

= [|[# - Pey { = £V2GHY] - [ = Pay {1 = LV |
Prs | = L9800 — Py {21 = LV

(¢ = @A™ + ) - [ = LA + g

< Il — 2+ AR - Ak

< (1+ ok — 1)

< (1+ )l = 2,

(4.26)

IA

where the second equality is from (4.24), the first inequality is from Proposition 2.1, the third inequality
is from (4.25), and the last inequality is from Lemma 4.3. By (4.26) and Theorem 3.1, we have
that (4.23) holds. O

Lemma 4.6. Suppose that Assumption 2.1 holds, the sequence {x*} is generated by Algorithm 4.1.
Then,

8(x) — () < all¥ — P, (4.27)
where o is a positive constant and ¥* € X* is the point closest to x*.
Proof. Applying (2.1) and the mean value theorem, there exists an n-vector z* lying on the line segment
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joining x* with x*, and one has
g —g(#) = (x* - 3)TVe(zh)
< (6 = F)TVa(h) + (F — ¥) TV ) + L7 — ¥ T — x5
= (¢ = X9Tg(d") + (3 - ¥)TVe(x
+ (X = T (Vg ) = Ve(3)) + Li(F* = )T = )
= (W = F) A" = AFY") + L(F = )T =
+ (X = HTAEY = AF
= (o = )T (A" = AGY"™) + LT — X7k = ¥
+ (X = HTAEY = A
+ (X = X)T(AY" = AEY"
< Mollx* = 72" = 20 + Lell 2 = 1" = )|
+ Mol — Xl = Xl + Mollx* — 74
< 2M|lx* = FHP + (7 + DMlIRE = FI1x* = |
= 2Mydist(x*, X*)* + (7 + D) Mo||x* — xX*=\dist(x*, X*)
< oflx* = xR,
where the first inequality is from (4.9) with x = ¥, the second inequality is from a similar argument to

that for (4.25) and the Cauchy-Schwarz inequality, the third inequality follows from ||z* —x¥|| < ||x*— x|
and Lemma 4.3, and the last inequality is from (4.23) and letting o = 2M,[7(1 + %)]2 +(n+1)Mp[r(1+

%)]. Thus, the desired result follows. O

(4.28)

Theorem 4.2. Suppose that Assumption 2.1 holds, and the generated sequence {x*} by Algorithm 4.1
has global R-linear convergence to a solution of (1.1).

Proof. Applying (4.27) and (4.10), for ¥* € X*, we obtain
g —g(@) < ol =P < () — g(xh)
= F(e(x*) - g(3) — F(g(x") — g(&)),
i.e.,
g — g(#) < 0(g(x") — g(&)), (4.29)
where 0 < 6 := 2F"/(l + 2’7") < 1. This, together with (4.10), gives us

[l = NP 3 — g(x* ") < 2(g(x") — g(F)

%g(g(xk—l) g <-iinnnn
[3(2(x") - g(#))1¢*.

IANIA

IA

This, together with (4.23), gives us

dist(x*, X*) < (1 + MBS HlIk — ¥7'|| < {T(l + MBS V2B (g(x0) — g(xk))} Ve,
where 0 < V6 < 1. Thus, the sequence {x*} has global R-linear convergence to an element of X*. O
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5. Numerical experiments

Some numerical examples are constructed in this section to show the performance of our proposed
method. In our numerical experiments, all codes are run in MATLAB R2024a on the 1.70GHz
MateBook D 14 with a 12th Gen Intel(R) Core(TM) i5-1240 processor. Set Tested Prob, Iter Num,
CPU T, r(x, p), Init Point, Par (5, n7) denote the tested problem, iteration number, computational time in
seconds, value of the residue r(X, p) at the approximate solution of the iterative process, initial iteration
point, as well as the value of parameters 8 and 7, respectively. For tested Examples 5.1-5.9, we take
v=0.01,0 =0.0001,e = e - 8.

Example 5.1. Let A € T4’2 be deﬁned by ang = 6, ajgpe = —1, ainp = 0, ajy = O, apniy = —2,
apin =0, a1 = =1, a1 = =2, azing = =2, azi2 = 0, azi01 = =2, azi;p = —1, axni = -1, axn;n =0,
arn1 = 0, arypr = 7. All other entries are zero, and g = (1,-1)".

Example 5.2. Assume that A = (a,,i,i,) € T3, is given by a;;; = 100, axn = 200, a5, = 300, ay;;
400. All other a;, iy = 0, and g = (2,-2)".

Example 53. Let A € T4,4 be deﬁned by ainn = 15,612222 = 23,03333 = 26,614444 = 18,Cln(1123) =
1, ar343) = —1,az1234y = —1. All other entries are zero, where n(1123), n(2343), n(1234) are any
permutation of permutations 1123,2343, 1234, respectively, and set g = (1,—1,1,-1)".

Example 54. Suppose that A € T4,4 is deﬁned by ainn = 4, aron = 18, as33z = 35, Aqa44 = 16, ar(1223) =
1, az@33ay = —1,an1234) = —1. All other entries are zero, where n(1223), n(2334), n(1234) are any
permutation of permutations 1223,2334, 1234, respectively, and g = (1,—1,1,-1)".

Example 5.5. Let A € T4’2 be deﬁned by ainn = 7,01112 =dajn = —2,01122 = 0,611211 = —2,611212 =

a1 = 0,a120 = —1,az111 = =2,a2112 = az121 = 0,a2122 = —1,a211 = 0,a212 = a1 = —1,a200, = 6.
All other entries are zero and g = (1,-1)".

Example 5.6. Assume that A € T, is given by ay;1 = 1,a = 1,a10 = =1, a1y = =2. a;,5,5, = 0
otherwise, and g = (1,—1)".

Example 5.7. Assume that A € T4’2 is deﬁned by ainn = 1,611112 = 2,611122 = 1, aron = -1. Airiyiziy = 0
otherwise, and g = (0,—1)".

Example 58. Let A € T4,4 be deﬁned by ainn = 3, aroy = 5, a3333 = 72, Aqqa4 = 90,61]334 = d1343 =
1433 = A4133 = 4313 = 4331 = 1,a3134 = A3143 = A3314 = A3341 = Q3413 = Q3431 = 1,02344 = 434 =
(o443 = (3044 = Q3424 = (3440 = —2, Q4234 = Aapa3 = Qa3 = Auzay = Quagpz = dugzy = —2. All other entries

are zero, and g = (1,-1,1,-1)".

Example 59. Let A € T4,2 be deﬁned by aiinn = 1,611222 = —1,611122 = 1,612222 = 1,612111 = —1,
ann = 1. aiii, = 0 otherwise, and g = (=5,-3)7.

We have run the nine examples above, and the numerical results are summarized in Table 2, where
the iteration number, the iterative time, as well as the residue of the TCP are displayed. In Figure 1,
we also present the trend of r(x*, p) in terms of iteration numbers.
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Table 2. Numerical results by Algorithm 4.1 for Examples 5.1-5.9.

Tested prob Iter num CPUT r(x,p) Init point Par (8, n)
Example 5.1 9 0.0283 6.6386e-14 (0,0.7)T (0.01, 1.35)
Example 5.2 13 0.0211 3.5964e-12 (0,097 (0.01, 1.5)
Example 5.3 11 0.3571 2.1080e-13 (0,0.6,0,0.4)7 (0.001, 1.531)
Example 5.4 9 0.3899 1.5664e-13 (0,0.5,0,0.5)T (0.01,1.37)
Example 5.5 6 0.0366 7.5939e-17 09,17 (0.01, 1.35)
Example 5.6 18 0.0256 5.5849¢-14 1,7 (0.01,1.29)
Example 5.7 10 0.0319 5.2004e-14 0,0)7 (0.01,1.31)
Example 5.8 26 0.4539 3.7351e-12 (0,1.5,0,0.3)T (0.001, 1.545)
Example 5.9 17 0.0435 2.4357e-12 0,0)7 (1.8,1.09)
x10™
\\ = = = Example5.1 (End: Iter.num=9)
18 r \‘\ ————— Example5.2 (End: lter.num=13) | ]
\ = = = Example5.3 (End: Iter.num=11)
16 - '\ Example5.4 (End: lter.num=9)
\ Exampleb.5 (End: lter.num=6)
14 ~ - \,\
12+ \:\1
a |
xx" 1% ‘\‘\
= N 1\
0B RN AN
\\ \‘ \\
\
06 \\l\ \\
04r \‘\ )
1\\ \
02} \E\s: g
0 TS @
0 2 4 6 8 10 12
Iter.num

Figure 1. The trend of r(x*, p) in terms of the iteration number for Examples 5.1-5.5.

It can be observed from Table 2 that our proposed method can solve the problems above very
efficiently. Meanwhile, our proposed method also gives a sufficient high-precision solution for different
problems and costs less computational time. This further demonstrates the superiority of our algorithm.
In particular, from Column 4 in Table 2 and Figure 1, it is clear that (%, p) tends to O rapidly. This
illustrates linearly convergent behavior in our proposed method. Therefore, this property is very
interesting for the TCP.

To proceed, we compare the performance of our proposed method for Example 5.1 with different

starting points.

The numerical results obtained are illustrated in Table 3, by which, it can be observed that our
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proposed method performs well for different starting points. Therefore, Algorithm 4.1 has nice stability
and high computation efficiency.

Table 3. Numerical results by Algorithm 4.1 for Example 5.1 with different starting points.

Init point CPUT r(x, p) Approximate solution
(1,17 0.0346 3.1784e-14 (0,0.5228)7
0,007 0.0388 8.9982¢-14 (0,0.5228)7
%(1, nHt 0.0399 8.9982e-14 (0,0.5228)7
4,47 0.0361 8.9982e-14 (0,0.5228)7
rand(2, 1) 0.0932 8.9982¢-14 (0,0.5228)7
2 x rand(2, 1) 0.0415 8.9982e-14 (0,0.5228)7
5 xrand(2, 1) 0.0396 8.9982e-14 (0,0.5228)7

At the end of this section, to further illustrate the effectiveness and stability of the proposed
Algorithm 4.1, we test Algorithm 4.1 and the gradient projection (GP) algorithm with the Armijo
rule on various TCPs generated in Examples 5.10-5.12 using different choices of (m, n), and compare
the two methods through the total number of iterations and the consumed CPU time. The parameters in
the two tested algorithms are listed as follows: y = 0.01, e = ¢ = 5, p = 0.5, and we used the command
“rand(n,1)” in MATLAB to randomly select the initial iteration point. All algorithms ran 5 times each,
and the average of the CPU time and the Iter Num were obtained. The numerical results are reported
in Tables 4-6.

Example 5.10. Consider the TCP with tensor A € Ty, and q = (1,1,...,1)T € R", where ‘A has

entries a1 = Quunn = 1, @i =2 (@ = 2,3,--- ,n— 1), Guyii = a-vii = Qi i = Qi-1yii = QiiGi+1)i =
1 .

Qiii-1)i = diiii+1) = Giii-1) = —3, 1 € [4], and a;,1,i5i, = 0, otherwise.

Example 5.11. Assume that A € T,,, is given by a;;..; = 1,1 = 1,2,--- ,n, the other entries are zero,

andq=(1,2,--- ,n)".

Example 5.12. Choose the tensor B € T,,,, as b;,;, ;. = |sin(i; + i + -+ i,)|, and set A =B +0.11.
The vector g € R" is chosen as q;, = k fork =1,2,--- ,n.

Table 4. Comparison of Algorithm 4.1 with the GP algorithm by Example 5.10 with different

(m,n).
(m, n) Algorithm 4.1 GP Algorithm Par (8, )
Iter num CPUT Iter mum CPUT
4,5) 4 0.0490 7 0.0654 (7,9)
(4, 10) 4 0.5770 5 0.7134 (7,9)
(4, 20) 3 8.3675 4 11.7442 (7,9)
(4, 30) 3 40.4610 4 47.7768 (7,9)

AIMS Mathematics Volume 10, Issue 9, 20805-20824.



20821

Table 5. Comparison of Algorithm 4.1 with the GP algorithm by Example 5.11 with different

(m,n).
(m,n) Algorithm 4.1 GP algorithm Par (8, n7)
Iter num CPUT Iter num CPUT
4,3) 3 0.0189 7 0.0484 (7, 10)
4, 6) 3 0.3263 5 0.6116 (7, 10)
4,9 2 1.2026 4 2.1284 (7, 10)
4,12) 3 3.9140 6 9.4644 (7, 10)
4, 15) 3 12.5623 5 20.4580 (7, 10)
(5, 3) 3 0.0552 5 0.0746 (7, 10)
(5,6) 2 1.6255 3 2.3559 (7, 10)
5,9 3 10.0030 4 24.1041 (7, 10)
(5,12) 2 48.0638 4 90.0162 (7, 10)
(6, 3) 2 0.1463 4 0.2976 (7, 10)
(6, 6) 2 9.3205 6 23.2068 (7, 10)
(6, 8) 2 47.6230 3 59.8041 (7, 10)
(8,2) 2 0.0681 3 0.0984 (7, 10)
8,4) 2 13.8090 3 21.7760 (7, 10)

Table 6. Comparison of Algorithm 4.1 with the GP algorithm by Example 5.12 with different

(m,n).
(m,n) Algorithm 4.1 GP algorithm Par (8, n7)
Iter num CPUT Iter num CPUT
3,2) 6 0.0025 6 0.0031 9, 10)
(3,4 4 0.0056 6 0.0084 9, 10)
(3, 10) 2 0.0375 2 0.0758 9, 10)
(3, 20) 2 0.2677 4 0.6373 (9, 10)
(3, 40) 3 3.8369 6 4.9464 9, 10)
4,2) 3 0.0027 5 0.0045 9, 10)
4,4) 3 0.0177 4 0.0254 9, 10)
4, 10) 2 0.2683 4 1.6180 9, 10)
4, 20) 3 7.5625 5 15.3511 (9, 10)
5,2) 3 0.0045 5 0.0076 (9, 10)
6,4 2 0.0485 3 0.0635 9, 10)
(5, 10) 2 4.0666 3 8.3216 9, 10)
(5,15) 2 29.6149 3 46.5032 9, 10)
(6, 2) 12 0.0095 14 0.0186 9, 10)
(6,4) 3 0.9335 5 1.5760 9, 10)
(6, 6) 2 10.1219 10 13.4285 9, 10)
(8,2) 5 0.0275 11 0.1549 9, 10)
(8,4) 4 17.9545 5 19.4672 9, 10)
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From Tables 4-6, we can see that both Algorithm 4.1 and the GP algorithm can effectively find
the solution of the TCP, but the CPU times and the number of iterations of Algorithm 4.1 are always
less than that of the GP algorithm with different orders m and sizes n, which shows that Algorithm 4.1
converges faster than the GP algorithm. This also shows that it has nice stability and high computation
efficiency.

6. Discussion and conclusions

For the positive semi-definite tensor complementarity problem (TCP), by an equivalent
transformation of this problem, we establish an error bound estimation for the positive semi-definite
TCP without the fractional term via the natural residual function. The obtained error bound has some
clear theoretical advantages over most existing ones for the TCP in [9-11]. For instance: some
abstract conditions, e.g., an m-uniform P-function and being m-monotone, are removed. Based on
the obtained error bound, we show the global linear convergence rate of the proposed self-adaptive
projection algorithm for the TCP. Furthermore, we also obtain an approximate solution of this problem
in a finite iteration number. Numerical experiment results are also encouraging.

It is well known that the PCP is a natural generalization of the TCP. Similar to the investigation of
TCPs by structured tensors, many theoretical results about the properties of the solution set of the PCP
have been discussed by structured tensor tuples, including the uniqueness of the solution, the upper
bound (lower bound) of the solution set, error bound theory, and so on [11,30-32]. Since error bound
theory has rich applications in solution methods [33], how to develop an error bound for TCPs (GTCPs
or PCPs) under weaker conditions, and apply it to establish the convergence rate of some methods, is
a topic to be further investigated.

Author contributions

Yuanshou Zhang, Hongchun Sun, and Sabir Amina: Study conception and design, write the main
manuscript text; Zhiwen Jie: Study conception and design, prepared data collection and analysis. All
authors have read and approved the final version of the manuscript for publication.
Use of Generative-Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.

Acknowledgments

This study was funded by the Shandong Provincial Natural Science Foundation (ZR2021MAO088),
and the Natural Science Foundations of Shandong Province and Xinjiang Province (2024D01A09).

Conflict of interest

The authors declare no conflict of interest.

AIMS Mathematics Volume 10, Issue 9, 20805-20824.



20823

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

Y. S. Song, L. Q. Qi, Properties of some classes of structured tensors, J. Optim. Theory Appl., 165
(2015), 854-873. https://doi.org/10.1007/s10957-014-0616-5

Y. S. Song, L. Q. Qi, Properties of tensor complementarity problem and some classes of structured
tensors, Ann. Appl. Math., 33 (2017), 308-323.

M. L. Che, L. Q. Qi, Y. M. Wei, Positive-definite tensors to nonlinear complementarity problems,
J. Optim. Theory Appl., 168 (2016), 475-487. https://doi.org/10.1007/s10957-015-0773-1

Z. H. Huang, L. Q. Qi, Tensor complementarity problems—part III: Applications, J. Optim. Theory
Appl., 183 (2019), 771-791. https://doi.org/10.1007/s10957-019-01573-0

L. Q. Qi, H. B. Chen, Y. N. Chen, Tensor eigenvalues and their applications, Singapore: Springer,
2018. https://doi.org/10.1007/978-981-10-8058-6

Z. H. Huang, L. Q. Qi, Formulating an n-person noncoorperative game as a tensor complementarity
problem, Comput. Optim. Appl., 66 (2017), 557-576. https://doi.org/10.1007/s10589-016-9872-7

Z. Y. Luo, L. Q. Qi, N. H. Xiu, The sparsest solutions to Z-tensor complementarity problems,
Optim. Lett., 11 (2017), 471-482. https://doi.org/10.1007/s11590-016-1013-9

Z. H. Huang, L. Q. Qi, Tensor complementarity problems—part I: Basic theory, J. Optim. Theory
Appl., 183 (2019), 1-23. https://doi.org/10.1007/s10957-019-01566-z

M. M. Zheng, Y. Zhang, Z. H. Huang, Global error bounds for the tensor complementarity problem
with a P-tensor, J. Ind. Manag. Optim., 15 (2019), 933-946. https://doi.org/10.3934/jimo0.2018078

L. Y. Ling, C. Ling, H. J. He, Generalized tensor complementarity problems over a polyhedral
cone, Asia Pac. J. Oper. Res., 37 (2020), 2040006. https://doi.org/10.1142/S0217595920400060

L. Y. Ling, H. J. He, C. Ling, On error bounds of polynomial complementarity
problems with structured tensors, Optimization, 67 (2018), 341-358.
https://doi.org/10.1080/02331934.2017.1391254

S. L. Hu, J. Wang, Z. H. Huang, Error bounds for the solution sets of quadratic complementarity
problems, J. Optim. Theory Appl., 179 (2018), 983—-1000. https://doi.org/10.1007/s10957-018-
1356-8

L. Q. Qi, Z. H. Huang, Tensor complementarity problems—part II: Solution methods, J. Optim.
Theory Appl., 183 (2019), 365-385. https://doi.org/10.1007/s10957-019-01568-x

L. X. Han, A continuation method for tensor complementarity problems, J. Optim. Theory Appl.,
180 (2019), 949-963. https://doi.org/10.1007/s10957-018-1422-2

K. L. Zhang, H. B. Chen, P. F. Zhao, A potential reduction method for tensor complementarity
problems, J. Ind. Manag. Optim., 15 (2019), 429-443. https://doi.org/10.3934/jimo.2018049

D. D. L, W. Li, S. W. Vong, Tensor complementarity problems: The GUS-
property and an algorithm, Linear Multilinear Algebra, 66 (2018), 1726-1749.
https://doi.org/10.1080/03081087.2017.1369929

F. Y. Han, Y. M. Wei, P. P. Xie, Regularized and structured tensor total least squares methods with
applications, J. Optim. Theory Appl., 202 (2024), 1101-1136. https://doi.org/10.1007/s10957-024-
02507-1

AIMS Mathematics Volume 10, Issue 9, 20805-20824.


http://dx.doi.org/https://doi.org/10.1007/s10957-014-0616-5
http://dx.doi.org/https://doi.org/10.1007/s10957-015-0773-1
http://dx.doi.org/https://doi.org/10.1007/s10957-019-01573-0
http://dx.doi.org/https://doi.org/10.1007/978-981-10-8058-6
http://dx.doi.org/https://doi.org/10.1007/s10589-016-9872-7
http://dx.doi.org/ https://doi.org/10.1007/s11590-016-1013-9
http://dx.doi.org/https://doi.org/10.1007/s10957-019-01566-z
http://dx.doi.org/https://doi.org/10.3934/jimo.2018078
http://dx.doi.org/https://doi.org/10.1142/S0217595920400060
http://dx.doi.org/https://doi.org/10.1080/02331934.2017.1391254
http://dx.doi.org/https://doi.org/10.1007/s10957-018-1356-8
http://dx.doi.org/https://doi.org/10.1007/s10957-018-1356-8
http://dx.doi.org/https://doi.org/10.1007/s10957-019-01568-x
http://dx.doi.org/https://doi.org/10.1007/s10957-018-1422-2
http://dx.doi.org/https://doi.org/10.3934/jimo.2018049
http://dx.doi.org/https://doi.org/10.1080/03081087.2017.1369929
http://dx.doi.org/https://doi.org/10.1007/s10957-024-02507-1
http://dx.doi.org/https://doi.org/10.1007/s10957-024-02507-1

20824

18

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

@ AIMS Press

.X. Z. Wang, M. L. Che, L. Q. Qi, Y. M. Wei, Modified gradient dynamic approach
to the tensor complementarity problem, Optim. Method Softw., 35 (2020), 394-415.
https://doi.org/10.1080/10556788.2019.1578766

J.J. Sun, S. Q. Du, An effective smoothing Newton projection algorithm for finding sparse solutions
to NP-hard tensor complementarity problems, J. Comput. Appl. Math., 451 (2024), 116074.
https://doi.org/10.1016/j.cam.2024.116074

P. F. Dai, A fixed point iterative method for tensor complementarity problems, J. Sci. Comput., 84
(2020), 49. https://doi.org/10.1007/s10915-020-01299-6

G. Li, J. C. Li, Improved fixed point iterative methods for tensor complementarity problem, J.
Optim. Theory Appl., 199 (2023), 787-804. https://doi.org/10.1007/s10957-023-02304-2

L. Q. Qi, Eigenvalues of a real supersymmetric tensor, J. Symb. Comput., 40 (2005), 1302—-1324.
https://doi.org/10.1016/j.js¢c.2005.05.007

G. H. Golub, C. F. Van Loan, Matrix computations, 4 Eds., Johns Hopkins University Press, 2013.
W. Y. Ding, Y. M. Wei, Generalized tensor eigenvalue problems, SIAM J. Matrix Anal. Appl., 36
(2015), 1073-1099. https://doi.org/10.1137/140975656

E. H. Zarantonello, Projections on convex sets in Hilbert space and spectral theory: Part I.
Projections on convex sets: Part II. Spectral theory, In: Contributions to nonlinear functional
analysis, New York: Academic Press, 1971, 237-424. https://doi.org/ 10.1016/B978-0-12-775850-
3.50013-3

M. A. Noor, General variational inequalities, Appl. Math. Lett., 1 (1988), 119-122. https://doi.org/
10.1016/0893-9659(88)90054-7

J. J. Duistermaat, J. A. C. Kolk, Multidimensional real analysis I: Differentiation, New York:
Cambridge University Press, 2004. https://doi.org/10.1017/CB0O9780511616716

Y. S. Song, L. Q. Qi, Spectral properties of positively homogeneous operators
induced by higher order tensors, SIAM J. Matrix Anal. Appl, 34 (2013), 1581-1595.
https://doi.org/10.1137/130909135

Y. S. Song, L. Q. Qi, Strictly semi-positive tensors and the boundedness of tensor complementarity
problems, Optim. Lett., 11 (2017), 1407—-1426. https://doi.org/10.48550/arXiv.1509.01327

T. T. Shang, G. J. Tang, Structured tensor tuples to polynomial complementarity problems, J.
Global Optim., 86 (2023), 867-883. https://doi.org/10.1007/s10898-023-01302-y

Y. Xu, G. Y. Ni, M. S. Zhang, Bounds of the solution set to the polynomial complementarity
problem, J. Optim. Theory Appl., 203 (2024), 146—-164. https://doi.org/10.1007/s10957-024-02484-
5

T. T. Shang, W. S. Jia, Q tensor tuples to polynomial complementarity problems, Oper. Res. Lett.,
61 (2025), 107297. https://doi.org/10.1016/j.0r1.2025.107297

F. Facchinei, J. S. Pang, Finite-dimensional variational inequality and complementarity problems,
1 Eds., New York: Springer, 2003. https://doi.org/10.1007/b97544

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 9, 20805-20824.


http://dx.doi.org/https://doi.org/10.1080/10556788.2019.1578766
http://dx.doi.org/https://doi.org/10.1016/j.cam.2024.116074
http://dx.doi.org/https://doi.org/10.1007/s10915-020-01299-6
http://dx.doi.org/https://doi.org/10.1007/s10957-023-02304-2
http://dx.doi.org/https://doi.org/10.1016/j.jsc.2005.05.007
http://dx.doi.org/https://doi.org/10.1137/140975656
http://dx.doi.org/https://doi.org/ 10.1016/B978-0-12-775850-3.50013-3
http://dx.doi.org/https://doi.org/ 10.1016/B978-0-12-775850-3.50013-3
http://dx.doi.org/https://doi.org/ 10.1016/0893-9659(88)90054-7
http://dx.doi.org/https://doi.org/ 10.1016/0893-9659(88)90054-7
http://dx.doi.org/https://doi.org/10.1017/CBO9780511616716
http://dx.doi.org/https://doi.org/10.1137/130909135
http://dx.doi.org/https://doi.org/10.48550/arXiv.1509.01327
http://dx.doi.org/https://doi.org/10.1007/s10898-023-01302-y
http://dx.doi.org/https://doi.org/10.1007/s10957-024-02484-5
http://dx.doi.org/https://doi.org/10.1007/s10957-024-02484-5
http://dx.doi.org/https://doi.org/10.1016/j.orl.2025.107297
http://dx.doi.org/https://doi.org/10.1007/b97544
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Error bound for the positive semi-definite TCP
	Algorithm and linear convergence
	Numerical experiments
	Discussion and conclusions

