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Abstract: The primary objective of this study is to establish novel fixed point theorems for single-
valued mappings satisfying generalized contraction conditions in the framework of extended b-
suprametric spaces. These results not only generalize and unify existing fixed point results in the
literature but also provide a broader context for analysis. Building upon this foundation, we further
derive corresponding fixed point theorems in suprametric and b-suprametric spaces as special cases
of our main results. To highlight the relevance and originality of the proposed theorems, we present
a concrete example that validates the applicability and sharpness of the key findings. Finally, we
demonstrate the practical significance of our theoretical contributions by applying the main result to
establish the existence of solutions for a nonlinear Volterra-Fredholm integral equation.
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1. Introduction

Fixed point (FP) theory is a vast and diverse field with three principal branches: metric, topological,
and discrete FP theory. Among these, metric FP theory serves as a foundational pillar, concentrating
on proving the existence and uniqueness of FPs for self-mappings defined on metric spaces (MSs).
This theory is intrinsically tied to the notions of distance and convergence, which are the defining
characteristics of MSs. The concept of a MS, developed by Maurice Fréchet [1] in 1906, establishes a
solid foundation for quantifying distances between elements within a set. A MS is formally defined as
a set equipped with a distance function, or metric, that satisfies specific axioms such as non-negativity,
symmetry, and the triangle inequality. Over time, this foundational idea has undergone significant
development and generalization, leading to the creation of more complex mathematical structures that
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extend beyond classical MSs. One of the notable generalizations is the partial metric space (PMS),
introduced by Matthews [2], which allows the self-distance of a point to be non-zero. This relaxation
of the traditional MS axioms is particularly in areas that deal with computation, semantics, and formal
methods. Similarly, Bakhtin [3] introduced b-metric spaces (b-MSs), where the triangle inequality is
modified by incorporating a constant factor on the right-hand side. Further generalizations include
rectangular metric spaces (RMSs), developed by Branciari [4], where the classical triangle inequality
is replaced by a rectangular condition. This modification has found applications in the analysis of
nonlinear problems and optimization models. Kamran et al. [5] generalized the concept of b-MSs by
replacing the constant b ≥ 1 with a control function ϕ : N ×N → [1,+∞), thereby introducing the
notion of extended b-metric spaces (Eb-MSs). Later on, Samreen et al. [6] developed the concept
of α-admissibility in Eb-MSs and proved FP theorems by employing suitable contractive conditions.
Among the more recent advancements is the concept of supra metric spaces (SMSs), introduced by
Berzig [7]. SMSs are characterized by a relaxed version of the triangle inequality, allowing for a
broader range of applications. The framework of SMSs has also been applied to nonlinear integral
and matrix equations, demonstrating its versatility in addressing complex mathematical challenges.
Later on, Berzig [8, 9] extended the notion of SMS by generalizing the triangle inequality axiom and
introduced a new metric structure, termed b-SMSs. Panda et al. [10] proposed the concept of extended
suprametric spaces (extended SMS) and established FP results for mappings satisfying generalized
contractive conditions. Recently, Panda et al. [11] advanced this framework by introducing extended
b-suprametric spaces (extended b-SMSs) to prove certain generalized FP theorems.

On the other hand, FP theorems serve as powerful analytical tools in the study of nonlinear
functional analysis and are extensively employed to investigate the existence and uniqueness of
solutions to various types of integral equations, including Volterra, Fredholm, and mixed-type
equations, by transforming the original problem into an equivalent FP problem in an appropriate metric
or topological space. Karapınar et al. [12] explored a novel method for solving the Fredholm integral
equation by applying FP theory in the framework of extended b-MSs. Berzig [7] applied the FP results
in SMSs to investigate the existence of solutions to some nonlinear integral equations. Panda et al. [10]
established the existence of solutions for Ito-Doob-type stochastic integral equations by applying a
FP theorem in the setting of extended SMSs. Abdou [13] explored the application of FP theorems to
obtain solutions of nonlinear mixed Volterra-Fredholm integral equations. The reader is encouraged to
consult [14–17] for a more comprehensive discussion.

In this study, we investigate the concept of extended b-SMSs and establish FP theorems for single-
valued mappings under generalized contraction conditions. Our results not only extend and unify
several existing FP theorems in the literature but also offer a more comprehensive analytical framework.
As a natural consequence, we derive corollaries that specialize to extended SMSs, b-SMSs, and SMSs,
demonstrating the versatility of our approach. To underscore the novelty and applicability of our
findings, we provide a concrete example that illustrates the validity and optimality of the proposed
theorems. Furthermore, we emphasize the practical utility of our theoretical contributions by applying
the main results to establish the existence of solutions for a nonlinear Volterra-Fredholm integral
equation, thereby bridging abstract theory with real-world applications.

2. Preliminaries

The concept of MS was introduced by Fréchet [1] in 1906 and defined as follows:

AIMS Mathematics Volume 10, Issue 9, 20759–20781.



20761

Definition 1. ( [1]) Let N , ∅ and d : N ×N → R+ be a function that fulfills the following axioms:

(i) 0 ≤ d(l, ς) and d(l, ς) = 0⇔ l = ς,

(ii) d(l, ς) = d(ς, l),
(iii) d(l, ς) ≤ d(l, ν) + d(ν, ς),

for all l, ς, ν ∈ N , then (N , d) is referred to as a MS.

Berzig [7] introduced the concept of SMS in this way.

Definition 2. ( [7]) LetN , ∅ and f be a non-negative real constant. Consider a function d : N×N →
R+ that satisfies the following properties:

(i) 0 ≤ d(l, ς) and d(l, ς) = 0⇐⇒ l = ς,

(ii) d(l, ς) = d(ς, l),
(iii) d(l, ς) ≤ d(l, ν) + d(ν, ς) + fd(l, ν)d(ν, ς),

for all l, ς, ν ∈ N , then (N , d) is called a SMS.

Example 1. Let N = {0, 1, 2} and define the distance function d : N ×N → R+ as follows:

d(0, 1) = d(1, 0) = 0.5,

d(0, 2) = d(2, 0) = 1,

d(1, 2) = d(2, 1) = 2,

and
d(0, 0) = d(1, 1) = d(2, 2) = 0.

Let us choose f = 1.5. Then (N , d) is a SMS but not a MS because the triangle of MS is not satisfied;
that is,

2 = d(1, 2) > d(1, 0) + d(0, 2) = 0.5 + 1.

Panda et al. [10] introduced the concept of extended suprametric spaces and formalized its structure
in the following manner.

Definition 3. ( [10]) Let N , ∅ and f : N × N → [1,∞) be a function. Consider a function
d : N ×N → R+ that satisfies the following properties:

(i) 0 ≤ d(l, ς) and d(l, ς) = 0⇐⇒ l = ς,

(ii) d(l, ς) = d(ς, l),
(iii) d(l, ς) ≤ d(l, ν) + d(ν, ς) + f(l, ς)d(l, ν)d(ν, ς),

for all l, ς, ν ∈ N , then (N , d) is called an extended SMS.

Example 2. Let N =`∞(R), the set of all bounded real sequences l = {ln}
∞
n=1. Define

d(l, ς) = sup
n≥1
|ln − ςn|

p , for some p ∈ (0, 1),

and define f : N ×N → [1,∞) by

f(l, ς) = 1 + sup
n≥1
|ln| + sup

n≥1
|ςn| .

Then (N , d) is extended SMS.
Berzig [9] defined the notion of b-suprametric space (b-SMS) in this way.
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Definition 4. ( [9]) Let N , ∅, b ≥ 1 and f be a non-negative real constant. Consider a function
d : N ×N → R+ that satisfies the following properties:

(i) 0 ≤ d(l, ς) and d(l, ς) = 0⇐⇒ l = ς,

(ii) d(l, ς) = d(ς, l),
(iii) d(l, ς) ≤ b (d(l, ν) + d(ν, ς)) + fd(l, ν)d(ν, ς),

for all l, ς, ν ∈ N , then (N , d) is called a b-SMS.

In a recent contribution, Panda et al. [11] defined the concept of extended b-suprametric spaces
(extended b-SMS) as follows.

Definition 5. ( [11]) Let N , ∅, b ≥ 1 and f : N × N → [1,∞) be a function. Consider a function
d : N ×N → R+ that satisfies the following properties:

(i) 0 ≤ d(l, ς) and d(l, ς) = 0⇐⇒ l = ς,

(ii) d(l, ς) = d(ς, l),
(iii) d(l, ς) ≤ b (d(l, ν) + d(ν, ς)) + f(l, ς)d(l, ν)d(ν, ς),

for all l, ς, ν ∈ N , then (N , d) is called an extended b-SMS.

Example 3. ( [11]) Take N = `p(R) where as p ∈ (0, 1), and `p(R) = {{xn} ⊂ R such that∑∞
n=1 |xn|

p < ∞
}

and d : N ×N → R+is provided that

d ({xn} , {yn}) =

 ∞∑
n=1

|xn − yn|
p


1
p

for all {xn} , {yn} ∈ N .

Then (N , d) is an extended b-SMS with b = 2
1
p .

Example 4. Let N = C[0, 1], the space of continuous real-valued functions on [0, 1]. Define

d ( f , g) =


1∫

0

| f (t) − g(t)|p dt


1
p

, p ∈ (0, 1).

Then (N ,d) is an extended b-SMS with b = 2
1
p .

Remark 1. (i) If we define the function f : N × N → [1,∞) by f(l, ς) = f ≥ 1 in Definition 5, then
we obtain the notion of a b-SMS.

(ii) By setting b = 1 in Definition 5, we derive the notion of an extended SMS.
(iii) If we define f : N ×N → [1,∞) by f(l, ς) = f ≥ 1 and also take b = 1, then we arrive at the

notion of a SMS.

Theorem 1. ( [11]) Let (N , d) be a complete extended b-SMS with b ≥ 1 and R : N → N be a self
mapping. Suppose that there exists a constant $ ∈ [0, 1) such that

d(Rl,Rς) ≤
$

b
d(l, ς),

holds for all l, ς ∈N . Then R possesses a unique FP, and for every l0 ∈ N the iterative sequence defined
by ln = Rln−1, ∀ n ∈ N converges to this FP.
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Lemma 1. ( [11]) Let (N , d) be an extended b-SMS and {ln}n∈N be a sequence in N . Then
(i) {ln}n∈N is said to converge to l if, for all ε > 0, the ball B(l,ε) contained all but a finite number of

terms of the sequence. In this case l is a limit point of {ln}n∈N, and we write limn→∞ d(ln, l) = 0.
(ii) {ln}n∈N is said to be Cauchy if, for all ε > 0, there exists some natural number k such that

d(ln, lm) < ε, for all n,m ≥ k.
(iii) (N , d) is complete if every Cauchy sequence is convergent.

3. Main results

In this section, we present our main results concerning FP theorems for single-valued mappings
satisfying generalized contraction conditions in the setting of extended b-suprametric spaces. These
theorems serve as a unifying framework that extends several well-known results in FP theory.

Theorem 2. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mappingR : N → N .
Suppose that there exist the functions α, β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) implies

d(Rl,Rς) ≤
$

b
M(l, ς), (3.1)

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
, (3.2)

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping with respect to β,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ β(l0,Rl0),
(iii) either R is continuous, or if {ln} is a sequence inN such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then

α(l,Rl) ≥ β(l,Rl).
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) for l, ς ∈ Fix(R), then the FP is unique.

Proof. Let l0 ∈ N such that α(l0, l1) = α(l0,Rl0) ≥ β(l0,Rl0) = β(l0, l1). Define a sequence {ln} in N by
ln+1 = Rnl0 = Rln, ∀ n ∈ N. Since the mapping R : N → N is an α-admissible mapping with respect to
β, so we have

α(l1, l2) = α(Rl0,Rl1) ≥ β(Rl0,Rl1) = β(l1, l2).

Continuing in this way, we get

α(ln−1, ln) = α(Rln−2,Rln−1) ≥ β(Rln−2,Rln−1) = β(ln−1, ln),

and
α(ln, ln+1) = α(Rln−1,Rln) ≥ β(Rln−1,Rln) = β(ln, ln+1),

∀ n ∈ N. We can express these inequalities in this way

α(ln−1, ln) = α(ln−1,Rln−1) ≥ β(ln−1,Rln−1) = β(ln−1, ln), (3.3)

and
α(ln, ln+1) = α(ln,Rln) ≥ β(ln,Rln) = β(ln, ln+1), (3.4)
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∀ n ∈ N. By (3.3) and (3.4), we have

α(ln−1,Rln−1)α(ln,Rln) ≥ β(ln−1,Rln−1)β(ln−1,Rln−1), (3.5)

∀ n ∈ N. Clearly, if ∃ n0 ∈ N for which ln0+1 = ln0 , then Rln0 = ln0 and the proof is completed. Hence,
we assume that ln+1 , ln or d(Rln−1,Rln) > 0 for every n ∈ N. By (3.1) and (3.2), we have

d(ln, ln+1) = d(Rln−1,Rln) ≤
$

b
M(ln−1, ln), (3.6)

where

M(ln−1, ln) = max

d(ln−1, ln),min

 d(ln−1,Rln−1)d(ln,Rln)
1+d(ln−1,ln) ,

d(ln−1,Rln)d(ln,Rln−1)
1+d(ln−1,ln)




= max

d(ln−1, ln),min

 d(ln−1,ln)d(ln,ln+1)
1+d(ln−1,ln) ,

d(ln−1,ln+1)d(ln,ln)
1+d(ln−1,ln)




= d(ln−1, ln),

∀ n ∈ N. By (3.6), we have
d(ln, ln+1) ≤

$

b
d(ln−1, ln) < d(ln−1, ln).

Thus, regardless of the given integer κ, the sequence {d(ln, ln+1} is non-increasing and meets the
following:

d (ln, ln+1) ≤
(
$

b

)n−κ
d (lκ, lκ+1) ,∀n > κ. (3.7)

Therefore, limn→∞ d (ln, ln+1) = 0, which yields that for ε > 0, κ ∈ N such that for all n ≥ κ, we have

d (ln, ln+1) < ε. (3.8)

We shall now demonstrate the Cauchy nature of the series {ln}. BY utilizing (3.7), (3.8) and triangular
inequality, we have

d
(
lp, lq

)
≤ b

[
d
(
lp, lp+1

)
+ d

(
lp+1, lq

)]
+ f

(
lp, lq

)
d
(
lp, lp+1

)
d
(
lp+1, lq

)
≤b

[(
$

b

)p−k
d (lk, lk+1) + d

(
lp+1, lq

)]
+ f

(
lp, lq

) ($
b

)p−k
d (lk, lk+1) d

(
lp+1, lq

)
≤b

[(
$

b

)p−k
ε + d

(
lp+1, lq

)]
+ f

(
lp, lq

) ($
b

)p−k
εd

(
lp+1, lq

)
≤b

(
$

b

)p−k
ε +

[
b + f

(
lp, lq

) ($
b

)p−k
ε

]
d
(
lp+1, lq

)
, (3.9)

where,

d
(
lp+1, lq

)
≤ b

[
d
(
lp+1, lp+2

)
+ d

(
lp+2, lq

)]
+ f

(
lp+1, lq

)
d
(
lp+1, lp+2

)
d
(
lp+2, lq

)
≤ b

[(
$

b

)p−k+1
ε + d

(
lp+2, lq

)]
+ f

(
lp+1, lq

) ($
b

)p−k+1
εd

(
lp+2, lq

)
AIMS Mathematics Volume 10, Issue 9, 20759–20781.
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≤ b
(
$

b

)p−k+1
ε +

[
b + f

(
lp+1, lq

) ($
b

)p−k+1
ε

]
d
(
lp+2, lq

)
. (3.10)

From the above two inequalities (3.9) and (3.10), we get

d
(
lp, lq

)
≤ b

(
$

b

)p−k
ε + b

(
$

b

)p−k+1
ε

[
b + f

(
lp, lq

) ($
b

)p−k
ε

]
+

[
b + f

(
lp, lq

) ($
b

)p−k
ε

] [
b + f

(
lp+1, lq

) ($
b

)p−k+1
ε

]
d
(
lp+2, lq

)
.

Employing (3.8) in each of the terms in the sum, we can keep proceeding until we get

d
(
lp, lq

)
≤ b

(
$

b

)p−k
ε + b

(
$

b

)p−k+1
ε

[
b + f

(
lp, lq

) ($
b

)p−k
ε

]
+b

(
$

b

)p−k+2
ε

[
b + f

(
lp, lq

) ($
b

)p−k
ε

] [
b + f

(
lp+1, lq

) ($
b

)p−k+1
ε

]
+... +

≤ b
(
$

b

)p−k
ε

q−p−1∑
i=0

(
$

b

)i i−1∏
j=0

[
b + ε f

(
lp+ j, lq

) ($
b

)p−k+ j
]
.

Since $
b ∈ [0, 1), it follows that

d
(
lp, lq

)
≤ b

(
$

b

)p−k
ε

q−p−1∑
i=0

(
$

b

)i i−1∏
j=0

[
b + ε f

(
lp+ j, lq

) ($
b

) j
]
.

Now, one can easily verify that the series
∞∑

i=0
Ui converges by ratio test, where

Ui =

(
$

b

)i i−1∏
j=0

[
b + ε f

(
lp+ j, lq

) ($
b

) j
]
.

Hence, we deduce that d
(
lp, lq

)
→ 0, as p, q → ∞, thus {ln} is a Cauchy. Since (N , d) is a

complete extended b-SMS, {ln} converges to some point l ∈ N ; that is, limn→∞ ln = l∗. Assume that R
is continuous. Since ln+1 = Rln, for all n ∈ N. So taking the limit as n→ ∞, we have

l
∗ = Rl∗.

Secondly, as ln → l∗ and α(ln, ln+1) ≥ β(ln, ln+1), then α(l∗,Rl∗) ≥ β(l∗,Rl∗). Thus

α(l∗,Rl∗)α(ln,Rln) ≥ β(l∗,Rl∗)β(ln,Rln).

By (3.1) and (3.2), we have

d(ln+1, l
∗) = d(Rln,Rl∗) ≤

$

b
M(ln, l∗), (3.11)

AIMS Mathematics Volume 10, Issue 9, 20759–20781.
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where

M(ln, l∗) = max
{

d(ln, l∗),min
{

d(ln,Rln)d(l∗,Rl∗)
1 + d(ln, l∗)

,
d(ln,Rl∗)d(l∗,Rln)

1 + d(ln, l∗)

}}
= max

{
d(ln, l∗),min

{
d(ln, ln+1)d(l∗,Rl∗)

1 + d(ln, l∗)
,

d(ln,Rl∗)d(l∗, ln+1)
1 + d(ln, l∗)

}}
. (3.12)

Taking the limit as n→ ∞ in inequality (3.11) and using the inequality (3.12) in it, we conclude that

l
∗ = Rl∗.

Hence l∗ is a FP of R. To prove the uniqueness of l∗, suppose, for contradiction, that another FP l
′

of R
exists, i.e., l

′

= Rl
′

with l
∗

, l
′

, such that

α(l
∗

,Rl
∗

)α(l
′

,Rl
′

) ≥ β(l
∗

,Rl
∗

)β(l
′

,Rl
′

).

Then, from (3.1) and (3.2), we have

d(l∗, l
′

) = d(Rl∗,Rl
′

) ≤
$

b
M

(
l
∗, l

′
)
, (3.13)

where

M
(
l
∗, l

′
)

= max
{

d(l∗, l
′

),min
{

d(l∗,Rl∗)d(l
′

,Rl
′

)
1 + d(l∗, l′)

,
d(l∗,Rl

′

)d(l
′

,Rl∗)
1 + d(l∗, l′)

}}
= max

{
d(l∗, l

′

),min
{

d(l∗, l∗)d(l
′

, l
′

)
1 + d(l∗, l′)

,
d(l∗, l

′

)d(l
′

, l∗)
1 + d(l∗, l′)

}}
= d(l∗, l

′

).

Then we have onlyM
(
l∗, l

′
)

= d(l∗, l
′

), which implies by (3.13) that

d(l∗, l
′

) ≤
$

b
d(l∗, l

′

) < d(l∗, l
′

),

which is a contradiction because $
b < 1. Hence l∗ = l

′

. Hence FP is unique. �

Example 5. Let N = R and d : N ×N → [0,+∞) be defined by

d(l, ς) = |l − ς|2 ,

for all l, ς ∈N . Define f : N ×N → [1,∞) by

f(l, ς) = 1 + |l − ς| .

First we show that (N , d) is a complete extended b-SMS.
(Eb-sup1) Clearly, |l − ς|2 ≥ 0, so d(l, ς) ≥ 0. Moreover, d(l, ς) = 0, if and only if |l − ς|2 = 0. It is
possible only that

|l − ς| = 0,
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which implies that l = ς. Thus we conclude that

d(l, ς) = 0 if and only if l = ς.

(Eb-sup2) Since |l − ς| = |ς − l| , we have

d(l, ς) = |l − ς|2 = |ς − l|2 = d(ς, l).

(Eb-sup3) Now

d(l, ς) = |l − ς|2 ≤ 2
(
|l − ν|2 + |ν − ς|2

)
≤ 2

(
|l − ν|2 + |ν − ς|2

)
+ (1 + |l − ς|)

(
|l − ν|2 |ν − ς|2

)
= b (d(l, ν) + d(ν, ς)) + f(l, ς)d(l, ν)d(ν, ς),

with b = 2. Hence the triangle inequality of extended b-SMS is satisfied. To check completeness,
consider any Cauchy sequence {ln} in (N , d). Since d(ln, lm) = |ln − lm|

2 , the sequence {ln} being Cauchy
in d implies that {ln} is Cauchy in the standard Euclidean metric d

′

(l, ς) = |l − ς| , because

|ln − lm|
2 < ε =⇒ |ln − lm| <

√
ε.

Since N =R with the Euclidean metric is complete, so {ln} converges to some l ∈R in the Euclidean
metric. Consequently,

d(ln, l) = |ln − l|
2
→ 0,

so {ln} converges to l in (N , d). Hence, (N , d) is a complete extended b-SMS.
Now we define α, β : N ×N → [0,+∞) and R : N → N in this way

α(l, ς) = 1 +
1

1 + |l − ς|
,

and
β(l, ς) =

1
2
α(l, ς),

and
R(l) =

l

2
+ 1.

Now
α(l,Rl) = 1 +

1
1 + |l − Rl|

= 1 +
1

1 +
∣∣∣∣l − (

l

2 + 1
)∣∣∣∣ = 1 +

1
1 +

∣∣∣ l
2 − 1

∣∣∣ .
Similarly,

β(l,Rl) =
1
2
α(l,Rl).

Thus the condition α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) simplifies to

α(l,Rl)α(ς,Rς) ≥
1
4
α(l,Rl)α(ς,Rς).
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This inequality holds because α(l,Rl) ≥ 1 and α(ς,Rς) ≥ 1. Now if

α(l, ς) = 1 +
1

1 + |l − ς|
≥

1
2

(
1 +

1
1 + |l − ς|

)
= β(l, ς),

then

α(Rl,Rς) = 1 +
1

1 + 1
2 |l − ς|

≥
1
2

1 +
1

1 + 1
2 |l − ς|

 = β(Rl,Rς).

Thus, R is an α-admissible mapping with respect to β. Hence the condition (i) is satisfied. Now choose
l0 = 0, then

Rl0 = R(0) =1.

Therefore,

α(l0,Rl0) = α(0,1) = 1 +
1

1 + |0 − 1|

= 1 +
1

1 + 1
=

3
2

≥
3
4

=
1
2

(
1 +

1
1 + |0 − 1|

)
= β(l0,Rl0).

Hence the condition (ii) is satisfied. Moreover, R is continuous because it is a linear function.
Alternatively, if {ln} is a sequence in N such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then

α(l,Rl) = 1 +
1

1 + |l − Rl|
≥

1
2

(
1 +

1
1 + |l − Rl|

)
= β(l,Rl).

Also,

d(Rl,Rς) =

∣∣∣∣∣ l2 + 1 −
(
ς

2
+ 1

)∣∣∣∣∣2 =
|l − ς|2

4
=
$

b
d(l, ς).

Since d(l, ς) dominates the other terms of M(l, ς), M(l, ς) = d(l, ς). Hence the conditions (3.1) and
(3.2) of Theorem 2 are satisfied with $ = 1

2 and the mapping R possesses 2 as a unique FP.

Corollary 1. Let (N , d) be a complete extended b-SMS with b ≥ 1, and consider a mapping R : N →
N . Suppose that there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ 1 implies

d(Rl,Rς) ≤
$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if ln is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.
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Proof. Define β : N ×N → [0,+∞) by β(l, ς) = 1 in Theorem 2. �

Corollary 2. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that

(d(Rl,Rς) + a)α(l,Rl)α(ς,Rς)
≤
$

b
M(l, ς) + a, (3.14)

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N and a > 0. Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if ln is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Let α(l,Rl)α(ς,Rς) ≥ 1 for all l, ς ∈ N , then by (3.14), we have

(d(Rl,Rς) + a)1
≤ (d(Rl,Rς) + a)α(l,Rl)α(ς,Rς)

≤
$

b
M(l, ς) + a,

which implies
d(Rl,Rς) ≤

$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
.

Therefore, the conditions of Corollary 1 are satisfied, ensuring that R has a FP. �

Corollary 3. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ 1 implies

(α(l,Rl)α(ς,Rς) + 1)d(Rl,Rς)
≤ 2

$
bM(l,ς), (3.15)

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if ln is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.
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Proof. Let α(l,Rl)α(ς,Rς) ≥ 1 for all l, ς ∈ N ; then by (3.15), we have

(1 + 1)d(Rl,Rς) ≤ (α(l,Rl)α(ς,Rς) + 1)d(Rl,Rς)
≤ 2

$
bM(l,ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
.

Therefore, the conditions of Corollary 1 are satisfied, ensuring that R has a FP. �

Corollary 4. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
β(l,Rl)β(ς,Rς) ≤ 1 implies

d(Rl,Rς) ≤
$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if ln is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP. Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define α : N ×N → [0,+∞) by α(l, ς) = 1 in Theorem 2. �

Corollary 5. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that

d(Rl,Rς) + a ≤
(
$

b
M(l, ς) + a

)β(l,Rl)β(ς,Rς)
, (3.16)

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N and a > 0. Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Let β(l,Rl)β(ς,Rς) ≤ 1 for all l, ς ∈ N ; then by (3.16), we have

d(Rl,Rς) + a ≤
(
$

b
M(l, ς) + a

)β(l,Rl)β(ς,Rς)
≤
$

b
M(l, ς) + a,

AIMS Mathematics Volume 10, Issue 9, 20759–20781.



20771

implies that
d(Rl,Rς) ≤

$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
.

Therefore, the conditions of Corollary 4 are satisfied, ensuring that R has a unique FP. �

Corollary 6. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that

2d(Rl,Rς) � (β(l,Rl)β(ς,Rς) + 1)
$
bM(l,ς) ,

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Corollary 7. Let (N , d) be a complete extended b-SMS with b ≥ 1 and consider a mapping R : N →
N . Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that

d(Rl,Rς) ≤ β(l,Rl)β(ς,Rς)
$

b
M(l, ς), (3.17)

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Let β(l,Rl)β(ς,Rς) ≤ 1 for all l, ς ∈ N ; then by (3.17), we have

d(Rl,Rς) ≤ β(l,Rl)β(ς,Rς)
$

b
M(l, ς) ≤

$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
.

Therefore, the conditions of Corollary 4 are satisfied, ensuring that R has a unique FP. �
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4. Fixed point results in extended suprametric spaces

By taking b = 1 in Definition 5, the notion of an extended b-SMS reduces to that of an extended
SMS. Under this specialization, we derive the following results.

Corollary 8. Let (N , d) be a complete extended SMS, and consider a mapping R : N → N .
Suppose that there exist the functions α, β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping with respect to β,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ β(l0,Rl0),
(iii) either R is continuous, or if {ln} is a sequence inN such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then

α(l,Rl) ≥ β(l,Rl).
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) for l, ς ∈ Fix(R), then the FP is unique.

Corollary 9. Let (N , d) be a complete extended SMS and consider a mapping R : N → N .
Suppose that there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥1 implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define β : N ×N → [0,+∞) by β(l, ς) = 1 in Corollary 8. �

Corollary 10. Let (N , d) be a complete extended SMS, and consider a mapping R : N → N .
Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
β(l,Rl)β(ς,Rς) ≤1 implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,
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holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define α : N ×N → [0,+∞) by α(l, ς) = 1 in Corollary 8. �

5. Existence of fixed points in b-suprametric spaces

If we define the function f : N × N → [1,∞) by f(l, ς) = f ≥ 1 in Definition 5, the general
framework of an extended b-SMS simplifies to the classical b-SMS. This specialization allows us to
derive the following results.

Corollary 11. Let (N , d) be a complete b-SMS with b ≥ 1 and consider a mapping R : N → N .
Suppose that there exist the functions α, β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) implies

d(Rl,Rς) ≤
$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping with respect to β,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ β(l0,Rl0),
(iii) either R is continuous, or if {ln} is a sequence inN such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then

α(l,Rl) ≥ β(l,Rl).
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) for l, ς ∈ Fix(R), then the FP is unique.

Corollary 12. Let (N , d) be a complete b-SMS with b ≥ 1 and consider a mapping R : N → N .
Suppose that there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
α(l,Rl)α(ς,Rς) ≥ 1 implies

d(Rl,Rς) ≤
$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
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Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define β : N ×N → [0,+∞) by β(l, ς) = 1 in Corollary 11. �

Corollary 13. Let (N , d) be a complete b-SMS with b ≥ 1 and consider a mapping R : N → N .
Suppose that there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that
β(l,Rl)β(ς,Rς) ≤ 1 implies

d(Rl,Rς) ≤
$

b
M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define α : N ×N → [0,+∞) by α(l, ς) = 1 in Corollary 11. �

6. Fixed point findings in suprametric spaces

By defining the function f : N × N → [1,∞) by f(l, ς) = f ≥ 1 and setting the constant b = 1
in Definition 5, the structure of an extended b-SMS reduces to that of a standard SMS. This particular
case enables us to derive the following results.

Corollary 14. Let (N , d) be a complete SMS and consider a mapping R : N → N . Suppose that there
exist the functions α, β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that α(l,Rl)α(ς,Rς) ≥
β(l,Rl)β(ς,Rς) implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping with respect to β,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ β(l0,Rl0),
(iii) either R is continuous, or if {ln} is a sequence inN such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then

α(l,Rl) ≥ β(l,Rl).
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς) for l, ς ∈ Fix(R), then the FP is unique.
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Corollary 15. Let (N , d) be a complete SMS and consider a mapping R : N → N . Suppose that
there exists a function α : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that α(l,Rl)α(ς,Rς) ≥ 1
implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an α-admissible mapping,
(ii) there exists l0 ∈ N such that α(l0,Rl0) ≥ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, α(ln, ln+1) ≥ 1, then

α(l,Rl) ≥ 1.
Then R possesses a FP.
Moreover, if α(l,Rl)α(ς,Rς) ≥ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define β : N ×N → [0,+∞) by β(l, ς) = 1 in Corollary 14. �

Corollary 16. Let (N , d) be a complete SMS and consider a mapping R : N → N . Suppose that
there exist the function β : N ×N → [0,+∞) and a constant $ ∈ [0, 1) such that β(l,Rl)β(ς,Rς) ≤ 1
implies

d(Rl,Rς) ≤ $M(l, ς),

where

M(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

holds for all l, ς ∈N . Assume that the following conditions hold:
(i) the mapping R : N → N is an β-subadmissible,
(ii) there exists l0 ∈ N such that β(l0,Rl0) ≤ 1,
(iii) either R is continuous, or if {ln} is a sequence in N such that ln → l, β(ln, ln+1) ≤ 1, then

β(l,Rl) ≤ 1.
Then R possesses a FP.
Moreover, if β(l,Rl)β(ς,Rς) ≤ 1 for l, ς ∈ Fix(R), then the FP is unique.

Proof. Define α : N ×N → [0,+∞) by α(l, ς) = 1 in Corollary 14. �

7. Applications

The study of nonlinear Volterra-Fredholm integral equations plays a fundamental role in various
fields such as mathematical physics, engineering, biology, and economics. These equations arise
naturally in systems involving memory effects or spatial interactions, such as population dynamics,
heat conduction with hereditary effects, and viscoelastic materials.

One of the most effective and widely used tools for investigating the existence and uniqueness
of solutions to such integral equations is FP theory. By transforming the integral equation into an
equivalent FP problem, we can utilize powerful results from functional analysis to guarantee the
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existence of solutions under suitable conditions. This approach not only simplifies the analysis but
also provides constructive methods for approximating the solution.

In this section, we solve the nonlinear Volterra-Fredholm integral equation of the form

l(t) = f (t) + µ1

∫ t

a
K1(t, s, l(s))ds + µ2

∫ b

a
K2(t, s, l(s))ds, (7.1)

where

• l(t) is the unknown function defined on the interval [a, b],
• f (t) is a known function defined on [a, b],
• µ1 and µ2 are constants (parameters),
• a and b are constants representing the limits of integration,
• K1(t, s, l(s)) and K2(t, s, l(s)) are kernel functions that depend on t, s and the unknown function
l(t).

Let N = C ([a, b],R), the set of all continuous real valued functions defined on [a, b]. Define
d : N ×N → R by

d (l, ς) = max
t∈[a,b]

|l(t) − ς(t)|2 ,

and f : N ×N → [1,∞) by
f (l, ς) = 1 + |l(t)| + |ς(t)| ,

then clearly (N , d) is a complete extended b-SMS with b = 2.

Theorem 3. Define the mapping

R (l) (t) = f (t) + µ1

∫ t

a
K1(t, s, l(s))ds + µ2

∫ b

a
K2(t, s, l(s))ds.

Assume the following conditions hold:
(i) The kernel functions K1(t, s, l(s)) and K2(t, s, l(s)) are continuous in t and s, and satisfy

|K1(t, s, l(s))| ≤ M1, |K2(t, s, l(s))| ≤ M2,

for some constants M1,M2 > 0 and for all t, s ∈ [a, b] and l ∈N .
(ii) The kernel functions K1 and K2 satisfy the Lipschitz condition with respect to l(s), that is,

|K1(t, s, l(s)) − K1(t, s, ς(s))| ≤ L1 |l(s) − ς(s)| ,

|K2(t, s, l(s)) − K2(t, s, ς(s))| ≤ L2 |l(s) − ς(s)| ,

for some constants L1, L2 > 0 and for all t, s ∈ [a, b] and l, ς ∈N .
(iii) Suppose that $ = 2 (|µ1| L1(b − a) + |µ2| L2(b − a))2 such that $ < 1.
(iv) There exist functions α, β : N ×N → [0,+∞) such that

• α(l,Rl)α(ς,Rς) ≥ β(l,Rl)β(ς,Rς),
• R is an α-admissible with respect to β,
• there exists l0 ∈ N such that α(l0,Rl0) ≥ β(l0,Rl0),
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• either R is continuous, or if {ln} is a sequence in N such that ln → l, α(ln, ln+1) ≥ β(ln, ln+1), then
α(l,Rl) ≥ β(l,Rl).

Under the above conditions, the mapping R has a unique FP l∗ ∈ N , which is the solution to the
nonlinear Volterra-Fredholm integral Eq (7.1).

Proof. For l, ς ∈N , we have

|Rl(t)−Rς(t)| =

∣∣∣∣∣µ1

∫ t

a
K1(t,s,l(s))ds+µ2

∫ b

a
K2(t,s,l(s))ds−

(
µ1

∫ t

a
K1(t,s,l(s))ds+µ2

∫ b

a
K2(t,s,l(s))ds

)∣∣∣∣∣
≤ |µ1|

∫ t

a
|K1(t, s, l(s)) − K1(t, s, ς(s))| ds + |µ2|

∫ b

a
|K2(t, s, l(s)) − K2(t, s, ς(s))| ds.

By the Lipschitz condition on K1 and K2, we have

|Rl(t) − Rς(t)| ≤ |µ1| L1

∫ t

a
|l(s) − ς(s)| ds + |µ2| L2

∫ b

a
|l(s) − ς(s)| ds.

Since |l(s) − ς(s)| ≤
√

d(l, ς), we have

|Rl(t) − Rς(t)| ≤ |µ1| L1

√
d(l, ς)(t − a) + |µ2| L2

√
d(l, ς)(b − a).

Taking the maximum over t ∈ [a, b], we have

d(Rl,Rς) = max
t∈[a,b]

|Rl(t) − Rς(t)|2 ≤ (|µ1| L1(b − a) + |µ2| L2(b − a))2 d(l, ς) ≤
$

2
d(l, ς).

Since d(l, ς) ≤ M(l, ς), where

d(l, ς) = max
{

d(l, ς),min
{

d(l,Rl)d(ς,Rς)
1 + d(l, ς)

,
d(l,Rς)d(ς,Rl)

1 + d(l, ς)

}}
,

so, the contractive condition of Theorem 2 holds. The remaining conditions of Theorem 2 are satisfied
trivially by assumption (iv). Therefore, the mapping R has a unique FP l∗ ∈ N , which is the solution
to the nonlinear Volterra-Fredholm integral Eq (7.1). �

Example 6. Let N = C ([0, 1],R), the set of all continuous real valued functions defined on [0, 1].
Define d : N ×N → R by

d (l, ς) = max
t∈[0,1]

|l(t) − ς(t)|2 ,

and f : N ×N → [1,∞) by
f (l, ς) = 1 + |l(t)| + |ς(t)| ,

then clearly (N , d) is a complete extended b-SMS with b = 2. Define the mapping

R (l) (t) = f (t) + µ1

∫ t

a
K1(t, s, l(s))ds + µ2

∫ b

a
K2(t, s, l(s))ds,

where

• f (t) = t is a known function defined on [0, 1],
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• µ1 = 1
4 and µ2 = 1

4 are constants (parameters),
• a = 0 and b = 1 are constants representing the limits of integration,
• K1(t, s, l(s)) =

l(s)
1+l2(s) and K2(t, s, l(s)) =

l(s)
2+l2(s) are kernel functions that depend on t, s and the

unknown function l(t).

Now we verify all the conditions of above theorem. Since

|K1(t, s, l(s))| =

∣∣∣∣∣∣ l(s)
1 + (l(s))2

∣∣∣∣∣∣ ≤ 1
2
,

and

|K2(t, s, l(s))| =

∣∣∣∣∣∣ l(s)
2 + (l(s))2

∣∣∣∣∣∣ ≤ 1
2
,

so condition (i) is satisfied for M1 = 1
2 and M2 = 1

2 . Since the derivatives of K1 and K2 with respect to
l(s) are

d
dl(s)

l(s)
1 + l2(s)

=
1 − l2(s)(
1 + l2(s)

)2 ,

and
d

dl(s)
l(s)

2 + l2(s)
=

2 − l2(s)(
1 + l2(s)

)2 .

Now

max
s∈[0,1]

∣∣∣∣∣∣ 1 − l2(s)(
1 + l2(s)

)2

∣∣∣∣∣∣ = 1 and max
s∈[0,1]

∣∣∣∣∣∣ 2 − l2(s)(
1 + l2(s)

)2

∣∣∣∣∣∣ =
1
2
.

Thus condition (ii) is satisfied with L1 = 1 and L2 = 1
2 . Now

$ = 2 (|µ1| L1(b − a) + |µ2| L2(b − a))2

= 2
(
1
4
· 1(1 − 0) +

1
4
·

1
2

(1 − 0)
)2

= 2
(
1
4

+
1
8

)2

=
9

32
< 1.

Define α, β : N ×N → [0,+∞) by

α (l, ς) = 1 + ‖l(t)‖ + ‖ς(t)‖ ,

where ‖l(t)‖ = maxt∈[0,1] |l(t)| and

β (l, ς) =
1
2
α (l, ς) . (7.2)

R is α-admissible with respect to β because

α (l,Rl) = 1 + ‖l‖ + ‖Rl‖ ≥
1
2

(1 + ‖l‖ + ‖Rl‖) = β (l,Rl) .

Choose l0(t) = 0. Then

α (l0,Rl0) = 1 + ‖l0‖ + ‖Rl0‖ = 1 + 0 + ‖Rl0‖ ≥
1
2

(1 + ‖l0‖ + ‖Rl0‖) = β (l0,Rl0) .
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Moreover, R is continuous because it is defined by integrals of continuous functions. Alternatively, if
{ln} is a sequence converging to l with α (ln, ln+1) ≥ β (ln, ln+1), then α (l,Rl) ≥ β (l,R) holds because
α (l, ς) ≥ β (l, ς) is always true. Thus, all conditions of the above theorem are satisfied. Therefore, the
mapping R has a unique FP l∗ ∈ N , which is the solution to the given nonlinear Volterra-Fredholm
integral equation.

8. Conclusions

In this study, we explored the concept of extended b-suprametric spaces and established fixed point
theorems for single-valued mappings under generalized contraction conditions. These results extended
and unified several known fixed point theorems in the existing literature, thereby offering a broader
and more flexible analytical framework. As a natural outcome, we derived corollaries that specialized
our general theorems to the classical settings of suprametric spaces and b-metric spaces, demonstrating
the adaptability and generality of our approach. To highlight the novelty and validity of the proposed
results, we presented an illustrative example that confirmed the effectiveness and sharpness of our
theorems. Finally, we demonstrated the practical relevance of our findings by applying the main results
to establish the existence of solutions for a nonlinear Volterra-Fredholm integral equation, thereby
linking abstract fixed point theory with applied mathematical modeling.

9. Future work and open problems

This work presents novel FP theorems in the framework of extended b-SMSs, laying a foundation
for deeper investigation in both theoretical analysis and practical applications. Nonetheless, several
unresolved questions persist, highlighting potential directions for future research.

9.1. Generalization to other mathematical structures

• Extending the present findings to broader frameworks, including complex-valued extended b-
SMSs, elliptic-valued SMSs, and quaternion-valued SMSs.
• Analyzing the existence of FPs under more relaxed contraction conditions or within hybrid metric

structures.
• Studying various classes of mappings, such as cyclic, asymptotic, and quasi-contractive

mappings, particularly in the context of multivalued operators.

Developing FP results within these spaces broadens their applicability to areas such as physics,
differential equations, and optimization. Moreover, relaxing the contraction conditions increases their
relevance to real-world problems where strict contractive assumptions may not be valid.

9.2. Contribution to the study of differential equations

Although this study focuses on the application of FP results to integral equations, a valuable
extension lies in exploring their use in differential equations (DEs) and functional differential equations.
In particular:

• Analyzing the solutions of fractional differential equations through FP approaches.
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• Applying the theory to delay differential equations, especially in systems characterized by
memory effects or time-lagged interactions.

The adaptation of FP theory to these classes of differential equations could lead to significant
theoretical and computational advancements.

9.3. Computational methods and algorithmic implementations

Future research can be directed toward the following promising areas:

• Designing iterative numerical algorithms for approximating FPs, with particular emphasis on
applications to Fredholm integral equations and nonlinear partial differential equations. Such
schemes can offer practical means to implement and test theoretical results.
• Integrating machine learning techniques to optimize FP computations and applying these

methods to real-world problems such as image denoising. This interdisciplinary approach could
significantly improve both computational efficiency and practical impact.

These computational strategies would not only validate the theoretical developments presented in
this work but also broaden their applicability to various scientific and engineering domains.
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