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1. Introduction

Fixed point theory is a rapidly evolving subfield of mathematics with widespread applicability
across various disciplines, including transportation theory, economics, biomathematics, and more. The
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classic Banach contraction [1] has seen extensive generalizations in numerous directions, as evidenced
by research in [2—4]. One fascinating extension is the concept of set-valued contractions according
to Nadler [5]. Set-valued mappings offer a broader perspective beyond single-valued mappings and
find applications in diverse areas such as game theory, chemical sciences [6], Nash equilibria, and
engineering, as highlighted in [7-9]. The notion of Hausdorft distance plays a pivotal role in computer
science and mathematics, including applications in fractals, image processing, and optimization theory.
The Hausdorff metric [10], which quantifies the greatest distance between a point in one set and its
nearest counterpart in another set, holds significant importance.

To extend Banach’s contraction theory into more versatile forms, metric spaces have been
explored from various angles, leading to concepts such as M®—metric spaces, b,(s)—metric spaces,
v—generalized metric spaces, and more. The terms v—generalized metric, b—metric, b,(s)—metric,
M-metric, rectangular M—metric, generalized p’—partial metric, and M,—metric were introduced
by researchers like Branciari [11], Bakhtin [12], Mitrovi and Radenovi¢ [13], Asadi et al. [14],
Ozgiir et al. [15], and Asim et al. [16]. In 2021, Joshi et al. [17] introduced the Mf—metric as a
generalization of the M, —metric [16], and their work led to solutions for problems like the Cantilever
Beam Problem. Additionally, Alam et al. [18-20] applied fixed point results via the M’—metric
to address the spread of infectious diseases, nonlinear matrix equations, rockets’ ascending motion,
and fourth-order differential equations related to beam theory. For a deeper understanding of metric
generalizations, Kirk and Shahzed [21] provide valuable references.

Utilizing the ideas of Hausdorff [10], this work aims to define and explore the properties of the
Hausdorff m’—metric derived from an m’—metric. We extend the scope of single-valued contractions
to set-valued contractions to establish set-valued fixed points. We substantiate these findings with
illustrative examples to validate the significance of our hypotheses. To achieve this, we generalize well-
known contractions such as Banach [1], Sehgal [22], Wardowski [23], Altun et al. [24], Bianchini [25],
and Nadler [5] to the context of m‘—metric spaces. These results contribute significantly to the study
of set-valued fixed points and their applications in Fredholm integral inclusions.

This paper is organized as follows: In Section 2, we present essential definitions, notations, and
foundational concepts related to m’—metrics and set-valued mappings, forming the basis for subsequent
developments. In Section 3, building on Hausdorff’s ideas, we define the Hausdorff mf —metric and
explore its properties. We extend classical contractions such as those by Banach, Sehgal, Wardowski,
Altun et al., Bianchini, and Nadler to the set-valued context within mf—rnetric spaces. Theoretical
results are validated through illustrative examples. Section 4 applies the developed fixed point results
to demonstrate the existence of solutions to Fredholm integral inclusions, highlighting the practical
utility of the theoretical framework. In Section 5, we summarize the main contributions of the
paper, highlighting the successful generalization of classical contractions to the m’—metric setting and
emphasizing their applicability in mathematical and engineering problems, particularly those involving
integral inclusions.

2. Preliminaries

We now recall Nadler’s [5] famous contraction theorem for set-valued mapping.

Theorem 1. [5] Let (9, p) be a complete metric space and ‘T : Y — CB(Y) be a set-valued function,
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so that
H(Tu, Tw) < ép(u, w),Yu,w € Y, 0<E< 1,

where H is the Hausdorff metric induced by p (see [10]). Then, T has a fixed point in ¥, that is, there
exists w € Y so that w € Tw.

We have the notations

b . b b
mt = minfm’(u, w), m’(w, w)),

Z/u,,
and

5 6 ;
Mvu,w = max{m,(u, u), m,(w, w)},

which are used by Joshi et al. in [17, 26] to generalize an M,—metric space [16], and many
others (see [13-15] and so on) by introducing m‘—metric space.

Definition 1. [17] A pair (9, m?) consisting of a non-empty set % and a mapping m’ : 9 X ' —>
[0, 00) is called an m®

v

—metric space if

(mfl) mf(u, w) = mf(u, u) = mf(w, W) S u=w,
(mlv’2) mfﬂw < mf(u, w),

(m3) mb(u, w) = m*(w, u),

(mb4) (mf(u, w) — mfw) <s [(mf(u, X)) — mfm) + (mf(?(z, ) = mfxm) e

+ (mlGe, w) = mf )| = X mig. ), s> 1,
w,W j:1
for all distinct u, w, x; € 9, 0 < j < v, and for some particular choice of v € N.

Definition 2. In a mt—metric space (9, m?), a sequence {w,,} is
(a) mb-convergent to w € ¥ if and only if lim (mf(wm, w) — mfw ) =0.
m—>090 ', W

(b) mb-Cauchy if and only if lim (mf(wm, w,) — mfw )and lim (9\/[5 —mb P) exist finitely.
m,p—00 m.wp

v, v,
m,p—>00 Wi, wp Wi Wy

Again an m’

; b—complete if each ml—Cauchy sequence in (9, mb) is

mf—convergent in (97, mf). The terms convergent (converges) and m’j—convergent (m’j—converges) in
the context of m®—metric spaces is the same throughout the paper.

—metric space (%, mf) is m?

In 2015, in a complete metric space, Altun et al. [24] utilized the collection ¥ of strictly increasing
mappings ¥ : R* — R so that

n—oo

limr, =0 & lim #(r,) = —o0, Y{r,} C R*,
and
Jke©.1) : lim r'F(r) =0
introduced by Wardowski [23] to prove some set-valued fixed point results in a different way.

Theorem 2. [24] Let (Y, p) be a complete metric space and T : Y —> CB(Y) be a set-valued function,
so that
T+ F(H(Tu, Tw)) < F(p(u, w)),Yu, w € 9,

where v > 0, F € ¥, and ¥ (inf 2) = inf F(A2),¥Y2 C R* withinf 4 > 0. Then T has a fixed point in .

AIMS Mathematics Volume 10, Issue 9, 20742-20758.



20745

Let (v, mf) be an mf—metric space for s > 1. Let us denote the collection of all subsets of 9 by
P(), the collection of all non-empty, closed, and bounded subsets of 9" by C'B('), and the family of all
non-empty compact subsets of 9" by X () (for the definitions, see [17]). Itis clear that X(9) C CB(Y),
and if we define the function H : CB(9") X CB(9") — R by

H(A, B) = max {sup 6(u, B), sup o(w, ﬂl)}, YAa,B e CBY),

uea weB

where 6(u, B) = inf{ mf(u, w), w € B}. Then H forms a metric on CB(Y’). We will call # as Hausdorft
m?—metric induced by the metric m.
Also, from the definitions of A and 0, it is clear that

H(A,B) = H(B,4),YA4,B € CB(Y),

H(A,2)=0,Y4 € CB(Y),
and
0(u,A)=0=>ueadNuey, 4 CBY).

3. Fixed point results for set-valued contractions

Take into consideration a few key ideas from set-valued fixed point theory that will aid in our
analysis of the current study. We need the following generalized notations

my = min{H(Tu, Ta), H(Tw, Tw)}, m), = min{6(u, Tu), §(w, Tw))},

UTu, Tw

Mﬁ

UTu, Tw

= max{#(Tu, Tu), H(Tew, Tw)} and M, = max{S(u, Tu), 5(w, Tw))

in the set-valued sense, where 7 : & — (CB(Y) is a set-valued function.
Enumerating from 1 to 5, we present the subsequent lemmas within the framework of the
M’ —metric space.

Lemma 1. Let (9, mb) be an ml—metric space for s > 1 and 4,8 € CB(Y). Then for any u€ 4
we have,
8(u, B) < mb(u, w),Vw € B.

Lemma 2. Let (7, mf) be an mf —metric space and A, B € CB(Y'). Then we have,
o(u, B) < H(A4,B),Vu € A.
Lemma 3. Let (9, m’) be an mt—metric space and 4, B € CB(Y'). Then we have,
mi(u, w) < H(A,B),Yu € 4, w € B.

Lemma 4. Let (9, m’) be an m’—metric space for s > 1 and 4, B € CB(Y). Then, for any { > 0 and
u € 4, there exists w € B with m’(w, w) < ¢, so that

m(u, w) < H(A, B) + L.
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Lemma 5. Let (9, m’) be an m’—metric space for s > 1 and 4, B € CB(Y). Then, for any { > 0 and
u € 4, there exists w € B with m’(w, w) < ¢, so that

m!(u, w) < {H(A, B).
Definition 3. Ler (7, mf ) be an mf —metric space for s > 1 and T : Y — CB(Y) so that
H(Tu, Tw) < fmf(u, w),Yu, w € Y and for some constant &.

Then T is known to be a set-valued Lipschitz function with Lipschitz constant €. Again, ‘T is known to
be a set-valued contraction if ¢ < 1.

Following Nadler [5], we have the subsequent definition of a fixed point.

Definition 4. Let (7, m’) be an mé—metric space for s > 1 and T : Y — CB(Y). A point w € ¥ is
a fixed point of the set-valued function T, if w € Tw. The set of all fixed points of T is defined by
Trix ={lw €Y 1 w € Tw).

We now prove a lemma.

Lemma 6. Let (9, m®) be an mt—metric space for s > 1 and T : ¥ — CB(Y) so that
1

H(Tu, Tw) < fmf(u, w),Yu, w € ¥ and for some constant 0 < & < —.
s

If a sequence {w,} e in Y with w,,; € Tw, converges to w € 9, then {Tw,},cny converges to Tw.

: 5
Proof. Since m,,

n,Tw

< H(Tw,, Tw) and suppose H(Tw,, Tw) = 0, then

lim (}[(‘Iwn, Tw) — m?

— 00 VTwp, Tw

)=0=1lim (! —ml ).

— 00 VTwy , Tw Uy, Tw

Consequently, { 7w, },cn converges to Tw.
Suppose H(Tw,, Tw) # 0, then by the inequality condition H(Tw,, Tw) < Em’(w,, w).

Now, if mf(w, w) < mf(wn, w,), then lim mf(wn,wn) = 0 implies lim mf(w, w) = 0 and
the convergence of {w,},en to w implies lim (mf(wn, w) — mﬁww) = 0. Which further implies

lim mf(wn, w) = 0. So, lim H(Tw,, Tw) = 0, and consequently, {7z, },cn converges to Tw.
Again, if m(w, w) > m!(w,, w,) and we know lim m’(w,, w,) = 0, the convergence of {w,},ay to

w ie., lim (mf(wn, w) —mf ) = 0 implies lim mf(w,, w) = 0. Consequently, as above, {Tw, },c,
nw n—oo

n—-oo

converges to Tw. i

Now we prove the following set-valued theorem in the context of m‘—metric space, which is
analogous to the set-valued variant of Banach [1] for & < 1.

Theorem 3. Let (7, mf) be an mf—complete metric space for s > 1 and T : Y — CB(Y) be a set-
valued Lipschitz function with Lipschitz constant & satisfying 0 < & < % Then, T has a fixed point
inf.
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Proof. Since T : 9 — (CB(Y) is a set-valued Lipschitz function with Lipschitz constant 0 < ¢ < %,

then
H(Tu, Tw) < Em’(u, w),Yu,w € . (3.1)

Let w, € 9 be arbitrary, so that w, ¢ Tw,, otherwise w, will become a fixed point. Also, let w; € Tw,
with mj(wl, w;) < €. Then for Tw,, Tw, € CB(Y), w; € Twy, and 0 < & < é by Lemma 4, there is
w, € Tw,; with mb(w,, w,) < & so that

mj(’l(/l, ZUZ) < .‘]‘[(TZUo, T’ZU1) + é:
Utilizing the contraction condition (3.1), we have

m:(wl, ZUz) < ,‘]‘[(T’ZU(), Twl) + f

< Emb(wy, wy) + . (3.2)

Again for Tw,, Tw, € CB(Y), 0 < & < é and w, € Tw,, by Lemma 4, there is w; € Tw, with

mb(ws, ws) < €, so that
m’ (ws, ws) < H(Twy, Tw,) + E°.

Utilizing the contraction condition (3.1) and inequality (3.2), we have

IA

H(Tw,, Tw,) + &

é:mpﬁ(wl, ws) + 62

fzmj(wo, wy) + & + &

& ml(wo, wy) + 267 (3.3)

Similarly proceeding, we find a sequence {w,},en in 9 so that 0 < &" < si,,, W,y € Tw, Wwith
mt(w,, w,) < €" and

b
my(w27 ws)

IAIA

IA

m! (w,, wyy 1) < E"mb(wy, wy) + né", for all n € N. (3.4)
Now, to prove {w,}.ey is a Cauchy sequence, let n,p € Nsothatn +p > --- > n+ v > n. We have
two cases:
Case 1. pis odd and p = 29 + 1, for some g € N
m:(’ll/n, wn+p)
= mj(wn’ wn+24+1)

b b b b
< S[my(wn, wn+1) + my(wn+1, ZVn+2) + my(wn+2’ wn+3) +---+ mz/(wnﬂr/—l, wn+1/)

b b b b
+my(wn+v’ wn+2q+1)] - [my(wn+1’ Wyi1) + my(wn+2, Wyio) + 00 + my(wn+v, wn+y)]

< s|@HET T @ Dl (wp, w)) + (nE + (n+ DET + (n + 2)E"
ot (V= DE ) (W, Wyrnge )| = [ €+ ETT )]
1 =& n+v—1 - 1_¢
= s&" T _i mf(wo, wy) + 5 ; J& + smf(wnw, Wysoge1) — gl 1 _é;
nl_fv b n+v_1-j n+1 _fv 2[5
< s 1——5%(%’ wy) + s Z j& -§ Tt [my(wn+v7 Whto+1)
j=n
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b b b
+my(wn+zl+17 Whyips2) T 000+ my(wn+2’l/—17 Wyt 2p) + my(w)‘l+2v’ ZUn+2q+1)]

b b b
_s[my(wn+v+1’ wn+11+1) + my(w7l+’l1+2’ wn+v+2) +-e my(wn+2v’ wn+21/)]

1 —¢& n+v—1 o 1 =&
< an : _i: mj(w()’ w;) + Z j5j§J _é;n+l : _é; + 52[(§n+v +§n+v+l +§n+V+2 4.
j=n
n+2v—1
+§n+2v_l)mf(wo, wy) + Z J& + mj(wn+2v’ wn+24+1)]
Jj=n+v
_5[(§n+v+l + é_-n+v+2 S é_-n+2\/)]
nl_‘fv 6 n+v_l~jj n+11_§V 2 n+v1_§v b
= s 1——5%(%’ wy) + Z Js'E =& 1——§+5 [f 1——5%(%’ w;)
Jj=n
n+2v—1 1— é:v
+ .]6] + m:(wn 205 Wnt2 1) - S é'_-n+v+1_
2 )| A
1 v n+2v—1 o 1 _ v
e T W S R e o
- é: Jj=n+1 - g
+52mg(wn+2v’ ZVn+2q+1)
1 — & n+3v-1 o
< (an +52§n+v+S3€n+2V)1_é;mf(wo,w1)+ Z jsjfj_(é:n-i-l +5§”+V+1
Jj=n+1
2 gn+2v+1 1_';‘:1} 3_ b
+5°E )1—_§ + 5 1M, (Wt 305 W 2g41)
) 1 —fv n+2q-1
< (sé_-n+52§n+v+53§n+2v+_‘_+STf’gn+2q—V)1_m5(wo’w1)+ Z J-Sjé';j
_é‘: j=n+1
_(§n+l +5§n+v+] +52§_~n+2v+1 4o +52—Vq—lé_—n+2q—v+])1 _é:v
1-¢£
e
tsv my(wn+2q7 wn+2q+1)
, 1 —fv n+2q
S (A SETHSEI g S E) = mw w) + ) sE
_5 j=n+1
_(entl n+v+1 2 gn+2v+1 291 gnt2g-v+1 l_é:v
(& + s + 57 +t s E )1 £

2q
+57 E M mt (wy, wy).

Case 2. pis even and p = 2¢, for some g € N
m:(wna wn+p)

b
my ( Wy, wn+2q)

IA

b b b b
S[my(wn’ wn+1) + my(wﬂ+1’ wn+2) + my(wﬂ+2’ wn+3) +eee my(wn+v—17 wn-HJ)
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b b b b
+my(wn+z/a wn+2q)] - [my(wn+1a wn+1) + my(wn+27 wn+2) +ot my(wn+w wn+v)]

< s|@ e E e+ 8wl aw, wy) + (n€ + (n+ DE + (0 + 2)E
ok (V= DE ) (W Waang) | = [+ £ )]
n 1
—fv +v— ) _é_,v
= s&" 1—¢ - m (Wo, wy) + 5 Z JE + sm) *(Whros Wytag) — & + 1—¢
j=n
n+v—1
— 1 —&

s ' bty ) + 5 Z JE = ”“l—_i S LA CT T
+my(wn+7/+la wn+v+2) +---+ my(wn+2v—la wn+2:u) + mj(wn+2m wn+2q)]
_S[mf(wnwﬂ, Whios1) T mf(wn+y+2a Wyips2) T 000+ mf(wn+2m wn+2v)]

g n+v—1 1—§V
< 5§n—m5(Wg, wl) + ]ijj _§n+1_ + 52 (é_—n+v +§n+v+l +§n+v+2 4o
1-¢ ; 1-¢ [
n+2v-1
+§n+2V—])m5(w0’ wl) + Z .]g] + mj(wn+27)7 wn+2q)]
Jj=n+v
_s[(§n+v+l + §n+v+2 4ot §n+2\/)]
n+v—1
1-& I al=&  oranl=€
= s&'——=—m, 5wy, wy) + jel&l — g = 4 P ——m, (w,, w;)
1-¢ JZ 1—¢ [ 1—¢
n+2v—1 1-— é;v
+ Z ]éﬂ + mj(wn+27n wn+2q)] - S[é‘nﬂ}ﬂq]
j=n+v
n+2v-1
w1 =€ A wil ey L= €
S (€ + e T min w) Y I @ s
é‘: Jj=n+1 - é
2 b
+s mp(wn+2v’ wn+Zq)
é_, n+3v—-1
< (Sf +5 §n+v+ §n+2\)) " (ZUo,’Z(/I)+ Z ]Sjév_-j (§n+] ét_-n+v+1
é: Jj=n+1
2 gn+2v+1 l_fv 3_6
+s5°& )1—_§ + 5" m, (W 30, wn+2q)
s 1 _é,v n+2g-v-1
< (an +52§;n+v+53§n+2v+”. +S€—]§n+2q—v—l)1 mf(wa, w1)+ Z jsjé;j
—¢ j=n+l
n+1 n+v+1 2 gn+2v+1 24| gn+2g—v B ‘fV
—(&" + & + ¢ doe sy g )1 ‘
g
+sv my(wn+2q—1a wn+2q)
, 1 —fv n+2q-v
< (Séjn +52§n+v+53§n+2v+“. +57q—1§n+2q—v—l)l—€:mf(w0’ w1)+ Z ]ijj
Jj=n+1
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Zq_l

_ v
_(é:n+l +s€;n+v+l +52§n+2v+1 +oeee kv é:n+2q—\1)1 ‘f

1-¢

2
+qu§”+2q_1mf(wg, wy).

Utilizing inequality (3.4) and because the series ). js/é’ is convergent, both Cases 1 and 2 imply
=1

: b
lim my(wn’ wn+p) < 00,

n,p—oo

and
6 ; 5
vy max{m,(w,, w,), m,(w,, w,)}
< max{§", &},
5 < b 6
'an,u/p = mln{my(wn’ wn)a my(wzﬂ wp)}
< min{¢", &}
implies
. ; 5 . ; 6
n}}}glm (my(wn, w,) — myw",wp) < oo and nl{}glw (Mvwwp - m%’wp) < 00,

Thus, the sequence {w,} is mf —Cauchy in an mj —complete space 9. Then there exists w € 9 so that

lim (m)(,, w) = m, ) =0and lim (347 —mf )=0.

oW n—s00 Ven,w

That is, the sequence {w,},en In & with w,,; € Tw, converges to w € 9, then by Lemma 6 {Tw, },c
converges to Zw. That is,
lim (#(Tw,, Tw) - m! ) =0

n—oo

= lim H(Tw,, Tw) = 0.

n—oo

Again, since w,,; € Tw,, we have
Wy 1, Tw,) = 0

= lim &(w,,, Tw,) =0
= 0w, Tw) = 0.
That is, w € Tw and hence w is a fixed point of 7. O

Remark 1. Since set-valued results are the generalization of single-valued results, the Theorem 3 is
a generalization of Joshi et al. [26] in a set-valued sense. Also, a generalization of Banach [1] and
Nadler [5] in the sense of generalized metric structure mf —metric.

An alternate statement of Theorem 3 is

AIMS Mathematics Volume 10, Issue 9, 20742-20758.
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Theorem 4. Let (7, mf) be an mj —complete metric space for s > 1 and T : Y — CB(Y) be a set-
valued function, so that

1
H (T, Tw) < Em’(u, w),Vu,w € ¥, 0 <& < —.
S

Then T has a fixed point in 7.
We give an illustrative example that follows Theorem 3.

Example 1. Let v = [0,1], s =2 and m’ : ¥ X & — R be defined as

lu — wl

2
mf(u,w):( ) Nu, w e .
Since m!(u,w) =0 = u=wand u = w = m(u, w) = 0, the mapping m’ satisfies (m>1). Now for
distinct u, w, we get mf (u, w) > 0. Consequently, mf satisfies (mlv’2), as mf (u,u) =0and mf (w, w) = 0.
o, . . 5 o, . 5 _ 5 . 6 . b
From the definition of the mapping m, it is clear that m,(u, w) = m,(w, u), that is m, satisfies (m,3).
Again, for distinct u, x, w, we get

2
u—aw
mf(u,w)—mfuw = | y | -0
lu—x+ax-wlf
B 4
u—xl? —al? u— —w
< lu— x| +|?c |+2| xllx |
4 4 2 2
2 2
u— - w
< 2| x| +|?c |
4 4

< 2| (miw 0 - ml )+ (i w) — ml )] - mé(. ).

In a similar procedure, we can prove that m! satisfies (mb4) for distinct u,x,w, 0 < j < o.

Hence (', m?), for s = 2, is a m’—metric space.

Let T : Y — CB(Y) be a set-valued map defined as

T = [%, 2]}, whenw e NQ,
fuey uel®, %], elsewhere.

Then T satisfies Theorem 3 for 0 < & = % < ]; = % having a fixed point; in fact, T{0} = {0}.

The following corollary is a generalization of the Sehgal [22] type contraction for set-valued
mappings in m’—metric space.

Corollary 1. Let (v, mf) be an mf—complete metric space for s > 1 and T : Y — CB(Y') be a set-
valued function, so that

1
H(Tit, Tw) < &max {ml(u, w), 8(u, Tu), 6(w, Tw)| Nu,w € ¥, 0 < £ < - (3.5)
Then, T has a fixed point in Y.
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Proof. For any sequence {w,},en In 9 with w,,; € Tw,, putting » = w, and w = w,,;, from the
inequality (3.5), we have

}[(Twn’ Twn+1) S é: max {mj(wn’ wn+1)’ 6(7"}?1’ Twn)’ 6(wn+1’ Twn+1)}- (36)

By Lemmas 1 and 2, we have
5(wn’ Twn) S mj(wna wn+1)a

and
é‘(Zl)n+15 r-Zd'zun+l) < }[(Twn, 'Twn+1)-

So that, the inequality (3.6) becomes
H (T, Tawyso) < € max {m] (a0, wyeo), H(Tewy, Tav,1), (3.7)

Suppose max{mf(wn, Wy 1), H(Tw,, ‘Twn+1)} = H(Tw,, Tw,.,); then from inequality (3.7),
we have H(Tw,,Tw,,;) < EH(Tw,, Tw,,;) < H(Tw,, Tw,,;), a contradiction. Consequently,
max {mf(wn, Wi 1), H(Tw,, ‘Iwn+1)} = m’(w,, w,,,) and the inequality (3.7) becomes

}[(T’ZU”, Twn+1) S é:mf(wna wn+1)’ (38)

which is the same as the inequality of Theorem 3 and so, the proof now becomes similar to the
Theorem 3. o

Remark 2. Since m’(u, w) < max {mﬁ(u, w), 0(u, Tu), 5(w, Tw)}, Corollary 1 is a clear generalization
of Theorem 3.

Now, we state a corollary as a consequence of Corollary 1, which generalizes the Bianchini
contraction [25] for set-valued mappings in the context of m’—metric space.

Corollary 2. Let (7, m?) be an mP—complete metric space for s > 1 and T : Y — CB(Y) be a set-
valued function, so that

H(Tu, Tw) < Emax {0(u, Tw), 6(w, Tw)} ,Nu,w € Y, 0 < € < % (3.9

Then, T has a fixed point in ©.

Proof. The proof is obvious from Corollary 1. O

We next present an example that will distinguish the Corollaries 1 and 2.
5

~—metric space (7, mf) for s = 1, where {1,2,3,...} and

mf 1Y X9 — R be defined as

Example 2. Consider m

mf(u, w) = |lu — w| + max{u, w},Yu, w € .

Let T : 9 — CB(Y) be a set-valued map defined as

{1,2}, when w €{1, 2},
TJw =
{w— 2, w— 1}, elsewhere.
Then, T satisfies Corollary 1 for 0 < & = % < % = 1, whence T satisfies Corollary 2 for 0 < & = % <
L' =1, having a fixed point, in fact T{1,2} = {1,2)}.

N
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Remark 3. From Example 2, it is clear that the convergence of any sequence in the space using
Corollary 1 is more rapid than using Corollary 2.

In an m’—metric space, using Wardowski contraction [23], the corollary stated below will generalize

the F—set-valued contraction introduced by Altun et al. [24].

Corollary 3. Let (9, m) be an m—complete metric space for s > 1 and T : Y — CB(Y) be a set-
valued function, so that

T+ F(H(Tu, Tw)) < F(m’ (u, w)),Yu,w € Y, (3.10)

where F € F,7 > 0. Then T has a fixed point in .

Proof. Starting with some w, € 9", we will obtain a sequence {w, },en in 9 With w,,; € Tw,. Since ¥ is
strictly increasing, from the Lemma 5 and utilizing » = w,_; and w = w, in inequality (3.10), we have

F () (W, w1)) S F(H(Taw, s, Tw,))
F(mi(w,_;, wy)) — T, Yn € N. (3.11)

IA

Recursively, the right side of the inequality (3.11) will give us the following inequality:
F () (@, Wps1)) < F () (o, wy)) = nT. (3.12)
Again 7 satisfies the limiting condition, so that

. 5 . 5
lim F(m,)(w,, W,1) = —c0 = lim m,(w,, w,4;) =0,
n—oo n—oo

and dk € (0, 1) with lim (mf(wn, wnH))kf(mf(wn, wyeq)) = 0.

Consequently, if we take the limit after multiplying the term (m’(w,, w,lﬂ))k, both side of the
inequality (3.12), we have

— lim nt(m"(w,, wps1)) <0
= lim n(m’(w,, w,,1) =0
1
= mf(wn, Wyy1) < — Vn € N.
n
Using the above inequality, we can prove easily the Cauchyness of the sequence {w,},cn and from here
the proof follows Theorem 3. m|

Remark 4. Note that Corollary 3 is a generalization of Theorem 3 and Nadler’s theorem in [5].

We now give an example that will satisfy Corollary 3 and conclude the above remark but does not
satisfy any of Theorem 3 and Nadler’s theorem in [5].

Example 3. Consider mf—metric space (7, mf) for s = 2, where Y = {1 — L+ :n e NyU ({1} and

3)‘!
mf 1Y X9 — R be defined as

v

2
mb (u, w) = (Iu—ZW|) + (max{u, w))* ,Vu, w € 9.
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Let T : Y — CB(Y) be a set-valued map defined as

{1—3%,1—3,%}, whenwzl—%n,nEN\{l},
Tw =
{1-3,1} whenwe{l—%,l}.
Since foru=1,w=1- 3% we have H(Tu, Tw) = % > %
and Nadler’s theorem in [5] for any & < 1.
But T satisfies Corollary 3 for F(r) =1In(r) + r and T = 0.015 > 0, having a fixed point, in fact
T{1,2) = (1.2,

= mf(u, w), T does not satisfy Theorem 3

Now, we state the corollaries which are a consequence of Corollary 3, and generalize the
Corollaries 1 and 2 in the F'—set-valued sense.

Corollary 4. Let (v, mf) be an mf—complete metric space for s > 1 and T : Y — CB(Y') be a set-
valued function, so that

T+ F(H(Tu, Tw)) < F (max {m)(u, w), 6(u, Tu), (w, Tw)}),Vu, w € 7, (3.13)

where F € F,7 > 0. Then T has a fixed point in .

Corollary 5. Let (7, m?) be an m!—complete metric space for s > 1 and T : Y — CB(Y) be a set-
valued function, so that

T+ F(H(Tu, Tw)) < F(max {0(u, Tu), 6(w, Tw)}),Vu, w € ¥, (3.14)

where F € F,7 > 0. Then T has a fixed point in Y.

Remark 5. Since K(9) C CB(Y), if we change the co-domain CB(Y') of the set-valued mapping T by
K (), then the results will still hold.

4. Application

The mathematical model of Fredholm-type integral inclusions is a generalization of the Fredholm
integral equation and plays a significant role in various scientific disciplines where uncertainties,
constraints, or differential dependencies exist. These mathematical models are particularly useful
in fields where the governing relationships involve set-valued mappings rather than single-valued
functions. Overall, Fredholm-type integral inclusions serve as powerful tools in multiple scientific
disciplines by effectively handling uncertainty and providing more accurate representations of complex
systems. Their applications continue to expand, enhancing predictive modeling and decision-making
in various fields.

In order to solve an integral inclusion of the Fredholm type, we use our primary result in this
case. Consider m’—metric space (9, m?) for s = 2, where 9 = C([0, 1], R?) and m? : ¥ X ¥ — R* be
defined as

sup |u(t) — w(t)\’

m(u(e), w(t)) = | 222 - Nu,we,telo, 1),

where C([0, 1], R?) is the space of all continuous functions defined from [0, 1] to R?.
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Take into account the Fredholm integral inclusion

w(t) Gd/(t)+fkw(t,5, w(s))ds,

so that for all K, : [0, 1]* X R* — K(9) there is K, (¢, s, w) € K, (¢, s, w).
Let us define a set-valued map 7 : 9 — X(9") by

T(w(t)) = {u(t) cu(t) € yY(t) + fkw(t, s, w(s))cﬁs}.

Theorem S. The integral inclusion (4.1) has a solution, if

1. there is w, € Y so that w, € Tw,_;,n € N,
2. there is a function ¢ : [0, 1] X [0, 1] — [0, 1], which is continuous so that

Ku(t, 5, u(5)) = Ka(t, 5, w($))] < P(uls), w(s))|uls) — w(s)l,

and ¢(u(s), w(s)) <é < LVu,w € Y, Vs, t €0, 1],
3.9 00,11 — R?>and %, : [0, 1) Xx R? — K(Y) are continuous.

Proof. Let u(t) € T(w(t)) be arbitrary. Then

o(u(t), T(w(t)))

AIMS Mathematics

<

IA

IA

IA

IA

my (u(t), w(t))

sup |u(t) — w(t)])’

AN~ A~

A~

te[0,1]
2
1 1 2
sup f ult, s, w(s) s - f Kl 5, w(s)) |
tefo,1]
0 0

2

SFP]flku(t, 5, u(s)) — Ka(t, 5, w(s))|ds

0 1 ,
sup f d(u(s), w(s))|u(s) — w(s)|ds | , by condition 2
tefo0,1]

2

my (u(t), W(t))[ sup f P(u(s), w(s))ds

2 s€lo,1]

sup |u(t) — w(t)| 2[
tefo0,1]

sup f P(u(s), w(s))ds

2

s€lo,1]

Emd(u(t), w(t)),

4.1)

(4.2)
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using condition 2 and integrating.
In a similar way, one figures out

S(w(e), T(u(t))) < Emd(w(t), u(t))
= Eml(u(t), w(t)),

consequently, H(u(t), T(w(t))) < Emb(u(t), w(t)).
Thus, we achieve the necessary contraction of Theorem 3 and as a result, 7 has a fixed point, that
is, a solution of the integral inclusion 4.1. O

Remark 6. Fredholm-type integral inclusions are widely used in physics (e.g., quantum and statistical
mechanics), engineering (e.g., control systems, signal processing), biology (e.g., population dynamics,
epidemiology), and economics (e.g., optimization under uncertainty). These models help describe
complex phenomena like nonlinear interactions, uncertain parameters, and probabilistic behavior in
real-world systems. Applications also span medical imaging, pharmacokinetics, and environmental
modeling, making them valuable tools in both theoretical and applied sciences.

5. Conclusions

This research has explored the realm of set-valued contractions within the context of m’—metric
spaces, expanding upon the traditional framework of contraction theory. By introducing and analyzing
the Hausdorff m’—metric, we have laid the foundation for the development of set-valued fixed point
theorems, significantly advancing this field of study. Our successful generalization of well-known
contractions, including Banach [1], Sehgal [22], Wardowski [23], Altun et al. [24], Bianchini [25], and
Nadler [5], to the m’—metric space has practical implications and underscores the increasing relevance
of set-valued fixed points, shedding light on their critical role in addressing challenges like Fredholm
integral inclusions. This research opens doors to further exploration and application of set-valued
contractions in diverse scientific and engineering disciplines.
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