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Abstract: In this paper, we first introduced and studied a new class of fuzzy open sets, called j-fuzzy
vI-open (j-FyZ-open) sets on fuzzy ideal topological spaces (¥ Z7 Ss). The class of j-FyJZ-open sets
is contained in the class of j-fuzzy strong 8-7-open (j-FSBZ-open) sets and contains all j-fuzzy pre-7-
open (j-FPZ-open) sets and j-fuzzy semi-J-open (j-FSZ-open) sets. We also defined and investigated
the closure and interior operators with respect to the classes of j-FyZ-closed sets and j-FyZ-open sets.
However, we explored and discussed novel types of fuzzy 7-separation axioms using j-FyJZ-closed
sets, called j-FyZ-regular spaces and j-FyZ-normal spaces. Thereafter, we displayed and investigated
the concept of fuzzy yJ-continuity (FyZ-continuity) using j-FyZ-open sets. Also, we presented and
characterized the concepts of fuzzy weak yZ-continuity (FWvyJ-continuity) and fuzzy almost y7-
continuity (FAyZ-continuity), which are weaker forms of FyJZ-continuity. Moreover, we showed
that FyZ-continuity = FAyZ-continuity = FWry.J-continuity, but the converse may not be true.
Finally, we defined and studied some new fuzzy yZ-mappings via j-FyZ-open sets and j-FyZ-closed
sets, called FyZ-open mappings, FyZ-closed mappings, FyJ -irresolute mappings, FyZ-irresolute open
mappings, and Fy7-irresolute closed mappings. The relationships between these classes of mappings
were discussed with the help of some examples.
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1. Introduction

The concept of a fuzzy set was first defined in 1965 by Zadeh [1] as a suitable approach to address
with uncertainty cases that we cannot be efficiently managed via classical techniques. Over the last
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decades, the research of fuzzy sets has had a vital role in mathematics and applied sciences and
garnered significant attention due to its ability to handle uncertain and vague information in various
real-life applications such as control systems [2, 3], artificial intelligence [4], image processing [5, 6],
decision-making [7-9], etc. The integration between fuzzy sets and some uncertainty approaches,
such as rough sets and soft sets, has been discussed in [10—12]. The notion of a fuzzy topology was
introduced in 1968 by Chang [13], and this development has led to the expansion and discussion
of several classical topological concepts in the context of a fuzzy topology [14, 15], providing more
accurate and flexible models to address problems of uncertainty in various real-life areas. Overall,
according to Sostak [16], the concept of a fuzzy topology being a crisp subclass of the class of fuzzy
sets and fuzziness in the concept of openness of a fuzzy set have not been considered, which seems to
be a drawback in the process of fuzzification of a topological space. Thereafter, Sostak [16] introduced
a new notion of a fuzzy topology as the notion of openness of fuzzy sets. It is an extension of a fuzzy
topology defined by Chang [13]. Furthermore, several researchers (see [17-20]) have redisplayed the
same concept and investigated fuzzy topological spaces (F 7 Ss) being unaware of Sostak’s work.

The generalizations of fuzzy open sets play an effective role in a fuzzy topology through their
ability to improve on several results or to open the door to explore and discuss many fuzzy topological
concepts such as fuzzy continuity [17, 18], fuzzy compactness [18, 19], fuzzy connectedness [18], etc.
Furthermore, the concepts of j-fuzzy pre-open (j-FP-open) sets, j-fuzzy semi-open (j-FS-open) sets,
J-fuzzy B-open (j-FB-open) sets, and j-fuzzy a-open (j-Fa-open) sets were presented and investigated
by the authors of [21,22] in ¥ 7 Ss based on Sostak's sense [16]. Kim et al. [21] displayed and
investigated weaker forms of fuzzy continuity, called FS-continuity (resp. FP-continuity and Fa-
continuity) between 7 Ss in the sense of Sostak. Abbas [22] defined and discussed the concepts of
FB-continuous (resp. EB-irresolute) mappings. Also, Kim and Abbas [23] explored and characterized
new types of j-fuzzy compactness. Overall, the notions of j-fuzzy y-open (j-Fy-open) sets and j-fuzzy
v-closed (j-Fy-closed) sets were introduced and discussed by the authors of [24].

The notion of j-fuzzy local function was presented and investigated by Taha and Abbas [25]
inan FI7S (Z,(,1) based on Sostak's sense [16]. Moreover, the notions of fuzzy lower (resp.
upper) weakly and almost 7 -continuous multifunctions were displayed and investigated by Taha and
Abbas [25]. Also, Taha [26-28] introduced the notions of j-FSZ-open sets, j-FPZ-open sets, j-Fa.J -
open sets, j-FBZ-open sets, j-FSBI-open sets, j-FoJ-open sets, and j-GFZ-closed sets in an F 77 S
(Z,¢,T) based on Sostak's sense. Overall, Taha [27, 28] presented the concepts of fuzzy lower (resp.
upper) generalized J-continuous (resp. semi-Z-continuous, pre-J-continuous, 6-7-continuous, a-7-
continuous, 5-7-continuous, and strong -7 -continuous) multifunctions via fuzzy ideals [29].

The arrangement of this paper is as follows:

e Section 2 provides fundamental results and concepts that we use in our research.

e In Section 3, we introduce and study a new class of fuzzy sets, called j-FyZ-open sets on ¥ 77 Ss
in the sense of Sostak. We also define and discuss the interior and closure operators with respect to
the classes of j-FyJZ-open sets and j-FyZ-closed sets. Furthermore, we explore new types of fuzzy
J -separation axioms using j-FyZ-closed sets, called j-FyZ-regular spaces and j-FyZ-normal spaces.

e In Section 4, we display and characterize the notion of FyZ-continuous mappings using j-FyJ-
open sets. However, we present and discuss the notions of FAyJ-continuous and FWvyZ-continuous
mappings, which are weaker forms of FyJ-continuous mappings.

e In Section 5, we explore and investigate new FyJZ-mappings via j-FyJZ-open sets and j-
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FyTI-closed sets, called FyZ-closed mappings, FyZ-open mappings, FyZ-irresolute mappings, FyZ-
irresolute open mappings, and FyJ -irresolute closed mappings.
e In Section 6, we give some potential future studies and conclusions.

2. Preliminaries

In this paper, non-empty sets will be denoted by Y, X, Z, etc. For any fuzzy set w € I* (where
I = [0,1] and /7 is the class of all fuzzy sets on Z), w(z) = 1 — w(z), for each z € Z. Also, for s € I,
s(z) = s, for each z € Z. On Z, a fuzzy point z, is a fuzzy set and is defined as follows: z,(r) = s if
r = z, and z,(r) = O for any r € Z — {z}. We say that z, belongs to w € I? (z; € w), if s < w(z). Also,
P(Z) is the class of all fuzzy points. A fuzzy set v € IZ is a quasi-coincident with u € I? (v Q u) on Z
if there is z € Z, with v(z) + u(z) > 1. Also, v is not a quasi-coincident with u (v Q ) otherwise.

The difference between v, u € I? [25] is defined as follows:

— 0, if y<p,
YAp= { W A, otherwise.
Lemma 2.1. [30] Let w,v € I?. Thus,
(a)ifwQv,thenw Av #0,
(b) w Q v iff there is z, € w such that z, Q v,
(c)waviffw <",
(d) w < viff z; € w implies z; € v iff z; Q w implies z; Q v iff z; Qv implies z; Quw.

Definition 2.1. /16, 17] A mapping ¢ : I? — I is called a fuzzy topology on Z if it satisfies the
following conditions:

@0 =41 =1
(b) L(w A V) > {(w) A L(v), for any w, v € I%.

(©) {(Vier wi) = Aier {(wy), for any w; € I.

Thus, (Z,¢) is called a fuzzy topological space (F7S) in the sense of Sostak.
Definition 2.2. [17,21] A fuzzy mapping P : (Z,¢) — (¥, J) is called

(a) fuzzy continuous if /(P~'(v)) > J(v), for any v € I7;

(b) fuzzy open if J(P(w)) > ¢(w), for any w € I%;

(c) fuzzy closed if J(P(w))°) > {(w°), for any w € IZ.

Definition 2.3. /18,22] For any w € I? and j € I, (where I, = (0,1]) in an FT S (Z,/), we define

fuzzy operators C; and I, : I X I, — I* as follows:

Ciw,jy= \ vel*:w<v, {05 2 j).

I(w, ) = \/ velF:v<w, {v) > j).

Definition 2.4. [21,22,24] Let (Z,{)be an FT S and j € I,. A fuzzy set w € I” is called
(a) j-F-open if w = I(w, j);
(b) j-FP-open if w < I,(Cx(w, j), j);
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(¢) j-FS-open if w < Cr(I(w, )), j);

(d) j-FR-open if w = I,(Cy(w, j), j);

(e) j-Fa-open if w < I(C;(I(w, j), ), J);

(f) j-Ep-open if w < C(I/(Cy(w, j), ), J);

(&) j-Fy-open if w < Ci(I(w, j), J) V I (Cw, j), j)-

Remark 2.1. /21,22, 24] We have the following diagram from the previous definitions.
j-FP-open
/ N
j-F-openset — j-Fa-open j-Fy-open — j-FB-open
N /
Jj-FS-open

Definition 2.5. [21, 22, 24] A fuzzy mapping P : (Z,¢) — (¥, J) is called FS-continuous (resp.
FP-continuous, Fa-continuous, FS-continuous, and Fy-continuous) if P~!(w) is a j-FS-open (resp. j-
FP-open, j-Fa-open, j-FB-open, and j-Fy-open) set, for any w € I* with J(w) > jand j € I,.
Definition 2.6. [24] For any w € IZ and j € I, in an ¥ T S (Z, (), we define fuzzy operators vC; and
yl, : I# X I, — I” as follows:

YClw, j) = /\ (werl”: w<u, uis j-Fy-closed}.

Yi(w, j) = \/ el :u<w, uis j-Fy-open}.

Definition 2.7. [29] A fuzzy ideal T on Z, is amap I : I — [ that satisfies the following:
@VwpueFandw<py = I < I(w).
OVYwuel? = I(wVu) >I(w) AI.

Moreover, 1 is the simplest fuzzy ideal on Z, and is defined as follows:

I, if u=0,
0, otherwise.

fo(,u):{

Definition 2.8. /25] Let (Z,{,7)be an FIT S, j € I,, and w € I*. Then the j-fuzzy local function a)j
of w is defined as follows:

W = /\{p el’ : IwAp)=j, L) > jh
Remark 2.2. [25] If we take 7 = I, for each w € I we have:
W = /\{p el’ : w<p, L) > j} = Cilw, j).

Definition 2.9. [25]Let (Z,{,T)bean FIT S, j € I,, and w € I?. Then we define fuzzy operator CZ
: I” x I, — I” as follows:
Ciw,j) =w V wj.
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Now if, I = I then Ci(w, j) = w V @} = w V Cf(w, j) = C(w, j) foreach w € I~

Theorem 2.1. [25] Let (Z,{,T)be an FIT S, j € I,, and w, p € I*. The operator C;: I“x1, — I
satisfies the following properties:
(@) C}(0. ) = 0.
b w< Cz(a), J) < Crw, ).
(c) If w < p, then Cw, J) < C;(p, 7).
() Ciw V p, )) = Cilw, ) V Cip, )).
(©) Ci(@ A p, ) < Ciw, ) A CL(p, ).
() CHCiw, j). j) = Cy(w, )).
Definition 2.10. /26,28] Let (Z,,T)be an FI7 Sand j € I,. A fuzzy set w € IZ is called
(a) j-FST-openif w < CUw, ), )
(b) j-FPI-openif w < I((CZ((D, Ny D;
(c) j-FaZ-openif w < Ig(Cz(I{(w, DD J);
(d) j-EBI-openif w < C(I(Cy(w, j), ), J);
(e) j-FSBI-open if w < CUIACHw, 1), 15 s
(f) j-FRZ-open if w = I(Clw, )), ).

Some basic results and concepts that we need in the sequel are found in [17, 18,25-28].
3. On j-fuzzy yJ-open sets

Here, we present and investigate a new class of fuzzy open sets, called j-FyJZ-open sets in an
FITS (Z ¢, T)based on Sostak’s sense. Some properties of j-FyI-open sets along with their mutual
relationships are discussed with the help of some illustrative examples. Also, we explore the interior
and closure operators with respect to the classes of j-FyZ-open and j-FyZ-closed sets and investigate
some of their properties. Overall, we define and study new types of fuzzy 7-separation axioms via
J-FyZ-closed sets, called j-FyZ-regular and j-FyJZ-normal spaces.

Definition 3.1. Let (Z,/,7) be an FI7 S and j € I,. A fuzzy set p € IZ is called a j-FyZ-open set if
p < C:p, ), DV I(CLp, )), J)-

Remark 3.1. The complement of j-FyJZ-open sets are j-FyZ-closed sets.

Lemma 3.1. Each j-FyZ-open set is j-Fy-open [24].

Proof. The proof follows by Theorem 2.1 and by Definitions 2.4 and 3.1. O
Remark 3.2. If we take 7 = J; then j-FyJZ-open set and j-Fy-open set [24] are equivalent.

Remark 3.3. The converse of Lemma 3.1 fails, as can be seen in Example 3.1.

Example 3.1. Define , 7 : I? — [ as follows:

1, if e {1,0},
2 if Z {0_7_} Lot v=0,
=, 1 = .,
(=1 = I =12 if 0<v<06
10 4f ¢ =03, 3
3 T 0, otherwise.
0, otherwise,

-
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Thus, 0.6 is an -Fy-open set, but it is not 1-FyZ-open.

Proposition 3.1. Inan FI7 S (Z,, T), for each w € I? and j € I,. Then
(a) Each j-FP7I-open set [26] is j-FyZ-open;
(b) Each j-FyZ-open setis j-FSB7-open [28];
(c) Each j-FSTZ-open set [26] is j-FyZ-open.

Proof. (a) If w is a j-FPZ-open set. Then

< I(Ciw, ), )V CLle(w, ), ).

Thus, w is j-FyZ-open.
(b) If w is a j-FyZ-open set. Then

w < CiU(w, ), ) V ICyw, ), J)
< CUUACHw, ), ), )V IACw, ), ))
< CLUACH®, ), ). ))-

Thus, w is j-FSBJ-open.
(c) If wis a j-FS7-open set. Then

< CE([{(CL), ])’ .]) \ I{(w’ J)

< Ciy(w, j), )V I(Cylw, ), )).
Thus, w is j-FyZ-open.

Remark 3.4. We have the following diagram from the previous definitions and discussions.

j-FPI-open
/ 3
j-F-openset — j-FaZl-open — j-Fyl-open — j-FSBI-open
N T
Jj-FST-open
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Remark 3.5. The reverse implication of the above diagram does not hold, as demonstrated by
Examples 3.2, 3.3, and 3.4.

Example 3.2. Let Z = (2,2} and define w,p,A € I” as follows: w = {4, &) p = (5. &) 4 =
{34, &) Define ¢, I : I — I as follows:

1, if € {1,0},
. velld I, if u=0,
o it w=p, C =
(W) =47 . _ I(w) =43, if 0<u<03,
> Y B @ 0, otherwise.
0, otherwise,

Thus, A is an 1-FyZ-open set, but it is not 1-FPZ-open.

22

Example 3.3. Let Z = {z1,2,} and define w,p,A € I” as follows: w = {35, &}, p = (&5, 550 4 =

{35, ). Define ¢, I : I — 1 as follows:

o

1, if e {1,0},

| ) Vel I, if u=0,
3. if ¥y =w, L.

27 _ P 0, otherwise.
0, otherwise,

Thus, A is an %—Fy[ -open set, but it is neither %-FSI -open nor %—Fa[ -open.

o

Example 3.4. Let Z = {71, 2} and define w, A € I? as follows: w = {Z, 2}, 1 = {& 2

05°04 04> 05} Define
(, T : I — I as follows:

(=]

1, if ye({l1,0}, I, if u=0,
(W) =143, if Y=o, T =143 if 0<pu<04,
0, otherwise, 0, otherwise.

Thus, A is an %—FS,BI -open set, but it is not %—Fy] -open.
Definition 3.2. For each w € I? and j € I, in an FIT S (Z,/,T), we define a fuzzy y-I-closure

operator yC; : I” x I, — I” as follows:

yCi(w, j) = /\ (verl?:w<v, vis j-FyI-closed}.
Proposition 3.2. For each w € I“ and j € I, inan FIT S (Z,{, 1), a fuzzy set w is j-FyI-closed iff
YCiw, )) = w.
Proof. This follows directly from Definition 3.2. O

Theorem 3.1. For each p,w € I? and j € I, inan FIT S (Z,/, 1), a fuzzy y-I-closure operator vC,
: I? x I, — I” satisfies the following properties.

(@) YC}(0. j) = 0.
(b w < ¥Ciw, ) < Celw, j).
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© yCiw, ) <yCip, j) if w < p.

(d) VC*(YC*(w D J) = yCi(w, ).

(e) yC; (w VP, )z yClw, J) vV yCip, )
Proof. (a), (b), and (c) are easily proved by Definition 3.2.

(d) From (b) and (¢), yC(w, j) < yC(yCp(w, J), j). Now, we show yCi(w, j) = yC (yCp(w, j), J).
If yC (w, j) does not contain )/C*()/C*(w s ]) thereis z € Z and s € (0, 1) with

YCiw, (@) < s <yC,(yCiw, )), (@) o))

Since yCiw, NE) < s, by Definition 3.2, there is u € I? as a j-FyZ-closed set and w < u with
yCi(w, N(2) < u(@) < 5. Since w < p, then yCy(w, j) < p. Again, by the definition of yCy, then
yC ()/C (w, ), j) < u. Hence, yC ()/C (w, ), ])(z) < u(z) < s, which is a contradiction for (1). Thus,
VC*(w J) > yC,(yCy(w, ), ) Therefore yC,(vCr(w, ), j) = yCilw, j).

(e) Since w < wVp and p < wVp, then by (c) yC*(w J) < 7C*(wVp, j)and yC (o, J) < yC*(wVp, 7).
Hence, yCy(w V p, j) =2 yCi(w, ) V YC(p, ). O

Definition 3.3. For each w € I and j € I, in an FIT S (Z,,T), we define a fuzzy y-7-interior
operator yI; : I” x I, — I” as follows: yI}(w, j) = \/ (v € I : v < w, v is j-FyI-open}.
Proposition 3.3. Let (Z,,7)bean FIT S, w € I?, and j € I,. Then

(@) yCpwS, ) = (Yl (w, )

(b) 71*(60 7= (VC*(w D)
Proof. (a) For each w € I*, we have yCj(*, j) = Np € I? : 0 < p, pis j-FyI-closed} = [\{p* €
I7: p¢ < w, p°is j-FyI-open}]® = (yI}(w, j)).

(b) This is similar to that of (a). O
Proposition 3.4. For each w € I and j € I, in an FIT S (Z,,T), a fuzzy set w is j-FyI-open iff
YW, ) = w
Proof. This is immediate from Definition 3.3. |

Theorem 3.2. For each p,w € I? and j € I, in an FIT S (Z,¢, I), a fuzzy y-I-interior operator vI;
: 7 x I, — I” satisfies the following properties.

(@) yl,(1,)) = L.

(b) 1((0) D=vl(w,)) < w.

©) vI;(w, j) < 71*(/0 Difw <p.

(d) 71*(71*(0) D J) = vl (w, )).

(e) yl (w, J) Ay, J) =2 yI(w A p, ).

Proof. This can be proven using the same approach as in Theorem 3.1. |
Definition 3.4. Let z, € P(Z), w € I*, and j € I,. An FIT S (Z,,T) is said to be a j-Fyl-regular

space if z; Qu for any j-FyZ-closed set w, there is y; € 1% with £(u;) > jfori = 1,2, such that z, € u;,
w <y, and u; Q ws.

Definition 3.5. Let w,p € I“and j € I,. An FITS (Z,,T) is said to be a j-FyJ-normal space if
w Q p for any j-FyI-closed sets w and p, there is y; € I? with (u;) > jfori = 1,2, such that w < u;,
p < o, and py Q po.
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Theorem 3.3. Let (Z,7,7) be an FIT S, z, € Py(Z), w € I?, and j € I,. Each of the following
statements implies the others.

(a) (Z,¢,7) 1s an j-FyZ-regular space.

(b) If z, € w for any j-FyJ-open set w, there is u € I? with /(1) > j, and

2 €1 < Colus ) < .

(¢)If z; Q w for any j-FyZ-closed set w, there is y; € I# with ¢(u;) > jfori = 1,2, such that z,; € u,
w < M2, and C((ﬂl,j) Q C((/Jg, ])

Proof. (a) = (b) Let z; € w for any j-FyZ-open set w, then z; Q w*. Since (Z, (,T)is j-Fyl-regular,
then there is u,v € I? with {(u) > j and £(v) > j, such that z, € y, w° < v, and u Q v. Thus,
LLEUSV Sw, 50z, €< Crly, )) Lw.

(b) = (c) Let z, Q w for any j-FyZI-closed set w, then z; € w°. By (b), there is v € I? with
{(v) > jand z; € v < Cy(v, j) < w°. Since {(v) > j, then v is an j-FyJ-open set and z; € v. Again,
by (b), there is p € I* such that {(u) > j, and z; € u < Cy(p, j) < v < Ci(v, j) < w°. Therefore,
w < (C:(v, ) = 1,04, j) £V, Set A = 1,00, j), and then {(1) > j. Thus, C,(4, j) < v < (Ce(u, J))°.
Hence, C, (1, j) Q C/(4, j).

(¢) = (a) This is immediate from Definition 3.4. m|

Theorem 3.4. Let (Z,/,7) be an FIT S, w,p € I?, and j € I,. Each of the following statements
implies the others.

(a) (Z,Z, 1) is an j-FyZ-normal space.

(b) If u < w for any j-FyZ-closed set u and j-FyZ-open set w, there is v € I? with /(v) > j, and
u=v<Civ,)) L w.

©IfwQ p for any j-FyZ-closed sets w and p, there is y; € I# with £(u;) > j fori = 1,2, such that
w < i, p < pho, and Cp(ua, J) Q Cylpa, J)-

Proof. This can be proven using the same approach as in Theorem 3.3. O
4. Fuzzy y7-continuity

Here, we display and study the notion of FyZ-continuity using j-FyZ-open sets. Furthermore,
we present and characterize the notions of FAyJ-continuity and FW+vy.Z-continuity, which are weaker
forms of FyZ-continuity. Also, we show that FyZ-continuity = FAyZ-continuity = FWvyJ-
continuity, but the converse may not be true.

Definition 4.1. A fuzzy mapping P : (Z,¢, 1) — (Y, 9) is called FyJ-continuous if P~!(w) is a j-Fy.Z-
open set, for any w € I with J(w) > jand j € ..

Lemma 4.1. Every FyZ-continuity is an Fy-continuity [24].
Proof. The proof follows by Lemma 3.1 and by Definitions 2.5 and 4.1. O
Remark 4.1. If we take 7 = 7; then FyJ-continuity and Fy-continuity [24] are equivalent.

Remark 4.2. The converse of Lemma 4.1 fails, as can be seen in Example 4.1.
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Example 4.1. Define 7,7, 3 : I — I as follows:

1, if e {1,0}, )
| £ v {0_7_} 1, if v=0,
= 1 =0.7, ]
=17 DT sl i o<v<os.
5. if ¢ =03, - T
- . 0, otherwise,
0, otherwise,
1, if 6e{lL,0)
J) = %, if 6=0.6,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,{,7) — (Z,3) is Fy-continuous, but it is not FyZ-
continuous.

Definition 4.2. A fuzzy mapping P : (Z,{,7) — (Y, 3) is called FaZ-continuous (resp. FPZ-
continuous, FS7-continuous, and FSB7-continuous) if P~!(w) is a j-FaZ-open (resp. j-FPI-open,
j-FST-open, and j-FSBT-open) set, for any w € I' and J(w) > j with j € L.

Remark 4.3. We have the following diagram from the previous definitions.

FP7 -continuity

/ l
FaZ-continuity — FyZ-continuity —  FSB7-continuity
N T

FS7 -continuity

Remark 4.4. The reverse implication of the above diagram does not hold, as demonstrated by
Examples 4.2, 4.3, and 4.4.

Example 4.2. Let Z = {z;, 2} and define w,p, A € I? as follows: w = {%,(%}, p = {;1 ;2}, 1=
{&, 2. Define ¢, 7,9 : I — I as follows:

(=]

1, if € {0, 1},
1 ) el I, if wu=0,
_ §7 lf w = p’ _ 1 .
{W)=47 . Tw =433, if 0<u<03,
7 if lﬁ = w, - -
] 0, otherwise,
0, otherwise,
1, if 6e€{l1,0},
J0) = %, if 0=24,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,{,1) — (Z,3) is FyZ-continuous, but it is not FP1-
continuous.
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Example 4.3. Let Z = {21, 2} and define w,p, A € I? as follows: w = {(%, (%}, p=1{&%,21=

{&, &). Define £, 7,3 : I — I as follows:

1, if € {1,0},

L. velll 1, if u=0,

3 if Y=o, 1 B

(W) = Loif y= I =15 if 0<u<05,
2’ —'p, 0, otherwise,
0, otherwise,
I, if 6e{l1,0},
30) =13, if 6=2,

0, otherwise.

Then, the identity fuzzy mapping P : (Z,{,1) — (Z, 3) is FyZ-continuous, but it is neither FS7-
continuous nor FaJ -continuous.

Example 4.4. Let Z = {71, 2} and define w, A € I? as follows: w = {55: 03 4 = {55 o5} Define
0, 1,8 : I — I as follows:
1, if ye{l,0}, I, if w=0,
(W) =43 if y=o, T =143 if 0<pu<04,
0, otherwise, 0, otherwise,
1, if 6e(1,0)
J) = %, if 0=A,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,¢,7) — (Z, 3) is FSBI-continuous, but it is not FyZ-
continuous.

Theorem 4.1. A fuzzy mapping P : (Z,/, 1) — (Y, 3) is FyZ-continuous iff for any z; € P,(Z) and
any ¢ € I with 3(¢) > j containing P(z,), there is w € I that is j-FyZ-open containing z, and
P(w) < ¢ with j € [,.

Proof. (=) Let z, € Py(Z) and ¢ € I' with () > j containing P(z,), and hence P~'(y) <
yIZ(P‘l(w),j). Since z, € P7'(y), z, € yIZ(P‘l(w),j) = w (say). Hence, w € I? is j-FyJI-open
containing z, with P(w) < .

(&) Letz, € Py(Z) and ¥ € I' with J() > j containing P(z). By the given assumption, there exists
w € I? that is j-FyZ-open containing z, with P(w) < . Thus, z, € w < P7!() and z, € yIZf(P‘l(a,l/), 7).
Then, P~' () < yI;(P~' (), j), so P~ () is a j-FyZI-open set. Hence, P is FyJ -continuous. o

Theorem 4.2. Let P : (Z,{,7) — (Y,J) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € IZ and ¢ € I':

(a) P is FyZ-continuous.

(b) P! (y) is j-FyI-closed, for every ¢ € I with J(y¢) > ;.

(©) P(yCp(w, ))) < Cs(P(w), )).
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(d) yCiB™ W), ) < P (Cs(y, ).
(e) P’l(ls(l// N < yGETW), ).

Proof. (a) & (b) The proof follows from Definition 4.1 and P~'(y©) = (P~ (y))".
(b) = (c) Let w € I?. By (b), we obtain P~!(Cg(P(w), j)) is j-FyI-closed. Hence,

YC(w, j) < yC;(B™' (B(w)), ) < yC;BH(Cs(B(w), ), j) = B~ (Cs(B(w), ).

Therefore, P(yC*(w J) < Cs(P(w), j).

()= (d) Let € I". By (c), we obtain P(yC;(P~' (), j)) < Cs(P(P~'(¥)), j) < Cs(¥, j). Hence,
yC:B7' W), ) < PTHP(yCHB' (), ) < P~ ](Cs(lﬁ D)

(d) & (e) The proof follows from Proposition 3.3 and P~ (y) = (P~ (y)) .

(e) = (a) Let ¢ € I" with 5(11/) > j. By (e), we have P~'(y) = P~'(Is(, ) < yI;(P~'(¥), j)
P~'(). Then, yI;(P~'(), j) = P~'(y). Hence, P~'(y) is j-FyI-open, so P is FyZ-continuous. i

IA

IA

Definition 4.3. A fuzzy mapping P : (Z,£,7) — (Y, 9) is called FAyJ-continuous if P~!(w)
yIZ(IP"l(Ig(Cg(a), s 7)), j), for any w € I' with J(w) > jand j € L.

Lemma 4.2. Every FyZ-continuity is an FAyZ-continuity.
Proof. This follows directly from Definitions 4.1 and 4.3. m|
Remark 4.5. It is clear from Example 4.5 that the converse of Lemma 4.2 does not apply.

Example 4.5. Let Z = {z,, 22, z3} and define w, p, A € I as follows: w = {65 05 o3P =5 0% 03!

0.2° 047> 52052040
A=1{z. 5. &) Define £, 7,3 : I — I as follows:
1, if € {1,0}, )
Lot pelLo Lot oo
3> if l//:u), | .
(=47 T={1 if 0<up<06
29 lf w:pa .
] 0, otherwise,
0, otherwise,
1, if 6€{1,0}
30) =43, if 6=2,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,¢, 1) — (Z,3) is FAyZ-continuous, but it is not FyJ-
continuous.

Theorem 4.3. A fuzzy mapping P : (Z,¢{,7) — (¥, 3) is FAyZ-continuous iff for any z; € Py(Z)
and any p € I' with J(p) > j containing P(z,), there is w € I that is j-FyZ-open containing z, and
P(w) < Is(Cg(p, j), j) with j € L.

Proof. (=) Let z, € Py(Z) and p € IY with 3(p) > j containing P(z,), and hence
P~ (p) < yI;:(P~'U3(Cs(p, j)s ))s J)-

Since z; € P™'(p), then z, € yI;(P~'(I5(Cs(p, /), /), j) = w  (say). Hence, w € I” is j-FyI-open
containing z; and P(w) < Is(CS(,D D D)
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(&) Letz, € Py(Z),p € I', and I(p) > j with z, € P~!(p). By the given assumption, there exists w €
I? that is j-FyTI-open containing z, and P(w) < Is(Cg(p, j), j). Hence, z; € w < P'(I5(Cs(p, j), J))
and
zy € Y U5(Cs(p, ), D), ))-

Then, P! (p) < 7IZ(P‘1(15(C5(/O, s ), j). Thus, P is FAyT -continuous. o

Theorem 4.4. LetP : (Z,£,7) — (Y, J) be a fuzzy mapping, ¢ € I', and j € I,. Each of the following
statements implies the others.

(a) P is FAyJ-continuous.

(b) P~!(y) is j-FyI-open, for each j-FR-open set .

(c) P~'(y) is j-FyI-closed, for each j-FR-closed set .

(d) yCZ(P‘l(w), 7) < P"Y(Cs(y, j)), for each j-Fy-open set .

(e) yCZ(P‘l(w), j) < P Y (Cs(y, j)), for each j-FS-open set .

Proof. (a) = (b) Let z, € Py(Z) with ¢ € I" be a j-FR-open set and z, € P~!'(i). Thus, by (a), there is
w € I? that is j-FyI-open and z,; € w with P(w) < Is(Cs(, j), j). Then, w < P~'(I5(Cs(y, j), j)) =
P~ () and z, € yI;(P"'(¥), j). Hence, P~ () < yI;(P~'(¥), j), so P~' () is j-FyI-open.

(b) = (c) If y € I' is j-FR-closed, hence by (b), P~'(¢) = (P~'(¥))° is j-FyI-open. Thus, P~'(y)
is j-FyZ-closed.

(c) = (d) If ¢ € I' is j-Fy-open and since Cy(, j) is j-FR-closed, then by (c), P~'(C3(y, j)) is
j-FyI-closed. Since P~!(y) < P~1(Cy(y, j)), thus

YC B~ W), ) < PH(Cs(, )

(d) = (e) The proof follows by the fact that each j-FS-open set is j-Fy-open.
(e) = (c) If y € I" is j-FR-closed, and then i is j-FS-open. By (e),

yC:®™' W), ) <P (Cs(, ) =P~ ().

Thus, P~'(y) is j-FyZ-closed.

() = (a) If z; € Py«(Z) with ¢ € I' and J() > j such that z; € P~ '(¥), and then
ze € P I5(Cs(y, ), ). Since [I5(Cs(W, j), DI° is j-FR-closed, by (c), P~'([Is(Cs(¥, j), NI°) is
j-FyI-closed. Thus, P~'(Is(Cs(¥, j), j)) is j-FyI-open and z, € ’}/I;(P_I(IS(CS(lﬁ, s D), j). Then,

Pl(y) < yI;(P‘l(Ig(Cg(lﬁ, 7, 1), j). Hence, P is FAy T -continuous. o

Definition 4.4. A fuzzy mapping P : (Z,{,7) — (Y, ) is called FWyZ-continuous if P~!(w) <
yIZi(P‘l(Cg(w, 7)), j), for any w € I' with J(w) > jand j € L.

Lemma 4.3. Every FyZ-continuity is an FWyZ-continuity.
Proof. This follows directly from Definitions 4.1 and 4.4. |
Remark 4.6. It is clear from Example 4.6 that the converse of Lemma 4.3 does not apply.

Example 4.6. Let Z = {z;, 2>, z3} and define w, p, A € IZ as follows: w = {5505 09h P = {55 0% 03h

A={%, &, &) Define £, 7,3 : I — I as follows:
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1, if e {0,1},
| . veldl) 1, if u=0,
3. 1if ¥=w, L. -
2’ —'p, 0, otherwise,
0, otherwise,

1, if 6e{l,0)

30) =43, if 6=2,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,¢, 1) — (Z, 3) is FWyJZ-continuous, but it is not FyZ-
continuous.

Theorem 4.5. A fuzzy mapping P : (Z,¢,1) — (Y, 3) is FWyZ-continuous iff for any z; € Py(Z)
and any p € I' with J(p) > j containing P(z,), there is w € I* that is j-FyZ-open containing z, and
P(w) < Cy(p, j) with j € L.

Proof. (=) Let z, € Py(Z) and p € IY with J(p) > j containing P(z,), and hence

Bl (p) < YL, (Ca(p. ). J)-

Since z, € P~'(p), then z, € yI;(P~'(Cs(p, ), j) = w (say). Thus, w € I* is j-FyI-open containing z
and P(w) < Cgy(p, j).

(&) Let z, € Py(Z), p € I and J(p) > j with z; € P~!(p). By the given assumption, there exists
w € I? that is j-FyTZ-open containing z; with P(w) < Cg(p, j). Hence, z, € w < P7'(Cs(p, j)) and
Zs € 7IZ(P‘1(Cg(p, ), j). Thus, P~1(p) < yIE(P“(Cg(p, ), j). Therefore, P is FWy-7-continuous. 0O

Theorem 4.6. LetP : (Z,7,7) — (Y, J) be a fuzzy mapping, ¢ € I', and j € I,. Each of the following
statements implies the others.

(a) P is FWyZ-continuous.

(b) P~ (y) = yCy (P~ s (b, ), ), if B = .

(©) yI;(P~H(Cs(W, ), J) 2 P~ s, ))).

(d) yC; (B~ s, ), ) < B~ (Cs(, ).

Proof. (a) & (b) This follows directly from Definition 4.4 and Proposition 3.3.
(b) = (c) Let ¢ € I'. Then by (b),

yC; (B~ (UIs(Cs (W’ ), )), ) < PH(Cs(e, ),

Thus, P~'(Is(y, ) < Yy~ (Cs(¥, ), -
(c) © (d) This follows directly from Proposition 3.3.

(d) = (a) Lety € I" with I() > j. Then by (d), yC;(B~' 5", ), /) <P~ (Cs(y, ) = P~ ().
Hence, P~!(y) < yIZ(P‘l(C s, 1)), J), so P is FWyZ-continuous. O

Lemma 4.4. Every FAyZ-continuity is an FWy.J -continuity.
Proof. This follows directly from Definitions 4.3 and 4.4. m|
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Remark 4.7. It is clear from Example 4.7 that the converse of Lemma 4.4 does not apply.

Example 4.7. Let Z = {z;, 2>, z3} and define w, A, p € I? as follows: w = {05 03 A =155 03 o)
p=1{%,%, 21 Define £, 7,3 : I — I as follows:

03202’ 04

1, if e {0,1}, )
1 veioll I, if u=0,
1 if lﬁ = w, | . -
2’ _ P 0, otherwise,
0, otherwise,

1, if 6e{l1,0},

J) = }‘, if 0=24,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,¢, 1) — (Z, 3) is FWyZ-continuous, but it is not FAyZ-
continuous.

Remark 4.8. We have the following diagram from the previous definitions and discussions.

FyZ-continuity — FAyZ-continuity — FWy/-continuity

Proposition 4.1. LetP : (Z,/,7) — (X,np) and Y : (X,n) — (¥, J) be two fuzzy mappings. Then
the composition Y o P is FAyZ-continuous if P is FyZ-continuous and Y is fuzzy continuous.

Proof. This follows directly from Definitions 2.2, 4.1, and 4.3. m|
5. Fuzzy y7-irresoluteness

Here, we introduce and discuss some new fuzzy yZ-mappings via j-FyZ-open and j-FyZ-closed
sets, called Fy[Z-irresolute (resp. FyJZ-open, FyZ-irresolute open, FyZ-closed, and Fy[ -irresolute
closed) mappings. Furthermore, the relationships between these classes of mappings are discussed
with the help of some illustrative examples.

Definition 5.1. A fuzzy mapping P : (Z,/,7) — (Y, 9) is called FyZ-irresolute if P~!(w) is a j-FyZ-
open set, for any j-Fy-open set w € I with j € I,.

Lemma 5.1. Every Fy7-irresolute mapping is FyJ-continuous.
Proof. This follows directly from Definitions 4.1, 5.1, and Remark 2.1. O
Remark 5.1. It is clear from Example 5.1 that the converse of Lemma 5.1 does not apply.

Example 5.1. Let Z = {z1,2,} and define A,p € I? as follows: 1 = {5 03} p = {55, o3} Define
, 1,8 : I — I as follows:

1, if ye{0,1}, I, if u=0,
() =13, if y=p, I(w) =13 if 0<pu<05
0, otherwise, 0, otherwise,
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1, if 6ei{l,0)
J0) = %, if 60=24,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,{,7) — (Z, J) is FyZ-continuous, but it is not FyZ-
irresolute.

Theorem 5.1. Let P : (Z,{,7) — (Y, 3) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € I? and € I":

(a) P is FyZ-irresolute.

(b) P! (y) is j-FyI-closed, for each j-Fy-closed set .

(©) P(yCi(w, ) < yCs(P(w), )).

(d) yC;(P~' (), ) < P (yCs(y, ).

() P~ (yls(y, ) < yI:(B~ (), ))-

Proof. (a) & (b) This follows directly from Definition 5.1 and P~1(y¢) = (P~' ())".
(b) = (¢c) Let w € I%. By (b), P! (yC3(P(w), j)) is j-FyI-closed. Then,
YCiw, j) < yC;(P™ (B(w)), j) < yC;(B™ (yCs(P(w), ). j) = P~ (yCs(B(w), j)).

Thus, P(yCj(w, /) < yCs(P(w), ).
(c) = (d) Lety € I". By (c), PWCyP' W), /) < yCs(P@'W)),)) < yCs(p, j). Hence,
yCi B~ W), J) < P ROYCHR W), ) < P (yCs(y, ).
(d) & (e) This follows directly from Proposition 3.3 and P~' (y¢) = (P~ (y))".
(e) = (a) Let ¢ € I" be a j-Fy-open set. By (e),
P ') = P ' (vls (W, ) < yI; BT (W), j) <P ().
Then, yI;(P~'(¥), j) = P~'(¢). Thus, P~'() is j-FyZ-open, so P is FyZ-irresolute. i

Proposition 5.1. LetP : (Z,{,7) — (X,n)and Y : (X, ) — (¥, ) be two fuzzy mappings. Then the
composition Y oP is FyJ-irresolute (resp. FyZ-continuous) if P is FyZ-irresolute and Y is Fy-irresolute
(resp. fuzzy continuous).

Proof. This follows directly from Definitions 2.2, 4.1, and 5.1. O

Definition 5.2. A fuzzy mapping P : (Z,{) — (Y, 3, I) is called FyZ-open if P(w) is a j-FyZ-open
set, for any w € I# with {(w) > jand j € I,.

Definition 5.3. A fuzzy mapping P : (Z,{) — (Y, 3,71) is called FyZ-irresolute open if P(w) is a
j-FyI-open set, for any j-Fy-open set w € I? with j € .

Lemma 5.2. Each FyZ-irresolute open mapping is FyZ-open.
Proof. This follows directly from Definitions 5.2, 5.3, and Remark 2.1. O

Remark 5.2. It is clear from Example 5.2 that the converse of Lemma 5.2 does not apply.
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Example 5.2. Let Z = {z;,2} and define w, A € I# as follows: w = {
£, 8,71 : I — I as follows:

o5 osh 4 = {55, g3} Define

1, if ye{0,1}, I, if wu=0,
(W) =13+, if Y=o, Ty =4i, if 0<pu<05,
0, otherwise, 0, otherwise,

1
J0) = %, if 0=24,
0, otherwise.

Then, the identity fuzzy mapping P : (Z,{) — (Z, 3, 1) is FyZ-open, but it is not FyZ-irresolute
open.

Theorem 5.2. Let P : (Z,{) — (Y¥,3,7) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € I? and € I":

(a) P is FyZ-open.

(b) PU(w, ) < yI5(P(w), ).

©) IR~ W), j) < P~ (y I3, ))).

(d) For each ¢ and each w with {(w°) > jand P™'(¢) < w, there is u € IV is j-FyI-closed with
W <pand P (u) < w.

Proof. (a) = (b) Since P(/;(w, j)) < P(w), hence by (a), P(I;(w, j)) is j-FyI-open. Thus,
Pl (w, ))) < vI5([B(w), j).

(b) = (¢) Set w = P~'(y), and hence by (b), PU(P~' (), )) < yI;(P®~')), j) < yI5W, j). Then,
LP' W), j) <P (W, ).
(c) = (d) Let ¢y € I' and w € I? with (w) > j such that P"!()) < w. Since w® < P7'(y°),

w = I (0", j) < L (P~'(¥°), j). Hence by (¢), w° < L(P~' "), j) < P~ (yI5(¥°, j)). Then, we have
w > @ IWe, ) =P CiW, ).

Thus, yCy(, j) € 1 Y'is j-FyI-closed with ¢ < yC5(, j) and P‘l(ng(w, D) L w.

(d)= (a) Let o € I? with (o) > j. Sety = (P(0))° and w = o, P71 () = P'((P(0))) < w. By (d),
there exists u € 1Y is j-FyZ-closed with ¢ < p and P! (1) < w = 0. Then, P(o) < P(P~'(u°)) < uf.
Since ¥ < u, P(o) = ¥ > u. Thus, P(o) = u, so P(0) is a j-FyZ-open set. Hence, Pis FyZ-open. O

Theorem 5.3. Let P : (Z,{) — (Y, 3,7) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € I? and € I":

(a) P is FyZ-irresolute open.

() Pyl (w, ) < vIz([P(w), )).

(©) YI(B~' (W), ) < P~ (yI3(¥, )

(d) For each ¢ and each w is an j-Fy-closed set with P~!() < w, there is u € I" is j-FyJI-closed
with < g and P! () < w.

Proof. This can be proven using the same approach as in Theorem 5.2. O
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Definition 5.4. A fuzzy mapping P : (Z,{) — (Y, 3, I) is called FyZ-closed if P(w) is a j-FyZ-closed
set, for any w € I* with {(w°) > jand j € L.

Definition 5.5. A fuzzy mapping P : (Z,{) — (Y, 3,71) is called FyZ-irresolute closed if P(w) is a
j-FyI-closed set, for any j-Fy-closed set w € I# and j € I,.

Lemma 5.3. Each FyZ-irresolute closed mapping is FyJ -closed.
Proof. This follows directly from Definitions 5.4 and 5.5. O

Theorem 54. Let P : (Z,0) — (Y, 3,71) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € IZ and ¢ € I':

(a) P is FyZ-closed.

(b) yC5(P(w), j) < P(Cel(w, ))).

© P (yC5(p, ) < CL(B~ (W), )

(d) For each ¢ and each w with ¢(w) > jand P~'()) < w, there is u € I" is j-FyZ-open with ¢ < u
and P~'(u) < w.

Proof. This can be proven using the same approach as in Theorem 5.2. m|

Theorem 5.5. Let P : (Z,{) — (Y, 3,7) be a fuzzy mapping and j € I,. Each of the following
statements implies the others for any w € I? and € I":

(a) P is FyZ -irresolute closed.

() yC5(P(w), j) < P(yCo(w, ))).

©) P~ (yCy (¥, ) < yC(P7' (), ))-

(d) For each ¢ and each w is an j-Fy-open set with P~!(y) < w, there is u € IV is j-FyZ-open with
W <pand P () < w.

Proof. This can be proven using the same approach as in Theorem 5.2. O

Proposition 5.2. Let P : (Z,¢) — (Y, 3, 7) be a fuzzy mapping and bijective, P is FyZ-irresolute
closed iff P is FyZ-irresolute open.

Proof. This follows directly from:

P (yCs(v, ) S yC (BT (v), ) &= Pyl (v, ) < yI (B~ (), ).

6. Conclusions and future work

In this manuscript, a novel class of fuzzy open sets, called j-FyZ-open sets, has been defined
on FIT7 Ss in the sense of Sostak. Also, some properties of j-FyJ-open sets, along with their
mutual relationships, have been investigated. After that, the concepts of FyJ-interior operators and
FyI-closure operators have been introduced and studied. We also presented and investigated some
types of fuzzy 7-separation axioms, called j-FyZ-normal spaces and j-FyZ-regular spaces via j-FyZ-
closed sets. Moreover, the notion of FyJ-continuity has been defined and discussed. The concepts
of FAyJZ-continuous and FWvy.J-continuous mappings, which are weaker forms of FyZ-continuous
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mappings, have been introduced and studied. Finally, we explored and characterized some new
fuzzy yZ-mappings via j-FyZ-open sets and j-FyZ-closed sets, called FyZ-open mappings, FyZ-
closed mappings, FyZ-irresolute mappings, FyJ -irresolute open mappings, and FyZ-irresolute closed
mappings. The relationships between these classes of mappings have been discussed with the help of
some illustrative examples.

In upcoming research, we intend to study the following topics: (a) defining these concepts
given here based on lattice-valued fuzzy sets; (b) introducing fuzzy lower and upper y.J-continuous
multifunctions and j-fuzzy yJ-connected sets; (c) extending these concepts given here to include fuzzy
soft minimal (topological) spaces as introduced in [31,32]; and (d) finding a use for these concepts
given here to include double fuzzy topological spaces as introduced in [33].
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