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1. Introduction

Control problems are of constant interest in physics and engineering due to their relevance.
Recent research has extensively investigated optimal and time-efficient control strategies for parabolic
equations. This paper studies the boundary control problem for parabolic equations with involution in
a multidimensional domain. Our main goal is to determine the allowable control to achieve a given
temperature distribution in the minimum time and to find the optimal estimate of the minimum time to
reach this given average temperature.

A control problem associated with parabolic equations was studied by Friedman [1]. A great deal of
developments in the controllability theory of the linear second-order parabolic equation were initiated
by Fattorini and Russell [2, 3]. Control problems for the infinite-dimensional case were studied by
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Egorov [4], who generalized Pontryagin’s maximum principle to a class of equations in Banach space,
and the proof of a bang-bang principle was shown in the particular conditions. The time-varying bang-
bang property of time-optimal controls for the heat equation and its applications is studied in [5].

Initial investigations into the time optimal control problem associated with a heat conduction
equation in a bounded n—dimensional domain were studied in [6, 7], and the minimal time estimate for
achieving a given average temperature was found. A mathematical model of thermal control processes
with integral constraints on the control function was analyzed in [8].

The control problem for the heat transfer equation in a three-dimensional spatial domain was studied
in [9], and the admissibility of the control function was proven by geometric bounding. The optimal
time problem for heating a non-homogeneous rod to a given average temperature was addressed
in [10]. The necessary control function for heating the rod to an average temperature is also found
using the Laplace transform method, and the admissibility of the control is proven. Reference [11]
investigates boundary control problems in a two-dimensional domain governed by a fourth-order
parabolic equation.

In [12], optimal time control problems governed by semilinear parabolic equations with Dirichlet
boundary control in the presence of a target state constraint are considered, and a new Hamiltonian
functional is defined to specify optimality conditions for the terminal time 7. The problem of the
existence of time-optimal control for some semilinear parabolic differential equations with distributed
control in the subdomain is studied in [13]. Control problems for pseudoparabolic equations in a
one-dimensional domain are discussed in detail in [14, 15].

In recent years, there has also been a growing interest in the study of mixed problems for parabolic-
type equations involving involution. Inverse problems for equations of parabolic type with involution
are studied in work [16, 17]. In [18], a boundary value problem for the heat equation associated with
involution in a one-dimensional domain is studied. Many boundary value problems for parabolic-
type equations with involution were studied in works [19, 20]. Boundary problems for fourth-order
parabolic equations with involution are studied in work [21].

The solution of some inverse problems for the nonlocal analogue of the fourth-order parabolic
equation when the domain is a multidimensional parallelepiped was studied in [22]. The inverse
problem for a fractional-order parabolic equation involving a nonlocal biharmonic operator in a two-
dimensional domain is studied in detail in [23]. In [24], the class of inverse problems for the heat
equation with involution is considered using four different boundary conditions, namely Dirichlet,
Neumann, periodic, and periodic boundary conditions. In this work, theorems on the existence and
uniqueness of solutions are presented and proven.

Boundary value control problems for the heat transfer equation involving involution in one-and two-
dimensional domains were studied in [25, 26], and the control function required to heat a thin plate to
a given average temperature was found using the Laplace transform method.

In this paper, we study the boundary control problem for the heat transfer equation, the main goal
of which is to determine the existence of admissible control and to find an estimate of the minimum
time required to heat the sphere to a given average temperature. The analysis is carried out using
the separation of variables method and reduces the control problem to a Volterra integral equation of
the first kind (Section 3). It is known that it can be difficult to prove the existence of a solution to a
Volterra integral equation of the first kind. In Section 4, we obtain some estimates necessary to evaluate
the kernel of the integral equation. In Section 5, we obtain important estimates for the kernel of the
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integral equation and prove that the solution of the integral equation exists and is unique. In Section 6,
we obtain an estimate of the minimum time required to heat the domain to an average temperature.
In Section 7, the minimum time estimates are evaluated using numerical methods for given parameter
values, providing a concrete illustration of the time-optimal control.

2. Statement of problem

Let Q ¢ R” be an open rectangular parallelepiped defined by
Q:={x=(x...,x) €R"|0<x; < p;foralli = 1,n},

where p; > 0 are given edge lengths, and let 0Q denote its topological boundary.

Consider the mappings S; : R* — R" of the type S;x = (X1, ..., Xi—1, Pi — Xi, Xi+1, - - -  X). Obviously,
the mappings S; are involutions, i.e., S7 = I, where [ is the identity mapping. Let us consider all
possible products of mappings S, i.e., Sj; = §;5;, or S = §;5;S¢,.... The total number of such
mappings, taking into account the identity mapping S ox = x, is equal to 2". To number such mappings,
we will use the binary number system, namely, if 0 < j < 2" in the binary number system, the
representation j = (j,...j1)2 = ji +2jo + ...+ 2" ! j,, where j; takes one of the values 0 or 1.
Therefore, introducing the vector j = (ji, ..., j.), mappings of the type §; = § { LS corresponding
to the index j can be considered. Using these mappings, the operator is introduced

2"—1

LU = ) a;AUS ;x),

J=0

where a,...,ax_; are a set of real numbers, and A is a Laplace operator. We will call operator L, a
non-local analogue of the Laplace operator.
It is known that the operator L, is defined as follows for n = 2:

LyU(xy, x2) = apAU (x1, x2) + a1 AU(py — X1, X2) + ax AU (x1, p2 — x2) + a3AU(py — x1, p2 — X2).

In this paper, we investigate the parabolic equation with involution

u(x,t) — Lyu(x,t) = h(x)v(t), x€Q, t>0, 2.1
with boundary condition
ux, =0, xe€dQ, t>0, 2.2)
and initial condition _
u(x,0)=0, xeQ, (2.3)

where /(x) is a given function and v(¢) is the control function.

Here the involution operator §; represents spatial reflection with respect to the mid-plane x; = p;/2
of the rectangular domain. For example, S;(xy,...,x,) = (x1,...,p; — Xi, ..., X,) assigns to the point
(x1,...,X,...,X,) the value of the function at the symmetric point (x,..., p; — X, ..., X,). Physically,
this means that the state of the system at a given point is coupled with the state at its mirror-symmetric
counterpart, which may occur, for instance, in heat conduction models for media with geometric
symmetry.
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We say that the control function v(¢) € L,(R,) is admissible, if it fulfills the condition [v(¢)] < 1 on
the half-line ¢ > 0.

In the present work we consider the following thermal control problem:

Time optimal problem. This problem involves finding the minimum value of T > 0 for a given
constant ® > 0 so that, fort > T, the solution u(x, t) of the initial-boundary value problem (2.1)—(2.3)
with some admissible control v(t) exists and, for some T, > T, satisfies the equation

fp(x) ulx,)dx=0, T <r<T,. 2.4)

Q

We consider the following spectral problem:
Lwx)+Awx) =0, xeQ, (2.5

w(x) =0, x€dQ. (2.6)

If,ap=1,a;=0(j= 1,_n) then the problem coincides with the spectral problem with the Dirichlet
condition for the classical Laplace operator.

Let us use the expression for the eigenvalues and eigenfunctions of the following Dirichlet problem
to determine the eigenvalues and eigenfunctions of the main problem (2.5)-(2.6):

AFIx)+ud(x) =0, xe€Q, Hx)=0, xedQ. 2.7)

It is known that the eigenfunctions of problem (2.7) are as follows (see, e.g., [27], p.331)

n
my T Xy

Gy, () = C, | | sim : 2.8)

k=1 P

where C, = 2" T},

_
5

System (2.8) is complete and orthonormal in L,(€2). The corresponding eigenvalues are of the form
n mi

ooy =70 ) =% (2.9)
=1 Pk

Thus, the eigenfunctions of problem (2.5)-(2.6) are the functions

Wonrony () = B, (1) = G [ [ sin 22, (2.10)
k=1 Pr
and the corresponding eigenvalues have the form
n m2
Aoy = Oy T Y = 2.11)
=1 Pk
where
2"—1
Omy..my = Z a; (_1)|j|+jl’nl+j2m2+-~-+jrzmn. (2.12)

J=0
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Since the system ,,, _,, (x) is complete, then problem (2.5)-(2.6) does not have other eigenfunctions
when the condition 6,, ,,, # 0 is met. The coefficients a; are chosen so that 6,, ,, > 0 for all
my,...,m, €N.

Since the ¥, (x) system is complete and W, (x) = D, _m, (X), the following lemma holds.

Lemma 2.1. (see [28]) The system of functions Wy, (X), my > 1, k = 1, n are orthonormal and
complete in space L,(Q)).

Suppose that the Fourier coefficients of a given function h(x) satisfy the following condition:

Ry, 2 0, (2.13)

where

D1 n
Rony..m, :f f h(X1,s ey X0) Wiy m, (X152 X)) dXy..d Xy,
0 0

The class of functions p(x) is defined as
o 1 8
AQ) :=1p € W,(Q) | p(x) = 0, gp(X) <0, p(x)dx=1¢,
k Q

where k = 1,7 and V.V; (Q) denotes the Sobolev space of functions vanishing on the boundary in the
trace sense.

Consider the weight function

0

px)= ) ipml...mn Wy, (X)X € Q,
my=1

mip=1

where
Pmy..m, = fp(x) Wml...mn(x)dx- (214)
Q
Set
\Pml...mn = hml...mn Pmy..my» my > 1’ k= 1,11, (215)

where h,,, ,, and p,,, ., are the Fourier coeflicients of the functions /(x) and p(x), respectively.
Set

Av=410, Y=Y

Theorem 2.1. Let us assume that

Set

Then a solution T,,;, of the Time optimal problem exists, and the estimate T,,;,, < T is valid.
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3. Main integral equation

For an arbitrary Banach space B and T > 0, we denote by C([0, 7] — B) the Banach space of all
continuous mappings u: [0, 7] — B endowed with the norm

llully = sup [lu®)l[s.
1€[0,T]

By Wzl (Q), we denote the subspace of the Sobolev space W, () consisting of functions with zero
trace on 0Q. Note that due to the closure W21 () the sum of a series of functions from WZ] (Q),
converging in metric W) (Q) also belongs to W} (Q).

Definition. Let h € L,(Q) and v € Ly([0,T]) be given. A function u(x,t) is called a generalized
solution of problem (2.1)—(2.3) if:

(1) u € C(0,T] - W, (Q));
(2) u(x,0) =0 holds for a.e. x € Q;
(3) For every test function y € W21 Q) andte[0,T],

2] n
Lu,(x,t))((x)dx+]zz(; ajLi:ZI(_l)ffaiXiu(S{I,..SlJ'i,..S{;nx,t)aiXi)((x)dx:v(t)Lh(x))((x)dx.

The class C([0,T] — V°V2‘ (Q)) is a subset of the class WZI’O(QT), which was taken into consideration
in monograph [29] for defining a solution to the problem of homogeneous boundary conditions (refer
to the corresponding uniqueness theorem in Chapter III, Theorem 3.2, pp. 173-176), where Q; =
Q x (0,T). Accordingly, the generalized solution mentioned above is likewise a generalized solution
in the sense of [29]. However, a solution from the class C([0,T] — W21 (QQ)) continually relies on
t € [0, T'] in the metric L,(Q2), in contrast to a solution from the class WZI’O(QT), which is guaranteed to
have a trace for practically everywhere ¢ € [0, T'].

Lemma 3.1. Let h € L,(QQ) and v € Ly(R,). Assume that 6,,, »,, > 0 forallmy > 1, k = 1,n. Then

the function
[se]
u(x,t) = Z Ce
m =1

is the unique solution of the problem (2.1)—(2.3) in the class C([0,T] — Wz1 (Q2)), where h,,, ., are the
Fourier coefficients of the function h(x), and Ay, m, = Om,..m, lm,..m, > 0.

oo !
ZQMWJUmf%MmmWWmm, (3.
0

m,=1

Proof. By using the suggested Fourier series, we will demonstrate that the function u(x, 7) is a member
of the class C([0,T] — W21 (€2)). This function’s gradient, measured with regard to x € €, may
be shown to depend continuously on ¢ € [0, T] on the space L,(€2) norm. According to Parseval’s
equality, the norm of this gradient is equal to

IIVM(-,I)IIL(QEfIVu(x,t)Izdx
Q

o o '3
= f > By, ( f V(S)e‘”’"l“"""("”dS) Vn1.n, ()
Q =1 0
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2

!
h/m..m,,f V(s)e_/lml,,.m,,(t—s)ds
0

f YWy, ()P x
Q

Mg
s

3
n
3
=

n

2

=

My ...m,

!
m]...mnf V(S)e_/lmlu.m,,(f—s)ds
0

t 2
2 _/lm .m, A
ml...m,,| M, ..m, (f |V(S)|e Ly (F ?)ds)
0
f t
2 _2/1771 L\ 2
ml...mnl My ...m, (f e Lo (F S)ds) (f |V(S)| dS)

0 0

) ha ) 1 _ e_zﬂmr..mnt
=0 D D Vo, Pt m, (—)
20D ‘ ‘ 20m,..m,

my=1 my,=1

Mg
2

3
n
g
I}

Mz
@g

E
X
3
=

X

<

Mg
@g

3

g L

mp=1

[oe]

) ) ) 1 _ e—2/lm1mmnt
= Mlom D D Mo |~
mi=1 mi...ny

my=1

(o8] (o)
2 2
< Cl o D+ D Vg
m1:1

my=1

2 2
= C||V||L2(O,T)”h||Lz(Q)’

where C > 0 is a constant.
Consequently, we get
2 2 2
IVu., t)”LZ(Q) < C”V”L2(0,T)”h”L2(Q)-

The function u(x,7) is a generalized solution in the sense of the integral identity (3.5) of
monograph [29] that follows from Parseval’s equality. O

We can write using the integral condition (2.4) and the solution (3.1)

¢(1) = f p(x) u(x, 1) dx

Q
o] &y !
_ Z Z hm|...mn fe—/lm,...mn(t—S) v(s) ds fp(x) Wm|...mn('x) dx
my=1 my=1 0 Q

t

hml...m,, Pmy...m, fe_/lml'"m"(t_s) v(s)ds

L]
e

mi=1 my=1 0
t
(o8] [ee)
= D W [ ) ds,
m=1 my= 0

where the given function ¢(¢) = ® for ¢t € [T, T;], and

Il
p—
S

\Pml...m,, = hml...mn Pmy..my> Mk >1, k
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Let’s introduce this function:

K(Z) — i .
mi=1

Thus, we have the following Volterra integral equation of the first kind to determine the control
function:

(o)

\Pml...mn e tmm? 5 (), (3.2)
1

my=

t

fK(t —s)v(s)ds = ¢(1), t>0, (3.3)
0
where ¢(t) = O fort € [T, T].
Our approach remains valid even when O is time-dependent, i.e., ® = ©O(f). This generalization

permits the examination of (3.3) for any sufficiently smooth function ¢.
Differentiating (3.3) yields the following Volterra integral equation of the second kind:

t

K@) v(t) + fK'(t —s)v(s)ds =¢'(t), t>0. (3.4)

0

We will show in the following sections that K(0) is nonzero and bounded. We establish that for an
arbitrary non-negative function ¢(¢), the solution v(#) of (3.4) remains non-negative. Consequently, this
solution exhibits monotonic dependence on the right-hand side of (3.4). This property enables us to
derive essential estimates for the control function v.

4. Main estimates

In this section, we will consider the estimates needed to evaluate the kernel of an integral equation.
Lemma 4.1. (see [30]) If the function y(x;) satisfies the following conditions:

dy

Y(x) = 0, o <0, forall x; €[0,),
then the following inequality holds:
my
fl,//(xk) sinxgdx, >0, k=1,n. 4.1
0
Lemma 4.2. In the event that the function P(x, ..., x,) meets the following requirements:
P(xi,...,x,) >0, g—fk <0, forall xe[0,00)", k=1,n,

then the inequality that follows is true:

mwmyn mum

ff...fP(xl,...,xn)sinx]...sinxndxl...dxn20. 4.2)
0 0 0
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Proof. Using mathematical induction, we progress with the number of variables 7.
Step 1. When n = 1, the result follows directly from Lemma 4.1. Thus we have

mn
P(x))sinx; dx; > 0.
0
Step 2. Assume the statement holds for n — 1 variables. For the n-dimensional case, we can write
mym( mmw Mmy—_ |
I, = P(xy,...,x,)sinx; ---sinx,_; dxy - - - dx,_1 | sin x,, dx,,.
0 \o 0

We define the inner (n — 1)-dimensional integral as follows:

myn My

F(x,) ::f--~ fP(xl,...,xn)sinx]~--sinxn_]dx1---dxn_1.

0 0

We know that the function F(x,) is non-negative and decreasing. That is,

F(x,) 20,
and

mn my— 1

dF opP
:f f sinx; - --sin x,_; dx; - -dx,_1 < 0.

dx,, axn

0 0

By Lemma 4.1, we get
mum

I, = fF(xn) sin x,, dx,, > 0.
0
This completes the induction and proves the lemma. O

Corollary. Assume that p € A(Q). Then the following inequality holds:

Pmy..m, > O» my > 1, k = l,l’l.

The proof of this follows directly from Lemma 4.2.
Lemma 4.3. Let p € A(Q). Then the following estimate holds:

-1/2
lom,..m,| < C/lml,/,,mn IVollL, )

where Py, .m, = (0s Wi,..m,), and C > 0 is a constant.

Proof. Using (2.7), we can write

AIMS Mathematics Volume 10, Issue 9, 20531-20549.
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/lml...mn Pmy..m, = /lm|...m,, fp(x) Wm|...m,,(-x) dx

Note that

Then

9
8xi

It is clear that

Ji
Winy ., (Sl ...

Q

f (x) Ly Wiy, ., (X) dx
Q

2"—1

- aj Lp(x)Awmlmmn(S{‘...S{;"x)dx

j=0

.
a; Z( 1)/ f—wml (ST ST st )—p(x)dx
j=0 i=1

n
i j . omyp
W’"lwmn(S{l---S;jq"x):Cnl |sm p Sy X
k

k=1

s |l

Comm
=C, 1—[(—1)(’"”1)}" sin —— x;.
k=1 Pk

, k7T
S{ln ) C, ( 1)(m:+1)j, COS xl l_l ( 1)(mk+1)jk sm X
p pl k=1 k#l pk

[]_[( 1)“"k“”k) —— Wi (%)
ox;

1

- Clj 8 7 Wm.. mn(x)

9o ) = (VW s VWorymy)
= (Wml...mn» _Awml...m”)

= Hmy...my»

where (., 1s defined by (2.9).

Therefore,

2"—1

sy | < [Z |a4,~|] 1V6llzac@ 19, s

J=0

2"—1
= [Z |aj|] Vo, VPl Lo,
j=0

using A, m, = Omy..m, Hm,..m, > 0, we get the required estimate

AIMS Mathematics
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5. The existence of a solution to an integral equation

In this section, we will consider the existence and uniqueness of a solution to the Volterra integral
equation.

Lemma 5.1. Assume that 0,,,_,, > 0 forallmy > 1, k = 1,n. Let h € Ly(Q), and let p € AQ).
Then, the kernel function K(t) defined by (3.2) is continuous on the half-line t > 0.

Proof. Using Lemma 4.2 and condition (2.13), we can say that ¥, is non-negative. Therefore
K() >0, and K'(t)<0, t>0. (5.1
From Lemma 4.3 and definition (2.15), we have

‘Pml...mn = hml...m,, Pmy..m,
-1/2
< C |hm1mn|/l / ”Vp”Lz(Q)a

my...my

where A, > 0 are the eigenvalues of the operator L,,.
We have the estimate

K() = Z Z ¥, €1

my=

o0 e hm .
< ClVpll@ Y-+ ), \/‘7 Ayt
my...nmy

my=1 =1

A.a

3

8

< ClIVpllye
my

A.a

e
E hml mn
= m,=1 N “tmi..my

—_

We can write

K(0) = i i )
mi=1 my,=1

and

f K(s)ds = Z Z By (5.2)

ml R

Moreover, according to (5.1) and (5.2),

flK’(s)lds=—fK’(s)ds
0 0

= K(0).

Direct computation reveals that for any absolutely continuous function ¢(7) satisfying ¢(0) = 0,
the following equivalence holds: every bounded solution of (3.3) simultaneously solves (3.4), and
conversely, any solution to (3.4) yields a solution to (3.3).

AIMS Mathematics Volume 10, Issue 9, 20531-20549.
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We set )

1 ,

Av(t) = —m K'(t— s)v(s)ds.
0
Then (3.4) takes the form
I =A@ = f(@), (5.3)
where 5)
0= %o

For any bounded function f(#), the solution to (5.3) exists, is unique, and admits a representation
via Neumann series:

v(t)= > A" (o), (5.4)
n=0

where A denotes the corresponding integral operator.

Hence, for any absolutely continuous function ¢(¢) satisfying ¢’ € L. ([0, T]) with ¢(0) = 0, there
exists a unique solution to Eq (3.3).

Remark 5.1. The assumption ¢’ € L, is not restrictive for most practical applications, since it is
satisfied when the input data are sufficiently smooth. In particular, in many control and heat transfer
problems, ¢ represents a physically measurable quantity with bounded variation. This condition is
mainly imposed to guarantee the existence and uniqueness of solutions and to simplify the technical
estimates in the analysis.

Lemma 5.2. Let ¢(t) be an absolutely continuous function so that $(0) = 0 and ¢’ € L([0,T)). If
the following two-sided inequality

0<¢'(t) < K@), t=0, (5.5)
is fulfilled, then the solution v(t) of (3.3) exists, is unique, and satisfies the following conditions:
0<v(in<l1, t=0. (5.6)

Proof. The left inequality in (5.6) follows directly from the representation formula (5.4). For clarity,
we introduce the substitution vo(#) = 1 — v(¢), which appears repeatedly in the subsequent argument.
This allows us to rewrite the integral equation in terms of vy, making it transparent that the solution is
non-negative and satisfies v(r) < 1.

Then, using (3.3), we obtain

tﬂK@—@a—mu»w=¢m.

Rearranging provides:

f K({t—-s)ds— f K(t — s)vo(s)ds = ¢(t).
0 0

Let )
$o(1) = fo K(t = s)ds — ¢(2).

AIMS Mathematics Volume 10, Issue 9, 20531-20549.
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Then .
fo K(t = s)vo(s) ds = ¢o(1).
Differentiate of function ¢y(?):
$o(t) = K(1) — ¢’ (1) > 0.

Since ¢o(0) = 0 and ¢,(¢) > 0, it follows that ¢o(r) > O for all 7 > 0.
The following is the equation for vy(?):

!
f K(t — s)vo(s)ds = ¢o(t).
0
Since ¢y(f) > 0 and K(¢ — s5) > 0, the solution vy(#) must also be non-negative. Thus
vo(t) =1 —v(t) >0,

and we get the following estimate:
v(t) < 1.

We introduce the function

t t

H(t):fK(t—s)ds:fK(s)ds.
0

0

It is known that H(0) = 0 and H’(t) = K(¢) > 0. The physical meaning of this function is that H(¢)
denotes the average temperature in Q.
Define

[

H =1lim H(t) = fK(s)ds.
11—
0
It is known that H* is finite. Indeed, using (5.2), we may write

H*:fK(s)ds: ii M<+<><>.
0 mi=1

=1 /lml...m,,

We can say that the average temperature in the domain € cannot exceed H*.
It is clear that if and only if the real number O satisfies the condition 0 < ® < H* then there exists
T > 0 so that

H(T) = ®. (5.7)

Lemma 5.3. Let T > 0 be a root of (5.7). Let ® be a positive integer 0 < ©® < H*. Then there is a
measurable real-valued function v(t) such that |v(t)| < 1 for all t > 0 and the following equality holds:

fK(t— )v(s)ds=0, T <t<T. (5.8)
0
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Proof. We consider the Volterra integral equation (3.3)

t

fK(t —-s)v(s)ds = ¢(t), t>0,

0

where
H@), forO0<t<T;
o(1) =
0, forT <t<T.

It is evident that this function is absolutely continuous on the half-line # > 0 and

, K@), for0<t<T;
¢'(1) =
0, for T <t<T,.

Obviously,
¢'(t) <K(), t=>0.

Consequently, by Lemma 5.2, there exists a solution v to the integral equation (3.3) that satisfies the
two-sided inequality (5.6). Moreover, this solution v identically satisfies the equality (5.8). O

Remark 5.2. Note that this function v(t), as it follows from (3.4), has a jump at the pointt = T.
6. Estimate of minimal time

We consider the integral equation (3.3) for the case t € [T, T,]

t

fK(t—s)v(s)ds = 0,

0

where the kernel K(¢) is defined by (3.2).
Lemma 6.1. For the kernel K(t) the following estimate holds:

K@) >, e, t>0.

The proof of this lemma follows from the fact that the kernel K(z) is positive on the half-line # > 0
Lemma 6.2. Let be

0<®<E.
A

1
Then the solution T to (5.7) exists and satisfies the following inequalities holds:

0<Tg—im@—9ﬁ)
A4 Y,

Proof. Using Lemma 6.1, we can write the following inequality:
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H(t):fK(s)ds
0

t

ZTlfe_A"Yds

0

Y, 2
= -, 6.1
(1 (6.1
Att = T, we consider the Eq (6.1), then we have the equation
v
bl (1 ! To) - 0. 6.2)
4

Then, we have

According to (6.1) and (6.2), we get
0<0®<HT)y).
Then it is clear that T (0 < T < T)) exists, which is a solution to Eq (5.7). O

The proof of main Theorem 2.1 follows easily from Lemmas 5.3 and 6.2.
Remark 6.1. (Small temperature approximation). For sufficiently small target temperatures ® > 0,
the minimal time estimate T, in Theorem 2.1 admits the first-order approximation:

C

To ~ —.
0 ¥,

(6.3)

7. Numerical examples

In this section, we present three illustrative examples of the time-optimal control problem (2.4)
in the two-dimensional case n = 2. We consider the domain Q = (0, 1)? and set the control target
® = 0.02, which represents the average temperature over the domain. The functions are chosen as
h(xy, x,) = sin(mrx;) sin(zrx,) and p(x, x2) = 4(1 — x1)(1 — x), ensuring that 4, ; = p;; = 1, which
gives W, = 1. This setup allows a clear investigation of how the involution coefficient 6, ; affects the
time-optimal control.

Example 1: Strong involution (6,; > 1). Here, we choose the coefficients as (ao, ay,as,a3) =
(1,1,1,1), yielding

3
Ori= ) a~D)R =251,
=0
The first eigenvalue of the operator is A; = 6, 17%(12 + 12) ~ 39.478, which corresponds to a time-
optimal estimate of

1
Ty = - In(1 — ©4;) = 0.0395.
1
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This result indicates that the strong involution effectively couples symmetric points in the domain,
enhancing the overall response and slightly accelerating the heat distribution, reflected in the relatively
small T value.

Example 2: Weak involution (0 < 6;; < 1). Choosing (ap,ai,a,a3) = (1,0,0,0.5) gives
6,1, = 0.5 < 1, and the first eigenvalue is 4; = 9.8696, leading to 7y =~ 0.0104. In this case,
the weaker involution reduces the coupling between symmetric points, slowing the heat propagation.
Consequently, the system requires a longer duration to reach the target average temperature, which is
reflected in the increased T value.

Example 3: Classical Laplace operator (6, = 1). With coeflicients (ay, a1, a»,a3) = (1,0,0,0),
the operator reduces to the classical Laplace operator, so that #;; = 1. The first eigenvalue is 4; =
27% ~ 19.739, yielding Ty ~ 0.0212. This intermediate value demonstrates the standard diffusion
behavior without additional enhancement or suppression due to involution effects.

Collectively, these examples demonstrate the significant influence of the involution coefficient 6
on the time-optimal value 7: a strong involution increases Ty, a weak involution decreases it, and the
classical Laplace operator produces an intermediate outcome. For better visualization and comparison,
all three cases are presented in a single 2D plot, highlighting the dependence of the minimum control
time on the value of 6, ;.

Remark 7.1. A comparison of the calculated minimum time values T for the three cases reveals
a clear dependence on the parameter 6. In the first case, where 0 > 1, T, attains the smallest value,
indicating that the heat dissipation process concludes more rapidly. In the second case, corresponding
to 0 < 1, Ty reaches the largest value, implying that the process is comparatively slower. For the third
case, with 0 = 1, T takes an intermediate value, lying between those of the first and second cases.
These observations highlight the significant influence of the involution coefficient 6 on the minimum
time required for the heat process in systems with direct involution (see Figure 1).

Effect of the involution coefficient € on Tj

1072

5 il | |
S 4l 3.95-107° |
[}
=
e
2 30 :
)
E 2.12-1072
o
3 )
$ 1.04- 10~
E 1t .
=

0 T T

6 =20 0=0.5 6=1.0

Involution coefficient 6

Figure 1. Effect of the involution coefficient 6 on the time-optimal value 7.
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8. Conclusions

In this work, we consider the optimal time problem for a parabolic equation with involution in
a multidimensional parallelepiped domain. The initial boundary value problem is solved using the
separation of variables method. By introducing an additional integral condition, the control problem is
reduced to a Volterra integral equation of the first kind. An asymptotic estimate is found for the kernel
of the Volterra integral equation. Using this estimate, the existence and uniqueness of a solution to the
Volterra integral equation is proved using the Laplace transform method. An optimal estimate is found
for the minimum time required to heat the domain to a given average temperature.
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